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ABSTRACT: In this research paper, the Natural Decomposition Method (NDM) is applied to obtain solution
of nonlinear 2-dimensional Brusselator Equation.

The method which is a combination of Natural Transform Method (NTM) and the Adomian Decomposition
Method (ADM) gives an exact solution in the form of a rapid convergent series with easily computable
components.

The application further demonstrates the efficiency and accuracy of the method as compared to some other
known techniques. The method is effective and applicable for many other NPDEs in mathematical physics.
Keywords: Adomian Polynomials, Brusselator Equation, Systems of nonlinear Partial differential Equations,
NDM.

l. INTRODUCTION

Partial differential equations (PDES) can be applied in numerous ways in various fields of science and
engineering, notably in physics, thermodynamic, fluid mechanic and heat transfer. Nonlinear partial differential
equations (NPDEs) frequently arise in formulating fundamental laws of nature and in mathematical analysis of a
wide variety of problems naturally arising from meteorology, solid-state physics, fluid dynamics, plasma
physics, ocean and atmospheric waves, mathematical biology, chemistry, material science, etc. The solutions of
nonlinear partial differential equations by various methods have attracted interest of many authors in recent
years.

There are many integral transform methods [1,2,3] existing in the literature to solve PDEs, ODEs and
integral equations. We will discuss a new integral method called the Natural Decomposition Method (NDM)
and apply it to find exact solutions to nonlinear 2-dimensional Brusselator equation. Mahmoud Rawashdeh and
Shehu Maitama [1] solved coupled system of nonlinear PDE’s using the natural decomposition method and M.
Akbari [4] applied reduced differential transformation method (RDTM) to solve nonlinear 2-dimensional
Brusslator equation. Other methods used recently to solve PDEs and ODEs are; Elzaki transform [5], Sumudu
transform [3] and Decomposition method [6]. F.B.M Belgacem, A.A Karaballi and S.L Kalla [2] carried out
analytical investigations of the Sumudu transform and applied to Integral production equations, F.B.M
Belgacem and R. Silambarasan [7] used the N-Transform to solve the Maxwell’s equation, Bessel’s differential
equation and linear and nonlinear Klein Gordon Equations and A.K. Adio [8] used natural decomposition
method to obtain solution of linear and nonlinear Klein Gordon Equations.

The Adomian decomposition method (ADM) [9], proposed by George Adomian, has numerous
applications to a wide class of linear and nonlinear PDEs. For nonlinear models, the NDM shows reliable results
in supplying exact solutions and analytical approximate solutions that converges rapidly to the exact solutions
[1, 8]. Exact solutions of NPDEs play an important role in the proper understanding of qualitative features of
many phenomena and processes in the mentioned areas of natural science.

In this paper, we apply the Natural Decomposition Method (NDM) to the nonlinear 2-dimensional Brusselator
equation:

v, =V2W—2V+%(VXX +vyy)

(Y

1
2
W, =V-V WJFZ(WXX +Wyy)
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Subject to the initial conditions

v(x,y.0)=e"";
w(x, y,0) =" (1.2)

whereV = V(X, y,t) is a function of the variables X, y and t and (X, Y, t) e R? x [0,21 )

The rest of the paper is organized as follows: In section 2, the NDM is introduced and in section 3, the
definitions and properties of the N-Transform are discussed. In section 4, the NDM is applied to nonlinear 2-
dimensional Brusselator equation. Section 5 is the conclusion.

1. BASIC IDEA OF THE NATURAL TRANSFORM METHOD
Here we discuss some preliminaries about the nature of the Natural Transform Method (NTM).

Consider a function f (t) te (— © oo) then the general Integral transform is defined as follows [8,9]:
3£ (t)] j k(s,t)f (t)dt (2.1)

where k(s,t)represent the kernel of the transform, S is the real (complex) number which is independent of t .

Note that when k(s,t)is e ™, tJn(St)and ts’l(st), then Equation (2.1) gives, respectively, Laplace
Transform, Hankel Transform and Mellin Transform.
Now, for f (t), te (— 00 oo) consider the Integral transforms defined by

j k(t)f (ut)dt (2.2)

and f(t)ls,u) Ik s,t)f (ut)dt (2.3)

Note that:

(i) when k(t) =e™, Equation (2.2) gives the Integral Sumudu transform, where parameter S is replaced by

U . Moreover, for any value of N, the generalized Laplace and Sumudu transform are respectively defined
by [1,7]:

([t (t)]=F(s)= s”Te‘sm1t f(s"t it (2.4)

mo S[HU]=6u)=u" [e " fum i (2.5)

(ii) when n =0, Equation (2.4) and Equation (2.5) are the Laplace and Sumudu transform respectively.

I1l.  DEFINITIONS AND PROPERTIES OF THE N-TRANSFORM
The natural transform of the function f (t), te (— 0, oo) is defined by [1,7]:

N[f (t)]=R(s,u)= Ie’“ f(ut)dt ; s,ue(—o0,) (3.1)
where N[f (t)] is the natural transformation o; the time function f (t)and the variable Sand U are the natural

transform variables.
Note:
(i) Equation (3.1) can be written in the form [1,5]:

je (ut)at ; s,ue(~o0,)
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Ue‘“ f(ut)dt ;s,ue(- oo,o)}uﬁe-st f(ut)dt ;s,ue (0,00)}

—00

N[ (£)]+N"[f (t)]= N[f ()H(t)]+ N[f (©)H({t)]= R (s,u)+ R*(s,u)
where H() is the Heaviside function.
(i) If the function f(t)H(t)is defined on the positive real axis, with te(O,oo) and in the set

It

Az{f(t):a M, 7,7, >0,s1|f (t)] < Me™ ,wheret e (-1)’ x[0,c0), j =1,2}, then we

define the Natural transform (N-Transform) as [1,7]:
N[f(t)H({t)]= N [f(t)]=R*(s,u) je (ut)t ; s,ue(0,0:) (3.2)
(iii) If U =1, Equation (3.2) can be reduced to the Laplace transform and if S =1, then Equation (3.2) can
be reduced to the Sumudu transform. Now, we give some of the N-Transforms and the conversion to

Sumudu and Laplace [1,10].

Table 1 : Special N-Transforms and the conversion to Sumudu and Laplace.

f(t) N[f ()] [ S[f()] | 2[f(t)]

1 1 1 | 1L

Y i

u

t I R

- 1 1 1

- s—gu l-au | s—a
t—,n:1,2,... u ut 1
(n—1y 5" s"
cost S ! >

s +u® | 1+u® | 1+5°

sint u u 1
s?+u® [ 1+u® | 1+5?

Some basic properties of the N-Transform are given as follows [1,10]:
@iy If R(S,u)is the natural transform and F(S is the Laplace transform of the function f(t), then

)
VO] Rew) - e f- L2
(i) If R(s, u)us the natural transform and G(u)is the Sumudu transform of the function f(t), then
et (Sl
@) 1t N[ 0] = R(s,u). ten N° [ (at)] = R(s.0).
1N [ 0] = R(su). e N[ 0)]= S Ris,u)- )

W 1f N )] = Rsu), tren N*[F /(0] = S R(su)- > £(0)- Q).
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(vi) Linearity property [10]: If aand bare non-zero constants, and f (t)and g(t) are functions, then
N*[af (t)+bg(t)]=aN*[f(t)]£bN*[g(t)]=aF*(s,u)£bG"*(s,u).Moreover,
F*(s,u)and G*(s,u) are the N-transforms of f (t)and g(t) respectively.

IV.  APPLICATIONS

Here, we consider the following nonlinear 2-dimensional Brusselator equation:

v, =V2W—2V+%(VXX +vyy)

W, =v—vzw+%(wXX +Wyy)

Subject to the initial conditions

v(x,y,0)=e"*);
w(x, y,0) =" (4.2)
We first take the N-Transform of Equation (4.1), to obtain
N [v ]= N*[v?w]-2 N*[v]+% N*[v,, +v
N*[w, ]= N*[v]- N*[vzw]+% N w,, +w
Using the properties in Table 1 and propertles of the N-Transform, we have
2 (%, 5,u) -~ v(x.y.0) = N*[v2w]-2N"| ]+%N*[vXX +v, ]
u u
> w(x,s, u)—M =N*[v]- N*[vzw]+% N [w, +w,, ]
Substituting Equation (4.2) into Equation (4.3), we have:
v(x,s,u) = Letan U {vzw— 2V + % (v, +v,, )}

S S
1 (x+y) U, .+ 2 1 (44)
W(x,s,u):ge Y +S NV W+Z(WXX+WW)

Now , taking the inverse N-Transform of Equation (4.4), we have

V(X, y,t) — ety 4 N‘1|:% NJ{VZW— 2V+%(VXX +Vyy):H
w(x, y,t)=e"Y) 4 Nl{% N{v —viw+ %(WXX +W,, )ﬂ

we now assume a series solutions for the unknown functions v(x,y,t) and w(x,y,t) of the form:

v(x,y,t)= Zv X, Y,t)

(4.5)

w(x, y,t)= Zw X, y,t)

ThenEquation (4.5)

becomes
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o0

S yt)=e (X+V+N‘l[u {z(vmwnw) 25V +SA (v )ﬂ

OO0 no:O n;O (47)
W(X, y,t):e(xw) +N1{U N+{i2(wnxx +Wnyy)+ ZVn Z )I|
n=0 n=0 n=0

where A, are the Adomian polynomials representing the nonlinear terms vw.

Then by applying the natural decomposition techniques, we can generate the recursive relation as follows:

vo(x, y,t)=e ) (4.8)

(%, y,) = NE NE (Vo +V0, )~ 20, + Ao(v,w)ﬂ
v, (X, y,t)= N{% N*E (lex +v1yy)— 2v, + A (v, W)ﬂ

Thus,
V(v =N ENE(VW iy )20, + A, W)ﬂ 20 (49
Similarly,
w, (x, y,t)=et) (4.10)
(030~ N N2 s+, v, A )
)N N R ) )|
Eventually |

w,,(x,y,t)=N {EN B(anﬁwnyy) v, An(v,w)ﬂ n>0 (4.11)

Therefore from the recursive relation derived in Equation (4.9) and Equation (4.11) we can compute the

remaining components of the solution as follows:

006y = NN Ly v, ) 20 + A )ﬂ (4.12)

Slu 41
=N gN Z(VOXX+V0yy)—2Vo +v0vowoﬂ

=N U e Zpgtew) +e<x+y>ﬂ
2

_Leten N{H N* [1]} .
2 S 2
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Similarly,
w, (X, y,t)= NlE N*E (Wo +Woy, )+ Vo — AV, w)ﬂ (4.13)
=N 1{2 N* F (woXX + Wy, )+ V, — VoV W, ﬂ
S 4
_ N{E N*Fe(”y) Loy _e<x+y)ﬂ
S 2
_Leten N{E N° [1]} = Ligtnon),
2 S 2
and

v,(x, y,t)= Nl{% N{ (lex +vlyy)— 2v, + Al(v,w)ﬂ (4.14)

NI

g Ul
= N l|:§ N |:Z (lex +V1yy)_ 2vl + 2leOWO +V0V0W1i|:|

U = Lie o) 4e o) et 4 Ligteey)
S 4 2

2
_ Ee—(my) Nl[ﬂ N+[t]:| _ Ee—(my) N1|:u_3:|
4 S 4 S
Lot
4 2
JJu 1
)N N R s, ) A )| (4.19

alu L1
=N l[g N ‘:Z(lex +Vlyy)"'vl — 2VpVoW _VOVOWJ}

N U N Lt _ Lo g ten) _ gt
S 4 2 2

2
_ le(x+y) N—1|:E N [t]} _ le(x+y) N—l u_3
4 S 4 S

— le(’”y) i
PR

Eventually, the approximate solution of the unknown functions v(x,y,t) and w(x,y,t) are given by:
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v(x, y,t) :ivn (4.16)
n=0

=V, (X, y,t)+v1(x, y,t)+v, (X y,t)+
e bey) _ % et LUy

4 2

2
= e(”y)(l—£+1.t—+..j

:e—(x+y+%]
w(x, y,t) ZW X, Y,t) (4.17)
=W0(X, y,t)+w, (X, y,t)+w,(x, y,t)+...

2
2L gtny
2!

2
—ely) 1+£+1.t—+...
2 4 2

[x+y+£)
=e
Hence, the exact solutions of the given nonlinear 2-dimensional Brusselator equation are given by:
t
—(x+y+7)

v(x,y,t)=¢ 2

t

(rosed)

w(x, y,t)=e" = 2

Which is in agreement with the result obtained by RDTM [4].

_ b 4 Lty
And

(4.18)

V. CONCLUSION
In this article, the Natural Decomposition Method (NDM) was proposed for solving nonlinear 2-
dimensional Brusselator Equation with initial conditions.
We successfully found an exact solutions and compare the result with RDTM [4]. This clearly shows that the

Natural Decomposition Method NDM introduces a significant improvement in the field over existing technique.
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