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Abstract:

Let G be a (p, q) graph. Letf : V (G) — {1, 2, 3,....,k} be a function where keN and k>1. For each edge uv,
assign the label f (uv) = [y“f(ﬂjf(ﬂj | . #is called k-Total geometric mean cordial labeling of G if /tmf (i)
—tmf () /< 1, for all i, je{1, 2, 3,...k}, where tmf (x) denotes the total number of vertices and edges labeled
with X, Xxe{fl, 2, 3,...,k}. A graph that admits the k- total geometric mean cordial labeling is called k-total
geometric mean cordial graph.
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. Introduction
Finite, simple and undirected graphs are considered here. Cordial labeling was introduced by Cahit [1].
For notations and terminology we follow [2]. The concept of Geometric mean labeling has been introduced in
[3]. Geometric mean cordial labeling of graphs was introduced in [4]. k- total mean cordial labeling of graphs
was introduced in [5] . In this paper we introduced k-total geometric mean cordial labeling of some graphs and
investigated 4-total geometric mean cordial labeling behaviour of cycle, comb, star graph.

Definition 1.1,

Let Gbea (p, q) graph. Let I: V(G) — {0, 1,2, 3, ..., k-1} be a function where keN and

zIf'fu."+ £ }

k »1. For each edge uv, assign the label f (uv) . T 15 called k-total mean cordial

labeling of G if | twr (i) — twr (j) | = 1, forall i, je {0, 1, 2, 3, ..., k-1}, where tmr(x) denotes the
total number of vertices and edges labeled with x, xe{0, 1, 2, 3, ..., k-1}. A graph that admits a
k-total mean cordial labeling is called k-total mean cordial graph.

Definition 1.2.

A Yy - tree is obtained from a path P, by attaching a pendant vertex to the (n-1)" vertex of
Pn. A tree on n+lvertices is denoted by Y.
Definition 1.3.

A Fy - tree on n + 2 vertices denoted by Fy is obtained from a path Py by attaching exactly

two pendant vertices to (n-l]”1 and n'" vertex of P,,.
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Il.  Main Results
Motivated by the concept of k- total mean cordial labeling, we introduce a new labelingcalled k- total geometric
mean cordial labeling as given below.

Definition 2.1.

Let G be a (p, q) graph. Letf: V (G) — {1, 2, 3, ...,k} be a function where keN and k>1. For each edge uv,
assign the label f (uv) = [ff(u:]f(t’:] ] . fis called k-Total geometric mean cordial labeling of G if | tmf (i)
—tmf (j) | < 1, for all i, je{d, 2, 3,..., k} where tmf (x) denotes the total number of vertices and edges labeled
with x, xe{l, 2, 3,..., k}. A graph that admits the k- total geometric mean cordial labeling is called k-total
geometric mean cordial graph.

Theorem 2.2.
Any path Py, is k-total geometric mean cordial graph.
Proof:
Let P, be a path on n vertices Uy, Uz, Uz, oo, Uy andn =kt + 1,0 < r <n
Consider the verlices Uy, Us,Ug, ..., u,. Assign the label k 1o the wvertices
Uy, Ug,Usg, wons Uy, Next assign the label k-1 to the vertices
UppqoUppn, Upss, o, U, Now  we  assign  the  label k—2  to the vertices
Usesq, Uspsz Ugpss, oo, U, and assign the label k — 3 to the vertices Ugpsq,Ugess Ugesgs ooy Uge
Proceeding like this assign the label | to the vertices U x_qyesns Uip1yes2s Yikm1)es3s = r Ugr)e
and Uy, Now we consider the vertices Uy,sq, Uprss Uppsgs oo Ugpsp
Case (i) : k1s even
“We assign the label to the vertices in the following manner™,
IT all the even numbers are = k, then we assign all such even integer labels as
k,k— 2,k — 4 k— 6...to the vertices Uy;sos Uprsgs Ugpsgs v
If all the even numbers are = k are fully exhausted, then we assign the label | to the next
vertices U, kes, Uy kes, U

K44, vame

k+ 3k+
Now, we assign the odd integer labels as k—=1,k—=3k—=5,..toall the remaining non

labeled vertices.

In this case we observe that | twr (1) — twr (j) | = 1, for all 1, {1, 2, 3,....k} and hence [is k-
total geometric mean cordial labeling and Py is k-total geometric mean cordial graph.
Case (ii) : k 1s odd
If all the odd numbers are < k, then we assign the odd integer labels as 3,5, 7, .... to the
VEILICES Uppior UppsgiUppigs o
If all the odd numbers < k are fully exhausted, then we assign the label 1 to the next

vertices uk+ u'-::-s. u

e+ k+E, u!H BB, e

Now we assign the even integer labels as k — 1,k — 3,k — 5, .... to all the remaining non
labeled vertices.
We observe that | twr (1) — tar (j) | = 1, Tor all 4, je {1, 2, 3,....k} and hence f is k-total

geometric mean cordial labeling and P, 1s k-total geometric mean cordial graph.
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Theorem 2.3.
Any Y, tree, n > 3 1s a k- total geometric mean cordial graph.
Proof:
Let Yn be a graph of n+1vertices and n edges. Let Pn be a path uy u, u5 ...u, and v,
be the pendant vertexandn =kt +r,0 < r<n
Consider the vertices U4,U,,Ug, ..., U, Assign the label k to the vertices uy,u,, ug, ..., U,
Next assign the label k — 1 to the vertices U,.y,Ups0, Upsg, -, Uy, Now we assign the label
k—2 to the vertices Ugpsq,Ugpsa Uppsns o Us, and assign the label kK —3 to vertices
UgpsqsUgpsn Ugesgs s Uy, Proceeding like this assign the label 1 io the wvertices
U(e-1)e41r Y(k=1)e+27 WGe=1)e4 37+ Uge)e AN Ugergq
Now we consider the vertices Uy, .z, Uyesso Ugpsar wos Ugpsy -
We assign the label to the vertices in the following manner,
Case (i) : k is even
Assign the even number {o the vertices Wy, s, Ugpsg: Ugrsys - With the condition that even
numbers are < k. Assign the odd number to the vertex v, which is less than k.
Case (ii) : k is odd
Assign the odd number to the vertices Uy, 45, Uy 23,8 44, ... With the condition that odd
numbers are < k.
The labeling pattern of vy is
Subcase:
(1) k=3, assign the odd number to the vertex v;.
(i) k =35, assign the label 1 to the vertex vy, ifk = n, 2n, 3n..... otherwise vy is an even
number which is less than k.
From all the above two cases we observe that | twr(i) — twr(j) | = 1, for all i, je {1, 2, 3,... k}

and hence f is k-total geometric mean cordial labeling and Y, — tree is k-total geometric mean

cordial graph.

Theorem 2.4.

Any F, tree, n = 3 15 a k- total geometric mean cordial graph.
Proof':

Let Fn be a graph of n+2 vertices and n+1 edges. Let P, be a path u; u, u; ..u, and
vy, v, be the pendant verticesandn =kt +r,0<r<n

Consider the vertices q,U5,Us, ..., U,. Assign the label k to the vertices uy,us,Uq, ..o, U,
Next assign the label k — 1 to the vertices U,yq, Upss Upsq, s Uz, Now we assign the label
k —2 to the vertices Ugpsy,Uppsq Upesss e, Usy, and  assign the label kK —3 to the vertices
Usgpsq,UgppsUgpsgs Uy Proceeding like this assign the label 1 to the vertices
Ugge—1)e+1 U(r-1)e+20 Ule—1)e+37 s Uguye AN Uppsq .

Now we consider the vertices Uy,ys, Uypsg Ugesgs o
Case (i) : k is odd

We assign the label to the vertices m the following manner.

If k = n =3, assign the label 2 to the vertex wi, label 3 to the vertex u2 and label 1 to the
VErtex un.

If n > 3, k = 5, assign the odd number to the vertices Uy, o Uy pq, Uypsy o - with the
condition that odd numbers are < k.
The labeling pattern of vi and vz is given below
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Subcase:
(i) If k=n= 3, assign the odd number to the vertex vi and even number to the vertex v»
which are less than k. Otherwise vi and v2 must be odd which are less than or equal to k.
(1) It k =5, assign the odd number to the vertex v and even number to the vertex v2 which

are less than or equal to k.
Case (ii) : k 1s even

Assign the odd number to the vertices Uy 40, Uppsg.Ugess, - With the condition that odd
numbers are <k
Now the labeling pattern of vi and vz is given below
Subcase:

(1) Ifk =4, the vertices vy and vz are odd or even alternatively, which are less than or equal
to k.

(ii) If k = 6, assign the odd number to the vertex vi and even number to the vertex vz il k =
n, 2n, 3n,... otherwise vi and vz is an even number which are less than or equal to k.

From all the above two cases we observe that | tur(1) — tee(j) | = 1, forall i, je {1, 2, 3,..,
k} and hence f'is k-total geometric mean cordial labeling and F, — tree is k-total geometric mean
cordial graph.
Theorem 2.5.

Any Cycle C, is a 4-total geometric mean cordial graph.
Proof :

letur uz .... upug be the cycle Cyq
Case (i) : n=1 (mod 4)

The 353 vertices wy, Uy, ..., unss are labeled with 1, the == vertices unsr uness, ..., uns: are

- - 4 2
labeled with 2, the label 3 to the “T" vertices un+s ,un+s, ..., usn+: are labeled with 3. Finally the

-1 - 2
== vertices usnss usnss, usness, ..., u,, are labeled with 4.
4 4 <+

Case (ii) : n =2 (mod 4)

The 'T’ vertices uy,u,, ..., urn+z are labeled with 1, the : vertices un+s,un+20, ..., ur are labeled
4 4 < 2

n+2

with 3, the ":: vertices unsz,unss, .., um-z are labeled with 2. Finally the —= vertices
<

2 2

Usn+z, Usn+s, Usn+so, ..., U, are labeled with 4.
4 -

Case (iii) : n = 3 (mod 4)

The "T" vertices uy,u,, ..., un+: are labeled with 1, the “T'i vertices un+s,un+s, ..., un+: are labeled
- 4 4 2
with 4, the 14'-3 vertices un+s,un+s, ..., usn-2 and u,, are labeled with 2. Finally the —"4:3 vertices
2 2 -
Usn+s , Usn+7, Usn+as, ..., U, , ATC labeled with 3.
. 4 .

*Corresponding Author: L.Vennila 31 | Page



k-Total Geometric Mean Cordial Labeling of Some Graphs

Case (iv) : n =4 (mod 4)
It is easy to verify n < 8.
If n=12, The ":“ vertices 1wy, Uy, ..., ur and uni are labeled with 1, the

4

. - =
Un+s ,unse, ... un-z are labeled with 3, the "T vertices un ,un+z, ..., usm-:2and u,_, are labeled

n-4

vertices

& & 3 2 3 -
with 2. Finally the “T"' vertices usn-s ,usn-s, Usn, Usn+s, Usnss, ..., U,_, and u, are labeled with 4.
- & & & &
The vertex labeling {'is a 4- total geometric mean cordial labeling

Nature of n tmf(1) tmi (2) tmf (3) Tt (4)
=1 mod 4 n:-‘l n:—‘l 11:1 n:l
n=2mod 4 ; ; ; g
1= 3 mod 4 u:l u;ﬂ n;ﬂ. n:l
n=4 mod 4 ; ; ; ;

In all the above four cases we see that | tmf (i) — tmf (j) | < 1, for all i, je {1, 2, 3,...,k} and hence f is 4-total
geometric mean cordial labeling and Cn is 4-total geometric mean cordial graph.

Theorem 2.6.

The Comb P, © K1 is a 4-total geometric mean cordial graph.
Proof :

Let Py be a path uy uy ug ou, Let V(PaOQKi)=V(Py)u{vi:1=<i<n}and
E(PnOK1)=E (Pn) uf{uvi: 1 <i<n}
Case (i) : n 18 even
The n-1 wvertices vy, v, V5, ..,V,_4 are labeled with 1, the label 2 to the one vertex
vy, the - vertices uy,uy,uy , ..., uz are labeled with 3. Finally the ~vertices unsz ,unes, ..., u are

labeled with 4.
Case (ii) : nis odd
The n-1 wvertices vy, v;,v,,...,vV,_; are labeled with 1, the label 2 to the one vertex

n+l

; ; ) =1 ;
v, , the 72~ vertices u,,u,,U5 ..., un-2 and u, are labeled with 3. Finally the HT vertices

unss, un+s, .., u,_,are labeled with 4. Clearly twmr(1) = n-1 and tmr(2) = twr(3) = tmr(4) = n

In the above two cases we see that | tmr (1) — twr (J) | = 1, for all i, je {1, 2, 3....,k} and hence
f'is 4-total geometric mean cordial labeling and Pn © K1 is 4-total geometric mean cordial graph.
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Theorem 2.7.
Star K1 n, n = 3 is a 4-total geometric mean cordial graph,
Proof :
Let u be the centre vertex of the star Ky . Let wi (1 =i < n) be the pendant vertices adjacent
to u. Assign the label 3 to the vertex u.
Case (i) :n=1 (mod 4)

The ™= vertices uy,u,, Uy, ..., uns2 are labeled with 1, the "T'l Vertices wn+s,unss, ..., Usn+s Are
= 2 2 2 4
labeled with 3. Finally the '"T" vertices usnss, usn+s, usnsss, ., u are labeled with 4.

- - 4

Case (ii) : n=2 (mod 4)

The = vertices u,,u,,...,ur are labeled with 1, the “T_ vertices unsz, Un+s, ... usn-z are labeled
= 2 2 2 4

with 3. Finally the % VETtices Usn+s Usn+s, Usn+so, ..., U are labeled with 4.

Case (iii) : n =3 (mod 4)

The ™% vertices wuy,u,, ..., ur+: are labeled with 1, the ”T'i vertices un+s,Un+s, ..., Usn-2 Are
= 2z 2 z 4

labeled with 3. Finally the == vertices wsnss ,usns=, usness, ..., u are labeled with 4.

4 4 4 L]
Case (iv) :n=4 (mod 4)
The < vertices uy,uy,ug, ..., ux are labeled with 1, the f vertices un+z, un+s, ..., usnare labeled
= z

with 3. Finally the :“vcniccs un:i,uu:_-n,ug, e, u are labeled withzﬂl_ )
The vertex labeling f'is a 4 total geometric mean cordial labeling
Nature of n tmr (1) tmr(2) tmr(3) tmr(4)
n=1mod4 ":1 HTH HTH nz_i
n=2 mod 4 - = - =
n=3modd | = ?1 =
n=4 mod 4 ; ; n2 = ;

From the above four cases we observe that | tme (1) — twe (j) | = 1, for all 1, je{1, 2, 3,....k}
and hence f'1s 4-total geometric mean cordial labeling and Kin 15 4-total geometric mean cordial
graph.

Theorem 2.8.
The graph P.© 2K is a 4-total geometric mean cordial for all values of n.
Proof:
Let Py be a path wy,u;,ug ... .....u,, and vi , w; be the pendant vertices adjacent to u;

(1=1<n). It is easy to verify that | V(Py © 2K1)| + | E(Pa© 2K1)| = 6n-1.
Case (i): n=1 (mod 4)

o in-1 - . in+l
The == vertices vy,v,,v;, ..., V, and wy, Wy, W;, ..., wn-sare labeled with 1,the ==

Vertices uy,u,, Uy , ..., usn+:arce labeled with 3.Finally allocate the label 4 to the % vertices
4

U3n+5,UIn+s ,Udn+13, ..., U, AN Wnt1, Wn+3,Wn+5, ..., W,
3 3 3 p Z Z

Case (ii): n = 2 (mod 4)

3 - > in+2
The == vertices vy,v,,v;, .., v, and wy,w,,w;, ..., wrare labeled with 1, the ";

vertices uy,u,, Uz ,...,usn-z andw, are labeled with 3. Finally the ’% vertices
-

usnsz,usm+s ..., U, and wnsz, wass, ..., W, _, are labeled with 4.
- 4 2 2
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1.
[3].
[4].
[5].
[6].

Case (iii): n = 3 (mod 4)
In-1 . - In+3 .
The == verticesvy, vy, V3, ..., ¥, and wy,wy, W, ..., wa-zare labeled with 1, the =5= vertices

in-1

Uy, Up Uz, one, USTES are labeled with 3, the = vertices
4
Usnsr Usnsss Usness, .., U, and wass, wnes, wnes, .., w, are labeled with 4.
4 4 - 2 2 2
Case (iv): n=4 (mod 4)
The % vertices vy, vy, Vs, .., ¥, Gnd wy, Wy, Wy, ..., wzare labeled with 1, the *== vertices
. — vertices

Uy,Up,Usg , ..., Usn and wyare labeled with 3; the
4

Usn+s ,Usn+s  USR+23, ..., U, ANd Wi+, Wn+s, Wn+s, ..., W, _, are labeled with 4.
4 . - 2 2 2

The vertex labeling fis a 4 total geometric mean cordial labeling

Nature of n tmi(1) tmr(2) tmr(3) tmr(4)
n=1 mod 4 3n:1 3-1'1“—1 371:1 Sn':l-l
n=2mod 4 i—n 2—" 37.2— 2 3:1
=3 mod4 In-1 31'1‘1—1 In+l 3n:1
n=4 mod 4 {i ij 3,,3 3“:_2

From the above four cases we observe that | tme (1) — twr (§) | = 1, forall i, je {1, 2, 3,... .k}
and hence [ is 4-total geometric mean cordial labeling and Pn © 2K1 is 4-total geometric mean
cordial graph.
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