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I. Introduction and Preliminaries 

Throughout this paper the letters ℝ , ℝ+ and ℕ denote the set of all real numbers, the set of all positive 

real numbers and the set of all natural numbers respectively. 

In 2008 , Bashirov et al. [1] introduced the concept of multiplicative metric space as follows: 

Definition 1.1 Let X be nonempty set. A multiplicative metric is a mapping  

d : X × X → R+
  satisfying the following conditions: 

d(x, y) ≥ 1, ∀ x, y ∈  X and d(x, y) = 1, if and only if x = y; 

d(x, y) = d(y, x)  for all x, y   X; 

d(x, y) ≤ d(x, z).d(z, y) for all x, y, z ∈  X (multiplicative triangle inequality). 

Then the mapping d together with X, that is , (X, d) is a multiplicative metric space. 

Example 1.2. Let R+
n be the collection of all n-tuples of positive real numbers.Let d∗ (x, y) : 

R+
n → R be defined as follows : 

d∗ (u, v) = |
𝑢1

𝑣1
|

∗

. |
𝑢1

𝑣1
|

∗

.. . . .|
𝑢𝑛

𝑣𝑛
|

∗

 

where u = (u1, u2, u3, ......un), v = (v1, v2, v3,…,vn) ∈  R+
n and | . |∗  : R+ → R+ is defined by: 

|𝑘|∗  =  {
𝑘, 𝑖𝑓 𝑘 ≥ 1
1

𝑘
, 𝑖𝑓 𝑘 < 1

 

Then it is obvious that all conditions of a multiplicative metric space are satisfied and (R+
n, d) is a 

multiplicative metric space. 

Example 1.3.  Let d : R × R → [1, ∞) be defined as d(x, y) = a|x−y| , where x, y ∈  R and a > 1. 

Then d is a multiplicative metric and (R, d) is a multiplicative metric space. 

Remark 1.4.  We note that Example 1.2 is valid for positive real numbers and Example 1.3 is 

valid for all real numbers. 
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Example 1.5. Let (X, d) be a metric space. Define a mapping da on X2 by 

da(x, y) = 

ad(x−y) = 
1,  if x = y; 

a,  if x ≠ y, 

where x, y ∈  X and a > 1. Then da is called a discrete multiplicative metric and (X, da) is known as 

the discrete multiplicative metric space. 

 

Example 1.6. Let X = C∗ [a, b] be the collection of all real-valued multiplicative             functions on [a, 

b] ⊂  R+ , then (X, d) is a multiplicative metric space with d defined by d(f, g) = supx∈ [a,b]|
𝑓(𝑥)

𝑔(𝑥)
 | for 

arbitrary f, g ∈  X. 

Definition 1.7. Let (X, d) be a multiplicative metric space.Then a sequence { xn} is said to 

be  

1. multiplicative convergent to x of for every multiplicative open ball Bє(x) = y ∈  𝑋\𝑑(𝑥, 𝑦) <  𝜖, 𝜖 >

 1, there exists a natural number N such that 𝑛 ≥  𝑁 then xn ∈  Bє(x) that is, d(xn, x) → 1 as n 

→ ∞. 

2. a multiplicative cauchy sequence if for all ϵ > 1 there exists 𝑁 ∈ ℕ such that d(xn.xm) < ϵ, 

∀ m, n > N that is d(xn, xm) → 1 as n, m → ∞. 

A multiplicative metric space is said to be complete if every multiplicative cauchy sequence in it is 

multiplicative convergent to x ∈  X. 

Definition 1.8. Let f be a mapping of a multiplicative metric space (X, d) into itself. Then f is said 

to be a multiplicative contraction if there exists a real constant λ ∈  [0, 1) such that d(fx, fy) ≤ dλ(x, y) 

for all x, y ∈  X. 

 

II. Main Results 

In this section, our aim is to prove a common fixed point theorem for three self-mpas in 

multiplicative metric spaces. 

 

B.S. Chaudhary [3] gave the concept of weakly C-contractive mappings. 

Definition 2.1. Let (X, d) be a multiplicative metric. A mapping T : X → X  space is said to be C-

Contractive , if there exists α ∈  (0, 
1

2
 ) such that ∀ x, y ∈  X the following inequality holds: 

d(Tx, Ty) ≤ [d(x, Ty).d(y, Tx)]α.             

 

Definition 2.2. A mapping T : X → X ,where (X, d) is a multiplicative metric space is said to 

be weakly C- contractive if ∀ x, y ∈  X, 

d(Tx, Ty) ≤ [d(x, Ty)d(y, Tx)]α − ϕ(d(x, Ty).d(y, Tx)),  
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where ϕ : [0, ∞)2 → [0, ∞) is a continuous function such that ϕ(x, y) = 0 if and only if x = y = 1. 

Jungck and Rhoades [5] introduced the notion of weakly compatible maps as follows:  

Definition 2.3. Let T and S be two self mappings of a multiplicative metric space (X, d) , T 

and S are said to be weakly compatible if for all x ∈  X the equality Tx = Sx ⇒  TSx = STx. 

Theorem 2.4. Let (X, d) be a complete multiplicative metric space and let E be a non empty 

closed subset of X. Let T, S : E → E be such that 

d(Tx, Sy) ≤  {(𝑑(𝑅𝑥, 𝑆𝑦) +  𝑑(𝑅𝑦, 𝑇𝑥)}
1

2 − ϕ(d(Rx, Sy), d(Ry, Tx)), (1) 

for every pair (x, y) ∈  X × X,where ϕ : [0, ∞)2 → [0, ∞) is a continuous function such that ϕ(x, y) 

= 0 if and only if x = y = 1 and R : E → X satisfying the following hypothesis 

TE ⊆  RE and SE ⊆  RE, 

The pairs (T, R) and (S, R) are weakly compatible. In addition, assume that R(E) is a closed 

subset of X. Then T and R and S have a unique common fixed point. 

Proof:- Let x0 ∈  E be arbitrary ,using (1) ,∃  two sequences {xn} and {yn} such that 

y0 = Txo = Rx1 , y1 = Sx1 = Rx2 , y2 = Tx2 = Rx3 . . .., y2n = Tx2n = Rx2n+1, 

y2n+1 = Sx2n+1 = Rx2n+2,. . .. 

We complete the proof in three steps  

Step 1 

We will prove that lim
𝑛→∞

𝑑(𝑦𝑛, 𝑦𝑛+1)  =  1. 

By making use of equation (1), for n =  2k, we have 

d( y2k,, y2k+1) = d(Tx2k, Sx2k+1) 

≤ [d(Rx2k, Sx2k+1).d(Rx2k+1, T2k)]1/2  − ϕ(d(Rx2k, Sx2k + 1)d(Rx2k+1, Tx2k)) 

= [d(y2k−1, y2k+1)d(y2k, y2k)]1/2 − ϕ(d(y2k−1, y2k+1)d(y2k, y2k))                          (2) 

≤ d(y2k−1, y2k+1) 
1/2

 

≤ [d(y2k−1,y2k).d(y2k, y2k+1)] 1/2 

Hence 

d(y2k+1, y2k) ≤ d(y2k, y2k+1)1/2 

If n = 2K+1, then similarly we can prove 

d(y2k+2, y2k+1) ≤ d(y2k+1, y2k) 

Thus d(yn+1, yn) is decreasing sequence of non negative real numbers and hence it is convergent. 

Also we assume that 

 limn→∞(d(yn+1, yn)) = r 

Therefore  

d(yn+1, yn) ≤ d(yn−1, yn+1) 1/2  ≤ d(yn−1, yn).d(yn, yn−1) 1/2               (3) 

If n → ∞ ,then we have 
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r ≤ limn→∞[d(yn−1, yn+1)]1/2 ≤ r  

Therefore limn→∞ d(yn−1, yn+1) = r2. 

d(y2k+1, y2k) = d(Tx2k, Sx2k+1)  

≤ d(y2k−1, y2k+1).d(y2k, y2k) 2 − ϕ(d(y2k−1, y2k+1), d(y2k, y2k)) (4) 

Now if k → ∞ and using the continuity of ϕ we obtain 

r ≤ r − ϕ(r2, 1) 

And consequently ϕ(r2, 1) = 0  gives us that 

r = lim n → ∞d(yn, yn+1) = 1. (5) 

Step 2: 

Here we shall prove that {yn} is a Cauchy sequence. 

Since d(yn+1, yn+2) ≤ d(yn, yn+1), 

It is sufficient to show that the sub-sequence {y2n} is a Cauchy sequence. 

Suppose that { y2n} is not C auchy sequence. 

then ∃ ϵ > 0 for we can find sub-sequence {y2m(k)} and {y2n(k)} of y2n such that n(k) is the least index 

for which n(k) > m(k) > k and d(y2m(k), y2n(k)) ≥ ϵ 

This means that 

d(y
2m(k)

, y
2n(k)−2

) < ϵ                                                               (6) 

From triangular inequality, we have 

ϵ ≤ d(y
2m(k), y2n(k)

) ≤ d(y
2m(k)

, y
2n(k)−2

).d(y2m(k)−2
, y

2n(k)−1
).d(y

2n(k)−1
, y

2n(k)
) (7) 

Letting k → ∞ and using (5) we can conclude that 

ϵ ≤ d(y2m(k), y2n(k)) ≤ ϵ.1.1 = ϵ 

Therefore, we get  

d(y2m(k), y2n(k)) = ϵ                                                                                                                      (8) 

Moreover we have 

| d(y
2m(k)

, y
2n(k)+1

) − d(y
2m(k)

, y
2n(k)

) |≤ d(y
2n(k), y2n(k)+1

) (9) 

And 

| d(y2nk, y2m(k)−1) − d(y2nk, y2m(k)
) |≤ d(y2mk, y2m(k)−1

) (10) 

And 

| d(y2nk, y2m(k)−2
) − d(y2nk, y2m(k)−1

) |≤ d(y
2m(k)−2

, y
2m(k)−1

) (11) 

 

Using ( 5), (8), (9), (10) and (11), we get 

limk→∞ d(y
m(k)−1

, y
2n(k) = limk→∞ d(y

2m(k)−1
, y

2n(k)−1
)  

                                    = limk→∞d(y2m(k)−2, y2n(k)) = ϵ                      (12) 

 

1 
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1 

1 

1 

Now, from (1) we have 

d(y
2m(k)−1

, y
2n(k)) = d(Tx

2n(k)
, Sx

2m(k)−1
) 

     ≤ [d(Rx
2n(k)

, Sx
2m(k−1)).d(Rx

2m(k−1)
, Tx

2n(k)
)]1/2  

         - ϕ(d(Rx
2n(k)

, Sx
2m(k)−1

)d(Rx
2m(k+1), Tx

2n(k)
)) 

≤ [d(y
2n(k−1), y2m(k−1)

).d(y
2m(k−2), y2n(k)

)]1/2   

- ϕ(d(y
2n(k−1)

, y
2m(k−1)

), d(y
2m(k−2)

, y2nk))                                  (13) 

Lett ing k → ∞ in the above inequality, using (12) and the continuity of ϕ , we have 

ϵ ≤ [(ϵ.ϵ)]1/2  − ϕ(ϵ,ϵ)  

ϵ ≤ ϵ − ϕ(ϵ, ϵ) 

ϕ(ϵ, ϵ) ≤ 0 

ϕ(ϵ, ϵ) = 0 

And from the last inequality ϕ(ϵ, ϵ) = 0.  

By our assumption about ϕ , we have 

ϵ = 1 , which is contradiction (because ϵ > 1). 

STEP (3):  

Here, we shall show that S , T and R have a common fixed point. 

Since (X, d) is complete and {yn} is Cauchy , then∃ z ∈  X such that limn→∞ yn = z 

Since E is closed and yn ⊆  E, we have z ∈  E. 

By assumption R(E) is closed , so∃ u ∈  E such that z = Ru. 

For all n ∈  ℕ, we have 

d(Tu, y2n+1) =d(Tu, Sx2n+1) 

≤ [d(Ru, Sx2n+1).d(Rx2n+1, Tu)] 1/2   

− ϕ(d(Ru, Sx2n + 1)d(Rx2n+1, Tu))     (14) 

≤ [d(z, y2n+1).d(y2n, Tu)]1/2  − ϕ(d(Ru, Sx2n + 1)d(Rx2n+1, Tu)) 

Making n → ∞, we get  

d(Tu, z) ≤ [d(z, z).d(z, Tu)] 1/2 − ϕ(d(Ru, z).d(z, Tu)) and hence 

ϕ(1, d(z, Tu)) ≤ [d(z, z).d(z, Tu)] 1/2  -  d(Tu, z) ≤ 0, that is,  

ϕ(1, d(z, Tu)) = 0 

Therefore d(z, Tu) = 1. 

Therefore Tu = z.  

Similarly, we get 

Su = z, so Tu = Su = Ru = z 

Since the pairs (R, T ) and (R, S) are weakly compatible, we have Tz = Sz = Rz. 

Now we can have 

d(Tz, y2n+1) = d(Tz, Sx2n+1) 

≤ [d(Rz, Sx2n+1).d(Rx2n+1, Tz)]1/2   

− ϕ(d(Rz, Sx2n + 1)d(Rx2n+1, Tz)) 

≤ [d(Rz, y2n+1).d(y2n, Tz)]1/2 − ϕ(d(Rz, y2n+1), d(y2n, Tu)) (15) 

Making n → ∞ and since Tz = Sz = Rz , we obtain 
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d(Tz, z) = [d(Tz, z).d(z, Tz)]1/2 − ϕ(d(Tz, z), d(z, Tz)) (16) 

Hence ϕ(d(Tz, z), d(z, Tz)) = 1 and so d(Tz, z) = 1. 

Therefore Tz = z and Tz = Sz = Rz. 

We conclude that Tz = Sz = Rz = z 

Uniqueness of the common fixed point follows from (1). 
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