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Abstract

In this paper, the Multicompartment epidemiological model assumes that, given a contagious illness, a
population can be partitioned into individuals that are susceptible to the illness, infected by the illness, and
recovered from the illness. S(t) Number of individuals at time t susceptible to the illness; I(t);i = 1,2,3,4 Number
of individuals at time t infected with the illness.Rs(t) Total number of survivors of the illness at time t , Rp(t)
Total number of deaths due to the illness at time t.

The stability of a disease-free status equilibrium and the existence of endemic equilibrium can be determine by
the ratio called the basic reproductive number. Laplace-Adomian decomposition method is used to compute an
analytical solution of the model study. This paper study the equilibrium, local, global stability under certain
conditions.

Keywords: Endemic equilibrium, epidemic model, global stability, lyapunov function, temporary immunity.
2008 MSC: (34D23, 92D30, 37N25)

Received 07July, 2020; Accepted 22 July, 2020 © The author(s) 2020.

Published with open access at www.questjournals.org

I. INTRODUCTION

This paper considers the following epidemic model:

(S(t)=v—ptu(St)+ L (1) - T AL (1) S ()

(1)

L) =Y, B () S(t) =l (¢)
1_2 () =11 (t) = b (t) — 0L (1),
I (t) = 7ala (t) — 7315 (t) — 4315 ()
j4 (t) = ’]3[3 (t) — ’}4[4 (t) — (54[_1 (t)
Rs(t)=li(t),

| Rp (t) = 0o (t) + 0315 () + 844 (1)

This epidemiological model assumes that, given a contagious illness, a population partitioned into

individuals that are susceptible to the illness, infected by the illness, and recovered from the illness.

e  S(t)Number of individuals at time t susceptible to the illness;

o [(t);i=1,2,3,4 Number of individuals at time t infected with the illness.

e Rg(¢t) Total number of survivors of the illness at time t, Rp(t) Total number of deaths due to the illness
attime t.

e The positive constant f;i=1,2,3,4, represent the rate at which individuals of the illness cause
neighboring susceptible. y;,i=1,2,3,4, represent the rate at which individuals in infection .

e The positive constant 8,i=1, 2, 3, 4, represent the rate of death due to the illness. The positive
constant v is the parameter of emigration. The positive constant p is the parameter of Immigration.

e The positive constant u represent rate of incidence.

*Corresponding Author: LAID Chahrazed 6 | Page



Analytical solution of the fractional and global stability of multicompartment non-linear.

The initial condition of (1) is given as

SM=@1(), (M) =P2(n), I2(n) =P3(m), 13(n) = P4 (1) (2)
L4 () = @5 (1), Rs (1) = Ps (1), Ro (n) = P7(n);
-t<n<0,

Where @ = (91, @y, D3, Dy, Ps, P, P7)T €C such that;

SM=®1(m)20,L(n)=P2(n)20,L2(nN)=P3(n) 20,I3(n) = Pa(n) 20 L (n) = Ps(n) 20,
Rs (1) = @6 (1) 2 0,Rp (1) = P7 (1) 2 0.
Let C denote the Banach space C ([-t, 0], R7) of continuous functions mapping the interval [-7, 0] into R.
With a biological meaning, we further assume that ®; (1) = ®;(0) 20 fori=1,2,3,4,5,6,7.
Hence, system (1) is rewritten as

- -

() =v—p+u(S+X L) — X, BSI

lir1 (t) = 24 L BiliS — iy,
I.' (t) = Yi— ]I? 1 (ﬁf?. + 6?) If)‘? = 2a3«.43
Ry (t) = )414
Rp(t) = Z;:g 0;1;.
(3)
With the initial conditions in (2).
We study the following reduced system:
(4)
Sty=v—p+p(S+X, L) — X BSI
I (1) = XL, BiliS =,
Li(t) = vyicadior — (v + ) Liyi = 2,3, 4,
Where ;
®;(0)20,-t<n<0; for'i=[1,7]" (5)
I1. EQUILIBRIUM AND STABILITY
An equilibrium point of system (4), with condition (5) satisfies,
) ' (©)
V*ern“(SJFZ: 1 () = 325, BiSTi =0
ZzldIS ’}’111—0
’)'1—1-[1.—1 - (’}1 + 6:) I = 013 =2, 3: 43
We calculate the points of equilibrium in the absence and presence of infection.
In the absence of infection I;= 0, i=1, 2, 3, 4; the system (4) has![_a disease-free equilibrium Ej.
Aoa oaN\T v—0p i
By — (S,Il,fi) - ( f ,04)) =234
H . (7

Theorem 2.1. The disease-free equilibrium Eq of the system (4) is locally asymptotically stable if Ro < 1.
Proof. The eigenvalues can be determined by solving the characteristic equation of the linearization of (4)
near Ej.

A2+ A |:(’yg+(§2) —+ (’Yl Jr[))ll/;p)] +
]

Ep of the system (4) is locally asymptotically stable if and only if the trace of the jacobian matrix near Ey.is
strictly negative and its determinant is strictly positive.

v —

LB (v 4 82) —fBa) =0 (8)
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(’“/2 -+ (52) + (",r’[ + ,81 J/;p) =<0

LB (y2 +02) —7B2) =0 )
Then we define the basic reproduction number of the infection Ry as follows:
3 V;
RD = el X 1
i v+ (10)

If Ry < 1, Then Ej of the system (4) is locally asymptotically stable.2

In the presence of infection [; 6= 0, substltutmg in the system contains a unique positive, endemic

(S* I* I;’[I* ‘[* ) where

equ111br1um

(11

( S* — :1

314’2, 2/ 1(1’
I — Al Cres> wyre)
P 4 g .
e+t o) (o ) g DA
15 = ¢ x 17,
I; = €3 X [ik
17 =y x 17,

=

. — | BL y — | 51 2

2= |5 > RO} €3 = I:ﬁz X Sa+ds ¢ Ro|,
. | B Y2 Y3

€1 = |5, X Ya3+d3 = Ya+da X I

.

T
So B = (S*: It I3, I? 17, ) is the unique positive endemic equilibrium point which exists if Ro> 1.
Theorem 2.2. With Ry > 1, system (4) has, a unique non-trivial equilibrium E* is locally asymptotically
stable.

I11. THE FRACTIONAL EPIDEMIC

The new system is describe by the system of fractional differential equations as follows:

DS ()= v —p+ (S () + LT (1) ~ Ty AS (1 (1) (12
D (t) = Zj;l BiS (t) I; (t) — nli (t),
DI (t) = yio1dio1 (t) — (vi +0;) L; (t) ;i = 2,3,4.5 = 3,4,5

Where®1, @2, @~ 0 =3 4 5.
With the initial conditions
S(0) =N,I1(0) = N2, 1;(0) = Nyi = 2,3,4,k = 3,4,5. 13)
For this model, the initial conditions are not 1ndependents since they must satisfy the condition

N = Zwk

Where N is the total number of the individuals in the population.

(14)

3.1. The Laplace-Adomian Decomposition Method
We have the fractional-order epidemic model (13) with (14).
Applying the Laplace transform on (13), we obtain

L{D“S}y=v—p+u(L{S}+ 3, L{L}) — X1, BL{SL},

L{Dnn} =30 BL{SL} —mL{L}, (15)

L{D“L} =y L{Li.1} — (v + 6;) L{L;} i =2,3,4.j = 3,4,5
Applying the properties of the Laplace transform to (15) ; we obtain
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PLA{L} = P {1 (0)} = 30, BiL{SL} —nL{L},
P L {L} — pu-l {It ((])} = ’}’-i—lL {Ii—l} — (A,f'-i + 61) L {L} 1 =2,3, 4_’,? = 3,4, 0.
(16)
Then

{ PUL{SY =P H{S(0)} +v —p+p (LS} + X, L{L}) — Xy BIL{ST}

{ PUL{SY = P {S(0)} = v —p+p (L{S}+ X0, L{L}) — X0, BiL {SI}

PeL{l} = P2 {1, (0)} + Y1, BiL{SL} — L{L},
PL {IZ} =Pt {IT (0)} + ’Yi—lL{If—l} - (% + (51) L {L} 1 =2,3,4.5 = 3,4,5.
(17) ,

Using (14) and (15) we obtain , y
L {S} = NT: + % [V jp JF H (L {S} + Zi:l L {Ii}) - Zi:l BiL {SIiH )
L{L} =5+ 55 [ BL{SL} = mL{L}],
L{L} = % + w7 Vi L{Lioa} — (3 + 6:) L{L}],i=2,3,4.5 = 3,4,5,k = [3,5)]

(18)
The method has a solution as follows:
¥ ¥ ¥ (19)
S=§ Sph=48 () .h=4a (1;),i=234
m=0 m=0 m=0
4
The non-linearity § S(t)!;(t) is defined as follows
i=1
4 y (20)
asmLm= 3 C,
i=1 m=20
With Cp; is called Adomian polynomials witch is defined as
. 1 dm m m 4
Cr = — X v SNGD A N, )| Iam0si = 1,2,3.4. (21)
(m) ™ n=>0 n=0 i=1
Substituting from (20), (22) into (19); then we obtain
L {(S)o} = A?l
L{(L)} =2 i=234k=][35
Ny
L {(Ii)o} = ?k (22)

We have
L{Sl} - % [‘U —ptp (L {80} + Z?:l L{(Ii)u}) - Z::l:l 6iL {C(%H 4= 1=233=4:

LS} = % [V —ptp (L {Sin} + Z?:] L {(Ii)-m}) - Z::l:] BiL {C(j;l})] 0 =1,2,3,4
23

24)

L{(1),} = 55 [Ximy BLACE = mLA{(1)o}]
And :
L{(I) i1} = pa [2321 BiLA{CLY — L {(1),.}]
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L{(Li),} = o7 i L{UTim)o} — (i +8) L{(L)o}] 1 = 2,3,4.5 = 3,4,5,

L{(I) 1} = 55 i L{Ui1) = (i + 00) L{(L),,,}] i = 2,3, 4.5 = ?34, 5
(25

IV. GLOBAL ASYMPTOTIC STABILITY
Theorem 4.1. The disease-free equilibrium E, of the system (4) is globally asymptotically stable if Ry < 1.
Proof. Choose the Lyapunov functional

Vv (31?1,:172,:173,1:4,1‘5) =T (S - S)+I‘2 (Il - f1)+f[33 (Ig - f2)+3§'4 (I3 - j3)+f[15 (I-l - f)
(26)

The derivative V (Xl, Xy, Xg0 Xy, X5) is

V (X0y X Xg Xy Xs ) = X S+ % Lt X5 L%, 15+ % 1, (27)

Where X, X,, X;, X,, X5 are positive constants

' 2 [v=pt+u(S+ Zj:l L)] =[x — 2] [ZL] 3:S 1]

v (Ih Bl Iﬁ) T - [Tz - -1'33] Tl — [-1?73 - ’Fi] Yoly — [’I 4 -17.5] Val3 — 230915 — 140313 — 250414

(28)
Let choose x1=Xx2=Xx3=Xx4=x5=1.
We obtain
4 4
V(xy, w0, 23,24, 25) = — | |[p—v —p S+ZL- +Z(5¢Ij
i=1 j=2 (29)

V (X11 Xy s X3y Xy X5) <0, Eois globally asymptotically stable if Ry < 1. ]

V. CONCLUSION

This paper addresses a the equilibrium and stability of the multicompartment epidemic model , in the
absence of infection, the system has a disease-free equilibrium, in the presence of infection the system, has a
unique positive, endemic equilibrium. Both trivial and endemic equilibrium are founded. The disease-free
equilibrium is locally asymptotically stable if Ry < 1. In the paper, we have the epidemic nonlinear model,
describing the spread of an epidemic in a population. We to use the Laplace-Adomian Decomposition method
for obtaining the solution analytic of the multicompartment epidemic model. Finally, we study global stability
under some conditions.
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