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Abstract In this paper , we shall prove a common fixed point theorems for three self maps satisfying
weakly C-Contractive condition in multiplicative metric space. Our results extend and unify
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l. Introduction and Preliminaries

Throughout this paper the letters R, R* and N denote the set of all real numbers, the set of all positive
real numbers and the set of all natural numbers respectively.

In 2008 , Bashirov et al. [1] introduced the concept of multiplicative metric space as follows:
Definition 1.1 Let X be nonempty set. A multiplicative metric is a mapping

d: X x X — R* satisfying the following conditions:

dix,y) =1,V x,ye Xand d(x,y) =1, ifand only if x =;

d(x,y) = d(y,x) forallx,y € X;

d(x,y) <d(x,z).d(z,y) for all x,y,z € X (multiplicative triangle inequality).

Then the mapping d together with X, that is , (X, d) is a multiplicative metric space.

Example 1.2. Let R." be the collection of all n-tuples of positive real numbers.Let d* (x,y) :

R." — R be defined as follows :

* *

Uy Un
o

d (u,v) =

uq|*
V1

o b
where u = (ug, Uz, Uz, ...... Un), V. = (V1, V2, V3,...,Vn) € R:"and |. |' : R+ — R+ is defined by:
kifk =21
Ikl = {l,ifk <1
k
Then it is obvious that all conditions of a multiplicative metric space are satisfied and (R:", d) is a

multiplicative metric space.

Example 1.3. Letd : R xR — [1, «) be defined as d(x,y) = a*¥, where x,y € Randa > 1.

Then d is a multiplicative metric and (R, d) is a multiplicative metric space.

Remark 1.4. We note that Example 1.2 is valid for positive real numbers and Example 1.3is

valid for all real numbers.
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Example 1.5. Let (X, d) be a metric space. Define a mapping da on X2 by
da(x,y) =

ad(x—y) — 1, ifx=y;
a, iIfx=y,

where X,y € X and a > 1. Then d, is called a discrete multiplicative metric and (X, da) is known as

the discrete multiplicative metric space.

Example 1.6. Let X = C' [a, b] be the collection of all real-valued multiplicative functions on [a,

b] ¢ R+ , then (X, d) is a multiplicative metric space with d defined by d(f, g) = supxe [a,b]l% | for

arbitrary f, g € X.

Definition 1.7. Let (X,d) be a multiplicative metric space.Then a sequence {x,} is said to
be

1. multiplicative convergent to x of for every multiplicative open ball B.(x) =y € X\d(x,y) < €,¢ >
1, there exists a natural number N such that n = N then x, € B.(X) that is, d(x,,X) — 1 asn
—> 00O,

2. a multiplicative cauchy sequence if for all ¢ > 1 there exists N € N such that d(Xn.Xm) < ¢,

v m,n=> N that is d(X,, Xm) — 1 as h,m — co.

A multiplicative metric space is said to be complete if every multiplicative cauchy sequence in it is

multiplicative convergent to x € X.

Definition 1.8. Let f be a mapping of a multiplicative metric space (X, d) into itself. Then fis said
to be a multiplicative contraction if there exists a real constant / € [0, 1) such that d(fx, fy) <d*(x,y)

for all x,y € X.

Il.  Main Results
In this section, our aim is to prove a common fixed point theorem for three self-mpas in

multiplicative metric spaces.

B.S. Chaudhary [3] gave the concept of weakly C-contractive mappings.
Definition 2.1. Let (X, d) be a multiplicative metric. A mapping T : X — X space is said to be C-

Contractive , if there exists a € (0, %) such that¥ x,y € X the following inequality holds:

d(Tx, Ty) < [d(x, Ty).d(y, Tx)]*

Definition 2.2. A mapping T : X — X ,where (X, d) is a multiplicative metric space is said to

be weakly C- contractive if V x,y € X,
d(Tx, Ty) < [d(x, Ty)d(y, TX)]* —¢(d(x, Ty).d(y, TX)),
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where ¢ : [0,0)? — [0,00) is a continuous function such that ¢(x,y) =0 if and only if x =y = 1.
Jungck and Rhoades [5] introduced the notion of weakly compatible maps as follows:

Definition 2.3. Let T and S be two self mappings of a multiplicative metric space (X,d) , T
and S are said to be weakly compatible if for all x e X the equality Tx =Sx = TSx = STx.
Theorem 2.4. Let (X, d) be a complete multiplicative metric space and let E be a non empty
closed subset of X. LetT,S : E — E be such that
d(Tx, Sy) < {(d(Rx,Sy) + d(Ry,Tx)}z — (d(Rx, Sy), d(Ry, TX)), (1)
for every pair (x,y) € X x X,where ¢ : [0,0)> — [0,00) is a continuous function such that ¢(x, y)
=0ifandonly ifx=y =1 and R : E — X satisfying the following hypothesis
TE ¢ RE and SE ¢ RE,
The pairs (T, R) and (S, R) are weakly compatible. In addition, assume that R(E) is a closed
subset of X. Then T and R and S have a unique common fixed point.
Proof:- Let xo € E be arbitrary ,using (1) ,3 two sequences {Xn} and {yn} such that
Yo = TXo = RX1 , Y1 = SX1 = RX2 , Y2 = TX2 = RX3....,¥2n = TXon = RXon+1,
Yon+1 = SXon+1 = RXon+2,. . ..
We complete the proof in three steps
Step 1
We will prove that %an}o AWV Yna1) = 1.
By making use of equation (1), for n = 2k, we have
d(yzk,, Yakr1) = d(TXak, SXok+1)

< [d(RX2k, SX2k+1).d(RXak+1, T2k)]*?  — #(d(RXz2k, SXak + 1)d(RXak+1, TX2k))

= [d(yak-1, Yaks1)d(Yak, Y212 — $(d(Yak-1, Yakr1)d(Y2k, Y2i)) )

< d(Yak-1, Yorer)

< [d(Yak-1,Y,1)-d(Yak, Y2ks1)] ¥

Hence

d(Yak+1, Y2k) < d(Yak, Yak+1)*?

If n = 2K+1, then similarly we can prove

d(Yakezs Yore1) = dVore1r Ya)
Thus d(yn+1, Yn) is decreasing sequence of non negative real numbers and hence it is convergent.

Also we assume that

Iimnﬂoo(d(yn*'l! yn)) =r
Therefore

d(Yn+1, Yn) < d(Yn-1, Yn+1) 2< d(Yn-1, Yn).d(Yn, Yn-1) 2 (©))
If n — oo ,then we have
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r < limy_.[d(yn-1, Yn+1)]*? <r

Therefore limn_e d(yn-1, Yn+1) = r.
d(yak+1, Yok) = d(TXak, SXok+1)

< d(Yak-1, Yok+1)-d(Y2k, Y2k) 2 — p(d(Y2k-1, Yak+1), A(Y2k, Y2k)) (@)
Now if k — oo and using the continuity of ¢ we obtain

r<r—¢(?1)
And consequently ¢(r?,1) =0 gives us that
r=1limn_-od(Yn, Yn+1) = 1. (5)

Step 2:

Here we shall prove that {yn} is a Cauchy sequence.

Since d(Yn+1, Yn+2) < d(Yn, Yn+1),

It is sufficient to show that the sub-sequence {y2n} is a Cauchy sequence.

Suppose that {yzn} is not Cauchy sequence.

then 3 € > 0 for we can find sub-sequence {yam} and {yan} Of y2n such that n(k) is the least index
for which n(k) > m(k) > k and d(yzm), Yzn)) =€

This means that

AWVamgy Yango2) < € (6)

From triangular inequality, we have

€ < d(Yamu) Yaniy) = AWV omagr Yanig-2)-G06omag—20 Yanao-1)-9Y2ngo-10 Yan) (7)

Letting k — oo and using (5) we can conclude that

€ <d(yam, Yan) <e€l.1l=¢€
Therefore, we get

d(yam@, Yany) = € ®
Moreover we have
1 Y ameigr Yan+1) ~ 9WV2magr Yanao) S AV2n0): Yango+1) ©))
And
| d(Yank: Y2m(k)—1) = dVane Yamay) 1< AV2mic Yamg-1) (10)
And
| d(Vanr Yomo2) ~ dW2nk0 Yamo-1) 1= AV omeo-20 Yamgo-1) (11)

Using (5), (8), (9), (10) and (11), we get
M dVmao-10 Yangy = Mo AVomao-10 Yango-1)

= Iimk*’OOd(yZm(k)—Z! Yony) = € 12)
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Now, from (1) we have
dVomao-10 Yanay) = d(TMXonwyr SXoma-1)

< [A(RXz000 SXamek-1))-d(RXapm -1 Tx2n(k))]1’2
- ¢(d(Rx2n(k), Sx2m(k)71)d(Rx2m(k+l), Tx2n(k)))
< [AYang-1): Yomc-1)-d0omge2) Yanio)]™?
- PAVone 1y Yome1))r dV2mi2) Yank)) (13)
Letting k — oo in the above inequality, using (12) and the continuity of ¢ , we have

e<[(e.)]"? —¢(c,€)
e<e—d¢(e €
d(e,¢) <0
#(c,e) =0
And from the last inequality ¢(e, €) = 0.
By our assumption about ¢ , we have
€=1, which is contradiction (because ¢ > 1).
STEP (3):
Here, we shall show that S, T and R have a common fixed point.
Since (X, d) is complete and {yn} is Cauchy , thend z € X such that limy—. yn = 2
Since E is closed and y, € E,we havez e E.
By assumption R(E) is closed , so3 u € E such that z = Ru.
For all n € N, we have
d(Tu, y2n+1) =d(Tu, SXon+1)
< [d(RuU, Sxzn+1).d(RXzn+1, Tu)] 2 b
— ¢(d(Ru, Sxzn + 1)d(Rxzn+1, Tu)) (14)
< [d(z, y2n+1)-dF2n, Tu)]¥? — #(d(RU, SX2n + 1)d(RXz2n+1, TU))
Making n — oo, we get '
d(Tu, z) <[d(z, 2).d(z, Tu)] 2 — ¢(d(Ru, 2).d(z, Tu)) and hence
(1, d(z, Tu)) <[d(z, 2).d(z, TW] - d(Tu,z) <0, thatis,
¢(1,d(z, Tu)) = 0
Therefore d(z, Tu) = 1.
Therefore Tu = z.
Similarly, we get
Su=z,soTu=Su=Ru=z
Since the pairs (R, T) and (R, S) are weakly compatible, we have Tz = Sz = Rz.
Now we can have
d(Tz, yon+1) = d(Tz, SXon+1)
< [d(Rz, Sx2n+1).d(RX2a+1, TZ)]*2
— ¢(d(Rz, Sx2n + 1)d(Rxzn+1, T2))
< [d(Rz, y2n+1).d(Y2n, T2)]*? — #(d(Rz, y2n+1), d(yzn, TU)) (15)
Making n — oo and since Tz = Sz = Rz , we obtain
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d(Tz, z) = [d(Tz, 2).d(z, T2)]¥? —¢(d(Tz, 2),d(z, Tz)) ~ (16)
Hence ¢(d(Tz,z),d(z, Tz)) = 1 and so d(Tz, z) = 1.

Therefore Tz =z and Tz = Sz = Rz.

We conclude that Tz=Sz=Rz =z

Uniqueness of the common fixed point follows from (1).
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