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ABSTRACT: This article mainly studies the fractional integrals of power of fractional sine and cosine function
based on the Jumarie type of modified Riemann-Liouville fractional derivatives. We make use of binomial
theorem of fractional analytic functions, fractional DeMoivre’s formula, and several properties to obtain the
answers of these two types of fractional integrals.
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l. INTRODUCTION
The mathematical thought of fractional calculus was developed by mathematicians Leibniz (1695),
Liouville (1834), Riemann (1892) and others. Fractional calculus attracted the attention of many scientists and
engineers, and has been widely used in many fields such as chemistry, physics, engineering, applied
mathematics, biology, and economics [1-18].
In this paper, we mainly study the following two types of fractional integral problems:
(ol )llcos, (x¥)]1®"], (€
(ol2)[Ising (x)]®"], )
where 0 < a <1, n is a positive integer, cos,, sin, are a-fractional cosine function and sine function
respectively. Using binomial theorem of fractional analytic functions, fractional DeMoivre’s formula, and some
basic properties of fractional cosine function and sine function, we can easily evaluate these two types of
fractional integrals.

1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper.
Definition 2.1: Leta be a real number and p be a positive integer, then the modified Riemann-Liouville
fractional derivatives of Jumarie type ([19]) is defined by

( F(fa) [o =D f @y, if @ <0
(xDO)f O] = {ﬁ;—xfxz(x - f(D) - f(@]ldt f0<a<1 ®)
L L DE ™)), fp<a<p+l

where T(w) = f0°° tW~le~tdt is the gamma function defined on w > 0. Moreover, we define the a-fractional

integral of £(x) by (I%)[f()] = (oD5%)[f(x)], where a > 0. If ( ,I%)[f(x)] exists, then f(x) is called
an a-fractional integrable function.
Definition 2.2 ([20]): Suppose that x,x, and a, are real numbers, x, € (a,b), and 0 < a < 1. If the function

fozila,b] = R can be expressed as a a-fractional power series, that is, f,(x*) = §=0ﬁ(" —xo)™® on

some open interval (x, —r,x, + 1), then we say that f,(x*) is a-fractional analytic at x,, where r is the
radius of convergence about x,. If f,:[a,b] = R is continuous on closed interval [a, b] and is a-fractional
analytic at every point in open interval (a, b), then we say that f, isan a-fractional analytic function on [a, b].

ka
Definition 2.3 ([21]): Let 0 <a <1 and x be a real variable. Then E,(x%) = Z}?:oﬁ is called the
a-fractional exponential function, and the period of E,(ix%) is denoted as T,. On the other hand, the
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a-fractional cosine and sine function are defined by
(- l)kxzka

c0sg (x%) = Xio r(2ka+1)’ “)
and
. . (~1)kx @kt
sma(x“) = Zk:o m. (5)
Proposition 2.4 (fractional Euler’s formula) ([21]): Let 0 < a < 1, then
E,(ix*) = cos,(x*) + isin, (x%). (6)
Proposition 2.5 (fractional DeMoivre’s formula) ([21]): If 0 < @ <1, and n is a positive integer, then
[cos, (x%) + isin, (x¥)]®™ = cos, (nx*) + isin,(nx%). @)
Proposition 2.6: Suppose that «, 8, ¢ are real numbers, 0 < a < 1,and 8 = a > 0, then
F(B+1)
(oD2)[x#] = rp-arn xfe, ®)
oD¥lcl =0, 9
(oDH)[sing (x®)] = cos, (x%), (10)
(oDF)[cos, (x®)] = —sing (x*), (11)
Proposition 2.7: If 0 < a <1, then the a-fractional integrals
(aI¥)[cos, (x®)] = sing (x*), (12)
(al,‘g‘)[sina(x“)] = —cos, (x%). 13)
Next, we introduce a new multiplication of fractional analytic functions.
Definition 2.8 ([22]): Let 0 < a <1, f,(x*) and g,(x%) be two a-fractional analytic functions,
fax®) = Tig WH) xka, (14)
gzx(x )= z:k 01"(ka+1) ——xke, (15)
Then we define
fo(x® ) ® 9a(x%) .
_ V' k k k
= Zizo r(ka+1) “® Zio T(ka+1) ™ ¢
w 1 k
= Zizo T(ka+1) ( m=0 (m) ak‘mbm) xte. (16)

Definition 2.9: [£,(x9)]®" = £,(x*) ® - ® f,,(x%) is called the n-th power of the a-fractional analytic
function f, (x%).

Theorem 2.10 (binomial theorem of fractional analytic functions): Assume that 0 < a < 1,n is a positive
integer, and f,(x%) and g,(x%*) are two a-fractional analytic functions, then

[fa (™) + ga(x®™ = 2020 () [fu (xS ® g, (x)] O™ (17

1. MAIN RESULTS AND EXAMPLES
In the following, we will obtain the fractional integrals of power of fractional sine and cosine function.
Theorem 3.1: If 0 < @ <1, and n is a positive integer. Then

(olf)[lcose (x)]1®"]

n-1

# = on(";) sing((n — 2m)x*) if nis odd

= 1 n-2 r ) ( ) ) (18)
on-1 mz=o ” Sma((n 2m)x*) + 4= Ly if nis even

2 T'(a+1)
Proof ( 0I,‘é‘)[[cos,,((x"‘)]@’"]

= (o1%) [E (Eq(ix®) + Ea(—ix“))]®n]
= 1 (o) [[(Ba(ix®) + Eo(—ix)] "]
= = (D) [Zhno(2) [Ea (ix)] O™ Q[ E, (—ix)] 8™
= = (o) [Eaco(R) Eali(n — m)x )@ E, (—imx®)]
= = (D) [Zrno()Ea(i(n — 2m)x)]
= = (o) [Zno(2) cose (n — 2m)x®)]

nm:o(:,ll) ( Olﬁ)[cosa((n —2m)x“)]
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n=1  p
2n1_1 o n(—"zlzn sing,((n — 2m)x%) if nisodd
RERSo () s
on-1 mZ:o ” Slna((n 2m)x®) + on mxa if niseven
Q.ed.
Theorem 3.2: Suppose that 0 < ¢ < 1, and n is a positive integer. Then
(of#)[sing (x*)]®"]
M1 n-1 o en
B {{ (_2113 12 e 0( :) an'") cosy((n — 2m)x®) if nis odd 9
N G ) n 1 .
kzn—l m=0 n—2m sing((n — 2m)x“)+(2/nz) mx“ if niseven
Proof (ol#)[[cos (x*)]®"]

=( Ola)[[l (Eq(ix®) — E (—ix“))]®n]
= o (o) [[(Balix) — Eu x|
== 2)n( o) [Zzo () [Ea (ix)®C ™M @[~E, (—ix®)]®™]
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= o (a7 (00 - 20
= z)n( I“)[Z 0(—1)"‘(m)cos,,c((n —2m)x%) + iZ?nzo(—l)m(:l)sina((n - Zm)x“)]

ol 2 [Eroo (=)™ () sing (n — 2m)x®)] if nis odd
oIE)[Z—o (D™ (% )cos, ((n — 2m)x®)] if nis even
n+1
I o om () (ol)sing (- 2m)x®)] if nis odd
(_Z;n)f oo (=D™(%) (oI#) [cos, (n — 2m)x®)] if niseven
e e N
{( (_Zln)f ,,fo(:)z(m)cosa((n—Zm)x“) if n is odd
)m m. n . .
(2 1)12 meo— 2( ) ing((n — 2m)x%) +( /nZ) ﬁx“ if nis even
Q.e.d.
Example 3.3: Suppose that 0 < a < 1. By using Theorem 3.1, we obtain the a-fractional integrals
(oI%)[[cos, (x)]®3] = %sina (3x%) + Zsina (x%). (20)
And
( OI,?)[[Cosa(xa)]@z;] — %Sina@}x“) + isina(Zx“) n % ) [‘(a1+1) s 1)
Example 3.4: Let 0 < a < 1. Using Theorem 3.2 yields the a-fractional integrals
(of)lsing (x*)1%%] = = cos, (3x%) — 2 cos, (x%). (22)
And
(oI¥)[[sing (x*)]®4] = %Sina(l}x“) - iSina(ZX“) + %. [‘(a1+1)xa' (23)

IV. CONCLUSION
The main purpose of this paper is to find two fractional integrals of power of fractional sine and cosine
function based on Jumarie type of Riemann-Liouville fractional derivatives. We take advantage of binomial
theorem of fractional analytic functions, fractional DeMoivre’s formula, and some properties of fractional
cosine function and sine function to obtain the answers of these two types of fractional integrals. In the future,
we will use some techniques to study the problems of fractional calculus and fractional differential equations.
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