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Abstract.

Yan Lin[47] study the multilinear strongly singular Calderén—Zygmund operator whose kernel is more singular
adjacent the diagonal than that of the standard multilinearCalder6n—-Zygmund operator. Following [47]
whoimproved the sharp maximal estimate of multilinear singular integrals, and determine, its boundedness on
product of weighted and variable exponent Lebesgue spaces, so clearify, the endpoint estimates of L* X ...X
L* — BMO, BMO x ... x BMO — BMO, and LMO % . .. x LMO — LMO and are basically discussed for the
multilinear strongly singular Calder6n-Zygmund operator. Hence similarly improve equally the corresponding
known for the standard multilinearCalderén—Zygmund operator. To catch the sharp maximal estimates we get
rid of the proposed size condition for the kernel of the multilinear strongly singular Calderén—Zygmund
operator that arised for the standard multilinearCalderon—Zygmund operator.With additional interest when
dealing with the mean oscillation over balls with small radius to produce the stronger singularity in establishing
the recognized mentioned ones.
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I.  Introduction
The strongly singular integral operator model is the multiplier operator defined by

’ ellsIe
T(Z fk> © = 00 ez Z GY

k
where 0 < € < 1, and 8(¢) is a standard cutoff function. This operator was studied by [23], [42], [45] and [15]
and was named weakly- strongly singular Calderén- Zygmund operator by [15].
The convolution form of T; _¢ ;.. can be written as

ile| €
Ti-e1+e (Z fk) (x) = p-V'J Z eTHe)ZX(lel)fk(x +e)d(x +e),

k k |e| €(1-€)

It was shown thatT; _ ; ,is bounded onL**€ (]R 1-¢ )by[ZS] and [42]when |—| <= [

—€+2
€2+e+2
€“+3€+2

€2+e+2

] and Ty _¢ 1418 not

—€+2

] At the critical exponent p, = 1[ ] [15] proved

62+6+2

bounded onL'*€ (]R{ 1—¢ )

2( +) 2(1+€)
that T; _¢ 1.4¢ is bounded from LPo (R 1€ )to Lorentz space LP Po (]R 1€ ) where pg is the dual exponent

|.e— + —, =1

Po Po
Whene = 0, the sharp endpoint estimate for strongly singular operators were established by [16] using the
duality of Hardy space H* and BMO space. The weighted norm estimates were established by [6].
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The authors in [2] introduced the strongly singular non- convolution operator which is called strongly singular
Calder6n- Zygmund operator, whose properties are similar to those of classical Calderén-Zygmund operators,
but the kernel is more singular near the diagonal than that of the standard case.

Definition 1.1. Let T: S-S be a bounded linear operator T is called a
stronglysingularCalderénZygmundoperator if the following conditions are satisfied.

2(14+€)
(1) T can be extended into a continuous operator from L2 (R 1€ ) into itself.

(2) There exists a function K (x, x + €) continuous away from the diagonal {(x, x + €) : € = 0} such that
lel®

2(1+€)+68’
|26| (1—€)

[K(x,x+€) —K(x,x+2e)|+ |[K(x+€,x) —K(x+2¢,x)| < (1+¢€)

if 2|€|'™¢ < |2¢| forsome 0 < § < 1and 0 < € < 1. And

Thogo=[ [ D Keox+Ofite+ Qge@it + i,
k

for fi, gx € S with disjoint supports.

(3) For some 0 < e < 1, both T and its conjugate operator T* can be extended into continuous operators from
LY*€ to L2, where e = 0 or 1.

Following a suggestion of Stein, Alvarez and Milman showed that the pseudo- differential operator with symbol
in the Hormander’s class Sl'_(:(;e), where 0 < § <a<1land0<e <1, isincluded in the strongly singular
Calderén- Zygmund operator. This fact shows that the research of strongly singular Calderén- Zygmund
operators has important value both on the theory of singular integrals in harmonic analysis and related subjects
in PDE.

[2], [3] discussed the boundedness of the strongly singular Calderén- Zygmund operator on Lebesgue spaces.
[29] and [33] established the sharp maximal estimates and endpoint estimates of the strongly singular
Calder6n- Zygmund operator. For the boundedness of strongly singular Calder6n-Zygmund operators and
related topics, see [4], [29]-[34], [40], [46] and so on.

[47] focus on the multilinear form of the strongly singular Calderén-Zygmund operator. The
multilinearCalderon- Zygmund theory was first studied by [7-9]. The study of multilinear singular integrals
was motivated not only as generalizations of the theory of linear ones but also its natural appearance in
harmonic analysis. In recent years, this topic has received increasing attentions and well development, such as
the systemic treatment of multilinearCalderon- Zygmund operators by [19], [20] and multilinear fractional
integrals by [25] and from various points of view. See [5], [21], [22], [24], [27], [28], [36]—[39].

We now review briefly the definition of the multilinearCalderén-Zygmund operator. For m € N* and
K(Ys—1, Vs «» Ys+m—1) b€ a function defined away from the diagonal y,_; = ¥s = = Ygim_q IN

2(1+e)\ Mt
(IR 1€ ) .T is an m-linear operator defined on product of test functions such that for K, the integral
representation below is valid

T(s o sem O = [aas0 [ ass0 ). K CYar s Vormos)
k

R 1-€ R 1-€
m
[ [0 (@ + &) dysims (1.1)
Jo=1
where (fi) j, Go ='s, ..., s + m — 1) are smooth functions with compact support and x & ﬂi’;;"‘l supp(fi) j,-

Especially, we call K a standard m -linearCalderon-Zygmundkernel if it satisfies the following size and
smoothness estimates.
1+e€
|K(ys—1tys: -"tys+m—1)| < 2(1+€).’ (1-2)

- m(——-)
(Zi:,rllol |st_1 - ys+l—1|) e
2(1+€)

s+m
for some e = 0 and all (Vs_1, s, ) Vstm—1) € (R 1-¢ ) away from the diagonal.

|K(Ys—1s o Vsajmts oo » Vsim=1) = K(Vso1s oo Vo jots oo Vsam—1)|

1+ E)|ys+j—1 - 3’;+j—1|‘E
2(1+€) 4 (1'3)

- _ m(—=—)+&
(Zitzlo ! | Ys4r—1— )’s+l—1|) e

for some € > O,whenever 0 < s+j—1<s+m—1and

|YS+j—1 - y;+j—1| = _maxs—lskoss+m—1|ys+j—1 - ys—ll-
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According to [20], if an m-linear operator T defined by (1.1) associated with a standard m- linear Calderdn-
Zygmund kernel K , and satisfies either of the following two conditions for given numbers 1 <
o tos o Eoam1, E < 00 With = = i + t:ﬂ + ot 1/ grmens
(C1) T maps Lt x ... x Lts+m-11into L& if € > 0,
(C2) T maps Lt x ... x Lts+m-11into [ if e = 0,
where Lfs?1, .. Ltstm-v1 and LY* are Lorentz spaces, then we say that T is a standard m -
linearCalderénZygmundoperator.
We are interested in the multilinearstronglysingularCalderén-Zygmund operator defined as follows.
Definition 1.2. Let T be an m -linear operator defined by ( 1.1 ). T is called an m -
linearstronglysingularCalderon-Zygmundoperator if the following conditions are satisfied.
(i) Forsome e >0and 0 < e < 1,
|K(X, Vs ---'ys+m—1) - K(X', Vs ---:ys+m—1)|
A+e)|x—x"|?
< IeP™S) , (1.4)
(I = Yl + 4 12 = Yoy P71 707
whenever |x — x'|17€ < %max15j5m|x — Ystj-1l-

. . . 1 1
(if) For some given numbers 1 <, ..., Tgym_q < 00 With =t 1/Ts4m-1, T maps L™ X ... X LTstm-1
S

into L.
(iii) For some given numbers 1 <1, ...,lgm_q < With 1/l =1/lg+ -+ 1/l p_1, T mMaps L' X ... X
Listm=1into L1t where 0 < l/1+e<1—e.
The following remarks are in order to illustrate common points and the differences between the standard
multilinearCalderén-Zygmund operator and the multilinear strongly singular Calderén-Zygmund operator (see
[47]).
Remark 1.1. It is easy to see that the condition (1.3) implies the condition (1.4) when € = 0. In this special case,
we can take gy =Tg1j_1,j =S,..,s+m—1, and (1+¢€) =1=r in (3) of Definition 1.2. Then the
condition (3) of Definition 1.2 is completely in agreement with the condition (2), thus we can remove it in this
situation. We can say that the multilinear strongly singular Calderén-Zygmund operator generalizes the standard
multilinearCalderén-Zygmund operator.
Remark 1.2. However, for the case 0 <e <1, the kernel of the multilinear strongly singular
Calder6nZygmund operator defined by Definition 1.2 is more singular than that of the standard one near the
diagonal. This is the reason why we call it “strongly singular and the stronger singularities will bring up new
difficulties and new techniques are needed to handle such operators.
Remark 1.3. It should be pointed out that we do not need any size condition like (1.2) for the kernel of the
multilinear strongly singular Calderén-Zygmund operator to obtain our main results in this paper.
Remark 1.4. On the other hand, by comparing Definition 1.1 with Definition 1.2, one can find out that the
linear strongly singular Calderén-Zygmund operator satisfies the conditions of Definition 1.2 for the situations
m = 1and 0 < € < 1. Thus, the multilinear strongly singular Calderén- Zygmund operators also generalize the
linear ones.
2(1+€

In what follows, for 0 < e < 00,% is the conjugate index of 1 + €. E€ = ]R(lfe)\E is the complementary set of
E. (1 + €)’s will be constants which are independent of the main parameter and may vary from line to line. We
will always denote by B(x,1+ ¢) the ball centered at x with radius 1 +¢€,¢>0,(1+¢€)B(x,1+¢) =
B(x,(1+€)?) for €>0,|B(x,1+¢€)| the Lebesgue measure of B(x,1+¢€) and (fi)pmi+e) =

1
Beiol fB(x,1+e) Yo filx+ed(x+e).
The sharp maximal pointwise estimate for the multilinear strongly singular Calderén-Zygmund operator will be
established. And as applications, we can obtain the boundedness of the multilinear strongly singular Calderon-
Zygmund operator on product of weighted Lebesgue spaces and product of variable exponent Lebesgue spaces,
respectively. Three kinds of endpoint estimates for the multilinear strongly singular Calderén-Zygmund operator
will be discussed. We will establish the boundedness of L X ...x L* - BMO, BMO X ..x BMO — BMO, and
LMO X ...x LMO — LMO types, respectively.

I1.  Sharp Maximal Pointwise Estimates and Applications
2.1. Sharp Maximal Pointwise Estimates
The definition and properties of BMO functions inspire us naturally to study the sharp maximal function £,
associated to any locally integrable function f;,. It is defined by
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1
M*‘(Z fk><x)=;gg =i Z | filx +€) = (fpldCx + )

k
1
~sup inf —J- | fu(x + €) — aldx,
Bax «xe€x |B|Jg
where the supremum is taken over all balls B containing x.
By M we will denote the Hardy-Littlewood maximal operator defined by

1
MY A@|=se | D, Vil olde o)

B3x
k

For 0 < e < o, we use M, and M{,_ to denote the operators M,,.(Zx  fo) =Xk [M(fi|*t$)]/1*€ and
MGk fi) =2k IMP(Ifi*F9]Y1€, respectively.

The pointwise estimate for the sharp maximal function of the multilinear strongly singular Calderén- Zygmund
operator is established by means of other classes of maximal functions. We have the following.

Theorem 2.1 (see [47]).Let T bean m -linearstronglysingularCalderén-Zygmundoperatorand s =
max {7, ... , Tstm—1,ls, --» ls4m—1}, Whereryandl;aregivenasinDefinition1.2,j = s,..,s + m — 1. If0 < § < 1/m,

then
Mﬁ(T(Z ﬁ’)(x)sme) [12 M (@),

k jo=s k
forallm—tuplesfk = ((fids --» (fi) s+m—1)0fboundedmeasurablefunctionswithcompactsupport.
For the special case € = 0, as we have discussed in Remarks 1.1-1.4, the condition (3) of Definition 1.2 can be
removed. Then the standard multilinearCalderén-Zygmund operator satisfies the conditions of Definition 1.2 by
taking r, = -+ = 75— = 1 since the L' x ....x L' —» LY/™ houndedness obtained in [20]. Thus in this special
case, s = max {ry, ..., "eym-1ls» » lszm—1} = 1. Then we can obtain the corresponding sharp maximal
estimate for the standard multilinear Calderén-Zygmund operator as a corollary of Theorem 2.1.
Corollary 2.1.LetTbeastandardm-linearCalderén-Zygmundoperator. If0 < § < 1/m, then

M3 T(Z fk> (x)s<1+e>sﬁlz M ((f)jo) ().

k jo=s k
forallm—tuplesfk = ((fids --» (fi) s+m—1)0fboundedmeasurablefunctionswithcompactsupport.
Remark 2.1. It should be pointed out that the sharp maximal estimate for the standard multilinearCalderon-
Zygmund operator obtained in Corollary 2.1 was established earlier in [38]. However, differently from the
method in [38], here we do not need any size condition assumption for the kernel.
We need the following two lemmas(see [47]).
Lemma 2.1 ( See[17,27]).Let 0<e<o , thenthereisapositiveconstant 1+e)=
Cy +e1+2eSuUchthatforanymeasurablefunction fi therehas

1 1
QT ). fili(+6) < (1 +OIQITE Y [fellasaeseqey
k

k

2(1+€)

Lemma 2.2. Let § >0,x € R1-« and f, bealocallyintegrablefunction. Thenforanyball B = B(x,, 1 +
2¢e)containingxwithe > 0, thereis

LC Z |fie(x + f()ie) +5d(x +e)<(1+ 6)1_52 M(fi) (x),

kK |xo—x-— el(l——e) k
where(1 + €)isapositiveconstantindependentoff,, x, x,and(1 + €).
Proof of Theorem 2.1. In order to simplify the proof, we only consider the situation when m = 2. Actually, the
similar procedure works for all other situations.
Let (fi)1, (fi)2 be bounded measurable functions with compact support, then for any ball B = B(x,,15)
containing x with r; > 0, we will consider two cases, respectively.
Case lirg > 1.
Write

i1 = fidixzs + Fidixesys = (f)i + F)i ()
= (fidaxzs + (fi)axesye: = (fi)z + (fi)s 2.1
Take a co = T((fi)?, (fi) D) (x0) + T((fi)1 (fi)3) (o) + T((fid7, (fi)3) (xo) , then
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1/6
1
(ﬁf Z T ((fidr (fid2) (e + 2€)|° = |eol®ld (x + 26)>
B k

) 5
< <ﬁf Z I T((fidr, (fi)2) (x + 2€) — ¢o|®d(x + 26))
B T

S

5
s<1+e><ﬁ [ 2 |T((fk)%,(fk>%)(x+ze)|6d<x+26)> +a

> TR DG +26) = TR (0D (xo) P e + 2e)> +a
B %

S| =

+6) (ﬁ f D ITWL (0D +26) = Tk (0D )P dx + 2e)> el
k

1/8
1
+o)| f DTk DG +26) = T(fE (fOD )P (x + 26) |
Bl Jy £

Definition 1.2 that
L<A+OIBIE Y ITL FdD sy < A+OIBIT Y ITOL D)

k k
1

1 il q
s(1+e)<W fZ |(fk>1(ys)|1dys> (W fZ |(fk>z(ys+1)|zdys+1>

SA+OM Y ((FODOM,(fID® < A+OM, ) (fID@M((F)) ).
k k
For (x + 2¢) € Band y; € (2B)¢, there is |[x + 2e — x| ¢ < ri ¢ <1y < %lyS — Xxo|. By Holder’s inequality,
the condition of the kernel in (1) of Definition 1.2 and Lemma 2.2, we have

1
L=<+ E)ﬁf Z | T((fi)i (fi)2) (x + 2€) = T((f)i, (fi)2) (o) d (x + 2€)
B %

1
r2

1
sarog) | | 2 G+ 26030) = K eI ON s 0 e

+ 2€)

1 [x + 2€ — xy|¢
<+ f f f > e 11 OS2 Fea ) dYss1dYsd (x + 26€)
B “(2B)¢ /2B (Ixo = Y5l + |x0 — Ys411) 1€

<A +er Z (f | (fk)Z(yS+1)|dyS+1) (J( MC@@)
- 2B

2814 [xg — Yy 1-e

2(1+€)+&j

<A+ MG, T MW Y @+ OMUIIOMI G T

k

k
<@+ E)Z Ms((fi)1) (M5 ((fie)2) (x) -
Similarly wg can get that

L=+ G)Z M ((fi)1) COM ((fie)2) (x) -
k

For (x + 2¢) € B and y, € (2B)°, there are |x + 26 — xo|* ™€ < %|yS — x| and |x + 2e — xo|' 7€ < % [Vs+1 —
Xo|. It follows from Holder’s inequality, (1) of Definition 1.2 and Lemma 2.2 that

DOI: 10.35629/0743-10120119 www.questjournals.org 5 | Page




Direct Applications onMultilinearTheory of Strongly Singular Calderon—ZygmundOperators ..

nsavog [ 2. TR GOD +26) = TG GOl + 20

<avog[ [ | Y. IKG 263500
1Bl )5 Jeagye e

- K(xo' Vs ys+1)”(fk)l(ys)”(fk)z(ys+1)|dys+1dysd(x + 26)

[x + 2 — x|
<@+ E’ﬁ f f f e I O D2 Dsr Dl dysrdysd(x + 26)
@I (Ixg — o] + 1o — Ysa1l) 10

cavopy ([ 1000 N[ e,
F o\ g~y 209 GO |ty — Y1707
SR Ty M@, TIMUIIE S A9 MM,
k k

Case2:0 <1z < 1.
Denote by B = B(x,, m27€) . Write

(fi)r = (fidixzs- + Uk)ﬂ((w) = (foi + (ot (fi):
= (fid2X2p- + (fk)zX(ZB) = (f: + (3 (2.2)
Take a &y = T((fi} (fi)z) (o) + T(FOL (F3) (xo) + T((f)i, (fi)3) (xo) , then

1/8
1
(ﬁf D T ()G + 20018 12 laCe + 26)>
B k

5
1 — —
<(+e) <mf Z I T((fiod (Fi)(x + 2€)1%d (x + 26)) +(1
B

=

1 - s — —~
+¢€) <EL Zk: I T((F)?, (F)i) (x + 2€) — T((F)} (F)d) (xo) 18 (x + 26)> +a

SR

1 Fa at — —_—
+¢€) (ﬁL zk: I T((F)l, (F3) (x + 2€) — T((F)l, (F)3) (o) 1%d (x + 26)> ra

=+

1/8
1 73 T — —
€) (ﬁL zk: I T((FO? (F)3)(x + 26) — T((f)2 (fi)3) (ko) °d(x + 26)> :

4

:Zg.

j=1
Noticethat 0 < § <1+e<ooand0<1/1+e€<1—¢, whereland (1+ €) are given as in Definition 1.2. It
follows from Lemma 2.1 and (3) of Definition 1.2 that

T<A+aBI5 Y TGk GOl < A+ BT Y IT(GOL GO llssesco

k k
1 1

< G+ QBB ), (1 [, 0t i)’ (a1 [, | =0t )
(z(1—e2—l)

l(1-¢€)

Ty >Z My, (DM, ()2 (o)
k

<(1+¢

S+ MM

k
For (x + 2€) € B and y; € (2B)°, there is |x + 2e — xo|' ™€ < rA~€ < §|ys — xo|. By Hoélder’s inequality, (1)
of Definition 1.2 and Lemma 2.2, we have

DOI: 10.35629/0743-10120119 www.questjournals.org 6 | Page



Direct Applications onMultilinearTheory of Strongly Singular Calderon—ZygmundOperators ..

L<s(+e)— IB] f Z |T((fk)1' (B )(x + 2¢) - T((fk)ll (Fos )(x0)|d(x + 2¢)

2 — &
<1+e— f f f > 2 Nl O e dyssadyed (x
|B| (ZB)1+E 2B~ T—€

k (Ixo = ys| + |xg — Yss1l)1=¢
+26)S(1+6)T§Z (J-
= 2

[GPNCO]I )
< (1+e)rBl|B|Z M6 5

B—

|<fk>z<ys+1)|dys+1) ( f( Iy,

2B |ty — g, e

R lICANIEY
<A+ MM

k
Similarly we can get that
ly = (1 + M ((fi) ) IM((fi) ) ()
For (x +2¢) € B and ys, ¥s41 € (2B), there are |x + 2e — x| ™€ < %lyS —xo| and |x + 2€ — xo|'7€ <

%|ys+1 — x| It follows from Holder’s inequality, (1) of Definition 1.2 and Lemma 2.2 that

- 1 —_— - —_— -
L=<+ E)ﬁf Z I T((fi)?, (Fi)3) (x + 26) — T((Fi) 3, (fi)3) (xo) |d (x + 2€)
B %

1 [x + 2€ — xy|€
<+ f f f > 1 FO O F)2 Des )| dYs s dysd (x
(2B7)¢J(2B)1He = (Ixg = ys| + |xg — Ysi1) 1€

+26)S(1+e)rsz f( NGO, f( X NGOl
A 2B 1+€

2B)° |x0 - yslm |x0 - ys+1|2(1_6)
<1+ e)ré(n%'f)_mz M((fi)) () (5™¢) 20-9M ((fi)2) (x) < (1 + M ((fi) 1) COMs((fie)2) (x) -

k
Thus, combining the estimates in both cases, there is

1
5

1
> MG ()6 ~ sup int ([ D T ()G + 2017 - aldx + 20
1Bl Jy £

Box A€l+e
k

<A+ MFIDOM(FII),

k
which completes the proof of the theorem.

2.2. Boundednesson Product of Weighted LebesgueSpaces

A non- negative measurable function w is said to be in the Muckenhoupt class A, with 0 < € < oo if for
2(1+€
every cube Q in R 1—e there exists a positive constant C independent of Q such that

1 1 €
(mj w(x)dx) <|Q|J w (x) edx) <(A+e),

2(1+€)
where Q denotes a cube in R™1-¢ with the side parallel to the coordinate axes. When € = 0, a hon- negative

measurable function w is said to belong to A;, if there exists a constant e = 0 such that for any cube Q,

|Q|f wkx+edx+e)<A+ew), a.e.x € Q.

Denote by Ay, = UesgA14e. The well known property of the Muckenhoupt class is that if w € A4,,, with 0 <
€ < oo,thenw € A, foralle > 0,and w € A, for some € > 0.

By means of the pointwise estimate for the sharp maximal function, we can establish the boundedness of the
multilinear strongly singular Calderén- Zygmund operator on product of weighted Lebesgue spaces as follows.

Theorem 2.2 (see [47]).Let T bean m - linearstronglysingularCalderén- Zygmundoperatorand s =
max {7, ..., Tstm—1, ls, - ls4m—1}, Wherer;andl;aregivenasinDefinition1.2,j = s, ...,s + m — 1. Thenforanys <
Do Psym—1 < @ With 1/p = 1/ps + -+ 1/ps1m—1, T canbeextendedintoaboundedoperatorfrom LPs (wg) X ... X

LPs+m-1 (Ws+m—1)int0Lp (W) ! where
_p

— 1
(Wg, voe, Woym—1) € (Aps/s, ...,Ap5+m_1/s)andw = [ wPj
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For the special case e = 0, as we have discussed in Section 2.1, the standard multilinearCalderénZygmund

operator satisfies the conditions of Definition 1.2 by taking r, = - = rg,,,—; = 1. Thus we can obtain the

corresponding weighted estimate for the standard multilinear Calderén-Zygmund operator as a corollary of

Theorem 2.2.

Corollary 2.2. Let T be a standard m-linear Calder6n-Zygmund operator.

Then for any 1 < pg, ..., Psom—1 < © With 1/p = 1/ps + -+ 1/pssm_1, T is bounded from LPs(wy) X ... X
p

LPs+m=1(wgy_1) iNto LP(w) , where (W, ..., Wym—1) € (Ap,, s Apg, ) @nd w = [0 wiPi

Remark 2.2. It should be pointed out that in the special case € = 0, the result we obtain in Corollary 2.2 is in

agreement with the one obtained in [18]. From this point of view, we can conclude that the range of indexes in

Theorem 2.2 is reasonable.

We need the following two necessary lemmas(see [47]).

Lemma 2.3 (See [27]).Let 0 < e < o0 and w € A,,. Then there exists a constant e > 0 depending only on the

A, constant of w such that

1+e

J-2(1+s)[M6(fk)(x)]1+EW(x)dx <(1+e 2(1+s)[M§(fk)(x)] W(x)dx'
R 1-€ R 1-€

foreveryfunction f; suchthattheleft- handsideisfinite.

Lemma 24 (See [18]).For (W, .., Wsim-1) € (Ap, . Ap,,,,_,) With 1 < pg, ..., Ps4m—q < 0, andfor 0 <

05, 0s4m-1 < 1suchthatfs + - + Osypp 1 = 1, Wer."avewsaS ngi:nnl_ll € A max {Ds)bsem-1}"

Proof of Theorem 2.2. It follows from Lemma 2.4 that w € A nax (py/1+4¢,..pssm-1/1+¢} © A FOI €VErYy j =

S, S+m—1,w; eApj/HE and p; >1+¢€ imply that the Hardy- Littlewood maximal operator M is

bounded on LPi/**¢(w;) .

Take a (1 + 2¢) such that 0 < € < 1/m, then by Lemma 2.3 and Theorem 2.1, we have

> T = ) | Musae (TG ey S A+ ) Mo (T(R)) Nivecy
k

k k
s+m—1 stm-1
< (1 + e)” 1_[ Z M1+E (Uk)j)”LH'e(W) < (1 + E) 1_[ Z ” M1+5((fk)]')”ij(wj)
j=s k j=s k
s+m—1 1
=a+o [[ D 1M,
j=s k& LT+e(w))
sime1 ) s+m—-1
<(1+e 1_[ Z NGO, =1 +e) 1_[ Z (AR
j=s ‘& L1+¢(w;) j=s "k

which gives the desired result.

2.3. Boundednesson Product of Variable Exponent LebesgueSpaces

The theory of variable exponent function spaces has been intensely investigated recently since some elementary
results were established by [26]. For the properties of Calderdn-Zygmund operators and many classical
operators on the variable exponent Lebesgue space, see [10,11,13,14,26].

2(1+€)
Definition 2.1. Let p(-) : R'1-¢ — [1,0) be a measurable function. The variable exponent Lebesgue space,
2(1+€)
28 (]R—l—e ) . is defined by

p(x)

2(1+¢) X
PO (]R 1€ ) = {f} is measurable : f2(1+5)2 lfkg ) dx < o
R 1-€ -
K

€

(fj)or some constant p > 0}

2(1+€)
It is well known that the set LP©) (]R 1-€ ) becomes a Banach space with respect to the norm

p(x)
2 GO
1D fll soeoy = fE>00 [y, (P57 ) drs1y
= Lp()(lR 1-€ > € R 1-€ T -

€

2(1+€)

2(1+€)
Denote by P (R 1-e ) the set of all measurable functions p(:) : R 1-e — [1, o) such that
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1 <p_:=essinf 2a+9p(x) and p,:=esssup 2a+0p(x) < oo,
XER 1-€ xER 1-€

and by B (]R 1€ )the set of all p(-) € P <IR 1-¢ ) such that the Hardy- Littlewood maximal operator M is

(1+€)
bounded on LP®) (JR 1—e ) .

By means of the pointwise estimate for the sharp maximal function, we can establish the boundedness of the
multilinear strongly singular Calderén- Zygmund operator on product of variable exponent Lebesgue spaces as
follows.

Theorem 23 (see [47])Let (), Py - Permes() € B (R ) with 1/pC) = 1/ps() ++1/Pesms ()

Let (1 + e)jO be given as in Lemma 2.5 for p;(-),j =s,...,s+ m—1. Let T be an m-linear strongly singular

Calderon-Zygmund operator and s = max {rs, ..., Ts4m—1,ls, s ls4m—-1}, Where r; and I; are given as in

Definition 1.2,j=s,..,s+ m—1. If s < minggjcgym-1(1 + e)j , then T can be extended into a bounded
2(1+e) 2(14€) 2(1+€)
operator from Lps()(]R 1-c ) . X LPstm-10) (R 1-c )mto LP()(R fr: ) .

For the special case € = 0, as we have discussed in Section 2.1, the standard multilinearCalderonZygmund
operator satisfies the conditions of Definition 1.2 by taking r; = - = rg,,_4 = 1. Thus we can obtain the
corresponding boundedness for the standard multilinear Calderén- Zygmund operator on product of variable
exponent Lebesgue spaces as a corollary of Theorem 2.3.

(1+€)
Corollary 2.3.Let p(-), ps(), ) Pesm_1(-) € B (R—foe ) With 1/p() = 1/pe() + +1/pesm_y(-) and T be a

2(1+€)
standard m -linear Calder6n-Zygmund operator. Then T is bounded from Lps()(R1e>x...x

2(1+€)

LPs+m-10) (R 1- ) into LPC©) (RZ?T)).
To proof Theorem 2.3, we need the following necessary lemmas(see [47]).

2(1+€)
Lemma 2.5(See[12]).Let p(:) € ?(R 1-e ) Then M is bounded on LPO) (]R 1-c ) if and only if M, is

bounded on LP®) (IR 1-e )for some 0 < € < oo,

2(1+€)
Lemma  2.6(See[35]).Let (), ps(-) s Porms() e?(R—l—e ) sothat —L = Lt 1 /p ()
+e)
Thenforany(f;); € LPi® (IR e ) j=s,..,s +m— 1, therehas
s+m-—1 s+m-1
-1
|| 1_[ Z (fk)] || PO z(1+e)) <2m 1_[ Z ” (fk)j”ij(.)(Rz(fj:)).
j=s k

Lemma 2.7 (See [13]) leenafamlnyFoforderedpairsofmeasurablefunctions, supposeforsomefixed0 < € < oo,
every(fi, gx) € Fandeveryw € A,

| pen D, RO WG =G |, ol w@ds
€ K

1-€

() 2(1+€)
Let p()EP (]R 1€ ) with (14+e)<p_- If (—) €EB (]R ) ,  thenthereexistsaconstant € >

1+e

Osuchthatforall(fi, g;) € F, | 2 fill 2a+0\ < (1+€) X ”gk“ 2at)
p(»)( ine ) ()( )

2(1+€)

2(1 2(1+€)
Lemma 2.8(See [13]).1fp(-) € P (]R 1-e ) thenC& (]R 1-e )lsdensemLP() (]R 1- :> .

Lemma 2.9(See [12]).Letp(-) € P (]R 1-€ ) . Thenthefollowingconditionsareequivalent.

()p() € B (RZT—?)
(i) p'() EB(R = 5))

2(1+€)

(|||)”() € B(R 1€ )for somel<l+4+e<p_

(iv)(‘;%'))’ EB (IR 1€ )for somel<l4+e<p_-
0
Then, we are able to prove Theorem 2.3.
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2(1+€)
Proof of Theorem 2.3. Since p(:) € B <IR 1€ ) , then by Lemma 2.9, there exists a (1 + €) such that 0 < € <

2(1+e)
p_ and (p(i) € B (]R 1€ ) . Take a (14 2¢) such that 0 <1+ 2e < 1/m. For any w € A, it follows from
Lemma 2.3 and Theorem 2.1 that

fkuz TR I ew (@ dx < fR()Z (M5 (T(F)) COT*ewo)da

S0+ [aay e (T(R) GO wlx)d
1—-€ X

[s+m-1 1te
<40 [ageol [ [ 2 e ()| wlordx
:sﬁf:ls—l ' 1+e
<40 [agual | [ ) Moy (G0N0 wirax
€ | J=s k

holds for all m- tuples f,: = ((fi)s > fi)s+m—1) Of bounded measurable functions with compact support.

Applying Lemma 2.7 to the pair (T (fk, [ Mo ((fk)j)> , we have
0

» T(ﬁ)um@%)sumu ]_[ Z Mo (GO po< 229)
k j=s

Noticing the choice of (1 + e){)', we can get that M is bounded on LPi®) (IR 1-€ ) by Lemma 2.5, =

(a+e)l
S, ...,s + m — 1. Then it follows from Lemma 2.6 that

s+m—1
”Z T(f")”ch)(R—z(f_f))S(1+6) l_[ Z ”M(1+e>£((f")j)”L”f(')(u@ﬂllj:)>
k Jj=s k
s+m-1
cavo [[Y 10, o
aro ]2 1 (fk)]||L,,j(<)<Rz<f_+e>>
J=s

This completes the proof of the theorem.

I1l.  Endpoint Estimate
3.1. Boundedness of L* X ...x L - BMOType
We will focus on the behaviors when pg = -+ = ps,.,_1 = o and establish the endpoint estimate for the
multilinear strongly singular Calderén- Zygmund operator from L* X ... x L® into BMO.
Theorem 3.1 (see [47]).LetTbeanm- linearstronglysingularCalderon- Zygmundoperator, (1 + €)begivenasin
(3) ofDefinition1.2ande > 0. ThenTcanbeextendedintoaboundedoperatorfromL® X ... x L®intoBMO.
Proof. We only give the proof when m = 2 and omit other situations since their similarities.
Let (fi)1, (fi)2 € L™, then for any ball B = B(x,, rg) with r; > 0, we will consider two cases, respectively.
Case l:rgz > 1.
Use the same decomposition as (2.1) and choose the same c,, then

1
ﬁj Z | T((fi)1, (fi)2) (x) — coldx
B %
1 1
SELZ 'T((fk)%'(fk)z)(xﬂdﬂ|B| f Z IT((F3 (FOD @)

~ TR GODld + o | Z | Tk FODE) = Tk (D) (xo)ldx

i) 2, TR G - T((fk)l,(fuz)(xo)mx—ZJ,

j=1
Denote by s = max {r, ...,rs+m_1,ls, wo» lsym—1}, where 7; and [; are given as in Def|n|t|on 1.2,j=s,..,s+

m — 1. Take p, ..., Psym—1 SUCh that max {s,s + m — 1} < Psy wer Psam—1 < ©. Let ; = p— + -+ 1/ps+m_1,
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then 0 < € < oo. It follows from Theorem 2.2 that T is bounded from LPs x ... x LPs+m-1 into L1*€,
By Holder’s inequality and the LPs x LPs+1 — [1*€ boundedness of T, we have

1 1+e 1
’1S<E |2 |T((fk)1.(fk)5>(x)|1+fdx> SA+OIBIT ) I bl
k

k

=@+ E)Z 1Fid 1lleo ll (i) 2l co-
k

For x € B and y, € (2B)¢, there is |[x — x,|17¢ < élyS — x,|. By the condition of the kernel in (1) of Definition
1.2, we have

1
psm | [ DT KRG = Ko v 1GOOI Gl dysd
|B| B J(2B)1*t€J2B A

<@
lx — x|
) 16l [ [ Vs dysd
e
<(1+e)z (BT

@ [xo = y,ie
<@+ e)z Il el
k
Similarly we can get that

Js=(0+ E)Z 1 i 1lleo | i) 2l o

k
For x € B and y, Y541 € (2B)°, there are [x — xo|*™¢ < = [ys — xo| and |x — xo|*™¢ < 2 [y541 — %ol. It follows
from (1) of Definition 1.2 that

1
L R T D M LS AR R RN [ ANCATIARCRBIAEIE
B 2B)1+€ J(2B)1te X

1 |x — x0|°
<a+oy IGllGallor [ [ | sy dyid
k B J@BITEI@BIE (|xg — ys| + Ixo — Ysy1l) e
. 1 1
<@+ e)z IGalGlots | [ sz | [ ———r e
(2B)¢ |xg — ys|20-9 (2B)¢ |%g — Vs41|2079

<<1+€>Z IGOuall Gl =9, f><(1+e)z G lleoll Fidzlleo

Case2:0< 1y < 1.
Denote by B = B(x,,2~€) . Use the same decomposition as (2.2) and choose the same &, then

1
T D 1T ()6~ ol
B %
1 —
<), 2. (Gt FoD el + 13- | > 1T G
_T((fk)l.(fk)z)(xo)lderlBIJ z I T((FOb F02) ) — T((Fob, (Fd) (xo) dx

7 f Z | Tt (F3) ) = T((Fk, (F3) (xo)ldx: = Z},
j=1
Notice that 0 < € < 0 and 0 < l/1 + € < 1—¢, where lis given as in Definition 1.2. It follows from Lemma
2.1 and (3) of Definition 1.2 that
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hsa+oB Y IT(Gh God)loe < A+ 1B Y. IT(Gh Gob)llsese)

k k
2(1-€2-1)

<A+ QIBIT Y NFHLAIG L <A+ ) I lall Fellan, &
k

k
<A+ NG lel(Fale
k

Forx € Band y, € (ZB")C, there is |x — xo|17¢ < élyS — X,|. By the condition of the kernel in (1) of Definition
1.2, we have

. 1 |[x — x0]®
ha+a) WGulalGodom [ [ | s dyadydx
T 5 Jemrrehas (1x — | + [xg — yers ) ie
- 1
<A+ NGl FllerlBl | ———dy,
T ) |1ty — ys[1-¢

<A+ Il Felle
k
Similarly we can get that

Js<@1+ E)Z 1 1lleo | (i) 2l o
k

Forx € B and y,, Vs41 € (ZE’)C, there are |x — x,|1 7€ < %lyS — x| and |x — x|t 7€ < % |Ys41 — Xo]. It follows
from (1) of Definition 1.2that
lx — x0|®

- 1
L=+ WGlel Gl [ [ s dysd
- | | B J(2B™)1te J(

271 (Jxo — ys| + %0 = Ysial) 7€

1 1
<o) MEalGellors [ ———mran || [ duea
A ( (ZB—)1+6

2B |y — y[2G-9) [%0 — ¥s41]20-©
<A+ IGlalFelle

k
Thus, combining the estimates in both cases, there is

> TG GDlowo ~ 5w int [ DT TGO ()0 — aldx
k/1» \Jk/J2JIBMO B aclte |B| 5 a k/1» \Jk/J2

k

=@+ E)Z 1Fidlleo | ficd 2l o

k
which completes the proof of the theorem.

3.2. Boundedness of BMO X ... x BMO —» BMOType

The definition of the BMO space is well known. The most useful property of the BMO function is the classical
John- Nirenberg inequality, which shows that functions in the BMO space are locally exponentially integrable.
A well-known result in [43] showed that the classical Calderédn- Zygmund operator is bounded on the BMO
space. Lin and Lu also gave the BMOboundedness of the linear strongly singular Calderén- Zygmund operator
in [33]. These conclusions essentially depend on the cancellation condition of the kernel, which can be
expressed as T; = 0. A natural question is: if we give some kinds of cancellation conditions to the multilinear
strongly singular Calderén- Zygmund operator, whether it can also be bounded on the product of BMO spaces?
Actually, the answer is affirmative.

Theorem 3.2 (see [47]).LetTheanm- linearstronglysingularCalderdn- Zygmundoperator, (1 + €)begivenasin
(3) ofDefinition 1.2 and € > 0. If ((fids --» Fidstj—1, L Fidstjo1s woor Fidsem—1) =0,j =S, ., s +m—1,
thenT canbeextendedintoaboundedoperatorfromBMO X ... x BMOintoBMO.

We need the following two lemmas to develop the proof of Theorem 3.2.
2(1+€)
Lemma 3.1(See[33]).Letf; beafunctioninBMO. Suppose0 < € < oo,x € R 1-¢ , ande = 0. Then

1

1 1+€ i¥e
<mf3(x.r)zk: [fiCc + €) = (fidpaerpyl ' Ted(x + e)>
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,
<(1+¢ <1 +|In él)z Il fiellzro
K

wheree > Oisindependentoff;, x, 1 + eand(1 + 2¢).

2(1+e€)
Lemma 3.2.Let§ > Oandf, € BMO. ThenforanyballB = B(x, 1 + e)withe > O0andx € R 1-¢ , thereis

+
Z el 9 <fk>8'd(x+e)g(1+e)r-sz fillsnron
Bl+€ §

|e| 1-€ K

where(1 + e)isaposmveconstantlndependentoffk, xand(1 + €).
Now, we prove the main result.
Proof of Theorem 3.2. We only give the proof when m = 2 and omit other situations since their similarities.
Let (fi)1, (f)2 € BMO, then for any ball B = B(x,, rg) with r; > 0, we will consider two cases, respectively.
Casel:rg = 1.
Write

(i1 = () d2e + ()i — ((f)d28)x28 + ((fi)i — ((fk)i)ZB)X(ZB)C: = (o1 + Fi + (f)i

()2 = ((fi)2)2e + ()2 — (fi)2)28)x28 + ()2 — ((fk)Z)ZB)X(ZB)C: = (fiuz + (fi)s + (fi)s.
It follows from the hypothesis of the theorem that

T((fi)v (fi)2) = T (fi)3) + T(Uf1 (f)3) + T(Uf)1 (F)3) + T(f1, (fi)3) -

Take a dy = T((fi)], (fi)3) (x0) + T((fi)1, (fi)3) (x0) + T((Fi)i, (fi)3) (xo) , then

1
EJ.B Z | T((fk)l' (fk)Z)(x) - doldx
k

1
SWLZ IT((fk)l.(fk)z)(x)ldx+ﬁf Z I T((fiod (Fi)3) ()

1
= T((fi)f, (fi)) (xo) ldx + ﬁf Z I T((fi)i, FiD () = T(fi)i, (fi) D) (xo) ldx

15 f Z | TR FODE) = T (D Gxo)ldx: = ZL
j=1
Choose pg, ..., Ps4m-1,1 + € the same as in the proof of Theorem 3.1. Then T is bounded from LPs X ... X
LPs+m=1 into L1*€ and 0 < € < oo. It follows from Hélder’s inequality that
1

1 1_"'5
L < (Ej Z |T((fk)i(fk)%)(x)llﬁdx)
B %

<
1

), (25 | 100109 = @2 dys) (g1 160200

v
- ((fk)z)zsl”zdys+1> s+e z l(Fid1llamoll (fi)2llamo-
k

For x € B and ys,; € (2B)¢, there is |x — x,|1™¢ < §|yS+1 — Xxo|. By the condition of the kernel in Definition
1.2 and Lemma 3.2, we have
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1
| 2 TG 0) = Kooy X 10200 = (s 105000

- ((fk)Z)ZBldydeS+1dx

|x — xo|°
sa+og[ [ [ s X 1(F1 )
(2B)¢-2B T (lxo = ys| + %o — ¥s411) 3¢

— ((fi) )28 i) 2s+1) — (fi)2) 28|dysdys 1 dx
<(1

sy (| |<fk)1(ys)—((fk)awmys)(f( )'(f")Z(yS“)_(§f§32)23'dys+1>
K 2B 2B)¢

|Xo — Yss1l1-¢

3e+2

<A+ 1ElawolBly NG lamo
k

<A+ 1Glsuollizllsmo.
k
Similarly we can get that

Ly=(1+ E)Z (i1 llzmo I (fi) 2l Bmo-

k
For x € B and v, ¥s4+, € (2B)¢, there are |x — xy|* 7€ < %lyS — x| and |x — x|t 7€ < %lysﬂ — Xo|. It follows
from (1) of Definition 1.2 and Lemma 3.2 that
Ly

<@l | .J e VK000 = K0 3001 X 10200 = (sl (0200
— ((fi)2)28ldysdyss1dx
1 [x — x0|%
S(A+e)— 7r5e X | Fi)10s) — (fid D 2s 1 (i) 2 s 41)
(1+¢) |B|f ,I;ZB)C f(zs)cz (120 — vl + 1o — yera]) it fi)1 (v, fi fi)2(y
— ((fi)2)28ldysdys,1dx

|(fi)1(vs) — ((fk)l)ZBl |(fi)2Vs+1) — (fi)2) 28]
= 1+ 4+5¢ 4+5¢ d s+1
( E)TB Z <,f;23)1+€ y > (,[(23)1+E y )

K %o — |2(1 ° X0 = Y5129

<A+ Y 1Gilswors TNl < A4S NG MlmolFellomo:
k

k

Case2:0<rg < 1.
Denote by B = B(x,,37€) . Write

(fi)r = (fid)2e~ + ()1 — (fid )2 DXz~ + ((fidr — ((fk)l)ZB_)X(2§)C

= (ol + (i + (ol 3.1
(fid2 = (fid2) 2= + ((fidz — ((fid 2 2p-Dx25- + (fid)2 — ((fk)Z)ZB_)X(2§)C
= (fi + ()i + (i (3.2)

It follows from the hypothesis of Eﬂe thegem that o o o
 T((fdu (f)2) = T((FoL (3) + T((Foi (Fof) + T((Fi (Fo3) + T(TFol (Fo3) -
Take ady = T((fi)}, (fi)3) (o) + T((FO, (Fi)3) (xo) + T((Fi)3, (Fi)3) (xo) , then

1 ~
B f > T D@ — doldx
B %
1 T2 (£)2
<), 2. (Gt FoDeds + 5z [ PINUCRRE
—T((ﬁ)%.(ﬁ)i)(xo)mﬂlm f Z IT((3 F3) ) = T((3, (Fo3) (xo)ldx

i) Z |T(Go GaR) @ - T(Gok (fk)3)(xo)|dx—ZL

Notice that 0 < e < 0 and 0 < l/1 + € <1 —¢, where [is given as in Definition 1. 2 It follows from Lemma
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2.1 and (3) of Definition 1.2 that

B|‘1Z

k

- 1
<(1+e) B|‘mz

k
1 1 L
B (ﬁ f Z | (Fd10%) = (s dys>

1 E 11_16—26_1
§ <|2§| f Z | (fid2(s+0) = ((fk)2)23—|lzdys+1> <(1+¢ ”(fk)lllBMO”(fk)Z”BMOrBZ< ( ))
2B~ 4 ké

=+ 6)2 lFid1llamo ll i)zl Bmo-

T((F2 FOB) e < A +6) T((F)?, (fi)3)ll a+eco(s)

1
<(1+e6) |B|‘1—+e

k
For x € B and y,,; € (2B)", there is |x — xo|' "¢ < %|str1 — x,|. By the condition of the kernel in Definition
1.2 and Lemma 3.2, we have

_ 1 lx — xo]°
L<O+a X 101 08) = (a1 (2 0se)
], e 2 (ol + b — gt T U
— ((fi)2)281dYsdys 41 dx
<1

+eys ( | 2 1600
k

|(fi)2 s+1) — ((fi)2) 28~ |
- -|d s 4+5¢ s+
((fio1)25-1ay. > (J;ZB‘)CZ dy. 1)

|Xo — Ys41l1-¢

<@+ Y EIGINamolBICE N Moo
k

=1+ E)Z I(fied1llzmo | (fied 2l o
k
Similarly we can get that

Ly <(1+ E)Z (i1 llzmo I (fid 2l smo-
k

For x € B and y,, ys.1 € (2B)°, there are |x — x,|'~€ < %lyS — xo| and |x — x| 7€ < % [Vs+1 — Xol. It follows
from (1) of Definition 1.2 and Lemma 3.2 that

1 [x — x|
<(1+e)— 5 X N F)1s) — (Fi) )28~ 1) 2 (Vs+1)
( E) |B|f ng)cﬁzg)cz (Ixo—ysl+|x0_ys+1|) = | fk y fk ” fk y
= ((fi)2) 2~ 1dysdyss1dx

|(fi)1 (¥s) — ((fk)l)ZBl |(fi)2 Vs+1) — ((fi)2)25]
<+ | ) 1§ o

4+5¢& 4+5¢
AR [%0 — Ys41[2079

SA+erfg ) 2(1_6)2 ||(fk)1||BMo(7’§ B 2(1 20-9||(fi)zllpmo < (1 + E)Z 1)1 llsmo | (Fi) 2|l mo-

Thus, combining the estlmates in both cases, there is

> TG GOlowo ~ 5w int [T TGO ()0 — aldx
1 2/1IBMO B aclte IBl 5 - 1 2

k

=1+ f)z 1)1 lemo | Fi)2 |l zmos

k
which completes the proof of the theorem.
3.3. BoundednessofLMO X ... x LMO — LMOtype
The LMO space is essentially a special case of the function space introduced by [41]. Some properties of the
LMO function are similar to those of the BMO function. But there are also some new interesting phenomena for
the LMO function itself. See [1].
Definition 3.1.LMO is a subspace of BMO, equipped with the semi- norm
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0<r<1 |B |

1+ |In7|
E = E — d
4 [(fid)lLmo sup fBr | (fi) () (fk)Brl X

rsp [ TGO - (I,
r21 |Br| By %
i 2(1+€) A A
where B, denotes by the ball in R 1=e  with radius r.

For 0 < € < oo, define
1

1 T+e
D, [Flumorse = sup (1+|1nrl)<|Br| fZ |(fk)(x)—(fk)Br|1+€dx>

1
K 0<T<E

The authors in [33,41,44] obtained the LMO- boundedness of classical Calderén- Zygmund operators and
linear strongly singular Calder6n- Zygmund operators, respectively. We will establish the boundedness of the
multilinear strongly singular Calderén- Zygmund operator on product of LMO spaces.

Theorem 3.3 (see [47]).LetTheanm- linearstronglysingularCalderdn- Zygmundoperator, (1 + €)begivenasin
(3) ofDefinition 1.2 and €>0 . If ((fidr, - (fi)j-r. L (fidjsrr o » fidm) =0, j =s,,s+m—1
thenT canbeextendedintoaboundedoperatorfromLMO X ... X LMOintoLMO.

To proveTheorem 3.3, we need the following lemmas.

Lemma 3. 3(See [1] )If freLMO , thenforany 0<e <o , thereexistsaconstant € >

Odependlngonlyon and(l + €)suchthat

ilimoy,. < (A + Elfilimo-
Lemma 3.4(See[33]).Lets > 0andf,, € LMO. ThenforanyballB = B(x, r)with0 < r < é

J Z lf"(x+?<1+e)(f")3'd<x+e)s<1+e>r‘5(1+llnrl)'1z ilumo:
e 8 k

| — €] 1-€
wheree > Olsmdependentoffk, xandr.
Lemma 3.5.Foranya, (a + €) € R, thereis

1+2a+el=@+|aD A+ |a+e]).

Proof of Theorem 3.3. We only consider the situation when m = 2. Actually, the similar procedure works for
all other situations.
For (fi)1, (fi)2 € LMO and any ball B = B(x,,15) wWith 1z = 1, it follows from Theorem 3.2 and Definition
3.1 that

B f Z T FdD @ = (T (), |dx<z 1T D llsmo

<<1+E)Z ||(fk)1||BMo||(fk)z||BMo<(1+e)z [(Fluwolidzlumo-

Thus it is sufficient to prove that, for any ball B = B(x,,15) With 0 < 15 < 1, the following inequality holds.

% | Z T (DG — (T(Fe (), Jdx
S(1+€)Z [(fi)1)mo [(fi) 2l Lmo- (3.3)
k

We consider two cases, respectively.
Case 1:47Y1-9) <1y < 1.
Theorem 3.2 also implies that

1 1
%L 2 | T((fk)l' (fk)z)(x) - (T((fk)li (fk)z))3|dx

1
sarag [ 1T G - TG (), ldx
B %
<A+ I e FdDlswo < (1 + OLFd o (F)aumo.
k

Case 2:0 < 1y < 4~ 1/(-6),
Denote by B = B(x,, r2~€) . Use the same decompositions as (3.1) — (3.2) and choose the same d,,, then
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1 1
%L Z I T((fd (F)2) @) = (T((fidr, (fi)2) yldx

sarom [ 2, 1T G000 = doli
1+ 1
<(1+e) +|IBr|1rB| f Z 1 T((Fi (F3) @)ldx + (1
= X, 1T - TG R ewlex +

1+l
+¢€) +||BI|1 75| L Z | T((fk)p (fk)z)(x) — T((fk)p (fk)z)(xo)|dx +(1

1+|Inrg) I IS RN
DT fB Z |T((fk)%,(fk)%)(x)—T((fk)%,(fk)%)(ondx:—ZH,-.

Notice that 0 < 273 ¢ < 1/2,0<e <o and 0 <l/1+e <1—¢, where [ is given as in Definition 1.2. It
follows from Lemma 2.1, (3) of Definition 1.2, Lemmas 3.3 and 3.5that

Hy< @+ + DB ) IT((R7 (i) )

k

< A+ + MrDIBITE Y (7% ()3 lasesmcay

k
1

11 1 la
< (1+ &)1 + [Iny])|B| T BT <—|2 A f > 10w - ((fk)l)zg—vldys)
2B~ K

: &
x (ﬁ | i)z (s 1) — ((fk)z)zg—llzdyS_H)
2B~

+6)Z

S 1
+ [In7g|)|B|” 1+EIB|1[(fk)1]LM011(1 + In2r3 7D (fid2l o 1 + IIn 25D

SA+0) (ol (fdlimo (L + Inrs DIBITBII(L + 102 + (1 = ) Inry )~

k
<

1-€2-1

+€) Z [(fi)1limo[(fi) 2]mo (1 + [InTg )1y (l(l e)>(1 + (1 —¢e)|lnrg)~*(1 + In2)

<1+ E)Z [(fid1limo [(fi)2]imo

k
For x € B and y,, € (2B)", there is |x — x| < §|yS+1 — x,|. By the condition of the kernel in Definition
1.2, the fact 0 < 2727¢ < 1/2, Lemmas 3.4 and 3.5, we have

DOI: 10.35629/0743-10120119 www.questjournals.org 17 | Page



Direct Applications onMultilinearTheory of Strongly Singular Calderon—ZygmundOperators ..

1+l
<ot [ o) 2 TG sy = Ko 0] X 10
= ((fid D2~ 11(fi)2 (}’s+1) = ((fid2) 25~ |dysdys 41 dx

1+|1nr| [x — xo*
saro—rf [ X1
(2B7)¢J2B™ T (Ixo = ysl + |xg — Ysy11) 1€

- ((fk)I)ZB”(fk)Z(ys+1) = ((fi)2)25-1dysdys1dx
<@

+ (L + [In7y)) ( f DIRIANES
2B X

_((fk)1)23_|dys> ( [y )] y)
k

[X0 — Ys41l1-¢

<A+ 1+ DI llomo |03 G o (1 + n 2=
k

s@A+e) Z [(Filimol(fid2limo (1 + IInpN(1 + [In2 + (1 — €) In7p) 7"
k

<A+ [Fidumol Falumo
Similarly we can get that *

H; <(1+¢) Z [(fi)1)imo [ (fi)2mo

k
For x € B and y,, ys.1 € (2B)°, there are |x — x,|*~¢ 5%|ys — Xo| and |x — xo|' 7€ 5%|ys+1 — Xo|. It follows
from (1) of Definition 1.2, Lemmas 3.4 and 3.5 that

1+ |Inrg|
H,<(1+ E)Tf J;zs—)c j(zs—)czk: | K (X, Y5 Vs+1) — K (X0, Ys) Vs | X [(fi)1 (s)
= ((fi) )28 i) 2 Vs41) — ((fi)2)25ldysdysidx < (1

1+|lan| lx — x0|®
4+5¢ X )1( s) _( )1) - ( ) ( s+1)
€) f J;ZB )CJLZB )CZ (o — el 4 o — oo | (fi)1 (i) 25-11(fi)2 (v
= ((fi)2 )23 ldysdys.1dx < (1
+e)rf(1
+lInryD) f z |(fk)1(ys)_((£(361)28 | f Z |(fi)2Vs41) — ((ﬁcs)gz)zs | dye, | <1
(2B7)¢ |xo — ys|20-9 (2B7)¢ [Xo — Vs41]2079

+ E)Z 5 (14 [Inrg) (57 20-9[(fi)1limo (1 + [In2r5=¢)7"

k

X (13 T (f)olumo (1 + 2D~ < 1
£ [Fdmol(idalmo( + DA +[I2 + (1 = ) Inry )7 < (1
k

+€) Z [(Fi) 1) Lmo [(fi) 2] Lo

k
Thus, combining the estimates in both cases, (3.3) holds, which completes the proof of the theorem.
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