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Abstract

M. Cao, Q.Xue and K.Yabuta [52] investigate the boundedness of the multilinear pseudodifferential operator
T,,-They establish the local exponential decay estimates for T, . In terms of the corresponding commutators
T,,zp,they obtain the local subexponential decay estimates. They also derive the weighted mixed weak type
inequality for T, , which parallels Sawyer’s conjecture for Calderon-Zygmund operators and covers the
endpoint weighted inequalities. In addition they present the sharp weighted estimates for T, and Ty, sp.\We
follow [52] to do a slight application on the verified valid rare results.
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I.  Introduction
We study the boundedness of the multilinear pseudo- differential operators (#’DOs). Introduce by [52]. Given a
recognizable symbol oy, the m- linear ¥DOT,, is defined by

T GO@ = [ 3 o (0B T ERE) - R ),
(RM)m &
where the Fourier transform £, of the function f; is given by
£e(&) = JR"Z e72mx S £ (x)dx.

Definition 1.1.Let0 < € < o, (1 + €) € Randp, § € [0,1].AsmoothfunctiongyisdefinedonR™ x R™"

(a) Wesayay, € S[}ljge(n, m)ifforeachtripleofmulti- indicesandpy , ..., B thereexistsaconstantC, +2€_Bksuchthat

¥ Bk _pzm gk
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k
(b) Wesaya;, € L'*€S,*€(n, m)ifforeachtripleofmulti- indicesplk , ...,ﬁ,’;thereexistsaconstantCﬁksuchthat

sk Bk
Z 0511 afr:lno'k(,g)
k L1+e(]Rn)

Here nggf(n, m) is called the Hormander’s class.
A collection of competent compact historical steps have been shown via [52], that is, the pseudo- differential
operators (¢DO0s) have played important roles in Harmonic Analysis and PDE. In 1966, Hormander [18]
determined the most general boundary problems for elliptic systems such that the estimates involving a loss of
1/2 derivative are valid. The problem was reduced to certain estimates for systems of ¥DOs on the boundary.
Moreover, suitably extended versions were applied to hypoelliptic equations. Indeed, [20] introduced a wide
class of ¥DOs related to hypoelliptic equations in order to study the existence and regularity of solutions.
Hormander [19] gave a nearly complete characterization of hypoelliptic second order differential operators with
real C* coefficients. Kannai [26] boiled the hypoellipticity of a degenerate elliptic boundary problem that
satisfies the root condition, down to a problem concerning hypoellipticity of a ¥ DO on the boundary. Holder
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regularity of subelliptic’DOs could be applied to oblique derivative problem with boundary. Which similarly
methodically discussed by Guan [17]. The study of ¥DOs can be applied to other significant operators. For
example, making use of microlocal analysis and ¥DOs on R3, Fefferman and Kohn [15] obtained optimal
Holder estimates ford, the Bergman projection, and the Szegd projection on bounded- pseudoconvex domains
of finite type in C2. They also proved corresponding estimates for d,, and the Szego projection on 3- D CR
manifolds of finite type.

In 1970’s, the local and global L? boundedness of ¥DOs were given by Hormander [21], Kumano- Go [28],
Calder6n and Vaillancourt [8]. Later, applying almost orthogonality principle, Hounie [22] established the
equivalence between L? bounds for ¥DOs and the indexes of Hormander class. However, these results were
established under the conditions of the classical Hormander’s class. In 1978, Coifman and Meyer studied a class
of symbols with Dini type conditions. They [12, Theorem 9] presented a sufficient and necessary condition for
the L1*€ boundedness of ¥DO0s. After that, Nagase [40] and Bourdaud [6] respectively showed the L'*¢ bounds
in terms of two types of general kernels, which improved the results in [12]. Additionally, basing on a mild
regularity assumption, Yabuta [51] demonstrated the relationship between ¥DOs and Calderén- Zygmund
operators (CZOs). Furthermore, the bilinear analogy was obtained in [37].

The study of bilinear ¥DOs originated in the work of Coifman and Meyer [11], where they used bilinear ¥DO
as a model of Calderdn commutator. Although they are formally the natural bilinear extension of the ¥DOs, the
bilinear ¥DOs do not always mimic the mapping behavior of linear ¥DOs. In [2], Bényi and Torres showed T,
with o} € S (n, 2) does not satisfy L? x L? — L' boundedly in the bilinear case. The authors in [3] also proved
that if oy, € SP1(n,2) or gy, € S4.,/4(n, 2) , then T,, is unbounded from L'*€ x L'*2€ to [*€ forany 0 < e <
co. Moreover, it was stated that T,;, with g, € S{;(n, 2) maps neither L'*€ x L® — L'*€ nor L* x L* — BMO
in [49]. These facts distinguished the bilinear or the multilinear ¥DOs from the linear ¥DOs.

The local decay estimatesfor the m- linear ¥DOTy, and its commutator Ty, 51, are formulated.The appropriate
local estimates for CZOs and square functions were given in [43]. We get a weighted mixed weak type
inequality with A; and A, weights, which yields an endpoint multilinear A, theorem. In this direction,
Muckenhoupt and Wheeden [39] first formulated the mixed weak type estimates for Hardy- Littlewood
maximal function and the Hilbert transform on the real line although Sawyer [50] considered a more singular
case. Soon after, Cruz- Uribe, Martell and Pérez [13] extended them to higher dimensions. But the involved
weights u and v still belong to A,. Recently, a remarkable improvement to u € A; and v € A, was done by Li,
Ombrosi and Pérez [34], which was extended to the generalized maximal operators with Young functions and
commutators of CZOs in [4, 5] and to the multilinear case in [35]. [52] results are corresponding to those in [34]
but for the multilinear pseudo- differential operators. We obtain the raised rare sharp weighted estimates for T,
and Ty, sp- This improves the classical weighted inequalities [38]. The [52] method used is dyadic analysis,
which is different from the known approach.

Now we state the main results.

Theorem  1.2.Assumethato;, € Sg_gf(n, m)withp,§ € [0,1]Jand< mn(p —1) . LetQ,beacubeand(fy); €

L, «(RM)suchthatsupp((fi) ;) € Qxforl < j < m. Thenthereexistconstants(1 + 2¢), (1 + €), € > Osuchthat
[{x € Qu: ITo, () ()| > (1L + M (Fi) ()} < (1 + €)e 200+, [, e > 0.

For the operator T, and locally integrable functions b = (b, , ..., by,) , we define the m- linear commutator of

Ty, as follows:

m
Ton O =Y > (b, T,,] GO,
j=1 k
where each term is the commutator of b; and T, in the j- th entry of Tak , that is

[b;, Tok]j(fk)(x) = b ()5, () () = Ter ((fid1 o B (i) s o » i) (1) -

This kind of commutators was introduced by Pérez and Torres [48] for the m- linear Calderon- Zygmund
operators and the weighted strong and sharp weak- type estimates were obtained in [30] modeled by the
approach in [45]. The more complicated iterated commutators were first formulated and studied in [46]. A
pointwise estimate for commutators via the multilinear L( log L)- maximal operators (see Section 2.2 below) is
essential to show that the commutators are not weak type (1, 1). The original idea came from [45] and will be
used again to establish Proposition 6.2.

In terms of commutators, we have the following subexponential decay estimates.

Theorem 1.3.Assumethata; € S[}‘ge(n, m)withp, § € [0,1]and(1 + €) < mn(p — 1) . LetQ,beacubeand(fy); €

L, «(RM)suchthatsupp((fi) ;) € Qxforl < j <m. Ifb € BMO™, thenthereareconstants(1 + 2€), (1 + €), € >
Osuchthat

DOI: 10.35629/0743-10126088 www.questjournals.org 61 | Page



A highlight sharp estimates for multilinear pseudo-differential operators

| € Qi T, s (FI | > (1 + MM S, s M) (O

_ (1+2€)(1+€)
< (1 +e)e V Tlaw g, €20,

where||b||pyo: = sup 116l 5mo-
1sjsm

We obtain the weighted mixed weak type inequality as follows.

Theorem 1.4 Assumethato, € 1“(n m)withp, § € [0,1]and(1 + €) < mn(p — 1) . Letwd =
(W, .. , wp)andu = [T, o™ If@andvsatisfy

(1) @ € Ayanduv'/™ € A, or

2 wq, ..., 0y € Ajandv € A,

thenthereholds
T, (f) =
||Z . ”L%-w(,w%)g(”f)z L[H(fk)Aul(w,.)-

Finally, we present the sharp weighted estimates for T,, and Ty, s.

Theorem  1.5.Assumethata;, € 1+E(n m)withp, § € [0,1]and(1 +€) <mn(p —1) . Letl—; = pi + .+
1
piwithl <pj<®i=1,..,m Ife € Ajzzandb € BMO™, thenwehave
- BR(T+E
I Z T 123 GayyoxtPm (o) < Cniie ). Mo @i T, (11)
k k

and

[ Z Tak,Eb”Lpl(wl)x---xum(wm)—»L“‘E(va) < Cn_mz Nwear|1bllBmo [(U]ZI; (1+6), (1.2)

k , k

Pi

i L o and B (1 + e) = 11222471 {11—+E}
We present some definltlons and lemmas that will be used later. The purpose of this paper is to study the
unweighted endpoint weak type inequality, which will play a main role in the local decay estimates and sharp
weighted estimates. Then the mixed weak type inequality is proved based on the sparse domination theorem.
The proof of local decay estimates is presented. Finally, we discuss the sharp weighted inequalities.

whereNyeqx = ”Tak Il

Il.  Preliminaries
2.1. Multiple Weights
The multilinear maximal function is defined by

. 1
M= sup Z ]_[@ ]Q Gy

The related multiple weights are introduced in [30] as follows.
Definition 21.Letl < py, e, P < 0. Givenw = (wq , .., W) :
whereeachw;isanonnegativeandmeasurablefunctiononR", wesaythataw € Aqpif

1 1_ r ’
[@]y :=sup (— )1_[( LPLy1+e/D] < oo, (2.1)
B o 4o \IQl Jg, 10l Jo, "

! ' -1
wherevg = [Tt @ w TP .Whenp; =1, (IQ lf il'p1)1+€/piisunderstoodas(%kfwj) .

If m =1, the multlple Aqz weights coincide with the classical Muckenhoupt A4, . weights. In the linear case,
the A, condition is given by
Mw(x)

w = Su
wlay:= sup =005

Also we define the A,, constant by

1
[w]4,:=su Z M (wl,, )dx.
A Qkp 4 W(Qk) o ( Qk)
Lemma 2.2([24]).Letw € A,,. Thenthereholds

1/71e
1 2
zk: <@f w (x) wdx) < zk: 1041 ka (x)dx,

andv, = 2(+1D),

wherer,, = 1
Tw =147 [w]Aoo
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The characterizations of multiple weights were given in [30] and [10].
Lemma 2.3.Leti = pi + -4 piwithl <p , , P < 0, andp, = min {p;};.
1 m

Thenthefollowingstatementshold:
@A cA foranyl/p, <1, <1, < 00

ri1+é ry1+er
(2) A1+e Ul/po—lse<0A(1+e)ang-
(3) @ € Aifandonlyif

vg € Am(lJre)andw1 Plen =1,..,m,

mp '
wherew, P’ € Amplglsunderstoodaswil/m € Ayifp; = 1.

2.2. OrliczSpaces

A function ¢, : [0, ) — [0, =) is said to be a Young function, if ¢, is continuous, convex, increasing function
such that ¢, (0) = 0and ¢, (1 +€)/1+€ > wase - .

The ¢,- norm of a function f;, over a set E with finite measure is defined by

[ fie GO
| ficll(ppEy = inf{d>0; |E|f Z ¢k( KX )del}.

Then we define the multilinear L( log L)- maximal operators

m
Mo FIC= s > | G0l
k i=

Qg3x

and

Qi3x

M 01, D CO: = sup 16 crog e | [N
k ]
The generalized Holder’s inequality is as follows.
Lemma 2.4([41]).1f A, BandCareYoungfunctionssatisfying
A'1+€e)C(1+€)<B(1+e€),foranye =0,
thenforallfunctionsf;, g,andanymeasurablesetE c R", itholds

1D, fealsz =2, 1ifilly gllgillcs
k

k
HereA™'(x) = inf{y € R: A(y) > x}for0 < x < oo, whereinf @ = co.
A fundamental fact about BMO function is John- Nirenberg theorem.
Lemma 2.5([16]).Foranyb € BMOandcubeQ,, thereholdsthat

A(1+2€)

{x € Qu: [b(x) — bg,| > (1 +2€)}| < & Wlswo™" |Q, |,

whered = (2"e)™ L.

Beyond that, some other inequalities involving BMO function are necessary for us.

Lemma 2.6([16, 47]).Lete = Oandb € BMO. Thenthereisaconstante >
Oindependentofbsuchthatthefollowinginequalitieshold

A+ el ). fil <D Millstogna, <A+ Y. (Fg Il @2)
k k

k
1
Sgpz ((f)ilb = b, €)™ < (1 + )bl | 5mo; (23)
kT
b = bg "Il 1 < (1+e)llbllsio; (2.4)
exp L1+€,Q
(fk)Qk Z (fid1 - (i Gr
k

k
s+ [ [1G|lapisigllodl o+ . @8
k i=1 illepr le| ‘ L(log L)1+€,Q
where—— = = + - + —withs, , ... , g = 1.
1+ 51 Sko 0
We will also employ several times the Kolmogorov’s inequality
Z ||fk|| ( dx )(1 +€) < cqe, 1+2€Z ”fk”L1+25,oo(Q ﬂ); 0<e<oo. (2.6)
k k k k'lel

2.3. Dyadic Lattics
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Denote by #(Q;) the sidelength of the cube Q. Given a cube (Q;), = R", let D((Q)),) denote the set of all
dyadic cubes with respect to (Qy),, that is, the cubes obtained by repeated subdivision of (Q), and each of its
descendants into 2™ congruent subcubes.

Definition 2.7.Acollection, Dofcubesissaidtobeadyadiclatticeifitsatisfies (D) IfQ, € D,
theneachchildofQ, isinDaswell;

(2) ForeverycubesQy, Qy € D, thereexistsQ, € DsuchthatQy, Q; € D(Q,) ; (3) Foreverycompactsetk c R™,
thereexistsacube@, € Dcontainingk.

Definition 2.8.AsubsetSofadyadiclatticissaidtoben- sparse, 0<n<1, ifforeveryQ; € S,
thereexistsameasurablesetE,, c Q,suchthat |Ey, | = 1|Qyl, andthesets{EQk}lesarepairwisedisjoint.

The following lemma given by Lerner et al. [31, Remark 2.2] enables us to clearly understand the structure of
dyadic lattics.

Lemma  2.9.Thereare3"dyadiclatticesD’suchthatforeverycubeQ, = R™,  thereisacubeR € DY forsomej,
forwhich3Q, < R and |R| < 9™|Q,|.

An estimate by oscillations over a sparse family will play a main role in the proof of local estimates for
commutators.

Lemma 2.10([31]).LetDbeadyadiclatticeandletS c Dbean- sparsefamilyAssumethatb € Lj,..
Thenthereexistsa - (1’7”])- sparsefamilyS c DsuchthatS c SandforeveryQ, € S,
|Z b(x) — by, | < 200+ Z Z (Ib— by, Np(x), aex€Q.
k RESRCQy k

2.4. A Local Mean Oscillation Formula
By a median value of a measurable function f, on a set Q, we mean a possibly non- unique, real number
my, (Qy) such that

max {[{x € Qx: fir(x) > mz (Q}, [{x € Qu: fir(x) < M, (QIH} < 1Qrl/2-
The decreasing rearrangement of a measurable function f; on R™ is defined by

1
fill+e)=inf{fe>—=: |[{x€1R™: |ff(x)|>1+2e}|<1+€}(0<e< ™).
The local mean oscillation of f;, is
w03 (fies Qi) = ggﬂg(<fk — (L +eN1,) AQDO<A<1).
Given a cube (Qy)o, the local sharp maximal function is defined by

M} 0o f(¥) = sup w3 (fi; Qi) -
2€Q=(Qio

<> Gaa) (%)

k

Observe that forany 6§ > 0and 0 <A < 1

z ms, (Qx)
k

* 1 8
and )" (filg) AlQuD < (M |fk|5dx) @7)
k K el JQp

The following theorem was proved by Hytonen [23, Theorem 2.3] in order to improve Lerner’s formula given in
[29] by getting rid of the local sharp maximal function.

Lemma 2.11.Letf, beameasurablefunctiononR™andlet(Q, ) beafixedcube. Thenthereexistsa (possiblyempty)
sparsefamilySofcubesQ;, € D((Qx)o)

’Z fi(x) — mfk((Qk)O
k

<ZZZ w-v) (i 010, (@), a.ex € (@o

Q€S

1. Endpoint Weak Type Estimates
We will prove Theorem 1.4 in the unweighted setting. Before doing it, we present an unweighted strong type
inequality, which is a foundation in the proof of endpoint estimates.

Proposition 3.1 (see [52]).Letli+e =— + -+ p—WI'[hO <e<landl <p;,..,p,p <. Let0<§,p<1.
f(1+¢e) <mn(p—1)/1+¢, theneachm- linearpseudo- differentialoperatorT,, witha;, €
L*S,*¢(n, m)ishoundedfromLP1(R™) x --- x LPm(R™)toL'*¢(R™) .

Proof. Our strategy is to use a Littlewood- Paley decomposition of the symbol. Let {1/)}-} € Che be a
Littlewood- Paley partition of unity with
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supp(o) < {§ € R™:[§] < 23,
supp(y;) c {€ e R™™: 271 < || < 2741},

dYw@)=1 vierm™
=0

One also has, for all multi- indices (1 + 2¢),

o =N
02720 ()| < Crrzen(1+[€]) VN 0, (3.1)
and

|6?1+26¢}'(§)| = C(1+ze)2_j(|1+26|)’ viz1. (3:2)
Hence, we get

To (s FIm@ = D> Tor (s o, (I,
=0 %
where (a;.);(x,€) = gy (x,&);(£) . Furthermore, using the Leibniz rule, the definition of L*S1*¢(n,m) , and

the inequalities (3.1) and (3.2), we realize that
-N

Z ag]’g(ak)o(g) < Ciyzen (1 + Z | fi|> , VN >0, (3.3)
and , =1

Z a§1+2€(o'k)j(g) < C(1+26)2j(1+6—p(|1+26|))‘ vj> 1. (3.4)

k
We rewrite

oo u o GOW@ = [ 3" K@ [0, G -3)as.
RrMn - =

where J

Kj(x'fk) = Lmnz (k) (x, g)ezmy?C@: @j(x' -y).
k

Integrating by parts, we obtain that
Koo s L+ D™, v(1+e€) EN,.

Thus, it yields that for e > mn — 1
- J 5 el G, (=)
" Jrn £ (1 + 17D

Y T (s o )
k
:LWWZ +kZOJB(o,2"“)m\B(0,2")m Z % MGy, - (idm) (), (3:5)

which implies that

m
1) T on e Gmllivemny S ). G llseqy < D | [ 116 1umiany
k k k j=1
In order to control T(op);» We introduce a class of weight functions by setting

. 2—mjnp/1+e’ b‘,’l < 2—J'P,
w]'(Y)= —jp(mn/1+e-1) |31 = —j
2jplmn/ite=DiGIL 5| > 270,
where [ is a fixed constant satisfying (1 + €)l > mn. Then we have
zmjnp d)_}+J 2 Ty (+el <1

f w, ()" *9dy =
R (yls2-Je Fi>2Ie

Additionally, it follows from Hausdorff- Young’s theorem and (3.4) that

jpmn-(1+e)l) 43
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1/p’
(f |1<j(x,ﬁ)|ij(ﬁ)Pdﬁ)
Rmn
1/p 1/p’
gz-mfnp/1+f<f |1<,(x,ﬁ)|p’d9) +z—fp<mn/1+f-l>(f |y*°‘1<j(x,y)|p'd9)
R2n R

1/14+€
< p-mjnp/1+e (J- E | (O-k)j(x! §)|1+edg>
Rmn %

1/14+€
> |a§+2€(ak),-(x,$)|“€d$>
k

1/14+€

mn

RrRMn

< p-mjnp/1+e <fﬂ 2}'(1+e)Z dg)
|€|=2

~ 2](1+e—mn(]3—1)/1+e)

where the multi- index (1 + 2¢€) € N™ x --- x N™ with |1 + 2€| = L. Collecting the above estimates, we obtain
that

T, (s e ity = [ 1] . B B(fk)j (e =)yt + € ax

1+e/p’
I ™, (=)
SLn<Lmn"(f(x'Y)'p 0, G)P dy) (meZ Y dy)cix

m

. 1—[ dy
S21(1+e(1+e)—mn(e)) j z () :(x = y; 1+€ ]y =
g \ Jpn £ | | (fi ]( y})l w,-(y)”e
j=1
m

<7 ,-(1+e(1+e>-mn(e>)z H| (AR
ko j=1

Finally, we deduce that

1T (s G lsseeny < DD W e, (fidus s Fidmdluncany
j=0 k

o m m
s {14 Y 2iaremnov o | N T () e = ). [ |G urvecany,
= k j=1 k j=1

j=1
which is provided by (1 + €) <mn(p — 1)/1 + €.
Proposition 3.2 (see [52]).Let0 < p < 1. If(14+¢€) <mn(p —1)/2,
theneachm- linearpseudo- differentialoperatorT,,, witho, € L*S,*€(n, m)isboundedfromL® (R™) X --- X
L (R™MtoL®(R™) .
Proof. The proof follows exactly the same scheme of that in Proposition 3.1 with slight modifications. We here
only point out the difference. Without loss of generality, we may assume that ||(fi)ll,o®m) = 1,j = 1,.. ,m.
The inequality (3.5) indicates that

1" TooeGn - Gomlliman < D | 1100, llimqany
k k j=1

Moreover, applying Cauchy- Schwartz inequality, Hausdorff- Young’s theorem and (3.4), we obtain that

+ 2—jp(mn/1+e—l) (

1/1+€

+ 2-ip(mn/1+e=1) (J. 2Jj(+e=pl)(1+€) dg)
e
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1 Ty @u e Gdmdlimy < Y. [ [ 1wy [ 185515
% X =1 R

=f ,+f K G, )ldy
yisz=ie Jigis2-ie
1/2
s(f ,dﬁ) (f |K,~(x,§)|2d37)
|¥|s277P RmnN

1/2
+ ( f | Iil‘z’dﬁ) ( f | Y12, Cx, ) P d5) 2
yI>2-ip R

< 2—jpmn/2 . 2j(1+e+mn/2) + 2—jp(mn/2—l) . 2j(mn/2+1+e—pl) ~ 2j(1+e—mn(p—1)/2).
The condition (1 + €) < mn(p — 1)/2 guarantees the series converges.
We restate Theorem 1.4 in the unweighted case as follows.
Theorem 3.3 (see [52]).Assumethata; € 1+E(n m)withp, 6 € [0,1]and(1 + €) < mn(p — 1).
Thenthereexistsaconstante > Osuchthatforanyd > 0

[ € R T, (00 > A < —Z 1_[| |l
Proof. We may assume that each [|(fi);ll,1rny = 1. Applymg Calderon Zygmund decomposition on each

(fx); at height AY/m we obtain a disjoint collection of cubes {(Qk)(( °)’)} and (fi); = (gx); + b; with b; =
(( 0)j)

1/2

Z(RO)] , Where

J
Moreover, it holds

[ ax = 0,supp b < @07, and 116 = 210 )
R"

i 1
I U(Qk)g(k")’) | < A7Y™ and ||(g) ]| ave < Am+e’, 0 <€ < oo,

Now, in order to show

[{x €IR™ Ty, (fi)1 - (fidm) () > A3| < (1 + €)2Y™,
we see in virtue of symmetry that we have only to show
[{x € R"; Ty, ((Gi) 1 --» (Gi)m) (x) > /2™ s 2™,
|{x € R%; Ty, (by, (g1)2) - » (@rdm) (X) > A/2}| < AM/™,
[{x € R Ty, (by, o, by, (Gi) s - » (@) () > /2™ S AV™. (£ =2,...,m) .
The first one is easy to deal with, since it follows from Proposition 3.1 that

A
[fx € R (@0 (900 > | 5 1N (@ ) (GO
m m
< )-(1+2¢) 1_[ I (gk)jHlElefze)j( . < 1—(1+2¢) nll+26/m(1+26)} = "lUm
L R

j=1
Since | UTZ; Uy, 2 (Qk)(( O)’)| < /1‘1/’" it suffices to show

o 2@ i, (b (002, (90 @) > 272 5 27,
k

and
l
(ko); -
e |2 @i o (bss - by @01ss, -, (90m) @) > 2727 5 27
j=1 kj

In view of the decomposition of b;, it is enough to demonstrate that

[ ey 1T (B @00 Ggom) @ldx 52D 1@EPL GO

R™2(Qx); o k k

and
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1 1
f (k)z | Tak(bli "'vbfi (gk){’+1! '"!(gk)m)(x)ll/ldx s /17_5! (37)
Rn\ Ui.(ko)jz(Qk)j J k

where the implied constants are independent of j and (k,);. Indeed, the inequality (3.6) follow from Lemma
3.5below. Moreover, using Lemma 3.6 below, we obtain that

f ((ko) ) Z | Tak (bli R blv (gk)l+1' R (gk)m) (x)ll/[dx
R™M Ujitko) ; 2(Q); 5
1/¢
< ko) | To (b1, ooy by (G141 0 (@) m) ()] | dx
n (( 0)1)
R™Uji (ko) 2(Q0); 3 (ko) 1,--K0) (14+¢)
(ko) \HE 1/¢ 1/¢
! £(@"”) n
< wop e (1127 ) =) ([[#m] @
0/j — n+e&
R Ujiko) ; 2(Q00) 5 j=1'k; -1+ 6)(Q )((ko)j)l j=1+1
J
1/¢
y (ko) )\*
\e (ko)) £(@, ")
=4 QT (o) x—(1+6€) oy |™e dx
j=1 \ (o); RA2@w; @o;
. 1/¢
k=1 \(ko)j
This shows (3.7). Therefore, we complete the proof of Theorem 3.3.
Lemma 3.4 (see [52]).Letoy, € S;3¢(n, m)with(1 + €) € Rand0 < p,6 < 1, ande,, P, €

C2 (R™)withsupp(py) © {5’ ER™: ~< |§| < Z}andsupp(lpk) c{f€eR™: |§|<2}. Thenforanye >
—1thereexistsaconstantc, .. > Osuchthatforj > 0

—s\1+€ - - e .
sup . (|y|) |j z Oy (x,f)(¢k)j(g)62my€d§| < C(1+E)2](MH+1+€—/J(1+6))'
Ym€ER™ RM1
k

X, Y1500,

Proof. Applying Leibniz rule, we obtain that for o;, € St}f{f andj =1,

where(¢y)o = Py, (¢k)j(sg) = ¢k(2‘f§)forj > 1.
|Z 631”6 (Jk(x, g)(qbk)}(g))l = | Z Z Clizepk agak(x,f)a;ze‘ﬁ%(z-f@
k

Bk<1+2e k

il142e_gk 2 1re-pBY|

S Y Y Connep U AT
BF<1+2¢ k

= Z Z Crape g 27111267 FM 120 (rempBM) < pjC1+e-pitsae),

Bk<1+2e k
If (1 + €) € N, then it follows from integration by parts that

sup (Jypa+e J z o (%, ) (1) (§)e?™ g

X,Y1,0YmER™ R k

< sup n Z Cit2e1+€ |}7(1+2€)| ‘f Z Ok (x’a(¢k)j(ae2”i37€d§
X,Y1,2YmER |[1+2€|=1+€ e §

~ sup n Z Citzea+e f Z r(x,éj(¢k)}.(§)a§+2€ (ezniif) dg‘
X,Y1,YmER |1+2€|=1+€ R k

o Z Crozerse f o Z o+ (Uk(x,g)(¢k)j(g)))ezmﬁd§
YL ymERY e e PSR

< 2j(mn+1+e—p(1+e))_

From this, the conclusion follows for any integer (1 + €). If (1 + €) is not an integer, then we can interpolate
between the inequalities for ky and k, + 1, where ky — 1 < € < k.
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The case j = 0 can be treated similarly.
Lemma 3.5 (see [52]).Leto, € Sﬁ}jgf(n, m)beasinTheorem3.3.LetQ, beagivencube. Supposethatsupp((f;),) <

Qk,fRn Y  (F)1()dx = 0and(fi)z, .., (fi)m € L (R™) . Thenthereholdsthat

. nm’; | Ty (s s FImdONx < D 1 Gullizery | |11, i

Kk j=2
Proof. We begin with a Littlewood- Paley decomposition. Let (¢,), : (R™)™ — R be a nonnegative, radial, C*
function with compact support such that (qbk)o(f) =1 for |§| <1and (qbk)o(g?) =0 for |§| > 2. We define

function (¢x); by (¢k)j(§) = ¢k(2‘f§) and (5) = (¢k)0(§) - (¢>k)0(2§) . Then we have the following
partitions of unity

DD @) =1 forany§= () ER™

=0k
If we write (a;.) (%, €) = ai (%, ) (1) ;(€) , then there holds

Too (s FImO = D" Ty (fidus s fIm) @)
j=0 k
For convenience, denote p;(x,7,€) = (a;);(x, )e?™ ¢, Choose € > —1 so that mn < 1+ € <mn + 1
and 14+ € —(p—1)(1 +¢€) < 0. By Lemma 3.4 and change of variables, we have that
m

L3 TTsoon | wGsddidy .y
R = =2 R

m 2j(mn+1+€—p(1+€))
<O [ Tndosteen | R
. L] J Rn(m-1) (Z}n:1 [x — y,-I)HG "
2Jj(mn+1+e-p(1+e)) H}n:Z ”(fk)j”L‘”(]R") f ay, ...dym,
|x — y1|1+e—n(m—1) Rn(m-1) (1 + Z;nzz | x — y]-|)1+E

4§ m
Z 1_[ | |(fk)j||L°O(Rn)2j(mn+1+e—p(1+e))|x _ ylln(m—l)—(1+e)_
k

j=2

N

AN

Note that
dy s
| WS(l-i—E) , ve>0,6 > 0. (3.8)

y=yol>1+¢ Y — Yo
Thus, we derive that

[ T, (G GO @
R™M2Qg k
<], 2 1600 ol n(m_l)l;[|(fk),-(y,-)| [ 2 65.83€] . aymyiaa,

SO IGOlen | [ 10 llismy2 mms1ep) (1 4 (@)@,
j=2

k
On the other hand, in view of the cancelation of (f;), , we deduce that
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J- Z |T(”k)j((fk)1' ""O:k)j)(x)| dx
R™M\2Qk

“Joun [ f 50

—p; (0¥ Y2 e Y | 1 (yl)l_[(fk), (v;)dydé|dx

<Jo2

f (pj(x.5.8) = (2.7, 72.9)) df‘ dy; .. dyndxdy,.
RmTL
Writt y;(1 —€¢) =y; + (1 —€)(y1-y1), forany 0 < e < 1. Ityields that

U (9 (x.5.8) = (2.4, Y20 o Vs §)) ds?‘

G0l [ ]—[ |Gy ()

R™\2Qg

X

nf 01 =) B, (26321 + ),y . ,ym.f))d(1+6)d€|

sz | N | YN (T CRACE RS SR ) P PIEES

<> f(ak)Zf( o

k ko=1
Applying Lemma 3.4 again, we have

Ln(m_)z Hl(fk),(y,)IU (p(x.5.8) = 2 (.71, 2,€) d§|dyz - dym
k

=2

f aJ’1k0p1) oy (1 +€),y,, .. ,ym,f)df|d(1+e)

\..

<> w0 s s [ TGl
k j=2

1<kgsn —1<es<0

yl,kpj) (x’yl(]‘ + E)lyZJ "-1ym, g)dg dyZ dym

2j(mn+1+e—p(1+e))(1 +2J )
(m-1) m 1+e 1_[|(fk) (]1)| dy, ...dy,
nond) ([x =y (1+ O + L, | x — y;1)

< Z £(Q,)2/mn+2re=p(1+e) gyp j=2 Il () ”Lw(Rn)
3

b £
4 (Qx) sup JR

—1<e<0

“1zes1 |x —y (1 + €)|Ate)—nim-1)
||(fk)2||L°°(R")

|x _ CQk | (1+€)-n(m-1)"

~ Z {)(Qk)zj(mn+2+e—p(1+e))

k
Then the inequality (3.8) gives that

[ g, @ O @ldx
R™M2Q, %

dx
<> ||(fk>1||L1(Rn>1_[||(fk)||Lw<Rn)e(Qk)21(mn+2+f Rl o o
k ] R™M2Qg Qk
IR NI 1_[ [1C, iy (1 -+ (@)1= 1+23rmszvemplise)),
k j=2

Summing up the above estimates, we obtain
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[y 1o GOm @l
R™\2Qy k

< Z Z (zw(Qk))_((m)_mn)

k 2j£(Q)=1
m
. (mn+1-(1+e))
> (Pew) [N I XA e
2j8(Qp)<1 j=2
m
=D Wl | |16 e
k j=2

Lemma 3.6 (see [52]).Let (o} € Sﬁ}‘gf(n, m)beasinTheorem3.3.Let(Qy)1 , -.., (Q);begivencubes(2 < I < m) .

Supposethat(f,),; € L (R™withsupp((fy);) € (Qujandf  (fi);(x)dx =0,j =
1, ..., £.Thenthereexistsapositiveconstante = (n, 1 + ¢, p)suchthat

1 £ m l
= L((Qu);
|§k: Tcrk(fk)(x)l = Z Ll W”(fk)j"ﬂ@n) l_[ | |(fk)j||L°°(R"): x ¢ JL=J12 (Qk)j-

k j=l+1
Proof. We still use the same notation as above. Choose € > —1 so that mn<1+e<mn+1 and (1+

€)(2—p) < 0. Let x & U, 2 (Qi);. For any z; € (Q);, there holds £((Qi);) < |x — e, | = Ix— 7] =
1,..,0. We may assume that £((Q,)) =1<j < 1minl {”((Qk)j). A similar argument as that inLemma 3.5
<j<

yields that
2j(mn+1+e—p(1+e))

by 5 8)dEldyien dym s | d
Ln(m‘l) rmn | (0.3.4) T fnenen (Em,lx—yl)™
- 2j(mn+1+e—p(1+e)) j AYisq - d. Y
~ (Z§'=1 |x — yjl)sl—n(m—l) rum=0 (1 + [y ]+ [y D2

2j(mn+1+e—p(1+e))

<
- H§'=1 | X — C(Qk)jl((1+f)—n(m—l))/l
l

:Z (fo((Qk)l))’”"‘(“@n 2((Q) ) Gr-mm)

|x — o) ll((1+e)—n(m—l))/l'
]

Yi+1 - dYm

Kk j=1
and lettingy = (v1, V2, -, ¥im) We get by using the mean value theorem

[ (w58 =p (x5 8)) dildyins -dym
r(m=0 Jrmn

1 l((Qk)l)zj(mn+2+e—p(1+e))
s J f Z — ) d(1+e)dy;iq ... dyp,
rim=0Jo S (Ix — (yy —y)A +€) —y', | + T, | x — y;l)
S sup z £((Qy),) 2/ (mnr2+e-p(i+e) J Ay dYm
~ (1+€)-n(m-0) _ . (1+e)
—1=€<0 (Ix= 1 —yD)A+€) =l y 1% —y0) =nm=0 Jonem-v (1 + [yi41] + +ym[)OFE

sz (1 + ©)((Qu))2/(mnr2+e-plrea) z (2 f((Qk)l))mn_(“E)]L[ L((Qu)) +o-mn)/i

- H;_=1 I x — C(Qk)jl((1+e)—n(m—l))/l |x _ C(Qk)jl((1+e)—n(m—l))/l

j=1
Accordingly, setting e = ((1 + €) — mn)/L. we deduce that
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120 Ty @ GOm@I [ ST [TIG,000 [ | s (5. 0ald5
ko j=1

< Z (2a

k

mn—(1+€) v (1+€)/2-n m
+e (@) s )) o0y | | 16l
j=

|x U j=l+1
i mn—(1+€) s =
<> (Peo) ]_[M_((C‘f%||(fk)j||Ll(Rn) [ ] néostimcen
k j=1 j=l+1

Furthermore, it follows from the cancelation of (f;); for j = 1, ... , [ that
m

12 oo @I [ ST TTIG,00 |  (p1Ge5.8) =y Ceyinye £)) dély
& k. j=1

L m
) mn+1—(1+€) Y (@+e)-mn)/L
:Z (21{;((01{)1)) 1-(1 1—[ ((Qi)1) — Gl l—[ [1(Fid 1o mmy

_ (14+e)-n(m-1))/1
k Ix = ¢ K)j |( ) j=1+1

mn+1 -5, £ =
<Y (2a+onen) H% G s | | 1G5, My

k j=1+1
Therefore, the summation over j as before will give us the desired result. ]
Finally, we present an observation between the multilinear pseudo- differential operators and the multilinear
singular integral operators.
Proposition  3.7.Assumethato, € 1+E(n m)withp,§ € [0,1]and< mn(p—1) . Ifl+e+ 86 <nm(p—
1)forsome0 < § < 1, ThenT,, isamultilinearCalderon- Zygmundsingularintegraloperator.
Proof. Applying Proposition 3.1, we can show that T, is bounded from LP1(R") X ... x LPm(R™) to L'*¢(R™)
forany 1/1+e=1/p; + -+ 1/pp, With0<e<2and 1 <p, ,, py < oo. Next, let K,, (x,X —y) be the
kernel function of T, , where *=(x,...,x) € R™ and

Ky, (x,7) :f E . (x,g)eszlgd
Rmn
k

So, for a multi- index (1 + 2¢)
YKy, (%, 5) = (1 + e)j Z 6”250 (%, €)e2m

Fromthisand (1 + €) < mn(p — 1) , we get
1+e—pmn

Y KaGflsare [ () e <o
k

which implies that
1+e€

K X — )| < — S5
|Z O
The following claim can be easily checked.
Claim 1. For nonzero y € R™ there exist j, € {1 2,..,m}and ¢, € {1,2, ..., n} such that

¥l Iyl

- \/—and |y]0€0|—\/—
Furthermore, if |y;, — vj,| < [y]/(m + 1)n, then

1vjol 2

1 1 .
Wheol = (==~ Gz )
In the following content, we take y with 0 <y <mn(p — 1) — (1 + ¢).
(a) Let x e R™ and 0 # y € R™. Let ' = (y1,¥;, ... ¥m) and |y; — y| < |J|/(m + Dn. Let ji,, P, be given
in Claim 1. We estimate |K,, (x,y) — K;, (x,y")|.
(a- 1) Let1 < j < mwith j # j,. Then, it yields that
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‘Z (K‘Tk(x’ ¥) - Uk(x y ) e EJ- Z fJo(1+s)o O-k(x'g) (eiﬁ h eiﬁ) dg
k

y]ofo
1 1+ 2
S f (@ +[E) " min{ly; - yj1€), 1}

-yl tre—pmnty > |y; = yjl”
s 1_’)7 mn f (1+|€|) fS |j|mn . (39)
Similarly, there holds
N | —y,'I 1+e—p(mn+1)+y
zk: (Kak(x,y ) — Kq (x, )) W (1 €1 d¢
— v
< ll_’,l—yil (3.10)
y mn
For |ﬂ <1, we have
=yl _ 1 <Iy,- —y}I)y
. Ly Iyl yl
And for |y| = 1, we get
by =ylr 1 <Iy,- —y,fl)y
[yt yme Nyl
Thus, using (3.9) and (3.10), we obtain
. ] 1y =yl\
z (K(rk(x!y ) - Ko'k(x'y)) <= (]7—>] (311)
mn
% lyl |yl
(a- 2)Fory” = (¥, ., ¥}, - »¥m) » We have
‘Z (Ka'k(x!)_}) - Kak(x!}_}’))’
k
1+ ef z g N o
6 cr x,&) (e —eV'é)dé
yjoeo RM1 k( j( )
1+e 1+e€ a2 o
+ - Z or(x,€)eVed
(y;zzo y,(,f:})Lmn R
o 1+E—pmn+y , |y10g0 yJ 1 | 1+€e— pmn ->
1yjo = ¥, |7 € + 5 |mn+100 mn(1+ 1€])
< Iyio_: y]{ol Iy]o y]ol_ (3.12)
|y|mn |y|mn+1
Similarly, we get
oyl |y !
1> (K9~ Koy, ) | < Ll Do =] (3.13)
- |y|mn+1 |y|mn+2
For |y| < 1, it holds
jo = Vil . Wio =¥l _ _1 (I%O ~ Yo )
_ |y |y[rmn+ Iyl’"”
And for |y| = 1, there holds
jo = Yjol” . Wio = Yial _ _1 Iy}o y]o
|ﬂmn+1 |y|mn+2 |y|mn
Hence, it follows from (3.12) and (3.13) that
Y
. lv; = ¥jl
Z (Kak(x; }’) - Kak(x )) mn< J p— ) ) (314)
- vl (4

in the case j = j,, too.
Consequently, we have shown that if ¥ = (x,...,x) € R™ and X — ¥ # 0, and |y; — yj| < |X — y]/(m + D)n,
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12 Y
1 |y -yl
K, ,Xx—9)—K, X — 3.15
Z (Kou7 =) = Koy (02 =) < = |mn(|x—y| (3.15)
5 S , . 1 .. .
Letx,y = (V1) s V),V = (yl s Yimt Vi Vit s ...,ym) satisfy |y; — yj| < 5 max |[x — y;].This implies that
vy —9'| < %Ii — ¥.0n the joining ¥ and §', we take kq:= (m + 1)n + 1 points y,(l = 1, ...., ko) with ¥, =

Y, Yk, = ¥' and

Then, we see that
And

Hence, we have
1
v, — y <— |ly—9y<
Vi = Vil < nt Dn ly—y'l <
So, by (3.15) we get
1D (Ko =50 = Ko % = 710) |

k
Therefore, we deduce that

IA

X =yl \ 1% = 5l X —ylmn \ X -yl

S o > Y
1+e (m = yl+1|)y 2T+ e) <|y —y |>

ko-1

1Y (K @Z =9 =Ko i=D)I< D > 1Ky (07 =50 = Ky (5.7 = )|
k =1 k

_a+o <|i—i’|)y
==y \R=51)

1 .
whenever |y; — yi| < Smax|x —ylj=1,..,m.

.

(b) Let # = (x,x) eR™ % —§ %0, and |x — x| < |¥ — y[/(m + 1)n. Then by Claim 1 there exist j, €
{1,2,... ,m}and ¢, € {1, 2,,n} such that
X -yl X — ¥l
lx — yj,| = i and |xg) — ¥jg00l = Nl

Using the mean value theorem and noting 1 + € — mn(p — 1) + 6 < 0, we obtain
1D (Ko @ =9 Ky (3= 7))
k

<D K=~ Ky 5= D)) + Z Ko ', % = 5) = Kp- (', 7 = P

k
é’
X, X d

(xl yJolo) JRmn Z 510(1+6)0 k( g) fJo(1+6)o k( §)> fl

; e
" ((xl — Vi) (ly = Vi) )Jmnz opr, ou(x',§)eMEdg)
0 oo 0 olo

1 - a2\ o

+ |ﬁ f}ot’o o (x', SE’))( iF-E _ el(x—y)f) dé|

(xfo - yfof’o)

1+e—-mn+§ R

SI—mnIJ (1 %1€1) lx = x'|dS + | ————m

(xfo y]ofo (x‘EO _yfofo)

’ mnlf (1 18)" ™" 1x — x'|ag

(xlo y10C0
P Lt [x —x"|Y |f (1 1+e mn+y §< [x — x| [x — x| [x —x'|Y

(x{’o - of’o mn N |5C)_5;|mn |_x)_5}|mn+1 lf_}_;lmn.

Similarly, there holds
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O e A NN |t 4 BN Ot 4
| ( Uk(x’x Y) O'k(x X y))l ~ |)_C) _5}|mn+1 + |5C’_3'}|mn+2 + |5C>_}‘}|mn+1'

k
Then, by the similar arguments in the case (a), we obtain

. Vo 1 lx —x'|\"
1D (Ko=) Ko 0,2 =) | 5 ,
k

"X = ylmn\ X -y
whenever |x — x| <X max  |x — y,l.

21<ism

Thus, (a) and (b) imply the desired result.

IV.  Sparse Bounds
We establish the pointwise sparse bounds for the multilinear pseudo- differential operators.
Given a sparse family S, we define the dyadic sparse operators by setting

INGAIOTDIEDY ﬁ< 1 iDa 10,0

k Q)ES i=1

Asp,FI:= Y Y 15 = big A F e, | [(1FDe 10,00,

k QkES i#]
and
A5 (FO:= Y > b= B ) Filhae | [T 10,
k QKES i#j
Proposition 4.1.Letoy € S,%°(n, m)with0 < p,6 < 1and(1 + €) < mn(e) . Then,

foreverycompactlysupportedfunctions(f;);,i = 1, ... ,m, thereexist3™ + 1sparseco|IectionsSand{S,-}?leuchthat

Y T GIWIS ). AUIE,  aexeRr,
k k
and

1D Tomn GG sZiZ (Ao, FI@+ Y. Ay (@), aexer
k k

i=1j=1 k
By a completely analogous argument to that in Theorems 1.4 and 1.5 [9] we will obtain Proposition 4.1 based
on Proposition 4.2 below.
Now to show the sparse domination theorem, we need a multilinear analogue of grand maximal truncated
operator. Given an operator T, define
MrFIi=sup esssup > [TFEIE@) ~T(Fa - 13g,) O
Qk3x §€Qk T
Given a cube (Qy),, for x € (Qy),, we also define a local version of M by
MroFd@i=  sup  esssup > T(Fi - Lyig)©) ~ T(Fa - 130, ).
Q3%,Qk Qo §€Qk =
Proposition 4.2 (see  [52]).Let0 <p,§ <land(1+e)<mn(p-1) . o €S 3(nm)
thenthefollowingpointwiseestimateshold:
(i) fora.e.x € (@),

1D Tou( Ta000) @1 < aduear Y. [ [1GI@+ M1, 00, G,

k k i=1
Where]\fweak = ||Tgk||L1meL1_,L1/m,oo;

(ii) foranyx € R"and0 < ¢ < 1/m,
MTdk (m(x) < Cnitec Z (NweakM(ij(x) + M, (Tgk(ﬁ)(x)) .

k
Inparticular, wehave

M, : LY(R™) X - x LY(R?) = LY™(R").
Proof. It suffices to show the pointwise control for MTGk(m(x) , since (i) can be obtained by a similar

argument as that in [32, Lemma 2.1].
Let x,z, z' € Q,. We deduce that
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Z (Tak(ﬁ))(z) - Tak(ﬁ . 13Qk)(z))

k

<> |Tak@’(z’)|+z ITUk(ﬁ~13Qk)(z')|+z =2(F@ ),

k

where
m
=G0 = || > [ 4G d] [comddas| @
RM™\BQ™ R i=1
And
A(Z, Z’,_’)_},g) — O'k(Z, g)ezm(z—f/)f _ O'k(Z’, g)ezm(zr_yv)f
we claim that
E(fi)(z,2') < M(fi)(x) . (4.2)

Once this inequality is obtained, we have by taking L average over z' € Q, that

1Y T (f@ =T (- 130) @)
k
2, MEI0+ ), (R Lol
k k

= N1E g 1/e
+Z (m Qk|T,,k(fk)(z)| dz')

<> M(fk)(x)+Z 150 130l ymin g )+ 0, Mol (IO

ek K
< Z MFD ) + Nyoak Z H <ﬁ

sz M(fk)(x)+z M0, ()0,

where we have used Theorem 3.3.

Let us turn to the proof of (4.2). We introduce a Littlewood- Paley partition of unity. Let (¢y)o : R™ — R be
a nonnegative, radial, C* function with compact support such that (¢)o(é;,....&n) =1 for |§| <1 and
()0 (&1, ) &) = 0 for |€] = 2. We define function p; by (ﬁ}‘(f) = p(2778) and (&) = (dw)o(§) —
(¢k)0(2§) . Then we have the following partitions of unity

ZZ @05 (§) = 1 for any § = (51, ., Em) €R™

Qk |Qk|)

| (fk)i|dy) £ M, (F)
k

3Qk

Thus, we dominate Zby = é%]_o E;, where
SICLZRI D) [IRCONGLICERR) ]_[(f,a (ydéds),

Case 1:4(Qy) = 2 J. Let s; > mn be chosen later. By Lemma 3.4, we have that

=j ' 2mi(z— )f
_.J(fk)(Z.Z )= kOZ:l J;3k0+1)m\(3k0Qk)mZ Sup |J ((j)k)] (g)o'k(z f)e y df| l_[ | (f)i ()’L)Idy
- 2Jj(mn+1+e—ps;) m
= M 1 s, (Vi dy
Z f(3"°“)m\(3"00k)mzk: e (Ut i - z|)511;['(f") oldy

2j(mn+1+e—psl) m 1
= v ldv
Z Z (Skof(Q ))51 mnl_ll |3%0*1Q, | 3k0+1Qk| (fk)l (ypldy;

ko=1
Z Z 2j(mn+1+e-psy) e = Z (2£(Q))™ 210+ e=@s M (£ (x) .
ko=1 (3koL(Qy ))Sl ™ k

Case 2:2(Q,) < 27/. Let s, > mn be chosen later. Note that
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Az, 2’ fkfk,g?) f ok(z(l +€), f)ez’”(z(“e) y)f) d(1+¢)

1 -
= (Zz - zl’)J. Z ((azlak)(z(l +€), 5) + Zm'm(z(l + e),f)) e2miz(+-ég (1
=1 0%
+€),
where (1+¢€) =z"+ (1 +e€)(z—2) . Itis easy to verify that if g, is a symbol of order (1 + ¢€), then 9,0

and ,a,, are symbols of order (1 + €) + & and order (2 + €) respectively. Then for any 7 € (3%+1)™\(3%Q,)™,
we by Lemma 3.4 twice deduce that

1, IDNRACLCELE
n 1 L
= Z |z — z] f {l fmnz [s’]l‘ (g)(aZlgk)(z(l + E)j)ezm(z(lﬂ)—y)fdﬂ

+2n|f Z B (€) (Ziow - (2(1 + €),8)) 2™+ ODEaEJa(1 + )

2](mn+1+e psz)(2]6 2})
Z Z
4 214~ | o a e
< 3—koszz {)(Q )1—522j(mn+1+e—psz+1)'

d(1+¢)

where we used the fact »7%, | y; —z(1 +e)| =X", |y, — z| = 3*¢(Q,) , for any (1+¢€) € (0,1) . This
immediately implies that

202 = Z f() SO SN IR CAGYICEE f)dﬂﬂufk) Goldy
2](mn+2+e pS2)
kozlz 3ko(sz=mn) p( (), )S2—mn- 11_[|3ko+1Qk|f3 Kot 1le ()i dy;

2j(mn+2+e—p52)

~ - 3k0(52—mn){)(Qk)sz—mn—1 M (fi)(x)

=Y (200)™ T O .

k

To ensure the convergence, we choose s; and s, as follows:
s >mn mn<s,<mn+1
{1 +e—(p—1)s; <0 and {1 +e—(p—1s, <0. (43)

Consequently, it yields that

E(fo(z2z) < z z g (f(z,2")
7=0 &

mn-s - —

SOl D @) T+ ) o)™ MG

ke Jj@Qpz27J Q<2

= M (fi)(x).
This completes the proof.
5. Mixed Weak Type Estimates
We demonstrate Theorem 1.4. For this purpose, we first present a Coifman- Fefferman’s inequality.
Proposition5.1.Letgy, € 1+e(n m)with0 < p,§ <land(1+e)<mn(p—1) . Then, forany0 <e <
oandw € A, wehave

1)) TGl A+ ) IMENsecay (5.1)

k k
Proof. We will use Proposition 4.1 and notations in its proof. Let w € A,,. Then, it is well known that for any
—é <e< % there exists 0 < ¥ < 1 such that for any cube Q, and any measurable subset A c Q, with [A]| <
(1 + 26)|Q;| it holds w(4) < B*w(Q,) . So, for the sparsity constant n of S there corresponds 0 < g* < 1
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such that for Q,, € S, we have

(Eq,) = 0(Q) — @(Qu\Eg,) = (1 = B9)w(Q), (5.2)
since [Qx\Eg, | < (1 —n)|Qx|. It follows from Proposition 4.1 and (5.2) that

||Z Toe Gl < ) Zﬂ((fk) 0@ S) Y inf MEI@a(E,)

k QKES i= k QkES
<> Y ME@edr <Y MG, (5.3)
& Qres “Far k

This shows the inequality (5.1) for the case € = 0.
To obtain the result for every 0 < € < oo, we apply the 4., extrapolation theorem from [14, Corollary 3.15]. Let
F be a family of pairs of functions. Suppose that for some 0 < € < oo and for every weight w, € A,

17 Fellosey <G Y. Mgellietugy V(i gi) € F. (5:4)
k k
Thenforall0 < e < wandall w € A,
1" fillisreay <€) Nillisveay Yo gi) € 7" (55)

k k
Note that (5.3) corresponds to (5.4) for e = 0. As a consequence, (5.1) follows from (5.5).
Proof of Theorem 1.4 (see [52]). We use a hybrid of the arguments in [13] and [35]. Define

RhG) = o S/h(x)
Yo LenT
J:
where K > 0 will be chosen later and
M(fi) (x)
Sfi(x) = ———=
ful) == 5
if u(x) # 0,Sf,(x) = 0 otherwise. It immediately yields that
h(x) < Rh(x); (5.6)
S(Rh)(x) < 2KRh(x) . (5.7)
1
Moreover, we claim that for some € > 0, Rh - yymQa+e’ € A, and
||Rh||L(1+E),'1(M%> < 2||h||L(1+6),,1<W%>- (5.8)
The proofs will be given at the end of this section.
Note that
A2 averoq) = Ifillj30arawng,y 0 < €< (5.9

This implies that

T,, (fk) - ak(f,a
[ " =
)

m(1+e)
) ” 1+e€, oo< l)
( L | pvm

= sup | f Z | To @(x)lmh(x)“(x)v(x)mdﬂ
llhl'L(H'E)’ (,,w =1 R
) . fRn Z LD [0 RGO (0T .

101l crvera (w -1
Invoking Proposition 5.1 and Holder’s 1nequahty, we obtain

f Z | T (fk)(x)|m(“E)Rh(x),u(x)v(x)m(1+e) dx
RN

) fRn Z " (ﬁ(x)m“l"e)Rh(x)#(x)v(x)m(lae)’dx - fRn Z (%)mm@ Rh(x)ﬂ(x)v(x)nizdx
« k
M(f ) m(1+e) (f ) i
< Z ” ( ) "L(1+€)'°°</u;%>| |Rh||L(1+e),'1(’“’%> < Z ” k ” n(1 (ﬂvm)llhl |L(1+€)"1<“v%>‘

where we used (5.9) and (5.8) in the last inequality. Here we need to apply the weighted mixed weak type
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estimates for M proved in Theorems 1.4 and 1.5 in [35]. Consequently, collecting the above estimates, we get
the desired result

“Z U,c(fk)”;l (,,,;)SZ ”Mf;fk)“m(wi)sz ﬁn(fk)inmwi)-
= k i=1

It remains to show our foregoing claim. The proof follows the same scheme of that in [13]. For the sake of
completeness we here give the details. Together with Lemma 2. 3, the hypothesis (1) or (2) indicates that u €

1

A; and vm € A,. The former implies that

I Z Sfell () < [ula, Z Al o) (5.10)

L™ pvm L uvm
k k
1
The latter yields that vm € A, for some € > 1. It follows from A, . factorization theorem that there exist v, ,
1

v, € A, such that vm = v, v, €.
Additionally, it follows from Lemma 2.3 in [13] that if u, , u, € 4, , then there exists &, = &,([uy]4,, [Us]4,) €
(0,1) such that u,vi € Ay, and u,vs € Ay, forany 0 < e < gy, v; €Ay and v, € Aj45. , 0 < € < 00,

do—1

Then uva € A; ifweset (1+¢€)>1+¢€/g. Thus, we have

1 €
pevm = vy (uv, ) € Ay
It immediately implies that

||Z sfk||Ll+€<W%)=||Z M(fku)nLHE(#_sv%)sﬁZ ||fk||L1+E(W%>. (.11)

k
By (5.10), (5.11) and Marcinkiewicz interpolation in [13, Proposition A.1], we have S is bounded on

1
itel (WE) ,1+ € € (1 + ¢, 0) with the constant

1 1 1 \!
K(1 = 21+e —_— ,
1+e) mela (po 1+ E) te

and c,: = [v],,. Note that K (1 + €) is decreasing with respect to (1 + €). Hence, we obtain

||Z il <KZ Vill (i €= (5.12)

where
K:=41+¢€)(c; +¢c,) >K2(A+€e) =K1 +¢€).

The inequality (5.7) indicates that R -y € A; with [Rh-ul,, < 2K. Let 0 <& < min {z, and

1
o)
(1+e)= (i)’ Then (Rh - uw)vi € A; , and the inequality (5.8) follows from (5.12). By A,,. factorization
theorem again, we obtain

Rh - ﬂvm = [(Rh ’ M)vf] ' Vzl_[(E)8+1] € A(e)£+1 C Ao.
This completes the proof.
6. Local Estimates

We demonstrate Theorem 1.2 and Theorem 1.3. We begin with the proof of Theorem 1.2.
Proof of Theorem 1.2 (see [52]). It follows from (2.7) and Theorem 3.3 that forany 0 <y < 1/m,

2 . L —
zk: mrak(rk)(Qk)Szk: (mLlegk(fk)(X)de) SC1Z ||Ta'k(fk)||L%,oo<Q dx)

K el
1
e || 1Go@ide < e MEI) x € Q.
L Lol )y,

Observe in [43] that given a cube Q,,y > 0 and 0 < A < 1, there exists a constant (1 + €) = c; such that

D Mig ((F)1)0) < (L + OME((F)16,) (), x € Qe

k

Here Mﬁ is the sharp maximal function of Fefferman and Stein,

M) =) MARI @),
where *

. 1
M¥f(x) = sup inf Z ), 1@ - (ol

XEQg 1+e€
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Thus, it yields that
> Mg TF)W ) MT,FNO<G ) ME,
k k k
where the latter is contained in (4.2). Additionally, the following Fefferman- Stein inequality was obtained in
[43]:
|{x € Qi |fk(x) - mfk(Qk)| > 1+ E)an;qk(fk)(x)n < cd*@9|Q, e > 0,

where 1, = 272, Consequently, we deduce that for (1 +€) > ¢;

|6x € Qs 1T, FI O] > (1 + OMFI @I < 1x € Qs [T, FI ) =y, 75(Q0)]

> (L+ e~ c)M I < 1{x € Qi To, (F @) —m, 750!

> Cz_l(l +e— Cl)an;Qk(Tak(ﬁ)(x)}l < Cse_ﬁk(1+s_cl)/cz|Qk|-
So, taking (1 + €) = max {1, cg}eﬁkcl/c2 and (1 + 2¢€) = B*/c,, we obtain
| € Qi |To, FO@)|> (1 + OM(FI)] < (1 + €)e= #2904 g, | for € > 0.
This shows Theorem 1.2.
We devoted to the proof of Theorem 1.3. To this end, we first present some necessary estimates.

Lemma 6.1([43]).Let0 < y < 1, Q, beafixedcube, andf,beameasurablefunctionsuchthatsupp(f;) < Q. lfw €
A146(0 < € < ), thenthereholds

1" (= m7,@0) Nitguar < 1+ - 209wl ™ IMEF s g
k

k
Proposition 6.2.Let0 <y < min{e, 1/m},0 < p,§ < 1,(1 +€) < mn(p — Dande S, (n,m)

Thenthereholdsthat

D M T (F)® < Coylbllanod. Y Mgy FI® + Me (T, FN @)
k

j=1 k
Proof. It suffices to prove the commutator with only one symbol:

T} s (i) () 1= b To, (i) ) = Ty (i1 - i) s s ficdm) ()
since an iterative procedure will give the general case. For any constant 4, since T, is a bilinear operator, there
holds that

7., (Fd@) = b = DT, FI@) = Toy (fd1 1 0r b = DA s Fidm) ().

For a fixed cube @, containing x and a constant ¢y, , we have

(ol f 177, (fO@I = |CQk|y|dz)y

SZ | Qe |.f |Takb(fk)(z)_CQk|de)y <5 +5,

where
520 G, 100 -Gy
and

1

SZ:Z (lelj | T ((Fid1s s (b = D(fi) s -oe) (fk)m)(z)_chlde>

Let 2 = (b)3q, be the average of b on 3Q,. Select 1 <u < &/y. Then it follows from Holder’s inequality and
(2.3) that

1

1 yu!
yu
S < Ek (lel | b(z) — 1| dz)

(— ITak(fk)IV”dZ)V_“ < 1161l auoMe (T, (i) () -
1@kl Jg,

To analyze the contribution of S,, we split S, < s; + s’ , where

1

1 y
S; = Z (Ile o | Tak((fk)113Qk: wr (b — A)(fk)j13Qk' ey (fk)m13Qk)(Z)|de)
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and

sy = Z (lel o | 5((fk)1: v (b= A)(fk)j' ey (fk)m)(z) - Clede>

where the bilinear operator ¢ is given by

(@) = Tp, (i@ = T, (i - 130,)@) -
Recall that 1 < y < 1/m. Applying Holder’s inequality, Kolmogorov’s inequality, Theorem 3.3, the inequalities
(2.5) and (2.4), we derive that

52 =||Z Uk((fk)113ka-- (b ﬂ')(fk)]13Qk (fk)m 3Qk)”Ly( dz)

kQl

= Z ”Tak((fk)113Qk' v (b — ﬂ-)(fk)jISQk '"!(fk)m13Qk)”L1/m,oo< ﬂ)

Qkgp

SZ o), 1p- A)(fk),cynfiyxﬂml |l

N

> Wbllwol I licrog 0 X ]_[<|(fk)|>qk 116150 M 101 OG-
k

i#j
It only remains to dominate S, If we choose

¢ = &((fidr, 0 (0 = DL s s idm) (@)

for some given point z' € Q,, then there holds that
|€((fk)1' ey (b - A)(fk)]’ ey (fk)m)(z) - Cle = E((fk)l: ey (b - A)(fk)]! ey (fk)m)(zt Z’) )

where £(f,)(z,2") is defined in (4.1). A routine application of the method used in the proof of (4.2) gives us
that

E((fk)lﬂ ey (b - A)(fk)]! ey (fk)m)(z Z’
<
2 l:l(ka)zz ! ;402:1 (3k0€(Q )) LGl koZ:l 3ko(52—mn){?(Qk)52—mn—1
1

X —_—
|3k0+1Qk | 3k0+1Qk

21(mn+1+e pS1) 21(mn+2+6—psz)

15O = Al )ldy % ]_[ | | (Fildys

3k0+1Qk| 3ko+1g,

21(mn+1+e pS1) 21(mn+2+e—psz)
= Z Z z (Bk£)(Qy))s1—mn Z Z 3ko(S2-mm) p((, )s2-mn—1

k L:1(Qz2t ko= L1(Qr)<2 ™t ko=1

X 1B llswo 1 N rog mystossqy X | [(1GFODskorsg, = 1bllowo ) Mi1oq 1y FI,
i%j k
where s; and s, are defined in (4.3). Thus we complete the proof of this proposition. The following local
Coifman- Fefferman inequality provides us a possibility to establish local estimates for the commutator T;, s,

Proposition 6.3.Letoy, € S, 5 (n, m)with0 < p,§ < land(1 +€) <mn(p — 1) . Letw € Ay, With0 < € < oo,
andb € BMO™. Letﬁ be funCtIOHSSUChthatsupp((fk)]-) C Q,j =1, ...., m.Thenwehave

1Y ToumGolligun < eallbllsmolol,,, > 11Miciogn Flliicguan
k k
Proof. By homogeneity, we may assume that (|(fi);1)q, = 1,j = 1, ... ,m. It follows from Lemma 6.1that

1" TopmnFlliope < 0lae Y. 1M T 130
k

k

+ —_ . 6. 1
Ek ”lt(ak)j b(fk)(Qk)w(Qk) ( )
In order to control the first term, we use Proposition 6.2. Thus, it imn ediately yields that

||Z M (T 25 g = Bllwo D UM oy Bl + ) 1IMeCTa (FIl i
k k
Applylng Lemma 6.1again, we deduce that
D MM Dl < (@l ). MM (T f i + ), M, syafemerr
k

k k
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Note two facts:
M MEF) () < CosM1? f(x),0 <y < e <1,
and
ME (T, (fi) ) < CM(fi](x),0 < e < 1/m,
which were shown in [42] and in the proof of the inequality (4.2) respectively. Hence, we obtain

1Y MM(Trf )it S ). IMETnFllioer S ). IMF it gy

k K k
Moreover, we have by Kolmogorov’s inequality twice that

Mo (T Fr < M, (To Sl = M(|T,, 1/e

; M1y 101 Q) S Z Mol g 2 (T FIN
< 1M (1T, frelE)NI™ < o fil“1100
2. MOTFIN Ly = 2. W

k k "1Q|

= To‘k s fo 1/m,00
Z [ATRI AP Z (AR P
<2, Hlelf Gt s 0t 320G,

mMs(Takac))(Qk)w(Qk) Sf Z ]V[(E))(x)a)(x)dx.
Qk k
Collecting the above estimates, we have

1) Mo Gl S ), WG s o0
k

k

which implies that

Then we deduce that
||Z M ( Uk.zbmmkw)<z I1bllgwolla,, I Miciog y Fllitgpar: (62)

Next, we bound mT( )xb(ﬁ(Q’C)w(Q’C) To this end, We will use the endpoint weak estimate for the iterated

commutators. That is, for any & € Az, there holds

m 1/m
V(X ERM Ty s (f)(X) > 1+ €)) S (H fR ( (ll(fj‘r) gJJﬂ) L-(x)dx) (6.3)

where 1 = (1 +1log*(1 + ¢€)) . In the proof of (6.3), the main ingredient is Proposition 6.2 and a weak type
estimate for ML’( logz)- 1 Ne latter is contained in [30, Theorem 3.17]. The rest of its proof is a routine application

of Fefferman- Stein inequality. We omit the details. Accordingly, by (6.3), Holder’s inequality and the
submultiplicativity of @, we derive that forany e = 0and A > 1
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m eSZ T x“fdx— J. 1+¢€)|{x€
T(a.k)jzb(ka(Qk)(1+) _ |Qk| le U'kzb(fk)( )l k |Q | ( )l{ Qk

| Toyozp (Fi) ()] > 1+ €}ld(1 +€)

< Al+e 4+ Z lelf 1+ )(HL (l(fk)i(x)!) dx)zd(l +€)

k (1+e)m
e (£ () v
<Al +Zk: 1_[<|le Qkf (1+e )¢k<—(1+6)1/m)d(1+e)dx>
<A1+€
m 1/m
1 *® 1
+Z 1_[ o Qkabka(fk)icxn)dxﬁ 1+ 0 (gm0 +0)
<A1+€
= 1 o ” 1
+Z 1_[ o Qk¢k(|(fk>i(x)|)de @+ () (14 10g" ) 4t
1/m 1/m

1 =1
+€) S Alte + A(HE)_RZ 1_[ <m Py (l(fk)i(x)l)dx>
3 i=1 Qk

A= zk: liillQlﬁLkd’k (1)) Ddx = zk: 1:_1[< |(fdilo, = 1,

=1
Mm@ 5 4= Y [ =] ecadoiconar
K i=1 ) oklYek
Note that for each k € N,

[ 1Rl +togtn@iars Yy | MA@+ logMfi)  dx
Qk k

k Qk

Choosing

we obtain that

and

1
Z P M fi (x)dx <z ||fk||L(10gL),Qk'
= 1Qcl g,
The former one is in [44] and the Iatter is in [45]. Therefore, |t yields that

e, )Eb(f)(Qk)w(Qkuz nm | f M () (x)dxw(Qk)<2 ]:[||(fk)i||mogn,qkw(@k>
< inf M ) (6.4)

L00gL)(fi) ()@ (Q)=IIMLa0gL) TN L1(g, )’
Our desired result follows from (6.1), (6.2) and (6.4).
Proof of Theorem 1.3 (see [52]). Define

=1 Mkop
R(h) = Z e>1.

S22 M1 ey e rny
Then it is obvious that h < R(h) and ||Rh|| 1+egny < 2||h|| 1+e®n). Moreover, for any nonnegativeh €
LY*€(R™) , we have that Rh € A, with
[Rh]A1 < 2||M|[p1+erry piterny < cp(1 + €)'
Let e > 1 be chosen later. By Riesz theorem, we obtain that for some nonnegative function h with
1Al =1,

L(1+2€)’(Qk)
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= [{x € Qu: Ty s (f) (@) > (1 + OM M (Fi)1, M(fi)m) COYY1+2

1 To‘k,).'.'b' @
= mz ), M 1@

h(x)
1+ef@ Z oo PO 3173, MG

<(+er Z oo Fidllis g

k
where w = w,w§, w;(x) = Rh(x) and w,(x) = MM (fi)1, ...,M(fk)m)(x)p"l. Moreover, w; , w, € 4;
implies that w = w;w§ € 4, and
[w]AH,E < [w1]A1[w2]§11 < cm(1+ 26),
which was provided by € > m and the multilinear extension of Coifmann- Rochberg theorem in [43, Lemma 1]:

1
[(M(fk)) Ja, S 75 forany 0 <8 <
Note that for any cube @y and locally integral functlon fk, there holds that

1
/Sz —,jM 1. (x)dx.
I vomrel < 2, opp ), (figr)
Thus, we by Proposition 6.3obtain

A<c,(1+e)7! Z Ibl| gm0 [‘U],quJ|ML(logL)(fk)||L1(Qk,w)
X

< cu(1+€)7Ibllsmo [w]ﬁmz MM (fid1s s MFidm) L1 gp )
k

=1+ Ibllauolwl,, [IRM 111y
< c0(1 + O Dllaolwl3, .| IR x12ey g | Q1242
< 26,E2m(1+ 7D [bllouo(1 + 262101/
Consequently, for (1 +¢€) > (1 +¢€)y:= ZCnC%,mgllbIIBMo, choosing € > 1 so that (1 +€)/e = 2¢,ci (1 +

2€)?||b||gmo, We have

_1\1+2€ _
A < (26,68 (14 200 bllauo (1 + 7)Y o =) e09g

k k
_ (1+2€)(1+€)
=Z e \] [IbliIBMo |Qk|:
k

_ [zt
where (1 + 2€) = 1/(2c,c2 ne) only depends on n and m. Since e ' 1P1eMe = =1 we get

N _ (1+2€)(1+€)
1{x € Qi * Topsb(fi)(®) > (L + MM (Fi)1, M(fi)m) ()} < ee ¥ Plisme |Q, |, for e = 0.
This completes the proof.
7. Sharp Weighted Estimates
We shall prove Theorem 1.5. The inequality (1.1) follows from Proposition 4.1 and the weighted inequality for
Ag given in [7, Theorem 2.1].

To show (1.2), we first estimate AS,,,]. and A;bj. Let (gy); = wl.l_pi ,i=1,...,m. Let us begin with showing the

case 0 < € < 1. We recall two useful inequalities in [9,Lemma 3.1] as follows. Let € > 0,6 = 0, and w € A,,.
Then there holds

1
1D 0Tl e g0, S D [l (@), (7.1
q k k
an
1
1, feolluogoroe, S WY 50| Mo U9V wdx. (7.2)
k Qk

k
Using (2.5), (2.4) and (7.1), we have
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17 Ao, Gllitfey < Y. > 10KIb - ,Qk|1+fvm>gk]—[<|(fk) e
k

k QK€ES

<> 2 (divallucogireeo) 10 = b)) "N o ]—[<|(fk> e

k QxES

S llstolvalie Y > H( [N

k QkES i=1
Moreover, it follows from (2.5), (2.4) and (7.2) that

@ Ao, FIISED, <D > Uy = b )bk | [ 1Coivacen

k QxES i#j

Z D11y = b 155 Lo 1 g v, | [(1 050D va(@0)

QkES i*j

snb,-névoZ (@1, D (Mg, (15005 11+9) ¢

QKES

@b | [ a0

lij

. 1-p! . .
Since (0y); = w; le A, is a doubling measure, we see that
J

2l

k

. 1/pj
(Mio, (10,007 11+) " (@1),)” «»-d")

k

1/p;
= ([ Mo, (605 @071 (o)
Qk

‘ 1/p; 1/p;
SZ < le (fk)j(ffk)fllpf(ffk)jdx) = Zk: ( le(fk)jlpjwjdx)

So, we see, we obtain the same type upper bound for As,b,- and AE,bJ-- Thus, following the same technique used in
the proof of Theorem 1.2 [33], we deduce that

!
s f2
1sism(1+€
”AS,b}-”Lpi(w1)><<--><me(wm)—>L1+E(vE) S Z ”bj”BMO [Ua]Aw [a]Al—-}-é (7-3)
k
and
!
max {ﬁ}
1<ism(1+€
1450, a0y xammom-iive(og) S ), Willswo(@0,], @), (7.4)
1+€

k
Next, we turn our attention to the case € > 0. Let g, € L?’ (vg) be a nonnegative function satisfying
”gk”Lv (v2) = 1. Applying (2.5) and (2.4) again, we have
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Jou2 As.b,.@(x)gk(x)vwdmz D10l - bio)gevs |>Qk]_[<|(fk) Do

k QKES

S>> (10ullgevalluos o) 1106 = big )l exp e H( |Fibe

k QKES

Sl llawo sl | 2. As My g0l I vt

< oyllamolvalae Y MAsGllie(ull (Mgl ™) " Ny

k

!
max 1-Pi
1<sism(1+e

s ”bj”BMO [UE]ADO [B]AH

1+€

This implies that

1855, 121 (aysrmamitr) 1 = O < D Willswolvalag (@, (75)
m 1+€
In order to bound AS,, in the case € > 0, we set
(1+¢) =pj,(1 +26); =p",(1+2¢€); =pj,i #J,
and
i= (wl, e @i, Vs P @)y, ...,wm) .
Then there holds that
m
1+€/q; 1-p]
Uﬁ!= I_IP% l = QG I = (Gk)j
i=1
And
1 1 1
=— 4 o —
1+e ¢ Im
Additionally, we have
m 1te
Ol IR (IR
u = sup —_ vﬁxl_[— u_rdx
Arve Qk = | Qx| Qk K ) Qx| Qk i
7
1 1-p) p'i
= sup (—j w, dx)l_[( w; P dx)
Qk . |Qk| Qk J |Qk| Qk
7
1 N >1+e
X [ — vo P} dx
(Ile Qk( @ )
N\ DP;j /1+e
( ik e )ﬁ( 1 d )/ g
= sup — | vgdx — w ,_rdx = (W], ,
Qk = | Qx| Qk ¢ i1 | Q| Qk i 41
and hence,
1] p—;max ﬁp—: pl
w]{rllgr)r(l {1.q;/1+€} _ 1+€ (z] p;. 'p;. _ Z [a]nll:jx 1o
A1_+€, n Am
Now, let 0 < g, € LP'(vg) with || gkll . = 1. Then

LP (vg)

DOI: 10.35629/0743-10126088 www.questjournals.org 86 | Page



A highlight sharp estimates for multilinear pseudo-differential operators

I, Z A2, @ @vate = | DT (1l = b )y | [(100iDe Lo, g (vad

k QkES i#j
=[ > 2o

k QKES

= Boulgevalie, | [(10F e, 10, 01(0),0)@),0) (o), 5)dy

i#j
= [ D sny (G 0 IO 0 (@00 oy 0) iy,
k

Therefore, since ||gkv5||Lp,( ) = ||gk||L(,,B)p’, it yields that

1-p’
)
* —
”AS,bj | |Lp1(a)l)><-~-)<LPm(a)m)—>L1+e(v8) - ||A5,bj || ! ,>

P
12 1—p’ m ](wj
LP1(wq)x---XLP (UB )><~~><Lp (wm)-L

= 141senyl ) < HIbillwolva], Il

LT (ug) X LI () =19 (v

= Z ”b}'“BMO[(ak)j]Aoo [5],4ﬁ (7.6)

k
Note that if @ € A=, then there holds that

1+e?
- _p{/1te .
[va]Am(1+5) < Z [w]AB and [(Uk)i]Ampi’ < [OJ]Z/_> Eil = 11 e, m, (77)

1+€

k
which was essentially contained in the proof of [30, Theorem 3.6]. Hence, invoking Proposition 4.1 and
inequalities (7.3)-(7.7), we deduce that

Il Z To, 201191 ()5 xLPM () > L1+ (05)
k

max {p—:} max {p—:}
m 1sism(1+€ 1sism(1+€
SO bl | Walan@l, . +[@0)], (@1,
- 1+€ © 1+e
j=1 k
I
max {P_}
21<ism|1+€
<> Ibllmol@l,_
X 1+€
So far, we have proved Theorem 1.5.
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