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Abstract: The purpose of this study is to provide a new three-variable quadratic functional equation follow as:
3(61 + 62-263) + I(61- 262 + 63) = I(262- 2¢3) + I (61-63) + I(61-62)

then use the fixed point approach and direct method in Random Normal Spaces to address the Hyers-Ulam

stability of this equation.
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. Introduction

The stability of quadratic functional equations in random normed spaces is a fascinating topic in
mathematics, particularly in the field of functional analysis. It deals with the behavior of solutions to functional
equations when they are perturbed or approximated. The concept originates from a question posed by Stanislaw
Ulam [17] in 1940 regarding the stability of group homomorphisms, and it was further developed by Donald
Hyers [10], who provided the first affirmative answer in the context of Banach spaces. In random normed
spaces, the stability of functional equations like the quadratic functional equation is studied under various
conditions and norms. The quadratic functional equation typically takes the form:

(61 +62) +3(51 = 62) = 23(9) +23(52)
Afterwards, Aoki [2] expanded on Hyers’s theorem’s result for additive mapping in 1950. For approximately
linear mapping, Rassias ([5],[6]) offered a generalized version of Hyers in 1978.
Since then, the researchers gave many new functional equations and discussed their stability in various spaces
see ([1], [31]. [4] .[11], [12], [13], [16]).
The fuctional equation
361+ 62) +3(51 — 62) = 23(51) + 23(52) )
is referred to as a quadratic functional equation since it has a quadratic function as a solution, J(¢;) = ag?.
To prove our main result, we need some basic notions from literature as follows:
A mapping F:R U {—o0,4+00} — [0,1], if it is left-continuous, non-decreasing and satisfies the following
condition as : F(0) =0 and F(e0) =1, is called a distribution function. Set A contains all probability
distribution functions F with F(0) = 0. A set consisting all function F € A for which F(co)=1, where
I"F(¢y) = lim,;F(7) is a subset of A and denoted by D*. g, is the element of D* for any a = 0, which is
defined as follow:
_ (0, if t<a
6“_{1, if T>a.

Definition 1 [16] Let T represent a real linear space, u represent a function from ¢ into D* (for any ¢, €
¢, n(gy) isrepresented by »., ) and Y represent a continuous norm. If » satisfies the following conditions:
(RN, (t) = €,(7) forall > 0 ifand only if ¢; = 0;
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(RN2)xy, (T) = x, (|ZT|) forall ¢; €¢, a # 0 andall 7 > 0;

(RN3)3t¢, ¢, (T +5) =Y (o, (7), %, (s))forall ¢1,¢, € andall 7,5 > 0.
Then triple (¢, x,7) is called a random normed space (briefly RN-space [12]).

Example 1 For any normed space (¢, II. 1), there is a RN-space ({,x,Yy), where Yy, is the minimal z-norm

and ., (1) = #cn for all T > 0. We refer to this space as induced random normed space.
1

Definition 2 [16] Assume that ({,3,Y) be a Random Normed space.
(1) If, for every T > 0 and A > 0, there exists a positive integer N such that
- (r) > 1 — 4, whenever n > N, then a sequence {¢;,} in ¢ is said to be convergent to a point ¢; € ¢.
Here, ¢; is referred to as the limit of the sequence {¢;,}, and it is represented by the notation
limn—m’{qn—q (=1
(2) If, for every T > 0 and A > 0, there exists a positive integer N such that Hey —cr, (t) > 1 — A whenever
n =m = M, then the sequence {¢;,} in ¢ is referred to as a Cauchy sequence.
(3) Each Cauchy sequence in ¢ that converges to a point in ¢ indicates that the RN -space ({,x,Y) is
complete.
Theorem 1 [15] If {g; } is a sequence of ¢ and (g, »,Y) is a random normed space such that ¢, — ¢; then
lim,, %, (1) = ng, (1) almost everywhere.
Definition 3 [15] If Y satisfies the following conditions:
(1) Y is continuous,
(2) Y is associative and commutative,
(3) Y(a,1) =1 for each a € [0,1],
(4) Y(a,b) <Y(c,d) whenever a < c and b < d foreach a,b,c,d € [0,1],
then the mapping Y:[0,1] x [0,1] — [0,1] is called a continuous t-norm (briefly, a triangular norm).
The examples of continuous t -norm are as follows:

Yy (a, b) = min{a, b}, Yp(a, b) = min{a, b},Y;(a,b) = max{a + b — 1,0}
Recall that , if Y is a z-norm and {¢;,} is a sequence of number in [0,1], then YiL,¢,, is defined recurrently
by Yiisr, =61, and Yiiior, = Y(OV53161,,61,) = Y(S11, 615 6150-++61,,) for each n>2 and Y2y, is
defined as Y;2;¢;,,,; [9].
For the sake of this article, let { represent a real linear space, (¥,’,Yy) an Random Normed space, and
(¥, ,Yy) acomplete Random Normed space.
For mapping J:{ — 3, we define
D3(61,62,63) = J3(61 + 62 — 2¢3) + I(61 — 262 + ¢3) — I(2¢2 — 263) — I (61 — ¢3) — I(61 — 2) (2
forall ¢1,¢3,¢3 € .
In this work, we apply the fixed-point and direct methods to investigate the generalized Hyers-Ulam stability of
the quadratic functional equation (1) under the minimum z-norm in random normed spaces.

Il.  Results

Here, the new quadratic functional equation will be introduced and its stability in random normed space will be
discussed using both the direct and fixed point methods.
Proposition 2 The functional equation

3(61 + 62 — 263) + 3I(61 — 262 + ¢3) = I(262 — 2¢3) + I(61 — ¢3) + I(51 — 62) 3)
is a quadratic functional equation.
Proof: Putting ¢; = ¢, and ¢3 = 0 in equation (3), we get

3(262) + 3(=62) = I(262) +3(¢2) +3(0)

3(=62) = 3(s2) +3(0). (4)
Taking ¢; = ¢; = ¢3 inequation (3) it will be J3(0) = 0.
Then equation (4) becomes

3(=¢2) = 3(62)- (5)
Taking ¢; = 0 in equation (3), we get

361 +62) +3(61 — 262) = J(262) +3(61) +I(51 — 62)

(61 + 62) = I(262) +3(51) + 3I(51 —62) —I(61 — 262).  (6)
Similarly, taking ¢; = 0 and ¢, = —¢, inequation (3), we obtain

(61 = 62) = I(=262) + 3(51) + 3(51 +62) = I(61 + 2¢2). (7)
Adding equation (6) and equation (7), and using JI(—¢2) = J(¢,) we have

23(262) + 23(51) = J(61 — 262) + 3I(51 + 2¢2).
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Now putting ¢, = %2 we obtain
23(51) + 23(52) = (61 + 62) + 3(61 — 62, (8)
taking ¢; = ¢,, in above equation, we get
3(261) = 2°f (51, ©)
clearly, this equation become a quadratic equation.
Theorem 3 (Direct Method) Let ¢: 23 — W be a function such that for some 0 < a < 32,
”’¢(3c1,3c2,3c3)(‘[) = ”’0@ (61,62,63) @, (10)
forall ¢;,¢5,¢63 € and 7 > 0 and
Tim oy an g, 3n6, 316 37 0) = 1, (11)
forall ¢;,¢5,¢63 € and 7 > 0.
If 3:¢ - ¢ isamapping with I(0) = 0 such that
}{DS(CI;CZ;Q)(T) = ”’¢(C1,C2r€3)(‘[)' (12)
for all ¢; € ¢ and T > 0, then there exists a unique quadratic mapping ©:{ — v, which satisfies equation (2)
such that
*(se-06s1) (1) 2 ¥ (61,261,361 (3% — )T) (13)
forall ¢;,¢5,63 € ¢ and T > 0.
Proof: Replacing (¢1,¢2,63) by (¢3,2¢3,3¢3) inequation (12), we get
1 56e0-569 (D Z X dss20300 (0D (19)
forall ¢;,¢5,¢63 € ¢ and T > 0. Replacing ¢3 by 3"¢3 in equation (14), we get
n > ! n n n
”(3(3 3+1c3)_5(3n€3)>(T) = H p(3n¢3,23M¢3,33m65)(9T)  (15)

’ 32\
M(%_s(wcﬁ)(r) = $(63,263,363) (;) (90) ), (16)

32(n+1) 32n
forall ¢; € ¢ and T > 0, since

3G"3) o _ oyt (3@ T3 3@63)
32n _J(GS)_ZFO ( 320+ 32 )

n-11 ay; '
”(S(:"za)_s(cg))(ijo 5 G0 2 Y (053,263,365 (D)

= %I¢(C3.2§3.3c3)(7)7 @an
forall ¢; € ¢ and 7 > 0. Replacing ¢3 by 3™¢5 inequation (17), we get
9t

!
”(S<3"+mc3>_(3mc3)>(7) 2 H g (53263363 | rrm1 @y |- (18)
32(n+m) 32m j =m 32

3(3"¢3)
32

n

This implies that { } is a Cauchy sequence in complete RN-space, so it converges to some point 0(¢3) €

Y, forall ¢z € ¢ and T > 0.
Letting m = 0 in equation (18) we get

9t
M/ 3n ) > e 19
(B2 55) (D) = H o Gs5265360) (z};ol(;z)f) (19)

~(an
Let ©(¢3) = lim,,_e "(33“;3), and forany & > 0 we have
Mo (c3)-3(s3) (6 + 1) = Yy <}f®(c3) 5(2253)(5)'”3(3353) S(§3)(T)>
2| @"63)(8), % ¢ (c3,22,32) ) |, (20)
0(s3)—3n— §3:5% Yoo G2V

forall ¢z € ¢ and T > 0.
Letting n — oo, in equation (20) , we get
#0(63)-3(3) (8 + 1) Z Hg63.26530) (B2 —)D)  (21)
forall ¢z € ¢ and T > 0.
Letting § — 0, we obtain
Xo(s3)-3(s5) (1) 2 ' (63,263,305 (3% = @)T) (22)
So, condition of equation (12) holds.
Replacing ¢; by 3"¢;, ¢, by 3"¢, and ¢; by 3"¢; inequation (12) respectively, we get
Hpp @y anepaney (T) 2 H g aney angy 3ney) (3777) (23)
3271
forall ¢;,¢5,¢63 € ¢ and 7 > 0. Letting n — oo, in equation (23), we get, O satisfy the equation (2).
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To prove the uniqueness: let, if possible, there exists W:{ — ¢ which satisfing equation (2) and (6). Hence
0(3"z) = 3*"0(s3)
W(3"¢3) = 3*"W(s3)
Thus

J'{G(C3)—W(C3)(T) = J'f9(33’1nc3)_W(33"nc3)(T) (24)

2
= Yy (K 0@"s3) 36Me)T) H32Ms3) W(2”§3)( ) ) (25)

5z 370 27 2

= $(53,263,363) <(3 —a) (?) t)’(26)

forall ¢; € ¢ and all T > 0. Since,

in (@ -0 () ¢) =

we have
Ho(sp)-w(g)(®) =1
forall T > 0.
Thus, the Quadratic mapping © is unique.
Theorem 4 Let ¢: {3 — ¥ be a function such that, for some 32 < a,
M’(’, (q_lf_Z'ﬁ) (T) = H,qS (€1,62, (;3)(“T) (27)
and limnqwx32n¢(c1 s2 C3)(‘[) =1 for all ¢,65,63€¢ and all ©>0. If 3:¢ > is mapping such that

3(0) =0 and satlsfales eauatlon (11), then there exists a unique quadratic mapping ©: ¢ — ¥ such that
15(e5)-0(3) (D) Z g (63,265,363 (@ = 3)D), (28)
forall ¢z € and © > 0.
Proof: It follows from equation (11) that
J'f(S(cg)—3ZS(%3)) (1) = %:¢ (€3.2€3.3€3)(a7)’ (29)
for all ¢; € . Using the triangular inequality and equation (28), we get
art
Zm+n 1( )] ! (30)
for all ¢z €¢ and m,n € ¥ with n>m >0. In the complete random normed spces, then the sequence
TREUR (“)} is a Cauchy sequence, so it converges to some point 0(¢;) € . We can define a mapping 0:{ -

Y by

" (S(63)-3213 (”))(T) = 2 g (3,263.363)

0(¢3) = lim3*"3 G

forall ¢; €. Then the above mapping satisfies the equation (1) and (28) . The remaining proof is same as in
Theorem 2, one can easily deduce it.

Corollary 1. Let 8 be a non negative real number and (¢3), be a unique fixed point of ¥. If 3:{ - is a
mapping with J(0) = 0 which satisfies

Hp(S(s1,5253) (D) 2 X (1), (31)
for all ¢1,¢5,¢63 € ¢ and T > 0, then there exists a unique quadratic mapping C:{ — ¥ such that
H3(53)-0(53) (T) = #'g65, (8T), (32)

forall ¢z € { and T > 0.
Proof: Let ¢:¢3 - W be defined by ¢ (1,62, ¢3) = 8(g3),. Then, the proof follow from Theorem 1 by taking
a = 1. This complete the proof.
Corollary 2. Let p,q,r € R be a positive real number with p,q,r < 3 and (¢3), be a fixed unit point of W. If
3:{ = ¢ isamapping with J(0) = 0 which satisfies

1D3(61,62,63) (T) Z 2 (s 1P +ls219 +g317) (530 (T (33)
for all ¢;,¢5,¢63 € ¢ and T > 0, then there exists a unique quadratic function ©: ¢ — 1 such that

13(ep)-0(c3) (T) = g s, (32 = 3P)7), (34)
forall ¢;,¢3 € ¢ and 7 > 0.
Proof: Let ¢:{% —» W be defined by ¢(51,62,63) = (I ¢4 I” +1l 65 19+ 1l ¢5 ") (53)0. Then the proof follow
from Theorem 1 by a = 3P. This complete the proof.

Theorem 5 [7]. Suppose that J: Q — Q is a strictly contractive mapping and (£, d) is a complete generalized
metric space with Lipschitz constant L < 1. Then, for each ¢; € Q , either d(J"g;,J"™') = oo for all
non-negative integers n > 0 or there exists a natural number n, such that
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(1) d(lngl,]n+1§1) < oo forall n > Ng,
(2) The sequence {J™¢;} is convergent to a fixed point ¢; of J;
(3) <5 is the unique fixed point of J intheset A = {¢; € Q:d(J"0¢,¢3) < o0};

N 1
(4) d(52,52) < 7d(52,J52) forall ¢; € A.

Theorem 6 (Fixed Point Method) Let ¢:¢3 — D* be a function such that, for some 0 < a < 32,
K’¢(C1,Cz,€3)(r) = K,¢ (361,3€2,3€3)(ar)’ (35)
forall ¢1,¢5,¢3 € ¢ and T > 0.1f 3: ¢ — Y is a mapping with J3(0) = 0 such that
}{Df(§1,§2,§3)(r) = ”’¢(C1,C2r€3)(‘[)' (36)
forall ¢1,¢5,¢3 € Y and 7 > 0, then there exists a unique quadratic mapping ©:¢ — ¥ such that
#3(e-061) (D) Z 61,261,361 (3% — @)D, (37)
forall ¢;,¢3 €y and 7 > 0.
Proof: Taking ¢; = ¢3, ¢, = 2¢3 and ¢3 = 3¢3 in equation (35), we get
}{512-(3(;3)—1‘5@3)(‘[) 2 7' (63,263,363 (9D (38)
forall ¢; € ¢ and 7> 0. Let Q = {0:{ = v, 0(gy) = 0} and the mapping d defined on Q by
d((), h) = inf{c € [0, 00): %6@3)_“(3)(6‘[) > J{,¢(§3,2§3,3§3)(T), VC3 € (}
In this case, (£,d) is a generalized complete metric space, where inf¢p = —oo, as usual. Let’s now examine the
mapping J: Q — Q, which is defined as
1
Ja(s3) = 7 9(3¢3)
foreach 8 € Q and ¢3 € (.
Let 8,72 € Q and ¢ € [0,00) be an arbitrary constant d (0, #2) < c.Then
a(s3)-h(s3) (T) 2 2 (3,263,363 ()
forall ¢z € ¢ and T > 0 and so

act
oG~ () (37) = Ho(363)~n(363) (ACT)

2 5 (63,2653 (D (39)
forall ¢; € ¢ and © > 0. Hence, we have
ac a
d(Jjo,Jh) < 32 < ﬁd(a, h),

forall 0, € Q. Then J is a contractive mapping on Q with Lipchitz constant L = 3“—2 <1
So, by using Theorem 3 there exists a unique fixed point of J in the set of function Q; = {8 € Q:d (8, 1) < oo},

which is ©: ¢ — 1, such that

(22
o)) = lim 2751,

for each ¢; € ¢ since lim,_,d(/"f,®) = 0 also from
#5536 (P 2 % 963263369 0T

it follows that d(3J,J3) < 312 therefore using Theorem 3 again, we get
o~ L o~ T 1
_ d(3,0) < 7dQ,J3) < 57—
This means that
#5(65)-0053) (1) 2 7' (63,263,365 (3% — D)D),
forall ¢z € ¢ and T > 0.
Also, by substituting 3"¢; for ¢;, 3"¢, for ¢, and 3"¢; for ¢5 inequation (35), respectively, we get
1D (s1.6243) (1) 2 1}1_{210%’¢(3n§1_3n§2_3n§3)(32n‘[)
.y 32\"
= 1My (¢ 6569 ((;) T) =1, (40)

n—-oo

forall ¢;,¢5,¢63 € ¢ and T > 0. By using (RN1), the mapping @ is quadratic
Assume that there is a quadratic mapping ©':{ — i that fulfills (36) in order to demonstrate the uniqueness.
As a result, @ is a fixed point in Q, for J. Even so, J has just one fixed point in Q,, as Theorem 3 indicates.
Thus, ® = @'. This concludes the proof.
Theorem 7 Let ¢: 23 — DT be a function such that, for some 0 < 32 < a,

K’¢(C1,C2,C3)(T) = H’qb (%1,%2,%3)(“‘[)’ (41)
forall ¢;,¢5,¢63 € ¢ and 7 > 0. If J: ¢ — ¢ isa mapping with J(0) = 0 which satisfies (30) then there exists
a unique quadratic mapping 0:{ — ¥ such that

#3(63)-003) (T) 2 # (5,263,369 (@ = 39)7),
forall ¢; € { and T > 0.
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Proof: The intended result can be easily obtained by making a tweak to the proof of Theorems 4 and 6. The
proof is now complete.
Corollary 3. Let ¢ be a Banach space , € and p be a positive real number with p # 2. Assume that J:{ -
is a function with 3(0) = 0 which satisfies

I DI(51,62,63) I< €(ll g1 11”7 +ll 2 P +1l g3 1IP),
for all ¢, ¢, ¢3 € {.Then there exists a unique quadratic function ©: ¢ — 1 such that

~ €(14+2P +3P)lig1 IP
10(s1) —I(s) IS ————

[32-3P| '
forall ¢; €  and 7 > 0.
Proof: Define »#:{ X R - R by
T
#;, (1) = {r+u Gl
0, if T<0.

forall ¢; € { and T € R.Then ({,%,Y,) isacomplete RN-space. Denote ¢:{ X { = R by

$(51,62,63) = €(ll 61 1P +11 62 1P +1l 63 11P),
forall ¢1,¢5,¢63 € ¢ and 7 > 0. It follows from || DJ(¢1,62,63) I< 8(ll g1 1P 4+l g3 II” +1l ¢3 IIP) that

KDS(Cl.Cz.Ca)(T) = %,¢(C1‘Cz.€3)(‘[)’
forall ¢;,¢5,63 € { and T > 0, where »": R x R - R given by

if >0

if t>0

W (D)= [T‘l‘” g I’
0, if T<0.
is a RN on R.Then all the condition of Theorem 6 and 7 hold and so there exists a unique quadratic mapping
09:{ — ¢ such that

e seon — Fesn-36n (™
= "' g (61,261,361 (13% — D)
_ |34—alt
T 132—a|T+e(1+2P +3P)lig1 I’
So, we can obtain the required result after taking a = 3P.
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