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I. INTRODUCTION 

The notion of difference sequence spaces was introduced by Kizmaz [1], who studied the difference 

sequence spaces l∞ ∆ , c ∆  and c0 ∆ . This notion was further generalized by Et [2] who defined the sequence 

spaces l∞ ∆
2 , c ∆2  and c0 ∆

2 .  Later, Et and Colak [3] defined the sequence spaces 

l∞ ∆
m , c ∆m  and c0 ∆

m .  Et and Esi [4], then defined the following spaces: 

 ℓ∞ ∆ν
m =  x =  xk ∈ ω: (∆ν

m xk) ∈ ℓ∞  
c ∆ν

m =  x =  xk ∈ ω:  ∆ν
m xk ∈ c  

   c0 ∆ν
m =  x =  xk ∈ ω: (∆ν

m xk) ∈ c0 , 
where 

   ∆ν
m x =  ∆ν

m xk = (∆ν
m−1xk − ∆ν

m−1xk+1, and  ∆ν
0xk = xk  

for all k ∈ N, which is equivalent to binomial representation 

∆ν
m xk =  (−1)i  

m
i
 x+νi

m

i=0

 

It was proved that the generalized sequence space Z(∆ν
m ), where Z = ℓ∞, c or c0, is a Banach space with 

norm defined by 

     x ∆νm =   xi 
m
i=1 + sup ∆ν

m xk . 

     Taking ν = 1, we get the spaces which were studied by Et and Colak [3]. 

     Taking m = ν = 1, we get the spaces which were introduced and studied by Kizmaz [1]. 

     A complex sequence whose kth  term is denoted by xk  is said to be analytic if  
sup

k
 xk 

1/k < ∞. The vector 

space of all analytic sequences will be denoted by Λ. A sequence x = (xk) is said to be entire if
lim

k → ∞
 xk 

1/k =

0. The space of all entire sequences is denoted by Γ.  

     Orlicz function is defined as the function M : [0,  ∞)  → [0, ∞), which is continuous, non-decreasing and 

convex such that M (0) = 0,  M (x) > 0 for x > 0 and M (x) → ∞ as x → ∞. Lindenstrauss and Tzafriri [4] used 

the concept of Orlicz functions to define the space 

    ℓM =  x ∈ ω: M 
|xk |

ρ
 ∞

k=1 < ∞ .                  (1.1) 

called Orlicz sequence space, and proved that every Orlicz sequence space contains a subspace isomorphic to 

ℓp(1 ≤ p < ∞). Subsequently, different classes of sequence spaces were defined by Parashar and Choudhary 

[5], Mursaleen et al [6], Bektas and Altin [7], Tripathy et al [8], Rao and Subramaniam [9] and many others.   

     It is to be noted that if the convexity in an Orlicz function is replaced by the condition M x + y ≤ M x +
 M y , then this function is called Modulus function, defined and discussed by Ruckle [10] and Maddox [11].An 

Orlicz function is said to satisfy the ∆2 − condition for all values of u if there exists a constant k > 0 such that 

M 2u ≤ kM u , u ≥ 0. In other words M nu ≤ knM u , for all values of u and n > 1. 
     The sequence space ℓM  defined in (i) is a Banach space with the norm 
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                                 x = inf  ρ > 0: M 
|xk |

ρ
 ∞

k=1 ≤ 1     (1.2) 

 

II. BASIC DEFINITIONS 

Definition 2.1: The space consisting of all sequences x ∈ ω  such that M 
|xk |1/k

ρ
 → 0  as k  → ∞ for some 

arbitrary fixed ρ > 0, is denoted by ΓM , with M being a modulus function. In other words  M  
|xk |1/k

ρ
   is a null 

space. The space ΓM  is a metric space with metric  

        d x, y =
sup

k
M 

 xk  − yk  
1/k

ρ
  for all x =  xk , y = (yk). 

The space ΓM  is called entire sequence space defined by Orlicz functions. 

 

Definition 2.2: A sequence space S is said to be solid or normal if whenever  xk ∈ S, the sequence  αkxk ∈
S, where  αk  is a sequence of scalars with |αk| ≤ 1.  

 

Definition 2.3 (see [12] ): Let ℳ =  Mk  be a sequence of Orlicz functions, then M is called Musielak-Orlicz 

function.  

We shall use the following inequality throughout this work. Let {pk} be a sequence of positive real numbers 

with 0 < pk < sup pk = P. Let ∁ = 2
P-1

. Then 

                               ak + bk 
k ≤ ∁  ak 

pk +  bk  
pk        (2.1) 

where ak and bk are complex numbers. 

 In this paper we shall define a new class of sequence, which is the generalization of the sequence space  

given in Raj et al [13], as follows:  

Γℳ Δν
m ,   p, q, s =  xk ∈ Γ x :

1

n
 k−s  Mq  

q Δν
m xk 

1

k

ρ
  

pkn

k=1

 → 0 as n → ∞, uniformly in n > 0,   

s ≥ 0  for some ρ > 0. 
 

III. MAIN RESULTS 
We shall prove the following theorems in this paper. 

 

Theorem 3.1: Let ℳ = (Mk) be a Musielak-Orlicz function and p = (pk) be a sequence of strictly positive real 

numbers. Then the space Γℳ Δν
m , p, q, s  is a linear space over the field ℂ of complex numbers. 

Proof. Let x = (xk), y = (yk) ∈ Γℳ Δν
m ,   p, q, s  and α, β ∈ ℂ. Then there exist positive numbers ρ1 ,  ρ2 such that 

    
1

n
 k−s  Mk  

q Δν
m xk  

1
k

ρ1
  

pk

n
k=1 → 0 as n → ∞                               (3.1) 

and 

                  
1

n
 k−s  Mk  

q Δν
m xk  

1
k

ρ2
  

pk

→ 0 as n → ∞n
k=1                                (3.2) 

In order to prove the result, we need to find 𝜌3 such that 

     
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚 (𝛼𝑥𝑘+𝛽𝑦𝑘) 

1
𝑘

𝜌3
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛 → ∞𝑛
𝑘=1                      (3.3) 

Let  𝜌3 = 𝑚𝑎𝑥  |𝛼|
1
𝑘 𝜌1, |𝛽|

1
𝑘  𝜌2 . Since ℳ = (Mk) is non decreasing, convex and q is a semi norm, so by 

using inequality (2.1), we have 

 
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚 (𝛼𝑥𝑘+𝛽𝑦𝑘) 

1
𝑘

𝜌3
  

𝑝𝑘

𝑛
𝑘=1  

                       ≤
1

𝑛
 𝑘−𝑠  𝑀𝑘  𝑞  

 |𝛼|
1
𝑘  |𝛥𝜈

𝑚 𝑥𝑘 | 
1/𝑘

𝜌3
+

 |𝛽|
1
𝑘  |𝛥𝜈

𝑚 𝑦𝑘 | 
1/𝑘

𝜌3
   

𝑝𝑘

𝑛
𝑘=1  

                       ≤
1

𝑛
  𝑘−𝑠𝑘
𝑛=1  𝑀𝑘  𝑞  

 |𝛥𝜈
𝑚 𝑥𝑘 | 1/𝑘

𝜌1
+

  |𝛥𝜈
𝑚 𝑦𝑘 | 1/𝑘

𝜌2
   

𝑝𝑘

 

                        ≤ 𝐶
1

𝑛
  𝑘−𝑠𝑘
𝑛=1  𝑀𝑘  𝑞

 ∆𝜈
𝑚 𝑥𝑘  

1/𝑘

𝜌1
  

𝑝𝑘

+ 𝐶
1

𝑛
  𝑘−𝑠𝑘
𝑛=1  𝑀𝑘  𝑞

 ∆𝜈
𝑚 𝑦𝑘  

1/𝑘

𝜌2
  

𝑝𝑘

   

                            → 0   𝑎𝑠   𝑛 → ∞. 
Thus 𝛼𝑥 + 𝛽𝑦 ∈ 𝛤𝑚  𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠 , showing that it is a linear space. 
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Theorem 3.2: Suppose ℳ = (Mk) is Musielak-Orlicz function and p = (pk) be a sequence of strictly positive real 

numbers. Then the space 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠  is a paranormed space with the paranorm defined by 

 ℎ 𝑥 = 𝑖𝑛𝑓  𝜌𝑝𝑛 :
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 𝑥𝑘  
1/𝑘

𝜌
  

𝑝𝑘/𝐻

≤ 1 , uniformly in n > 0,  𝜌 > 0, 

where H = max  1,
𝑠𝑢𝑝
𝑘
𝑝𝑘 . 

Proof. Clearly ℎ 𝑥 ≥ 0, ℎ 𝑥 = ℎ −𝑥  𝑎𝑛𝑑 ℎ 𝜃 = 0,𝑤ℎ𝑒𝑟𝑒 𝜃 𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑋.  𝐿𝑒𝑡 𝑥𝑘 , 𝑦𝑘 ∈
𝛤𝑚  𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠 .  Let  𝜌1, 𝜌2 > 0 be such that 

                       
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 𝑥𝑘  
1/𝑘

𝜌1
  

𝑝𝑘/𝐻

≤ 1 

and, 

                         
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 𝑦𝑘  
1/𝑘

𝜌2
  

𝑝𝑘/𝐻

≤ 1. 

Let 𝜌 = 𝜌1 + 𝜌2, then by using Minkowski’s  inequality, we have 

 
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 (𝑥𝑘+𝑦𝑘 ) 1/𝑘

𝜌
  

𝑝𝑘/𝐻

           

 ≤  
𝜌1

𝜌1+𝜌2
 
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 𝑥𝑘  
1
𝑘

𝜌1
  

𝑝𝑘
𝐻

+  
𝜌2

𝜌1 +𝜌2
 
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 𝑦𝑘  
1
𝑘

𝜌1
  

𝑝𝑘
𝐻

 

    ≤ 1. 
Hence 

  ℎ(𝑥 + 𝑦) ≤ 𝑖𝑛𝑓   𝜌1 + 𝜌2 
𝑝𝑚 /𝐻 ∶  

𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 (𝑥𝑘+𝑦𝑘) 1/𝑘

𝜌1+𝜌2
  

𝑝𝑘/𝐻

≤ 1, 𝜌1 , 𝜌2 > 0, 𝑚 ∈ ℕ  

   ≤  𝑖𝑛𝑓   𝜌1 
𝑝𝑚 /𝐻 ∶  

𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 (𝑥𝑘+𝑦𝑘) 1/𝑘

𝜌1
  

𝑝𝑘/𝐻

≤ 1, 𝜌1 > 0, 𝑚 ∈ ℕ + 

        +𝑖𝑛𝑓   𝜌2 
𝑝𝑚 /𝐻 ∶  

𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 (𝑥𝑘+𝑦𝑘 ) 1/𝑘

𝜌2
  

𝑝𝑘/𝐻

≤ 1, 𝜌2 > 0, 𝑚 ∈ ℕ  

Thus we have ℎ 𝑥 + 𝑦 ≤ ℎ 𝑥 + ℎ 𝑦 . Hence h satisfies the triangle inequality. Now, 

ℎ 𝜆𝑥 =  𝑖𝑛𝑓   𝜌 𝑝𝑚 /𝐻 ∶  
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 𝜆∆𝜈

𝑚 (𝑥𝑘) 1/𝑘

𝜌
  

𝑝𝑘/𝐻

≤ 1, 𝜌 > 0,𝑚 ∈ ℕ  

= 𝑖𝑛𝑓   𝑟|𝜆| 𝑝𝑚 /𝐻 ∶  
𝑠𝑢𝑝
𝑘 ≥ 1

  𝑘−𝑠  𝑀𝑘  
𝑞 ∆𝜈

𝑚 (𝑥𝑘) 1/𝑘

𝑟
  

𝑝𝑘/𝐻

≤ 1, 𝑟 > 0,𝑚 ∈ ℕ  

where 𝑟 =
𝜌

|𝜆|
. Hence  𝛤𝑚  𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠  is a paranormed space. 

 

Theorem 3.3: Let ℳ ′ = (𝑀𝑘
′ ) and 𝑀′′ = (𝑀𝑘

′′ ) be two Musielak-Orlicz functions.Then   

                    𝛤ℳ ′ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 ∩ 𝛤ℳ ′′ 𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠 ⊆ 𝛤ℳ ′+ℳ ′′ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . 

Proof. Let  𝑥 ∈ 𝛤ℳ ′ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 ∩ 𝛤ℳ ′′ 𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠 . Then there exists 𝜌1𝑎𝑛𝑑 𝜌2 such that  

                                           
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌1
  

𝑝𝑘

𝑛
𝑘=1 → 0 𝑎𝑠 𝑛 → ∞                                              (3.4) 

and 

 
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌2
  

𝑝𝑘

𝑛
𝑘=1 → 0 𝑎𝑠 𝑛 → ∞                                    (3.5) 

Let  𝜌 = 𝑚𝑖𝑛⁡(
1

𝜌1
, 

1

𝜌2
). Then we have 

                    
1

𝑛
 𝑘−𝑠  (𝑀𝑘

′ + 𝑀𝑘
′′ )  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

𝑛
𝑘=1  

                           ≤ 𝐾
1

𝑛
 𝑘−𝑠  𝑀𝑘

′  
𝑞 𝛥𝜈

𝑚 𝑥𝑘  
1
𝑘

𝜌1
  

𝑝𝑘

𝑛
𝑘=1 + 𝐾

1

𝑛
 𝑘−𝑠  𝑀𝑘

′′  
𝑞 𝛥𝜈

𝑚 𝑥𝑘  
1
𝑘

𝜌2
  

𝑝𝑘

𝑛
𝑘=1  

  → 0 , 𝑎𝑠 𝑛 → ∞ 

by (3.4) and (3.5). Then 

                                   
1

𝑛
 𝑘−𝑠  (𝑀𝑘

′ + 𝑀𝑘
′′ )  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛 → ∞𝑛
𝑘=1 . 

Therefore 𝑥 ∈ 𝛤ℳ ′+ℳ ′′ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . 
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Theorem 3.4 Let 𝑚 ≥ 1. Then we have  

                                                      𝛤ℳ 𝛥𝜈
𝑚−1, 𝑝, 𝑞, 𝑠 ⊆ 𝛤ℳ 𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠  
Proof. Let 𝑥 ∈ 𝛤ℳ 𝛥𝜈

𝑚−1, 𝑝, 𝑞, 𝑠 . Then we have 

                         
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚−1𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

𝑛
𝑘=1 → 0 𝑎𝑠 𝑛 → ∞ for some 𝜌 > 0. 

Since ℳ = (𝑀𝑘 ) is non decreasing, convex function and q is seminorm, then we have 

 
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

≤
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚−1𝑥𝑘−∆𝑣

𝑚−1𝑥𝑘+1 
1
𝑘

𝜌
  

𝑝𝑘

𝑛
𝑘=1

𝑛
𝑘=1  

 ≤ 𝐾{
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚−1𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

+
1

𝑛
 𝑘−𝑠  𝑀𝑘  

𝑞 𝛥𝜈
𝑚−1𝑥𝑘+1 

1
𝑘

𝜌
  

𝑝𝑘

}𝑛
𝑘=1

𝑛
𝑘=1  

→ 0 𝑎𝑠 𝑛 → ∞. 
Therefore,  

 
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞.  

Hence 𝑥𝜖 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . This completes the proof. 

 

Theorem 3.5: Suppose  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

≤ |𝑥𝑘
𝑛
𝑘=1 |

1

𝑘 ,  then 𝛤 ⊂ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . 

Proof. Let 𝑥 ∈ 𝛤. Then we have  

     |𝑥𝑘 |
1

𝑘  → 0 𝑎𝑠 𝑘 → ∞                                                     (3.6) 

But  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

 ≤𝑛
𝑘=1 |𝑥𝑘 |

1

𝑘   by our assumption, it implies that 

                                                       
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞  

by (3.6). 

Then, 𝑥 ∈ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠  and hence 𝛤 ⊂ 𝛤ℳ 𝛥𝜈

𝑚 , 𝑝, 𝑞, 𝑠 . 
 

Theorem 3.6: 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠  is solid 

Proof. Let  𝑥𝑘  ≤ |𝑦𝑘 |  and  𝑦 = (𝑦𝑘 ) ∈ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . 

Since ℳ = (𝑀𝑘 ) is non decreasing, it implies that 

                            
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

≤  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑦𝑘  

1
𝑘

𝜌
  

𝑝𝑘

 𝑛
𝑘=1

𝑛
𝑘=1  

Since 𝑦 ∈ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . Therefore, 

                                             
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑦𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞  

and  

                                             
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞  

Therefore 𝑥 =  𝑥𝑘  ∈  𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . Hence the result. 

 

Theorem 3.7:  (i) Let 0 < 𝑖𝑛𝑓𝑝𝑘 ≤ 𝑝𝑘  ≤ 1. Then 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠  ⊂  𝛤ℳ 𝛥𝜈

𝑚 , 𝑞, 𝑠  
                        (ii) Let 1 ≤  𝑝𝑘 ≤ 𝑠𝑢𝑝𝑝𝑘 < ∞. Then 𝛤ℳ 𝛥𝜈

𝑚 , 𝑞, 𝑠  ⊂ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠  

Proof. (i) Let 𝑥 ∈  𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . Then 

                                       
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞                                           (3.7) 

Since 0 < 𝑖𝑛𝑓𝑝𝑘 ≤ 𝑝𝑘 ≤ 1. 

  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  ≤

1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞𝑛

𝑘=1                  (3.8) 

From (3.7) and (3.8) it follows that, 𝑥 ∈  𝛤ℳ 𝛥𝜈
𝑚 , 𝑞, 𝑠  

Thus 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠  ⊂  𝛤ℳ 𝛥𝜈

𝑚 , 𝑞, 𝑠  
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(ii) Let 𝑝𝑘 ≥ 1 for each k and 𝑠𝑢𝑝𝑝𝑘  < ∞ and let 𝑥 ∈ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑞, 𝑠  then 

     
1

𝑛
  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  → 0 𝑎𝑠 𝑛 → ∞𝑛

𝑘=1                                                  (3.9) 

Since 1 ≤ 𝑝𝑘 ≤ 𝑠𝑢𝑝𝑝𝑘 < ∞, we have 

1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚𝑥𝑘  

1

𝑘

𝜌
  

𝑝𝑘

≤  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚𝑥𝑘  

1

𝑘

𝜌
  

𝑛

𝑘=1

𝑛

𝑘=1

 

⟹ 
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚𝑥𝑘  

1

𝑘

𝜌
  

𝑝𝑘

→ 0 𝑎𝑠 𝑛

𝑛

𝑘=1

→ ∞ 

This implies that 𝑥 ∈ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 .Therefore, 𝛤ℳ 𝛥𝜈

𝑚 , 𝑞, 𝑠  ⊂  𝛤ℳ 𝛥𝜈
𝑚 , 𝑝, 𝑞, 𝑠 . 

 

Theorem 3.8 Let 0 ≤ 𝑝𝑘  ≤ 𝑟𝑘  and let (
𝑟𝑘

𝑝𝑘
) be bounded then 𝛤ℳ 𝛥𝜈

𝑚 , 𝑟, 𝑞, 𝑠  ⊂  𝛤ℳ 𝛥𝜈
𝑚 , 𝑝 𝑞, 𝑠 . 

Proof. Let 𝑥 ∈ 𝛤ℳ 𝛥𝜈
𝑚 , 𝑟, 𝑞, 𝑠 . Then 

    
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑟𝑘

→ 0 𝑎𝑠 𝑛 → ∞𝑛
𝑘=1                                       (3.10) 

Let 𝑡𝑘 =  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑟𝑘

𝑛
𝑘=1  and 𝜆𝑘 =

𝑝𝑘

𝑟𝑘
, since 𝑝𝑘 ≤ 𝑟𝑘 ,  we have 0 ≤ 𝜆𝑘 ≤ 1.  Take 0 < 𝜆 < 𝜆𝑘 . 

Define 

                                                   𝑢𝑘 =   
𝑡𝑘 ,     𝑖𝑓 𝑡𝑘 ≥ 1

0,    𝑖𝑓 𝑡𝑘 < 1
               

and, 

                                             𝑣𝑘   =   
0,     𝑖𝑓 𝑡𝑘 ≥ 1
𝑡𝑘 ,     𝑖𝑓 𝑡𝑘 < 1

  

𝑡𝑘 = 𝑢𝑘 + 𝑣𝑘 ,      𝑡𝑘
𝜆𝑘 = 𝑢𝑘

𝜆𝑘 + 𝑣𝑘
𝜆𝑘 . It follows that 𝑢𝑘

𝜆𝑘 ≤ 𝑢𝑘 ≤ 𝑡𝑘 ,   𝑣𝑘
𝜆𝑘 ≤ 𝑣𝑘

𝜆 . Since, 𝑡𝑘
𝜆𝑘 = 𝑢𝑘

𝜆𝑘 + 𝑣𝑘
𝜆𝑘 , 

then  𝑡𝑘
𝜆𝑘 ≤ 𝑡𝑘 + 𝑣𝑘

𝜆 .Now 

 
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
 )𝑟𝑘  

𝜆𝑘

≤  
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑟𝑘

𝑛
𝑘=1

𝑛
𝑘=1  

⟹ 
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
 )𝑟𝑘  

𝑝𝑘
𝑟𝑘

𝑛
𝑘=1  ≤  

1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑟𝑘

𝑛
𝑘=1  

 ⟹ 
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
 )𝑟𝑘  

𝑝𝑘

≤ 
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑟𝑘

𝑛
𝑘=1

𝑛
𝑘=1  

But  

                                             
1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
  

𝑟𝑘

𝑛
𝑘=1 → 0 𝑎𝑠 𝑛 → ∞  

by (3.10). Therefore,            

    

1

𝑛
 𝑘−𝑠  (𝑀𝑘  

𝑞 𝛥𝜈
𝑚 𝑥𝑘  

1
𝑘

𝜌
 )𝑟𝑘 

𝑝𝑘

→ 0 𝑎𝑠 𝑛𝑛
𝑘=1 → ∞ 

Hence 𝑥 ∈  Γℳ Δν
m , p, q, s . Thus we get  

Γℳ Δν
m , r, q, s ⊂ Γℳ Δν

m , p, q, s  
 

IV. CONCLUSION 
     We observe that the difference sequence space x ∈  Γℳ Δν

m , p, q, s  is not only a linear space but also a 

paranormed space when the given sequence p = (pk) contains strictly positive terms. Further the space is also 

solid. Moreover, the intersection of the spaces defined by two Musielak-Orlicz functions is identical with the 

space defined by the addition of the two given functions. 
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