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I. INTRODUCTION  
Consider the following Cohen-Grossberg shunting inhibitory cellular neural networks (CGSICNNs) with delays: 
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where ( )ij tt  represents axonal signal transmission delays and is continuous with 0 ( )ij tt t„ „ ; ( )ijC t  denotes 

the cell at the ( , )i j  position of the lattice at the t ; the r -neighborhood ( , )rN i j  of ( )ijC t  is 

( , ) { ( ) : max(| |,| |) ,1 ,1 },r klN i j C t k i l j r k n l m= - - „ „ „ „„  

( )ijx t  is the activity of the cell ( )ijC t ; ( )ijL t  is the external inputs to ( )ijC t ; ( ( ))ij ija x t  and ( ( ))ij ijb x t  

represent an amplification function at time t  and an appropriately behaved function at time t , respectively; 

( ) 0kl
ijC t …  is the connection or coupling strength of postsynaptic activity of the cell transmitted to the cell ijC ; 

the activity functions ( , )ijf t ×  are continuous functions representing the output or firing rate of the cell ( )klC t , 

( )ij tj  are the initial functions. 

Since Bouzerdout and Pinter in [4-6] described SICNNs as a new cellular neural networks (CNNs), 
SICNNs have been extensively applied in psychophysics, speech, perception, robotics, adaptive pattern 
recognition, vision, and image processing. Hence, they have been the object of intensive analysis by numerous 
authors in recent years. In particular, there have been extensive results on the problem of the existence and 
stability of periodic and almost periodic solutions of SICNNs with constant time delays and time-varying delays 
in the literature. We refer the reader to [7-10,13-15] and the references cited therein. Moreover, it is well known 
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that the discrete systems are more important than their continuous counterparts in implementing and application. 
In addition, it is essential to formulate discrete-time counterparts of the continuous-time functional differential 
systems when one wants to simulate or compute the continuous-time systems after we obtained its dynamical 
characteristics, but it is troublesome to study the existence and stability of periodic solutions for continuous and 
discrete systems respectively. Therefore, it is meaningful to study that on time scale which can unify the 
continuous and discrete situations. 

However, to the best of our knowledge, few authors have considered CGSICNNs with delays on time 
scales. The main purpose of this paper is to study the existence of periodic solution of the following Cohen-
Grossberg shutting inhibitory cellular neural networks with variable coefficients and impulses on time scales: 
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where T  is an w -periodic time scale, :ke ®¡ ¡  is continuous and there exists a positive integer q  such 

that 1, ( ) ( ), , limk q k k q k k k kk
t t e e t t tw+ + + ®¥

= + × = × > = ¥ , ( ) ( ) ( )ij k ij k ij kx t x t x t+ -= -V  are the impulses at 

moments kt , for 0( 1,2, ),kt k¹ = ¼  1 2[0, ] { } { , , , }k qt t t tw Ç = ¼T . 

The initial conditions of system (1.1) are of the form 

( ) ( ) 0, [ ,0], 1, 2, , , 1, 2, , ,ij ijx s s s i n j mf t= ¹ Î - = ¼ = ¼  

where 1 ,1
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For the sake of convenience, we denote 

1
2 2

[0, ] [0, ] 2 0 0

1
max | ( ) |, min | ( ) |, | ( ) | , ( ) ,( )t tg g t g g t g g t t g g t t

w w

w w wÎ Î= = = D = Dò ò%
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where g  is an w -periodic function. 

Throughout this paper, we assume that: 

1(H ) ( ) ( , ), , ( , ), ( 1, 2, , , 1, 2, , )kl
ij ij ija C L C C i n j m+× Î Î = ¼ = ¼¡ ¡ ¡T  are w -periodic functions, 

1
0 ( ) ; ( ) ( , )ij ij ij ija a a b C

w
< × < × Î ¡ ¡„ „  are delta differential and 0 ( ) ,ij ij ijbr dD< £ × £  (0) 0ijb = . 

2(H ) ( , ), 1,2, , , 1, 2, ,ijf t i n j m× = ¼ = ¼  are continuous w -periodic functions respect to t  and there exist 

constants 0M
ijf >  such that | | M

ij ijf f< . 

3(H ) ( , )ke CÎ ¡ ¡  are bounded functions, 1, 2, .k = ¼ . 
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4(H )  There exists positive constants ijK  such that | ( , ) ( , ) | | |ij ij ijf t x f t y K x y- -„ , for all 

, 1,2, , , 1,2, , .t i n j mÎ = ¼ = ¼T  

II. PRELIMINARIES                                                                                                           
According The theory of time scales, one may see [12]. 

Definition 2.1 ([12]) For each tÎT , let N  be a neighborhood of t . Then, for [ , ],n
rdV C +Î ´¡ ¡T define 

( , ( ))D V t x t+ D  to mean that, given 0e > , there exists a right neighborhood N Ne Ì  of t  such that 
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for each ,s N s teÎ > , where ( , ) ( ) .t s t sm sº -  If t  is right-scattered and ( , ( ))V t x t  is continuous at t , 

this reduces to 
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Definition 2.2 ([11]) We say that a time scale T  is periodic if there exists 0p >  such that if tÎT , then 

t p± ÎT . For ¹ ¡T , the smallest positive p  is called the period of the time scale. 

Definition 2.3 ([11]) Let ¹ ¡T  be a periodic time scale with period p . We say that the function 

:f ®¡T  is periodic with period w  if there exists a natural number n  such that ,npw =  ( )f t w+ =  

( )f t  for all tÎT  and w  is the smallest number such that ( ) ( )f t f tw+ = . 

If = ¡T , we say that f  is periodic with period 0w >  if w  is the smallest positive number such that 

( ) ( )f t f tw+ =  for all tÎT . 

Lemma 2.1 ([2]) Assume that , :p q ®¡T  are two regressive functions, then 
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Lemma 2.2 ([2]) Assume that , :f g ®¡T  are delta differentiable at ktÎT . Then 

( ) ( ) ( ) ( ) ( ( )) ( ) ( ) ( ) ( ) ( ( )).fg t f t g t f t g t f t g t f t g ts sD D D D D= + = +  

Lemma 2.3 If , , ,a b a bÎ Î¡T  and , ( , )f g CÎ ¡T , then 



Existence of periodic solutions to impulsive CGSICNNs on time Scales 

*Corresponding Author:  Lili Wang                                                                                                            4 | Page 

(i) [ ( ) ( )] ( ) ( ) ;
b b b

a a a
f t g t t f t t g t ta b a a+ D = D + Dò ò ò   

(ii) If ( ) 0f t ³  for all a t b£ < , then ( ) 0
b

a
f t tD ³ò ; 

(iii) If | ( ) | ( )f t g t£  on [ , ) : { : }a b t a t b= Î £ <T , then | ( ) | ( )
b b

a a
f t t g t tD £ Dò ò . 

The proofs of the following lemmas can be found in [1,3,17], respectively. 

Lemma 2.4 Let 1 2, [0, ]t t wÎ T . If :x ®¡T  is w -periodic, then 

1 20 0
( ) ( ) | ( ) | , ( ) ( ) | ( ) | .x t x t x s s x t x t x s s

w wD D+ D - Dò ò„ …  

Lemma 2.5 (Cauchy-Schwarz inequality) Let ,a bÎT . For rd-continuous functions , :[ , ]f g a b ®¡  we 

have 

1 1
2 22 2| ( ) ( ) | | ( ) | | ( ) | .( ) ( )b b b

a a a
f t g t t f t t g t tD D Dò ò ò„  

Lemma 2.6 (compact result [18]) Assume that { }n n Nf Î  is a function sequence on J  such that 

(i) { }n n Nf Î  is  uniformly bounded on J ; 

(ii) { }n n Nf D
Î  is uniformly bounded on J . 

Then there is a subsequence of { }n n Nf Î  converges uniformly on J . 

Lemma 2.7 (Mean value theorem) Let function f  be continuous on [ , ]a b T  and delta differentiable on 

[ , )a b T , then there exist x , [ , )a bV Î T  such that 

( )( ) ( ) ( ) ( )( ).f b a f b f a f b ax VD D- £ - £ -  

III. MAIN RESULTS  
In this section, by using the Mawhin's continuation theorem, we shall study the existence of at least one periodic 
solutions of system (1.1). 

Let ,X Y  be normed Banach spaces, : Dom dimL L X YÌ ®  be a linear mapping, and 

:N X Y®  be a continuous mapping. The mapping L  will be called a Fredholm mapping of index zero if 

dimKer codimImL L= < +¥  and ImL  is closed in Y . If L  is a Fredholm mapping of index zero and 

there exist continuous projector :P X X®  and :Q Y Y®  such that Im Ker ,Ker Im( )P L Q I Q= = - , 

it follows that mapping Dom Ker| : ( ) ImL PL I P X LÇ - ®  is invertible. We denote the inverse of that mapping 

by PK . If W  is an open bounded subset of X , the mapping N  will be called L -compact on W , if 
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( )QN W  is bounded and ( ) :PK I Q N X- W®  is compact. Since ImQ  is isomorphic to KerL , there 

exists an isomorphism : Im KerJ Q L® . 

In order to obtain the main results, we introduce the Mawhin's continuation theorem as follows. 

Lemma 3.1 ([16]) Let XW Ì  be an open bounded set and let :N X Y®  be a continuous operator which is 

L -compact on W . Assume 

(a) for each (0,1), Dom , ,x L Lx Nxl lÎ ÎWÇ ¹  

(b) for each Ker , 0x L QNxÎWÇ ¹ , and deg( , Ker ,0) 0JQN LWÇ ¹ . 

Then Lx Nx=  has at least one solution in DomLWÇ . 

Theorem 3.1 Assume that 1 3( ) ( )H H-  hold, 11 1 21 2 1diag( , , , , , , , ,m m nD d d d d d= ¼ ¼ ¼  , )nmd¼ is a 

diagonal matrix, and the following condition 5( )H  hold 
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then system (1.1) has at least one w -periodic solutions. 
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where 
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It is easy to show that P  and Q  are continuous and satisfy 
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and then 
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Thus, QN  and ( )PK I Q N-  are both continuous. Using the Lemma 2.6, it is easy to show that 

( ) ( )PK I Q N- W  is compact for any open bounded set XW Ì . Moreover ( )QN W  is bounded. Thus, N  

is L -compact on W  for any open bounded set XW Ì . 

Now, it needs to show that there exists an domain W , that satisfies all the requirements given in 

lemma 3.1. Corresponding to operator equation Lx Nxl= , (0,1)lÎ  we have 
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Suppose that 11 1 21 2 1( ) ( ( ), , ( ), ( ), , ( ), , ( ), , ( ))T
m m n nmx t x t x t x t x t x t x t X= ¼ ¼ ¼ ¼ Î  is a solution of 

system (3.1) for a certain (0,1)lÎ . Set 0 0 10, qt t t w+
+= = = , from (3.1), Lemma 2.5 and Lemma 2.7, we 

have 
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where 1,2, , , 1,2, , .i n j m= ¼ = ¼  Then by 1( )H , we obtain 

20
( , )

2
1

( ( )) ( )

1
| ( ( )) |,

| |
kl

r

ij kl M
ij ij ij ij ij ij

C N i jij

q
ij

ij k ij k
kij ij

a
a x t x t t C f x

a
L e x t

w
w

r

w
r r

Î

=

D

+ +

åò

å

„ ‖ ‖

‖ ‖

                                                      (3.3) 

From Lemma 2.4, for any 1 2, [0, ] , 1,2, , , 1,2, ,ij ijt t i n j mwÎ = ¼ = ¼T , we have 

10 0 0 0
( ( )) ( ) ( ( )) ( ) ( ( )) | ( ) |( )ij

ij ij ij ij ij ij ij ij ija x t x t t a x t x t t a x t x t t t
w w w w DD D + D Dò ò ò ò„  

and 

20 0 0 0
( ( )) ( ) ( ( )) ( ) ( ( )) | ( ) | .( )ij

ij ij ij ij ij ij ij ij ija x t x t t a x t x t t a x t x t t t
w w w w DD D - D Dò ò ò ò…  
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Dividing by 
0

( ( ))ij ija x t t
w

Dò  on the two sides of the inequalities above, we obtain that 

1

0 0

0

0 0

( )

1
( ( )) ( ) | ( ) |

( ( ))

1
( ( )) ( ) | ( ) |[ | | ]

ij
ij

ij ij ij ij

ij ij

ij ij ij ij
ij

x t

a x t x t t x t t
a x t t

a x t x t t x t t
a

w w

w

w w

w

D

D

D - D
D

- D + D

ò ò
ò

ò ò

…

…

 

and 

2 0 0

0

0 0

1
( ) ( ( )) ( ) | ( ) |

( ( ))

1
( ( )) ( ) | ( ) | ,| |

ij
ij ij ij ij ij

ij ij

ij ij ij ij
ij

x t a x t x t t x t t
a x t t

a x t x t t x t t
a

w w

w

w w

w

D

D

D + D
D

D + D

ò ò
ò

ò ò

„

„
 

by the arbitrariness of  1 2,ij ijt t ,  let , [0, ]ij ijt t wÎ T  such that [0, ]( ) min ( )ij ij t ijx t x twÎ= T , 

[0, ]( ) max ( ), 1,2, , , 1,2, ,ij ij t ijx t x t i n j mwÎ= = ¼ = ¼T ,  

so 

0 0

1
( ) ( ( )) ( ) | ( ) |[ | | ]ij ij ij ij ij ij

ij

x t a x t x t t x t t
a

w w

w
D- D + Dò ò…  

and 

0 0

1
( ) ( ( )) ( ) | ( ) | . | |ij ij ij ij ij ij

ij

x t a x t x t t x t t
a

w w

w
DD + Dò ò„  

Hence, 

0 0[0, ]

1
max | ( ) | ( ( )) ( ) | ( ) | ,| |ij ij ij ij ijt

ij

x t a x t x t t x t t
a

w w

w w
D

Î
D + Dò òT

„                                                (3.4) 

where 1,2, , , 1,2, ,i n j m= ¼ = ¼ . In addition, from (3.4) we have that 

1
2 2

2 0 [0, ]

0 0

| ( ) | max | ( ) |

1
( ( )) ( ) | ( ) | , 1, 2, , , 1, 2, , .

( )

| |

ij ij ij ij ij ijt

ij ij ij ij ij

a x a x t t a x t

a x t x t t a x t t i n j m

w

w

w w

w

w
w

Î

D

= D

D + D = ¼ = ¼

ò

ò ò
T

„

„

‖ ‖

            (3.5) 

Combining (3.2), (3.3) and (3.5), we obtain 
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2

2 2
1( , )

2 2 2
1( , )

(

1 1
| ( ( )) |

| ( ( )) |

( )

( )

( )

kl
r

kl
r

kl
r

ij ij

q
ij ijkl M

ij ij ij ij k ij k
kC N i jij ij ij

q
kl M

ij ij ij ij ij ij ij ij ij ij k ij k
kC N i j

ij M kl
ij ij ij ij

C Nij

a x

a a
C f x L e x t

a a x a C f x a L e x t

a
a a f C

w w
r r rw

w d w w w

w
r

=Î

=Î

Î

+ +

+ + + +

+

å å

å å

„

„

‖ ‖

‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ‖ ‖

2 2 2
, )

1

2 2
( , )

( )

1 1
| ( ( )) |

( ) ( ) ,

( )

kl
r

ij
ij ij ij ij ij ij ij ij

i j ij

q

ij k ij k
kij

ij ijM kl
ij ij ij ij ij ij ij ij ij ij ij ij

C N i jij ij

a
x a a x a a L

a e x t

a a
a a f C x a a x a a

w d w
r

w
rw

w w d w a
r r

=

Î

+ + +

+ +

= + + + +

å

å

å

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖

 

where 2
1

1
| ( ( )) |, 1, 2, , , 1, 2, ,

q

ij ij k ij k
kij

L e x t i n j m
a

a
w =

= + = ¼ = ¼å‖ ‖ . 

Hence, 

2 2
( , )

(1 )
, 1,2, , , 1,2, , .

kl
r

ij ij ij M kl
ij ij ij ij ij

ij C N i j
ij ij

ij

a a
x f C x i n j m

a
a a

w d
a

w
r

Î

-
+ = ¼ = ¼

+
å„‖ ‖ ‖ ‖  (3.6) 

Denote 

2 11 2 1 2 21 2 2 2 1 2 2

11 1 21 2 1

( , , , , , , , , , ) ,

( , , , , , , , , , ) .

T
m m n nm

T
m m n nm

x x x x x x x

C a a a a a a

= ¼ ¼ ¼ ¼

= ¼ ¼ ¼ ¼

‖ ‖ ‖ ‖ ‖ ‖‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖
 

Thus, (3.6) can be rewritten in the matrix form 

2 .D x C„‖ ‖  

From the assumptions of Theorem 3.1, we obtain 

1
2 11 1 21 2 1( , , , , , , , , , ) ,T

m m n nmx D C B B B B B B- ¼ ¼ ¼ ¼@„‖ ‖  

that is 2 , 1, 2, , , 1, 2, ,ij ijx B i n j m= ¼ = ¼„‖ ‖ . 

By (3.2), (3.3) and (3.4) we obtain 
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[0, ]

2 2
1( , )

2 2 2
1( , )

max | ( ) |

1 1
| ( ( )) |

| ( ( )) |

1
( )

( )

[

kl
r

kl
r

ij
t

q
ij ijkl M

ij ij ij ij k ij k
kC N i jij ij ij ij

q
kl M

ij ij ij ij ij ij ij ij ij k ij k
kC N i j

ij
ij ij ij

ijij

x t

a a
C f x L e x t

a

a x a C f x a L e x t

a
a a f

a

w

w w
w r r r

d w w w

w
rw

Î

=Î

=Î

+ +

+ + + +

+

å å

å å

T

„

„

‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ‖ ‖

2 2 2
( , )

1

( , )

( )

1
| ( ( )) |

1
( ) ( )

: , 1, 2, , , 1, 2,

( ) ]

[ ]

kl
r

kl
r

ijM kl
ij ij ij ij ij ij ij ij ij

C N i j ij

q

ij k ij k
kij

ij ijM kl
ij ij ij ij ij ij ij ij ij ij ij ij

C N i jij ijij

ij

a
C x a a x a a L

a e x t

a a
a a f C B a a B a a

a

A i n j

wd w
r

w
wr

w wd w a
r rw

Î

=

Î

+ + +

+ +

+ + + +

= = =

å

å

å
L

„

‖ ‖ ‖ ‖ ‖ ‖

, .mL

  

Denote *

( , )
ij

i j

A A A= +å , where *A  is a sufficiently large positive constant. Now, we take 

{ ( ) : }x t X x AW = Î <‖‖ .  

Obviously, W  satisfies the condition (a) of Lemma 3.1. 

When r ,Ke nmx LÎ¶WÇ = ¶WÇ¡ 11 1 21 2 1( , , , , , , , , )T
m m n nmx x x x x x x= ¼ ¼ ¼ is a constant 

vector with x A=‖ ‖ . Furthermore, take : Im Ker , ( ,0, ,0,0)J Q L r r® ¼ ® , then 

± ±

² ±

±

11 11 11 11 11 11 11 11
1( , )

11

1 1 1 1 1 1 1 1
1( , )1

1
1 1 1 1 1

(

1
( ) ( ) ( ( ))

1
( ) ( ) ( ( ))

( ) ( )

[ ]

[ ]

[

kl
r

kl
r

kl
r

q
kl

k k
kC N i j

q
kl

m m m m m m m k m k
kC N i jm

n kl
n n n n n

C N

nm

a x b x G x L e x t

x

a x b x G x L e x t
x

JQN

x
a x b x G

x

w

w

=Î

=Î

Î

- + - +

æ ö
ç ÷
ç ÷ - + - +
ç ÷
ç ÷

=ç ÷
ç ÷

- +ç ÷
ç ÷
ç ÷
è ø

å å

å å

M
M

M M

M
±

² ±

1 1 1
1, )

1( , )

1
( ( ))

1
( ) ( ) ( ( ))

]

[ ]
kl

r

q

n n k n k
ki j

q
kl

nm nm nm nm nm nm nm k nm k
kC N i j

x L e x t

a x b x G x L e x t

w

w

=

=Î

æ ö
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷- +ç ÷
ç ÷
ç ÷
ç ÷
ç ÷- + - +ç ÷
è ø

å å

å å

M

， 

where ±
0

1
( ) ( , )kl kl

ij ij ij ijG C t f t x t
w

w
= Dò . 

If necessary, we can take A  sufficiently large such that 
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± ±
1 1 1( , )

1
( ) ( ) ( ) 0,[ [ ] ]

kl
r

qn m
T kl

ij ij ij ij ij ij ij ij ij k ij
i j kC N i j

x JQNx a x x b x G x L x e x
w= = =Î

= - + - + <åå å å  

so for any Ker , 0x L QNxÎ¶WÇ ¹ . Moreover, let ( ; ) (1 )r x rx r JQNxy = - + - , then for any 

Ker , ( ; ) 0Tx L x r xyÎ¶WÇ < , we get  

deg{ , Ker ,0} deg{ , Ker ,0} 0.JQN L x LwWÇ = - Ç ¹   

So, condition (b) in Lemma 3.1 is also satisfied, we now know that W  satisfies all the requirements in 
Lemma 3.1. Therefore, (1.1) has at least one w -periodic solution. The proof  is complete. 
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