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I.  Introduction
Topological groups are logically the combination of topological spaces and groups. A

topological group is defined as a group binded with a topology such that the binary operations
are continuous. A. csaszar [2] mtroduced the concept of generalized topology i 2002. In 2013
Muard Hussian et.al [16] mntroduced the concept of generalized topological groups. A.B. Khalaf
and H.Z Ibrahim et.al [10] introduced some basic concepts of P-o-topological groups.Let A be a
subset of a topological space ( G.7 ). A subset A of a topological space ( G.T ) is called v-open if
A C Int{CI(Int(A}). The complement of an c-open set is called a-closed. By aO(G.1), we
denoted the family of all u-open sets of G. An operation f§: oO(G,t) = P(G) [8] is a mapping
satisfying the condition. V € V# for each V' € a0(G, 1). We call the mapping p an operation on
aO(G.1). A subset A of G 1s called ag-open set [8] if for each point x € A, there exists an a-open set
U of G containing x such that Uf c A

In this paper. we introduced the concept of Quasi generalized p-o-topological group and
investigate the related concepts. Throughout this paper Quasi generalized p-c-topological

group is denoted by quasi G-B-a-topological group.
Il.  Preliminaries

Definition: 2.1 [2] Let X be any set and let § = P(X) be a subfamily of power set of X

Then § is called a generalized topology if @ € G and for any index set I, U;ey 0;2 G . O; €
G .iel

Definition: 2.2 [3] The clement of generalized are called G-open sets. Similarly. generalized
closed set (or) G-closed. is defined as complement of a G-open set.

Definition: 2.3 [2] Let X and Y be two G-topological space . A mapping f : X —V is called
a G-continuous on X if for any G-opensetin Y . =1 (0) is G-open in X.
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Definition : 2.4 [16] A triple ( G . *.§ ) 1s said to be an G-topological group if (G .#) 15 a
group. ( G. G ) is a generalized topological space and.

(1) The nultiplication mapping m: G x G — G defined bym{ x,¥)= x*y.x, v e Gis
G-contimuous,

(i1) The inverse mapping i: G — G defined by i(x)=x"'.x € G. is G — continuous.

Definition: 2.5[10] Let (G, * ) be a group and t be a topology on G.

(1).The inversion map is p-c-continuous if given @ € G and O € aO(G.1) such that a~e O.
then there is U € aO(G.1) with @ € U and (UF)™* < 0F. where (UF)™! = {x1:x e UF}
(11). The multiplication 1s jointly p-o-continuous in both variables if given a, b € G and

O € a0 (G.t) such that a * b € O. then there exist U, V € aO(G.t) withae U, b e V
and UP = VF < OF.

(iii). A triple (G. *, 1) is called a B-c-topological group if the inversion is B-c-continuous

and the multiplication map is jointly p-o-continuous in both variables.

Definition 2.6 [17] Let (G. = 1) be a G-topological space. A triple (G .* .1 ) 1s called a G-p-
a-topological group if the mversion map is G-P-a-continuous and the multiplication map is

jointly G-B-u-continuous in both variable,

Definition 2.7 [16] Let (G. * ) is a group and given x € G,L,:G — G defined by
L.(y)=x=y and R,:G — G defined by R,.(y) = y = x, denoted left and right translation
by x. respectively.

Definition 2.8 [1] A quasitopological group G. 15 a group which is also a topological space if
the following conditions are satisfied.

(1). Left translation L,:G — G,x € G and right translation R,: G — G,x € G are continous.
(i1). The inverse mapping i:G — G defined by i(x) = x™1, x € G is continous.

Quasi Generalized p-a-Topological Groups

Definition: 3.1 A quasi G-P-a topological group G is a group which is also a G-topological
space if the following conditions are satisfied,
(1). Left translation L, : G — G, x € G and Right translation R, : G = G, x € G are

G-p-at continuous and

(ii).The inversion map is G-p-o-continuous if given a € G and O e G-aO(G. G) such that
a~teO. then there is U & G-aO(G. §) with a € U and (UF)~* < OF
where (UF)™* = {x"1:x € UF}.

Example: 3.2 Let (Z,,+, ) is a group under addition and
G=1{Z,,0, {1.3}.{2.3}.{1.2}.{1,2.3}}.

Then (Z4, +4. G) is the quasi G-B-o topological group.

Theorem: 3.3 Let ( G. #. §) be a quasi G-P-o-topological group and B, be the collection of
all G-o open neighbourhood of identity ¢ of G. Then
(1). For every O € B, . there is an element U € B, such that (UF)~1 < 0F.
(ii). For every O € B, . there is an element U € B, such that UF +x < 0F and
x *»UP < 0F foreachx €G.
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Proof: (i) Let ( G, * . §) be a quasi G-p-u-topological group.

Therefore, for every O € B, with a=! € 0. there is U € B, such that a € U and

(UB)~1 < 0F because the inverse mapping i : G — G is G-pB-u continous.

(i1). Let ( G. = . G) be a quasi G-p-u-topological group.

Then for any x € G and O € B, containing X. there exist U = B, such that
R.(U) = UF xx < OF. Similarly. L.(U) = x + UF < 0F.

Theorem: 3.4 Let (G. *. §) be a quasi G-f-o-topological group and g be any element of G.
Then the right translation (Rg) and left translation (Lg) of G by g is a G-o homeomorphism of
the space G onto itself.
Proof: Let (G. * . G) be a quasi G-P-o-topological group.
To prove that Right translation (Rg) 1s a §-a homeomorphism.
First we prove that Ry is a bijection.
We mapping Rg: G — G be defined by Ry(x) = xg.
Assume that Rgy(x) = Ry (y)
= XxXg =yg
= x=y
Hence R, is one-one. Assume that ¥ € G, then the element yg~—! maps to y.
Hence R, is surjective. Since G is a quasi G-f-o-topological group.
R, is a G-o continuous, then Rg_l is also G-o contimuous.
Hence the Right translation (R;) is a G-oo homeomorphism.

Similarly we can prove that the Left translation (Lg) is a G-oa homeomorphism.

Theorem: 3.5 Let (G. = . §) be a quasi §-B-u-topological group and U be any G-o open set
G.Then(i).a *Uand U #=a is G-copenin G foralla € G.

(i1). For any subset A of G. the sets U = A and A # U are G-o. open in G.

Proof: Let (G. * . G) be a quasi G-P-o-topological group.

(1). Letx € U =a.

First we prove that x is a G-a interior point of U * a.

Letx = U +=a forsomeu €U.

Take U=U =a = a™!

=x =a”*
= u=x =a ! forsomeu € U.

Since Ry—1:G — G is a G-P-o continuous. using the Right translation (R -1 ). we get
Ro—:1(x) = x =a 1 =u.
Then for every G-o open set containing u. there exists a G-o open set M, containing x such
that Ry,—2 (M. ) = U

=M, ra tc U

= M, C U=xat?

— X is a G-o mterior point of U = a.
Hence U = a is G-o open in G.
Similarly we can prove that a = U 1s G-o open in G.
(i1).Let A be the subset of G. Using by above result, we get U * a is G- open in G.
Then U = A =U *Ugeaa = UgeaU = a).
Hence U = A 15 G-or open in G.

Similarly we can prove that 4 * U is G-o open in G

Theorem: 3.6 Suppose that a subgroup H of a quasi G-p-o-topological group G contains a
non-empty G-open subset of G. Then H is G- open in G.

Proof: Let G be a quasi G-P-u-topological group.

Let H be a subgroup of G and U be a G-open non-empty subset of G with U < H.
LetLg(U) = U =g isG-aopenin G forcach g € H, then H = Ugex U =g .

Hence H is G-o open in G.
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Theorem: 3.7 Let (G, *, G) be a quasi G-f-u-topological group. Then for every subset A of
G and every G-ag-open neighbourhood 0F of the identity element of e. G-ag CI(A) < AOB.
Proof: Let G be a quasi G-f-u-topological group and A be a subset of G.

Let G-@g-open neighbourhood UP  containing e such that (UF)™* < 0F.

Take x e G-ag CI(A).

Then xUFf isan G-@g-open set containing X.

Now a € A NxUF, which implies @ = xb for some b € UF,
then x = ab™* € A(UP)™* < A0°.
Henee G-ag CI(4) < AOF.

Theorem: 3.8 Let (G. *. G) be a quasi G-p-o-topological group and H be a subgroup of G. If
H is G-@g-open set then it is also G-@p-closed n G.

Proof: Let B = {gh: g € G} be the family of all left coset of H in G.
This family 1s a disjoint G-@g-open covering of G by left translation.
Therefore. every element of 8 1s §-@p closed n G.

In particular, H = eH 15 G-agclosed in G.

Theorem: 3.9 Let ( G, *. ) be a quasi G-B-a-topological group and B, be the collection of

all G-a open of G. Then, for every 0 € B, . there 1s an element U € B, such that

(UF)2 c 0B,
Proof: Let ( G. =. §) be a quasi G-P-o-topological group.
Let B, be the collection of all G- open of G.

Then, for every O € G-o open with a+b € O ., there is U  G-0 open such that a € U and
(UF)2 c 0F .

Theorem: 3.10 Every quast G-B-a-topological group G has G-agopen neighbourhood at
identity element e consisting of symmetric neighbourhood.

Proof: For an arbitrary G-@gopen neighbourhood UP of the identity ¢ in G.

IfVE = UF n (UF)L, thenVE = (V)L

The set VF is an G-atgopen neighbourhood e.

Therefore V is a symmetric neighbourhood and VE < UFE.

Theorem: 3.11 Let G be a quasi G-B-o topological group. If N is a normal subgroup of G
then N also a normal subgroup of G.

Proof : Let G be a quasi G-B-o topological group.

To prove thataNa= e N foralla € G.

Since N is a normal subgroup of G, aNa™* € N forallae 6.

= aNa! c Nforalla € G.

=aNa! c Nforalla € G.

= aNa! € Nforalla € G.

Which implies N is a normal subgroup of G.
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Theorem 3,12 Let ( G. =, G) be a quasi G-B-o topological group. Then for any b £ G,
A < Gand B <G the following statements are true:
(1). G-aClg(A) = b=G-aClg(A = b) and G-aClg(A) + B < G-aClg(A =+ B) .

(i1). G-aintg(A) = b = G-alntg(A = b) and G-aintg(A) = B < G-alntg(A * B).

Proof: (i) Consider y €G-aClg(A) = b.

Theny=x *b where x € G-aClg(A4).

Let O € G-0O(G.t) withx #b £ O,

Sinee the right translation is G-B-o-continuous, then there is a V € G-aO(G.1) with x € V
and VP » b cOF,

Since X € G-aClg(A).thereisa ANVE.

Soa+h e VExb C O

Therefore a+b € AN OP +b. which implies y=x+ b € G-aClg(A+ b ).

Hence G-aClg(A) = b < G-aClg(A = b).

Conversely. let x # b € G-aClg(A=*D).

Let O € G-aO(G.1) such that x € O .

Sincex = x+b™*+ be O.thereisa V e G-aO(G.t) withx * b eV and VF » b~ OF.

Since x * be G-aClg(A) NV.a+b AN VE b,

So(a *b)=bteVE b1 OF.

Hence a €A 1 OPand x € G-aClg(A).

Therefore x * b € G-aClg(A) * b and G-aClg(A = b) < G-aClg(A) = b.

consequently g-aCIB(A) *b =G-aClg(A=b).

Now. we take b € B,

then G-aClg(A) * b=G-aClg(A+b) =G-aClg(A+B)asA+bcA =B .

Hence G-aClg(A) * B = Upep G-aClg(A) + b = Upep G-aClg(A + b) = G-aClg(A = B)
(i). Consider x * b & G-alntg(A) = b, then there exists an G-o-open set O that contains x
such that OF — B.

Since x = x * b™1 * b € O, there exists an G-a-open set V with x * b € V and
VE«b1cOfthusxsheVEVECOP+h T Axh,

Therefore x = b e G-alntg(A) and G-alntg(A) = b  G-alntg(A = b).

Conversely. let x * b € G-alntg(A = b).

then there is an G-a-open set O such that x = b € O and Ofc a + B.

There is a G-a-open set V containing x with VE + b € OF,

Hencex e VEVF Cc 0P+ b 1 CB.

Let x € G-alntg(A).

Therefore, x * b €G-alntg(A) * b and G-ointg(A = b) < G-alntg(A) = b.
Consequently, G-aintg(A) « b = G-alntg(A + b).

Now, we take b € B , then G-alntg(4) * b =G-oIntg(A+b ) < G-alntz(A + B).
Hence G -alntg(A) + B = Upep G-alntg(A) + b =Upegp G-alntg(A » b) < G-alntg(A = B).

*Corresponding Author: R.Rama vani 13 | Page



On Quasi Generalized S~ « -topological Group

Theorem: 3.13 Tet (G. =, §) be a quasi G-P-u-topological group and Ac G. B G. If A is
arbitrary and B is G-ag-open. then A = B and B * A are G-a-open
Proof: Let (G, =, §) be a quasi §-B-o-topological group.
Let B be G-agopen. Then G-agint(B) =B.
Consider a € A, thena = B = a* G-agInt(B)
= G-agint(a * B).

Hence. A= B =A + G-agInt(B)

= Ugeq a * G-alntg(B)

= Ugeq G-alntg(a = B).
Then A # B is the union of G-c-open sets.Hence A * B is G-o-open.
Let a € A and then by theorem 3.12. we have B *a = G- alntg(B)  a = G-alntg(B = a).
Hence B = A = G-alntg(B)*A

=G-alntg(B) * Ugey a

=Ugea G-aintg(B + a).

Then B * A is the union of G-copen sets . Hence B * 4 is G-o-open.

Theorem: 3.14 Let G be a quasi G-B-o topological group and B, a base of the space G at the
identity element e;. Then for every subset A of G-u open.
G-ag C1(A) =N{A0F : 0 € B,}.
Proof: Let G be a quasi §-B-o topological group and for every subset A of G-o open.
By theorem 3.13, assume X € G-ag CI(4).
Then there exists 0 € B,. such that x € AOE.
Since x & G-ag CI(A), then there exists a G-a open U of eg such that (xU) N A = .

Take O € B,. satisfying the condition (0f)~1 c U.
Then (x(0F)™1) N A = 0. Clearly that x ¢ AOF.

Theorem 3.15 Let { G, *. G) be a quasi G-B-a topological group then
(i) If Bis G-a-open . then G-aClg(A4) = G-aClg(B) = G-aClg(A + B) forall AB cG.

(i1) g-a.i’nt'g(A E: g-odntﬁ( B)c A* g-ufntB(B) N g-ufntB(A) *+Bc A= g-alntﬂ{ﬁ')
ug -a]ntB(A) *Bc g-cdntﬂ(A * B).
(iit) If A 1s arbitrary and B is G- a@g-open. then A * B and B * A are G-o-open.

Proof:
(1) By Theorem 3.7 . A = G-aClg(B) = G-aClg(A = B) which mmplies G-aClg(4 * G-
aClg(B) c G-aClg(A » B).By Theorem 3.23(1). we have G -aClg(A) + G -aClg(B) G -
aClg(A= G -aClg(B)) = G -aClg(A + B).
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(ii) Since g-ajan(A) c A, thus g-ulntﬁ(}l ) = g--::dnt'g( B) c A= g-uInthB). Similarly
G -alntg(A) + G -ulntg(B) c G -alntg(A) + B. Thus G -adntg(A ) = G -oIntg( B) c A
* G -alntg(B) N G-alntg(A) * B < A * G-alntg(B) w G- alntg(A) * B. By Theorem
3.23(ii). A * G-alntg(B) < G-alntg(A = B). By the definition, we get G-olntg(A) * B
g-ccfntg(A » B). Therefore. A= Q-afntB(B) v G- U.fnt'g(!-'l) =B c Q-alnt'g{A =B).

(ii1) By Theorem 3.7, A = B is G-o-open. Let acA. By the definition then by Theorem
3.23(1). we have B*a = G-alntg(B)*a=¢G -aIntg(B+a). Hence BxA4 = G -
alntg(B)*A = G -alntg(B) = Ugey @=Uqey @ G-olnig(B + a). Thus B + A is the union

of § -a-open sets and therefore, B * 4 is § -g-open.

Theorem 3.16 Suppose that G. M and L are quasi §G-p-o topological group and that
T:6G - M andpy: G — L are homomorphism such that u (G) = L and kerp c ker m.

Then there exists homomorphism g : L — M such that w = g o y. In addition, for each G-
neighbourhood U of the identity element ey, in M. there exists a G-neighbourhood V of the

identity element €, in L such that g=*(V) € m=1(U). then g is G-p-a-continuous.

Proof :
Let Ube G-neighbourhood of e, in M.,
Consider that G-neighbourhood V of the identity element e; in L such that,
W=u"V) cai(U).
T(W) =n(u2(V)) € n(r=*(U))
(W) =g(V) cU
gV) cU.

We have g is G-B-a-continuous at the identity element of L.

Hence g is G-B-a-continuous,

Corollary : 3.17 Let ¢:G - H and :G - K be a quasi G-B-c-continuous
homomorphism of a quasi G-B-a topological group G. H and K such that (G) = K and

ker c ker ¢. If the homomorphism v is G-a-open. then there exists a G-B-a-continuous
homomorphism, f : K — H suchthat ¢p = f o).

Proof:

consider the homomorphism f : K — H such that ¢ = f o 1p.

Take an arbitrary G-c-open set V in H. Then f~1(V) = Ur(p~1(V)).

Since ¢ is G-P-c-continuous and Y is an G-o-open map. (V) is G-c-open in K.

Hence f is §-p-a-continuouns
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Proposition 3.18 :
Let G be a quasi G-B-a-topological group. Every neighbourhood U of € contain an G-c-open
symmetric neighbourhood V of e such that VV < U.

Proof :

Consider that U’ be the G-a-interior of U,

Take the multiplication mapping w: U" x U' — G.

since m is G-p-a-continuous, T~ (U") is G-c-open and contain (e.e).

Hence there are G-o-open sets Vy, Voo U such that (ee) € V), X Vyand ViV, = U,
Let Vo =V, NV, then Vo U and V5 is an G-o-open neighbourhood of e,

Let V=V, NV, !, which is G-c-open. contain ¢ and V is symmetric and satisfies VV < U.

Theorem 3.19 :
Let p: G — H be a G-P-c-continuous homomorphism of a quasi §G-B-ca-topological groups.
Suppose that the image p(U) contains a non-empty G-o-open set in H, for each G-a-open

neighbourhood U of the neutral element eg in G.Then the homomorphism p is G-o-open.

Proof.

We prove that the neutral element ey of H is in the G-o-mterior of p(U). for each G-c-open
neighbourhood U of e; in G. Choose an G-w-open neighbourthood V of e; such that
V1V =U. Consider that p(V) contains a non-empty G-c-open set W € H.

Then W-'W is an G-c-open neighbowhood of ey and we have that
Wiw cp(V) p(V) = p(V~W)cp(U). Consider an arbitrary element y € p(U). where
U is an arbitrary non-empty G-c-open set in G.We can determine x € U with p(x) = ¥ and
G-c-open neighbourhood V of e; in G such that xV<oU. Take W be an G-o-open
neighbourhood of ey with W < p(V). Then the set yW contains v, it is G-o-open in H and,
yW cp(xV)cp(U). Henee p(U) is G-a-open in H.

Definition 3.20

Let (G.#*) be a group and 1 be a § -topology on G. A mapping B: G -aO(G. G )>P(G) 1s
called G -a-left operation if for any a € Gand whenever V. (a * V)™ € G -aO(G. G).then
((a*V))f=(a=VvF)

In the result we denote the collection of all G-a open set containing the identity e by Q

Theorem 3.21
Let (G.*) be a group .1 be a G -topology on G.(G. G) be § -ag-regular and p be an § -a-left
operation, then for any subset A of G, G -aClg(A ) = NyepA * VB=Nycn VE = A,
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Proof.

Letx € G -0Clg(A) and VeQ, then eV implies that e eV ™! which is G -a-open. Since e =
x~1 = x, there is an § -a-open set U containing x with x~1 = UPcV-1 Thereisa € AN
UPthus x1+ae V1P and al=x€ VB Therefore x = a+ (at+x)eA*VF. Hence
G -oCly(A) < Nyeoh * V.

Conversely. let x & NycpA = VF and Oe G -a-O(G. G) such that x = x * e € 0. then there is
Ve with x * VE-0F Since ecV and V is G -a-open, implies eV~ and V1 is also § -a-
open, we have Vie? andx € A= V'l'g. Forsomea € d,a t+x € V_l'g. then x t=a €
VESincea=x+(xt+a)cx*VF=0F.a € AN OF.implics x € G-aClg(A).

Therefore, NyenA * VF < G-aClg(A). and . G -aClg(A)=NyeoA * VF . Similarly. G -aClg(A)
=Nyen VP = A Hence G -aClg(A)=NyenA * VE=Nyep VE = A

Theorem 3.22

Let (G.* ) be a group and (G. G) be a G-ag-regular space. then the following statements are

true:.

(1). For any € G . the left translation I, : G — G defined by I, (x) = @ * x, is an G -a-(B.p)-

homeomorphism of G onto G.

(i) For two elements x and y in G. there exists an G-o-(p.p)-homeomorphism f of G onto
itself such that f{x) = y.

Proof.

() Let a,x,y € G and [,(x) = [, (y).then a = x = a =y and x = y.Therefore. [, is one-to-
one. Since G is a group. for every X € G,a = x € G, thus [(at*x)=a =(a ! =x) =
x. Hence [, 1sonto. Let O be an § -ag-open set, then [,(0)=a=0.

By Theorem 3.13 .soa * O G -a0(G, 7). Hence [ 1s &g gy-open. Let O be an §-ag-open
set. then I, '(0) = @~ + 0 By Theorem 3.13 and since G is G-ag-regular, So a™'+ 0 € G-

a0(G, 7). Henee, 1, 15 G -a~(p.p)-continuous .Thus, [, 15 an G-a-~(p.p)-homeomorphism.

(i). Let x,y €G and y = x 1 G. Define f = ly.x—1: G—G as above, then [,,.-1 15 G-a-

(B.B)-homeomorphism, and I, ~(x) =y * x7 = x=7y..

Theorem 3.23 :

Suppose that G is a quasi G-pB-o topological group. Then. for each G-o-compact subset F of
G such that ¢ € F. there exists an G-@g-open neighbourhood O(F) of F and an §G-ag-open
neighbourhood O(e) of e such that O(F) N 0(e)™! = 0.

Proof:

Let y = { ,x : x € F}. Choose the G-ag-open neighbourhood V, of ¢ such that x~* ¢ V2.
Then V, x N V7' = @. Therefore y = { Vx : x €F }is a family of G-@g-open sets in G of
G-u-covering the G-o-compact set F, there exists a finite subset K of F such that

F © UsegVex. Put O(e) = Uyeg ¥, and O(F) = U,eg Vo x. Then O(e) is an G-@g-open
ncighbourhood of ¢, O(F) is an G-@g-open neighbourhood of F. and O(F) N 0(e) ™' = 0.
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Theorem 3.24.

Let A and B be non-empty subsets of a quasi G-B-o-topological group (G. *. G) and  be
identity, then

(1). If A and B are G-ag-connected. then A * B is G-ag-connected

(11). If B 1s G-ag-connected. and A* b 1s G-@g-connected forsome b €B. then A*Bis G -
@g-connected.

(11). If B 1s G-a@g-connected and A € B™*. then e € A * B and A* B 1s G -@g-connected.

(1v). If A 1s G -ag-connected. then A™ * A and A * A™ are G-ag-connected.

Proof.
1.Let £:(G.G) = (G.G) — (G.G)defined by fa.b)=a *bforalla,. beG.sofis § -u-P-

continuous implies f is G -@(g gy-continuous. Since A and B are §-ag-connected in G.we
have A =« B is G-ag-comnected in G = G. Since the G-a(p gy~ continuous image of an G-ag-
connected set is G-ag-connected. Hence f (A x B)=A * B and A* B is §-ag-connected.

2. Suppose A is not §-ap -connected. then there exist G-ag-separated sets U and 'V such that
A=UUV,impliesthat A*b=U*bUV*b. IfxeU*bNV*b thenx=u*bandx =
v¥*bforsomeueUandve V.x =u*b=v *bimplies u=v. This is contradiction .since
U and V are disjoint. therefore U* b NV * b = @. Since G-aClg (U * b) =G - aCle(U) * b
and G - aClg(V * b) = G-aClg(V) + b, using by (i) we get G - aClg(U*b) N V*b=@and U
*bMN G -aClg (V¥b) =0. Then U *band V * b are § - aClg-separated sets whose union is
A * b, but this contradicts the fact that A * b is G- aClg-connected. Therefore A 1s G- oClg -
connected. Since A and B are G- aClg-connected. by one (1) A * B is G- uClg-connected.

3. Letx e A thenx ! eBupliese=x+=x"1 € A *B,

Let x,y € A, then {x}. {y} and B are G- aClg-connected. thus {x} *B=x *Band {y} *B
=y * B are G- aClg-connected by (i). Since x, y EA. x L,y P €Be=x»x"! =y*y'tex
* BNy * B. Thus x = B and y =B are not §- aClg-separated for every x, ¥ € A. Hence {x =B:
X € A} is a collection of G-oClg-connected subsets of G such that no two members are G -
aClg-separated. Therefore Uyeqx * B = A = B 1s §-aClg -comnected.

4. Since mversion is §-@g gy-continuous and A is § - aClg-connected. so A™ is G- aClg-
connected. By (i) A and A™ G- aClg -connected implies A™ * Aand A * A™ are G- aClg-
comnected.

4 Quotients on quasi generalized p-a-topological group

Definition 4.1. Let (G, * ,G ) be a quasi G-p-o-toplogical group and S be a normal subgroup
of a group G and the mapping 7 : G — G/S be defined by m(g) =g = S.foreach g €G. In

the set G/S. we define a family G ' and G-aO(G/S. § ' ) of subset as follows:
G'={0cG/S:m}0)eG }and

G-aO(GS,G§N={0cG/S:mHO) e G-aO(G.G ).

From the operation B which is defined on G-o O(G/S , G ). we defined the operation G, /s’ G-
aO(G/S.G " )=»P(G/S) as follows:

(m(U))Peis = m(UP) for every Ue G-a O(G. G ) and m(U)e G-a O(G/S. G' ).

Example:4.2 Let (Z5, +5 ) is a group under addition and § = { Z,, @, {0.2}.{1,2}.{0}.{0.1}}
is a quasi G-p-o topological group and

we define B on G-wQ(Zz, G) by AF=cl(A) for cach A € G-a0(Z3,G)

Let S={0.3}. s0 Z3/S = {S.1+8.24S} Then G "= {0. Z5/S.{S}.{1+S8.2+5},{S.1+S}.{S.2+S} }.
Then . {S}Fz2/5 = ({0,3})F%2/5 = w({0,3}F) = m(Z3) =Z5/S
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{1+8S,2+ SYPz/s =({1,2,0,3)Pz/s = 1({1,2,0,3}F) = n(Z;) =Z,/S.
{S,1+ §YPzars = q({1,0,31)Pz/s = 1({1,2,0,3}F) = n(Z,) = Z,/S.
(5,2 + §YPzais = m({1,2,0,3) P05 =m({1,2,0,3)F) = m(Z3) =Zs/S.

Therefore, (Z5/S. +3. G") is a quasi G- Bz,,s-o-topological group.

Theorem 4.3. Let (G. = G ) be a quasi G-B-a-topological group and let S be normal subgroup
of G.If(G. G )is G-ag-regular. then (G/S. * . G ') is a quasi §-fg/s-a-topological group.

Proof Let G be an urresolute G-B-a-topological group and G-ag-regular. First we prove that
m(U)e G-5,0(G/S. G') for every U e G-5,0(G. G ).By the definition of g-
5,0(G/S. g".n(U) € G-5,0(G/S,G") at m Y(m(U)) € G-5,0(G. G). Let the mapping 7 :
G = G/S be defined by n(g) = g = §.for cach g=G. then the mapping is §-homomorphism.
we have n7((g)) = g = S. for each geG.
Therefore T~ Hm(U)) =Ugey g+ S =U * S .
By theorem 3.13, we have U * Se G-S,0(G. §) with Ue G-S,0(G. § ) .Since (G. G) is G-
Saﬁ-regu.lar. Ue G-5,0(G.G ) = G-S450(G. G). Since w(U) € G-S,0(G/S. G') for every
Ue G-5,0(G. §), therefore m~(n(U)) € G-S,0(G, G ).
Next we show that the multiplication mapping (a.b) — a@*b is jointly G-B; /5=l
continuous in both variables (G/S. G "X (G/S, § ') — (G/S.G ").
Let O G-aQ(G/S, G') and let a,b €G/S such that a=hbe O. Let x,ye G satisfy
a =m(x) and b = 7(¥). Since m is a homomorphism. so w(x +y) = w(x) + w(y) = a=
be 0 and thus x * yem 2(0). Since O G-aO(G/S, G"). we have = (0) ¢ G-a0(G. G ).
Since (G. *. G )is a G-P-a-topological group and x =y e m~*(0) € G-aO(G. 7). there exist
UV € G -aO(G. G) such that *x € Uand y € V and vf xviga(0)f Again since T is
homomorphism,wehave T(U B % VF) = m(UP)* n(VF)

since U * VP o™ 1(0)%, we have n(U? = V¥)cr((™*(0)® Jandtherefore
n(UF)x a(VE (@ (0)) implies (m(U)YPS xm(V)Pescn(n™(0)))or = ofer,
Hence. we have that 7(U)e G-aO(G/S.G') an 7(V)e G-aO(G/S. G'). Since

a= n(x)en(U) and b= n(y)€ n(V), we have shown that the multiplication mapping 1s

jomtly G-Bgs-t- -continuous m both variables.

Now. we have to show that the mversion mapping a — a?t s G-B s s-e-continuous
(G'S, G") = (G/S, G").Letae G/S and O € aO(G/S, G ") such that a™' ¢ 0. let xe G such
that @ > =m(x*) and @ = 7(x), Then T(x") = @€ 0 apq thus ¥ *€7(0), Since
7 1(0) « G-aO(G. G ). there 15 an G-o-open set U such that xe U and
WY '@ (0)). Now T(x) =a€n(U), and m(V)e G-aO(G/S. G'). Since T is

-1 - S =
homomorphism, so m(UF ) o(n™1(0))# implies a(UF) (™ (0))® and hence
(m(U)YP6~) 2 Cr(n=1(0)))Pe5 = 065 Therefore the inversion is G-Bg js-o-continuous and

hence (G/S. *. G ') is quasi G- s-a-topological group.
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Theorem 4.4 Let (G. *.G ) be a quasi G-B-a-topological group. If A is an § -ag-closed

subset of G, then the normalizer of A 1s G-ag-closed subgroups of G.
Proof. Let N={:x * 4 = A = x} denote the normalizer of Aandlety e N.
theny * A=A »y impliesy 2 =4 =4 » y Lthusy e N.If x,y €N,
then(x= y ) «A=x =(y~1=A4)

=x +(A=y™)

=(x +A) =y~

=Ax(x*y?).

Hence x * y~'e Nand N is a subgroup. Letr € G -aClg(N)and 7 *aer *Afora € 4.
Let O € G-aO(G. G ) such that 7 *a = r~!e O, then there are G-a-open sets U and V such
that relU,a eVand UF = VF « U‘g_1 c0F Thereisn e UPFN N, thus n =a » n 1 €
0f. Sincen*A=A=*nson=a=n'e€ AN0F. Thusr »a = rte G-aClg(A) = A,

1

hencer *a * 1™ 1 e A Then(r a * r/ i) *r=r*acA*randr* Ac A *r. Similarly

Axrcr=Aandsor*A=A=r Hencer € Nand N 1s G -ag-closed.

Theorem 4.5 Let (G. * . §) be a quasi G-p-a-topological group. (G, G) be G-ap-regular and
S be a normal subgroup of G. m be the natural mapping of G onto G/S and let U and V be an
G-a-open subset of G such that eeU.eeV and V™' * Vc U. Then G -[I'gGI,SCE(?I(V)) cm (U).

Proof.

Let any x € G and m(x) € G-ag,, Cl(m(V)). Since V * X is an G-o-open set containing x
and the mapping m: G — G /S be defined by (V) =V * x is G-ag,  -open. thenm (V = x) is
an G-@p_  -open set containing 7(x). Here m(V=x) N m(V) =0. we have m(a=x)=
m(b) forsomea €Vandb €V,ic)a=x =bh =h, for some he S,

which implies x = (a2 *b)*h €U+ §,sincea l«bh € V'1x«V cU.

Therefore. m(x) € w (U =5 ) = m(U). Hence G -(IEWSC!(TI{:V)) o ().

Theorem 4.6 Let (G. = . G) be an wesolute G-p-a-topological group. (G. §) be G-apg-regular
and S be a normal subgroup of G. the quotient space G/S 1s G-, ~regular.

Proof.

Let the mapping w: G = G /S5 be defned by m(V) =V * x.

Let Wbe a G-o-open set of m(e) in G/H. where ¢ is the neutral element of G.

By the continuity of w, we can find an G-a-open set U of e in G such that w(U)c W.

Since G is a quasi G-B-a-topological group. we can choose an G-a-open set V of ¢ such that
V1% Vc U. Then, by theorem 4.5, (V) < m(U)cW.

Sinee (V) is a G-ag; -open neighbourhood of m(e), the g-a'ﬁﬂs-regular of G/S at the point

1(e) is satisfy. Hence the space G/S is Q-aﬁcis-regular

*Corresponding Author: R.Rama vani 20 | Page



On Quasi Generalized S~ « -topological Group

Theorem 4.7 Let (G, * .G ) be a G-p-a-topological group and B be identity.

If G, is G-ag-component subset of G such that e=G,. then G, is G-@g-closed normal
subgroup.

Proof.

Leta € G, and a * G, is G-@g-connected. Smnce G, is G-@pg-closed as it is an G-Qp-
component. Thus there is an G-ag-component C of G such that aeG,= C. If C # G,. then C
and G, are separated. but acC N G,. Therefore C = G, and acG.c G.. Let be G,. since a~ 1=
G, is G-ag-comected and eca™' * G,. so a™' * G, G,. Thus a™' *b € G, and be a =+ G,.

Hence G,ca * G, and G, = a # G,. Therefore G, 1s a subgroup.

1 -1

IfxEG, thenx =G, = x Lis G-ag-connected and € €x =G, * X~ implies x * G, = x

c G, . Similarly x™! * G, * x € G,.thus G, cx * G, » x % Therefore G, =x =G,  x !

and G, is normal.

Theorem 4.8 Let (G. *, G ) be a G-B-o-topological group and A be a subset of G. If G 15 §-
o-PB-T». then the centralizer of A is G-ag-closed subgroups of G.

Proof. LetC={ x:x *a=a =x for all a € A } denote the centralizer of A.

ILetye C.theny *a=a *=y forevery a € A.

Therefore a =yt =y L+ a foreverya € A. thus y e C.

Letx,y ECanda € A, then (x* y Dsxa=x =y t=a)

=x=(a=y™)

=(x =a)=» y_l

=a =(x=y1).
Hence x = y~1e C and C is a subgroup.

Letp € G -aClg(C). Leta € A and O € G-aO(G, G ) such that p *a = p~te O, then
there are G -a-open sets Uand Vsuchthatp € U,a € Vand UF = VF st < 0F. Since
thereis xe UPFNC.x *a x € OF. butx=a=a=x,thus a=x +a + x € 0F.
Therefore for every O € § -aO(G. §) such thatp *a+ p~te O, then a € OF.

Suppose p *a* p t#a. Since G is G-a-p-T,. then there are G-w-open sets K and L such
thata € k. p a+ p* e Land Kf N LF=0. butp =a+ p~te L impliecs a € LP. This is
a contradiction and thus, a = p *a = p ' and pe C. Hence Cis G -ag-closed.

Proposition 4.9:

The map 7 is a quasi §G-B-c-continuous and G-o-open. the space (G/S.G") is G-o-
homogensous. Moreover. if the Subgroup S is normal then the multiplication xSyS = xyS§ in

G/S is G-B-a-continuous and (G/S. G') is a quasi §-p-a-topological group.

Proof :

Let the map 7 be the G-p-oi-continuous. If U = G is an G-ag-open set then ain(U) =
US and we have m(U) is G-ag-open.The space G/S is G-a-homogeneous. because the
translation [, : x5 — ax$ are G-c-homeomorphism. Assume S be a normal subgroup of the
group G. LetU' is a neighbourhood of the point ¢' = a'b’ then ¢ =ab for some
representatives @, b, ¢ from the classes a’, b’, ¢’ respectively. For a neighbourhood U =
T Y(U") 3 c there exist neighbourhoods V; (a) and V,(b) such that V,(a)V,(b)= U. Hence
m(Vy(a)m (Vo (b)) <U' and G/S is a para G-pP-a-topological group.
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Proposition 4.10 :

If Sis G-P-o-compact then the map 7 is G-a-closed. If the space (G, G) is

Hausdorff then the space (G/S. G') is Hausdorff. If the space (G, G) is G-a-regular then the
space (G/S. G') is G-a-regular.

Proof

Let F be a G-a-closed subset of the group G and x' & G/S\ n(K).

Consider an arbitrary point x € 7~ 1(x"). Then xSN K = @.

By Proposition 3.18 there exists an G-u-open neighbourhood U of the unit such that

UxSNK = 0. Thenx' € n(Ux) and m(Ux) Nm(F) = @ thus the map 7 is G-c-closed.
Consider that G be Hausdorff and x'y_x'3 € G/S. To prove that the space G /S is Hausdorff.
Choose an arbitrary points xi em~2(x"i). Then x;5 N x,5 = 0.
By Proposition 3.18 there exists an §-a-open neighbourhood U of the unit such that

UxyS NUx,S = 0. Thenx'i€ m(Ux;) and w(Ux;) Nm(Ux;) = @ thus the space G/S is
Hausdorff.Let G be G-a-regular. K' be a G-o-closed subset of G /S and x' € G/S\ K'.

To prove that the space G /S is G-a-regular. Choose an arbitrary points x e~ *(x’). Then x €
m'(K'). By Proposition 3.18 and uniformity of G imply that there exists an G-o-open
neighbourhood U of the unit such that Ux N w1~ 1(K")=0.

Thenx' € mw(Ux)and m(Ux) N K' = @, so the space G /S is G-a-regular.
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