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ABSTRACT: This paper is divided in two sections: Section A &Section B. 

Section A we have obtained integral representations and differential formulae for our function 

𝑊
𝛼,𝛽

((𝑘𝑙)𝑙∈𝑁0; 𝛾,𝛿)
(𝑧; 𝑝). 

and Section B we have derived different types of integral transform namely     

Euler Transform, Laplace Transform, Whittaker Transform, K-Transform for this function 𝑊
𝛼,𝛽

((𝑘𝑙)𝑙∈𝑁0 ; 𝛾,𝛿)
(𝑧; 𝑝). 

We aim to introduce the extended Wright Function via extended Beta function and obtained certain integral & 

differential representations of them. Further we drive different types of integral transforms, including Euler 

Transform, Laplace Transform, Whittaker Transform & K – Transform. 

All main results are obtained in terms of generalized extended Wright Function and given in the form of 

theorems corollaries of the theorems are also discussed Interesting special cases are also discussed.  

KEY WORDS: Beta Function, Gamma Function, Wright Hypergeometric Function, Euler Transform, Laplace 

Transform, Whittaker Transform, K – Transform. 
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I. INTRODUCTION 
The Special functions of mathematical physics are found to be very useful for finding solutions of 

initial and boundary value problems governed by partial differential equations and fractional differential 

equations. Special functions have widespread applications in other areas of mathematics and often new 

perspectives in special functions are motivated by such connections. Several Special functions, called recently 

Special functions of fractional calculus, play a very important and interesting role as solutions of fractional order 

differential equations, such as the Mittag-Leffler function, Wright function with its auxiliary functions, and 

Fox’s 𝐻 -function.  

The Wright function is one of the Special functions which plays an important role in the solution of 

linear partial fractional differential equations. It was introduced for the first time in the year 1940, [1,2] in 

connection with a problem in the number theory regarding the asymptotic of the number of some special 

partitions of the natural numbers. Recently this function has appeared in papers related to partial differential 

equations of fractional order. Considering the boundary value problems for the fractional diffusion-wave 

equation, that is, the linear partial integrodifferential equation obtained from the classical diffusion or wave 

equation by replacing the first- or second-order time derivative by a fractional derivative of order 𝛼  with 0 < 𝛼  
< 2, it was found that the corresponding Green Function can be represented in terms of the Wright Function. 

 

The wright function is defined by the series representation [3]:  

 

                       Wα,β(z) = ∑
zn

n!⎾(αn+β)

∞
n=0           α > −1, β ∈ C                                                  (1) 
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A number of researchers like Gajic & Stankovic [4], Detsenko [5], Luchko [6 & 7], Kilbas, Saigo & Trujillo [8], 

Mainardi & Pagnini [9], Rudlf, Luchko & Mainardi [10], and again Luchko [11], Shadeb & Salim [3], have 

studied the main properties of the Wright Function   including its integral representations, asymptotes, 

representations in terms of special functions of the hypergeometric and integral transforms related to Wright 

Function. 

E. Ata. [12] has given generalized Beta Function defined by Wright Function and Mohsen & Salem [13] have 

given further extended Gamma and Beta functions in terms of generalized Wright Function. 

 

Further, Shahed and Salim [3] introduced a new generalized Wright function Wα,β
γ,δ

(z) defined as:                               

                                        Wα,β
γ,δ

(z) =  ∑
(γ)n

(δ)n⎾(αn+β)

zn

n!

∞
n=0                                                                   (2) 

 

α, β, γ, δ ∈  C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C and   |z| < 1 with α = −1 

 

where (γ)n=
⎾(γ+n)

⎾(γ)
 = {

1                                                                                      (n = 0; a ≠ 0)

γ(γ + 1)(γ + 2)      .   .   .   (γ + n − 1)                 (n ∈  N; a ∈  C)
 

 N = {1,2,3   . . .    }  and Z0
-   

= {0,-1,-2,  . . .  } 

 is a Pochhammer symbol and ⎾( . ) is gamma function. [14] 

 

In view of the above recent works, we in the present paper have introduced and defined extended generalized 

Wright Function W
α,β

((kl)l∈N0; γ,δ)
(z; p) by the following equation: 

 

              W
α,β

((kl)l∈N0; γ,δ)
(z; p) =  ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

zn

n!⎾(αn+β)

∞
n=0         ,                                (3)  

 

             α, β, γ, δ ∈ C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C; p≥ 0 

                                                                                    

where B((kl)l∈N0
)( a, b ; p) is extended beta function defined by Srivastava in the year (2012) as: 

 

        B((kl)l∈N0
)( a, b ; p) = ∫ ta−11

0
(1 − t)b−1  ℐ ((kl)l∈N0

;
−p

t(1−t)
)dt          ,                                (4)                                                 

                               min {𝕽 (a), 𝕽 (b)} > 0; 𝕽 (p) ≥ 0 

 

and ℐ((kl)l∈N0
; z) is a function of an appropriately bounded sequence (kl)l∈N0

 of arbitrary real or complex 

numbers defined as follows: 

 

               ℐ ((kl)l∈N0
;

−p

t(1−t)
) = {  

∑ (kl)l∈N0

zl

l!

∞
n=0  ,        

  M0zwez [1 + O (
1

2
)] ,

                                                               (5)                         

        

                 |z| < 𝕽 ; 0 <  ℜ < ∞ ; k0=1, 𝕽  (z)→ ∞ ;   M0 > 0 ; w ∈ C 

 

We have obtained integral representation, differential formula for this functionW
α,β

((kl)l∈N0; γ,δ)
(z; p) and also 

derived deferent types of integral transforms for this function.   

 

Special cases 

 

Some important special cases of extended generalized Wright function defined in eq
n
(3) are described below, 

which will be useful in the present paper while deriving certain main results. 

Case I. If we put kl =  
(ρ)l

(σ)l
  (l ∈ N0)  in eq

n
 (3), we obtain another form of extended generalized Wright function 

as: 

 

                    Wα,β
((ρ,σ); γ,δ)

(z; p) =  ∑
B(ρ,σ)( γ+n,δ−γ; p)

B( γ,δ−γ )

zn

n!⎾(αn+β)

∞
n=0                                                 (6)   

 

α, β, γ, δ ∈ C; 𝕽  (ρ) > 0 ,  𝕽  (σ) > 0; α > −1, δ ≠ 0, −1, −2,   .   .  .  with z ∈ C; p≥ 0 
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Case II.  On putting kl= 1 (l ∈ N0), and δ = 1 eq
n
 (3) we obtain, yet another form of generalized Wright 

function as: 

 

                  Wα,β
(γ,1)

(z; p) =  ∑
B( γ+n,1−γ; p)

B( γ,1−γ )

zn

n!⎾(αn+β)

∞
n=0                                                                   (7) 

 

                      α, β, γ ∈ C  ; α > −1,  with z ∈ C; p≥ 0 

Case III.  When p=0 in above eq
n
 (7) we get: 

 

                     Wα,β
(γ,1)

(z) =  ∑
B( γ+n,1−γ)

B( γ,1−γ )

zn

n!⎾(αn+β)

∞
n=0                                                                        (8)        

 

          α, β, γ ∈ C;  α > −1, z ∈ C and  |z| < 1 with α = −1 

 

Case IV.  When α = β = δ = 1, eq
n
 (3), (6), (7) can be expressed, respectively, in terms of the extended 

confluent hypergeometric functions as follows: 

 

                  W1,1

((kl)l∈N0 ; γ,1)
(z; p) =  

1

n!
фp

((kl)l∈N0)
(γ; 1; z)   ,                                                             (9) 

                 

                   W1,1
((ρ,σ); γ,1)(z; p) =  

1

n!
фp

(ρ,σ)(γ; 1; z)    ,                                                                      (10) 

 

                    W1,1
(γ,1)(z; p) =  

1

n!
фp(γ; 1; z)     ,                                                                                  (11) 

 

II. PRELIMINARIES 
 

In this section we have listed those well - known formulae & results, which will be used in the derivation of the 

main results. 

2.1 The extended Wright hypergeometric function m+1Ψn+1

((kl)l∈N0)
(z; p) is defined by Agarwal, Mdallal, Cho & 

Jain [15, (eq
n
 1.13)] as follows: 

 

m+1Ψn+1

((kl)l∈N0)
(z;p) =  m+1Ψn+1

((kl)l∈N0)
[
(ai, αi)(1,m)  , (γ, 1)

(bi, βi)(1,n)   , (δ, 1)
  |(z; p)] 

                                 

                                  =  
1

⎾δ−γ
 ∑

∏ ⎾(ai+kαi)m
i=1

∏ ⎾(bi+kβi)n
i=1

∞
k=0  × 

B
((kl)l∈N0

)
( γ+k,δ−γ; p)

k!
 zk                            (12) 

 

         for α, β, γ, δ ∈ C; 𝕽  (δ) >  𝕽  (γ) > 0; z ∈ C; p≥ 0 

 

2.2 The Euler Transform of a function f(z) was defined by Snedden [16] as: 

 

                                   B {f(z); a,b} =  ∫ za−1(1 − z)b−11

0
f(z) dz                                                  (13) 

                                            

                                                a,b ∈ C ,  ℜ(a) > 0, ℜ(b) > 0                                

2.3 The Laplace Transform of a function f(t), denoted by F(s), was defined by Snedden [16] as: 

                                F(s) = (Lf)(s) = L {f(t); s} = ∫ e−stf(t)
1

0
 dt                                               (14)               

                                                              

                                                                  𝕽 (s) > 0  

 

Provided the integral eq
n
 (14) is convergent and that the function f(t), is continuous for t > 0 and of exponential 

order as t→ ∞, eq
n
 (14) may be symbolically written as: 

 

                                   F(s) = L {f(t); s} or f(t) = L−1{f(t); s}  
 

2.4 The Whittaker Transform defined by Whittaker & Watson [17] as: 

 

              ∫ tζ−1e−1 2⁄∞

0
Wτ,ω(t) dt = 

⎾(
1

2
+w+ζ)⎾(

1

2
−w+ζ)

⎾(1−τ+ζ)
                                                                (15) 
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where    ℜ(w ± ζ) > − 1 2⁄   and Wτ,ω(t) is the Whittaker confluent hypergeometric function 

 

                       Wω,ζ(z) = 
⎾(−2ω)

⎾(
1

2
−τ−ω)

  Mτ,ω(z)  + 
⎾(2ω)

⎾(
1

2
+τ+ω)

 Mτ,−ω(z)   

 

where Mτ,ω(z) is defined by   

  

                    Mτ,ω(z) = z1 2⁄ +ωe−1 2z⁄   1F1( 
1

2
 +  ω − τ, 2 ω +1; z) 

  
2.5 The K – Transform was defined by Erdelyi [18] by the following integral equation: 

                   𝕽  υ [f(x); p] = g [p;υ] = ∫ (px)1 2⁄∞

0
 Kυ(px) f(x) dx, 

 

where 𝕽  (p) > 0; Kυ(x) is the Bessel function of the second kind defined by choi [19]: 

                                        

                                     Kυ(z) = (
π

2z
)1 2⁄ W0,υ(2z), 

 

where W0,υ( . ) is the Whittakar function defined in eq
n 
(15) 

 

The following result given by Mathai, Saxena & Haubold in [20, p-54, eq
n
2.37] as:  

 

                           ∫ (t)ρ−1∞

0
 Kυ(at) dt = 2ρ−2 a−ρ ⎾ (

ρ±υ

2
)                                                           (16) 

 

                                  𝕽  (a) > 0; 𝕽  (ρ ± υ) > 0;          

 

III. MAIN RESULTS 
                                                                     

                                                                    Section - A 

                                        III (a).  INTEGRAL REPRESENTATION  

 

Theorem 1. The following integral representation for 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

 

 

𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) = 
𝟏

 𝐁( 𝛄,𝛅−𝛄 ) 
{∫ 𝐭𝛄−𝟏𝟏

𝟎
(𝟏 − 𝐭)𝛅−𝛄−𝟏  𝐖𝛂,𝛃(𝐭𝐳) 𝓘 ((𝐤𝐥)𝐥∈𝐍𝟎

;
−𝐩

𝐭(𝟏−𝐭)
) 𝐝𝐭}  (17) 

 

 where 𝛂, 𝛃, 𝛄, 𝛅 ∈ C  ; 𝛂 > −𝟏, 𝛅 ≠ 𝟎, −𝟏, −𝟐,   .   .  .   with z ∈ C; p≥ 𝟎 

 

 Proof: Using eq
n
 (4) on right – hand side of eq

n
 (3) we obtain: 

 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = ∑ {∫ tγ+n−11

0
(1 − t)δ−γ−1  ℐ ((kl)l∈N0

;
−p

t(1−t)
) dt }∞

n=0  

                                                                                                     ×
zn

n! B( γ,δ−γ )⎾(αn+β)
                   

Interchanging the order of summation and integration, on right – hand side of above eq
n 

we get: 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ )
∑ (kl)l∈N0

(−p)l

l!
 × {∫ tγ−l−11

0
(1 − t)δ−γ−l−1  dt }∞

l=0  

                                                                                                              × ∑
(tz)n

n!⎾(αn+β)

∞
n=0                   

Again, using eq
n
 (1) on right – hand side of above eq

n
 we get: 

 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ )
∑ (kl)l∈N0

(−p)l

l!
 × {∫ tγ−l−11

0
(1 − t)δ−γ−l−1  dt }∞

l=0 Wα,β(tz) 

 

which on using eq
n
 (5) on right – hand side gives:                                                                                                                       

 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ ) 
{ ∫ tγ−11

0
(1 − t)δ−γ−1  Wα,β(tz) ℐ ((kl)l∈N0

;
−p

t(1−t)
) dt} , 
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This proves result (17) & thus theorem 1 is proved. 

 

Corollary 1.1 Putting t = 
u

1+u
 in eq

n
 (17), we get:  

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ ) 
 

 

∫ (
u

1+u
 )

γ−1∞

0
(1 −

u

1+u
 )

δ−γ−1  

Wα,β (
uz

1+u
)                                                                  

                                                                               × ℐ ((kl)l∈N0
;

−p

(
u

1+u
 )(1−

u

1+u
 )

)
1

(1+u)2   du            

Or, 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ ) 
 

 

∫ (
u

1+u
 )

γ−1∞

0
(

1

1+u
 )

δ−γ−1  

Wα,β (
uz

1+u
)                                                                          

                                                                                     × ℐ ((kl)l∈N0
;

−p(1+u)2

u
)

1

(1+u)2   du      

Or, 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ ) 
 

 

∫
(u)γ−1

(1+u)δ−2

∞

0
 Wα,β (

uz

1+u
)                                                                        

                                                                                × ℐ ((kl)l∈N0
;

−p(1+u)2

u
)

1

(1+u)2   du 

Or, 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ ) 
 

 

∫
(u)γ−1

(1+u)δ

∞

0
 Wα,β (

uz

1+u
)   ℐ ((kl)l∈N0

;
−p(1+u)2

u
)  du 

 

where α, β, γ, δ ∈ C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C; p≥ 0 

 

Corollary 1.2 Putting  t = sin2θ in eq
n
 (17), we get: 

 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

1

 B( γ,δ−γ ) 
∫ (sin2θ )γ−1π 2⁄

0
(1 − sin2θ )δ−γ−1                                     

                                                         ×  Wα,β(zsin2θ) ℐ ((kl)l∈N0
;

−p

sin2θ(1−sin2θ)
) sin2θ dθ 

Or, 

W
α,β

((kl)l∈N0 ; γ,δ)
(z; p) = 

2

 B( γ,δ−γ ) 
∫ sin2γ−1θ

π 2⁄

0
cos2δ−2γ−1  θ                                

                                                         ×  Wα,β(zsin2θ) ℐ ((kl)l∈N0
;

−p

sin2θ(cos2θ)
)  dθ 

where α, β, γ, δ ∈ C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C; p≥ 0 

 

Corollary 1.3 The following integral connecting to eq
n
 (3) follow as: 

 

 ∫ zβ−1X

0
 W

α,β

((kl)l∈N0 ; γ,δ)
(λzα; p) dz = xβ W

α,β

((kl)l∈N0; γ,δ)
(λxα; p) 

 

where α, β, γ, δ ∈ C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C; p≥ 0 

In particular for kl=0 (l ∈ N), we get: 

 

 ∫ zβ−1X

0
 Wα,β

(γ,δ)(λzα) dz = xβ Wα,β
(γ,δ)(λxα) 

 

where α, β, γ, δ ∈ C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C; p≥ 0 

where Wα,β
(γ,δ)

(λzα)  is defined in eq
n
 (2). 

 

                                              III(b).  DIFFERENTIAL FORMULAE 

 

Theorem 2. The following differential formula for 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

 

𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) = 𝛃  𝐖
𝛂,𝛃+𝟏

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) +𝛂𝐳 
𝐝

𝐝𝐳
 𝐖

𝛂,𝛃+𝟏

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩)                          (18) 

 

where 𝛂, 𝛃, 𝛄, 𝛅 ∈ C  ; 𝛂 > −𝟏, 𝛅 ≠ 𝟎, −𝟏, −𝟐,   .   .  .   with z ∈ C; p≥ 𝟎 

 

Proof:  Applying the eq
n
 (3) on right – hand side of eq

n
 (18) we get: 
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Right – hand side of eq
n
 (18) = 

 

= β ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

zn

n!⎾(αn+β+1)

∞
n=0   + αz 

d

dz
 ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

zn

n!⎾(αn+β+1)

∞
n=0  

 

= ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

(αz+ β) zn

n!⎾(αn+β+1)

∞
n=0    

 

= ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

 zn

n!⎾(αn+β)

∞
n=0  

                                                                                {⎾(a + 1) = a⎾a } 

In view of eq
n
 (3) we get: 

 

  = W
α,β

((kl)l∈N0; γ,δ)
(z; p) 

  = Left - hand side of eq
n
 (18) 

 

 Hence theorem 2 is proved. 

 

Corollary 2.1 On substituting  kl = 0 (l ∈ N), we get: 

 

Wα,β
(γ,δ)

(z; p) = β  Wα,β+1
(γ,δ)

(z) +αz 
d

dz
 Wα,β+1

(γ,δ)
(z) 

 

where α, β, γ, δ ∈ C  ; α > −1, δ ≠ 0, −1, −2,   .   .  .   with z ∈ C; p≥ 0 

 where Wα,β+1
(γ,δ)

(z)  is defined in eq
n
 (2). 

 

Theorem 3. The following differential formula for the 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

 
𝐝𝐤

𝐝𝐳𝐤  {𝐳𝛃−𝟏 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝛌𝐳𝛂; 𝐩)} = 𝐳𝛃−𝐤−𝟏 𝐖
𝛂,𝛃−𝐤

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝛌𝐳𝛂; 𝐩)                                     (19) 

 

where 𝕽  (𝛃 − 𝐤) > 0, k ∈ 𝐍, 𝛂, 𝛃, 𝛄, 𝛅 ∈ C  ; 𝛂 > −𝟏, 𝛅 ≠ 𝟎, −𝟏, −𝟐,.  .  .   with z ∈ C; p≥ 𝟎 

 

Proof: Differentiating k-times with respect to z on the left-hand side of eq
n
 (19), under the summation sign we 

get: 

Using eq
n
 (3) on left – hand side of eq

n
 (19), 

 

Left-hand side of eq
n
 (19) = 

dk

dzk  { zβ−1  ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

λnzαn

n!⎾(αn+β)
  ∞

n=0 } 

 

= { ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

λn

n!⎾(αn+β)
  ∞

n=0 } 
dk

dzk {zαn+β−1} 

 

= { ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

λn ⎾(αn+β)

n!⎾(αn+β)⎾(αn+β−k)
 zαn+β−k−1  ∞

n=0 }   

 

= { ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

λn 

n!⎾(αn+β−k)
 zαn+β−k−1  ∞

n=0 } 

 

= { zβ−k−1 ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

λn 

n!⎾(αn+β−k)
 zαn  ∞

n=0 } 

 

=  zβ−k−1 W
α,β−k

((kl)l∈N0 ; γ,δ)
(λzα; p)             

= Right – hand side of eq
n
 (19)  

 

Hence theorem 3 is proved. 

 

Corollary 3.1 On substituting  kl = 0 (l ∈ N), we get: 
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dk

dzk  {zβ−1 Wα,β
(γ,δ)

(λzα)} = zβ−k−1 Wα,β−k
(γ,δ)

(λzα)   

where 𝕽  (β − k) > 0, k ∈ N, α, β, γ, δ ∈ C;  α > −1, δ ≠ 0, −1, −2,.  .  .   with z ∈ C; p≥ 0 

 

where   Wα,β
(γ,δ)

(λzα) & Wα,β−k
(γ,δ)

(λzα)  are defined in eq
n
 (2).        

                                                                                                                                    

                                                                    Section B 

                                            III(c). INTEGRAL TRANSFORMS                                                                  

 

Theorem4. The following Euler transform for the 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

 

∫ 𝐳𝐫−𝟏𝟏

𝟎
(𝟏 − 𝐳)𝐬−𝟏   𝐖

𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐱𝐳𝛓; 𝐩) 𝐝𝐳 =  
 ⎾(𝐬)⎾𝛅

𝐧!⎾𝛄
  

                                                               ×  3𝚿𝟑

((𝐤𝐥)𝐥∈𝐍𝟎
)
 [

(𝐫, 𝛓) (𝛄, 𝟏) (𝟏, 𝟏)
(𝐫 + 𝐬, 𝛓) (𝛃, 𝛂) (𝛅, 𝟏)

 | (𝐱; 𝐩)]    (20) 

 

where  𝛂, 𝛃, 𝛄, 𝛅, 𝐫, 𝐬 ∈ C,  𝛓 > 0,  ℜ (r) > 0, ℜ (s) > 0, 𝛂 > −𝟏, 𝛅 ≠ 𝟎, −𝟏, −𝟐,.  .  ., z ∈ C; p≥ 𝟎, 𝐱 > 0 

          

Proof: Using eq
n
 (3) and eq

n
 (13) on left - hand side of eq

n
 (20) we get:                

 

∫ zr−11

0
(1 − z)s−1   W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn

n!⎾(αn+β)
 ∞

n=0  

                                                                                                × ∫ zr+nς−11

0
(1 − z)ς−1   dz 

 

∫ zr−11

0
(1 − z)s−1   W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )
 ∞

n=0                                                                               

                                                                                                         × 
xn

n!⎾(αn+β)
 B(r+nς,s) 

 

 

∫ zr−11

0
(1 − z)s−1   W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn

n!⎾(αn+β)
 ∞

n=0  

                                                                                                              × 
⎾(s)⎾(r+nς)

n!⎾(r+nς+s)
 

According to the definition of (12), we get: 

 

∫ zr−11

0
(1 − z)s−1   W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz =  

 ⎾(s)⎾δ

n!⎾γ
  

                                                                    ×  3Ψ3

((kl)l∈N0)
 [

(r, ς) (γ, 1) (1,1)
(r + s, ς) (β, α) (δ, 1)

 | (x; p)] 

 

This proves result (20) and thus theorem 4 is proved. 

 

Corollary 4.1 when  kl =
(ρ)l

(σ)l
  (l∈ NO), eq

n
 (20) reduces to:  

 

                     ∫ zr−11

0
(1 − z)s−1   Wα,β

((ρ,σ); γ,δ)(xzς; p) dz =  
 ⎾(s)⎾δ⎾σ

n!⎾γ ⎾ρ
  

                                                                 ×  4Ψ4 [
(r, ς), (γ, 1), (ρ, 1),    (1,1)

(r + s, ς), (β, α), (σ, 1),   (δ, 1)
     | (x; p)] 

 

where  α, β, γ, δ, r, s ∈ C,  ς > 0,  ℜ (r) > 0, ℜ (s) > 0, ℜ (ρ) > 0, ℜ (σ) > 0, α > −1,   
δ ≠ 0, −1, −2,.  .  ., z ∈ C; p≥ 0, x > 0 

corollary 4.1 is the Euler transforms for the extended generalized Wright function which we got as special case 

in eq
n
 (6). 

  

Corollary 4.2 For kl = 1 (l∈ NO) and δ = 1, eq
n
 (20) reduces to: 

 

∫ zr−11

0
(1 − z)s−1   Wα,β

(γ,1)(xzς; p) dz =  
 ⎾(s)

n!⎾γ 
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                                                                    ×  3Ψ3 [
(1,1), (r, ς) (γ, 1)

(r + s, ς),   (β, α) (1,1)
     | (x; p)] 

where  α, β, γ, r, s ∈ C,  ς > 0,  ℜ (r) > 0, ℜ (s) > 0, α > −1, z ∈ C; p≥ 0, x > 0 

corollary 4.2 is the Euler transforms for the extended generalized Wright function which we got as special case 

in eq
n
 (7). 

 

Corollary 4.3 If we put β = α = δ = 1, eq
n
 (20) reduces to: 

 

∫ zr−11

0
(1 − z)s−1   ϕp

((kl)l∈N0)
(γ; 1; xzς) dz =  

 ⎾(s)

n!⎾γ
  

                                                                    ×  2Ψ2

((kl)l∈N0)
 [

(r, ς) (γ, 1)
(r + s, ς) (1,1)

  | (x; p)] 

 

where γ, r, s ∈ C, ς > 0,  ℜ (r) > 0, ℜ (s) > 0, α > −1, δ = 1, z ∈ C; p≥ 0, x > 0 

corollary 4.3 is the Euler transforms for the extended confluent hypergeometric generalized function which we 

got as special case in eq
n
 (8). 

 

Theorem 5. The following Laplace transform for the 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

∫ 𝐞−𝐬𝐳∞

𝟎
 𝐖

𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐱𝐳𝛓; 𝐩) 𝐝𝐳 = 
 ⎾𝛅

𝐧!  𝐬⎾𝛄 
    

                                                   ×    3𝚿𝟐

((𝐤𝐥)𝐥∈𝐍𝟎
)

[  
(𝟏, 𝛓) (𝛄, 𝟏)       (𝟏, 𝟏)

(𝛃, 𝛂) (𝛅, 𝟏)
    | (𝐱 𝐬𝛓⁄ ; 𝐩) ]                       (21) 

 

where  𝛂, 𝛃, 𝛄, 𝛅 ∈ C, | 
x

 sς | < 1 , 𝛓 > 0, 𝛂 > −𝟏, 𝛅 ≠ 𝟎, −𝟏, −𝟐,.  .  ., z ∈ C; p≥ 𝟎, 𝐱 > 0 

 

Proof: Using eq
n
 (3) and eq

n
 (14), we get: 

 

∫ e−sz∞

0
 W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn

n!⎾(αn+β)
 ∞

n=0 ∫ zςne−zs∞

0
 dz   

 

∫ e−sz∞

0
 W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

⎾(ςn+1) xn

n!⎾(αn+β)
 ∞

n=0 L {
zςn

⎾(ςn+1)
; s} 

According to the definition of (12), we obtain:  

 

∫ e−sz∞

0
 W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = 

 ⎾δ

n!  s⎾γ 
                                                      

                                                        ×    3Ψ2

((kl)l∈N0)
[  

(1, ς) (γ, 1)       (1,1)

(β, α) (δ, 1)
    | (x sς⁄ ; p) ] 

 

Hence the theorem 5 is proved. 

 

Corollary 5.1 when  kl =
(ρ)l

(σ)l
  (l∈ NO), eq

n
 (21) reduces to: 

∫ e−sz∞

0
 Wα,β

((ρ,σ); γ,δ)(xzς; p) dz =  
⎾δ⎾σ

n!  s⎾γ ⎾ρ
  

                                                                    ×  4Ψ3 [
(1, ς), (γ, 1), (ρ, 1),    (1,1)

(β, α), (σ, 1), (δ, 1)
     | (x sς⁄ ; p)] 

 

where  α, β, γ, δ ∈ C, | 
x

 sς | < 1 , ς > 0, α > −1, ℜ (ρ) > 0, ℜ (σ) > 0,  z ∈ C; p≥ 0 ,x > 0               

 δ ≠  0, −1, −2,.  .  . 
corollary 5.1 is the Laplace transforms for the extended generalized Wright function which we got as special 

case in eq
n
 (6). 

 

Corollary 5.2 For kl = 1 (l∈ NO) and δ = 1, eq
n
 (21) reduces to:  

 

∫ e−sz∞

0
 Wα,β

(γ,1)(xzς; p) dz =  
1

n!  s⎾γ 
   3Ψ2 [

 (1,1), (1, ς), (γ, 1)

(β, α), (1,1)
  |(x sς⁄ ; p)] 

 

where  α, β, γ ∈ C, | 
x

 sς | < 1 , ς > 0, α > −1,  z ∈ C, p≥ 0, x > 0           
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corollary 5.2 is the Laplace transforms for the extended generalized Wright function which we got as special 

case in eq
n
 (7). 

 

 

Corollary 5.3 If we put β = α = δ = 1, eq
n
 (21) reduces to: 

                                                                    

∫ e−sz∞

0
 ϕp

((kl)l∈N0)
( γ; 1;  xzς) dz =  

1

n!  s⎾γ 
   2Ψ1

((kl)l∈N0)
 [

 (1, ς), (γ, 1)

(1,1)
  |(x sς⁄ ; p)] 

 

where γ ∈ C, | 
x

 sς | < 1 , ς > 0, α > −1,   z ∈ C, p≥ 0,  x > 0      

corollary 5.3 is the Laplace transforms for the extended confluent hypergeometric generalized function which 

we got as special case in eq
n
 (8). 

   

Theorem 6. The following Whittaker transform for the 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

∫ 𝐳𝛈−𝟏∞

𝟎
𝐞−𝐳 𝟐⁄  Ѡ𝛕,𝛚(𝐳) 𝐖

𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐱𝐳𝛓; 𝐩) 𝐝𝐳 = 
⎾𝛅

𝐧!⎾𝛄
  × 4Ψ3

((kl)l∈N0)
 

                                × [
(𝛚 +  𝛈 + 

𝟏

𝟐
 , 𝛓) , (− 𝛚 +  𝛈 + 

𝟏

𝟐
 , 𝛓) , (𝛄, 𝟏), (𝟏, 𝟏)

(𝟏 −  𝛕 +  𝛈 , 𝛓 ), (𝛃, 𝛂), (𝛅, 𝟏)
  | (𝐱; 𝐩)]       (22) 

 

where  𝛂, 𝛃, 𝛄, 𝛅 ∈ C,   𝛓 > 0, 𝛂 > −𝟏, ℜ (𝛈) > 0, ℜ (𝛚 +  𝛈) > −
𝟏

𝟐
,  z ∈ C, p≥ 𝟎, 𝐱 > 0              

  ℜ (𝐞) > | ℜ (𝛚)| −
𝟏

𝟐
,  𝛅 ≠  𝟎, −𝟏, −𝟐,.  .  .  

 

Proof- Using eq
n
 (3) and eq

n
 (15), we get: 

 

∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz =  ∫ zη−1∞

0
e−z 2 ⁄ Ѡτ,ω(z)                                                  

                                                                  ×  ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn zςn

n!⎾(αn+β)
  dz∞

n=0  

 

∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )
  ∞

n=0                                                                                                 

                                                                                                           ×   
xn 

n!⎾(αn+β)
∫ zη+ςn−1∞

0
e−z 2⁄  Ѡτ,ω(z) dz 

 

∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz =                                                  

                              ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn 

n!⎾(αn+β)

⎾(
1

2
 + ω + η + ςn )⎾(

1

2
 −ω + η + ςn )

⎾(1 − τ + η + ςn )
  ∞

n=0  

 

∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz =                                                   

                             ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

⎾(
1

2
 + ω + η + ςn )⎾(

1

2
 −ω + η + ςn )

⎾(1 − τ + η + ςn )

xn 

n!⎾(αn+β)

∞
n=0  

 

According to the definition of eq
n
 (12) 

 

∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = 

⎾δ

n!⎾γ
  × 4Ψ3

((kl)l∈N0)
 

                                           [
(ω +  η + 

1

2
 , ς) , (− ω +  η +  

1

2
 , ς) , (γ, 1), (1,1)

(1 −  τ +  η , ς ), (β, α), (δ, 1)
  | (x; p)] 

 

Hence theorem 6 is proved. 

 

Corollary 6.1 when  kl =
(ρ)l

(σ)l
  (l∈ NO), eq

n
 (22) reduces to: 

 

    ∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) Wα,β

((ρ,σ); γ,δ)(xzς; p) dz =  
⎾δ⎾σ

n! ⎾γ ⎾ρ
  × 5Ψ4
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                                           [
(ω +  η + 

1

2
 , ς) , (− ω +  η +  

1

2
 , ς) , (γ, 1), (ρ, 1)(1,1)

(1 −  τ +  η , ς ), (β, α), (σ, 1) (δ, 1)
  | (x; p)] 

 

where  α, β, γ, δ ∈ C,   ς > 0, α > −1, ℜ (ρ) > 0, ℜ (σ) > 0, ℜ (η) > 0, ℜ (ω +  η) > 

−
1

2
,  z ∈ C, p≥ 0, x > 0, ℜ (e) > | ℜ (ω)| −

1

2
,  δ ≠  0, −1, −2,.  .  .  

corollary 6.1 is the Whittaker transforms for the extended generalized Wright function which we got as special 

case in eq
n
 (6). 

Corollary 6.2 For kl = 1 (l∈ NO), and δ = 1 eq
n
 (22) reduces to:  

 

   ∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) Wα,β

(γ,1)(xzς; p) dz =  
1

n!⎾γ 
  ×    4Ψ3 

                                              [
(1,1), (ω +  η +  

1

2
 , ς) , (− ω +  η + 

1

2
 , ς) , (γ, 1)

(1 −  τ +  η , ς ), (β, α), (δ, 1)
  | (x; p)] 

 

where  α, β, γ ∈ C, ς > 0, α > −1, ℜ (η) > 0, ℜ (ω +  η) > −
1

2
,  z  ∈ C, p≥ 0, x > 0, ℜ (e) > | ℜ (ω)| −

1

2
, 

 δ ≠  0, −1, −2,.  .  .  
corollary 6.2 is the Whittaker transforms for the extended generalized Wright function which we got as special 

case in eq
n
 (7). 

 

Corollary 6.3 If we put β = α = δ = 1 eq
n
 (22) reduces to: 

                                                                    

 ∫ zη−1∞

0
e−z 2⁄  Ѡτ,ω(z) ϕp

((kl)l∈N0)
( γ; 1;  xzς)dz =  

1

n!⎾γ 
  ×    3Ψ2

((kl)l∈N0)
 

                                             [
(ω +  η +  

1

2
 , ς) , (− ω +  η +  

1

2
 , ς) , (γ, 1)

(1 −  τ +  η , ς ), (1,1)
  | (x; p)] 

 

where γ ∈ C,   ς > 0, α > −1, ℜ (η) > 0, ℜ (ω +  η) > −
1

2
,  z  ∈ C, p≥ 0, x > 0 ,  

ℜ (e) > | ℜ (ω)| −
1

2
   

corollary 6.3 is the Whittaker transforms for the extended confluent hypergeometric generalized function which 

we got as special case in eq
n
 (8). 

 

Theorem 7. The following K- Transform for the 𝐖
𝛂,𝛃

((𝐤𝐥)𝐥∈𝐍𝟎
; 𝛄,𝛅)

(𝐳; 𝐩) holds true: 

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz  =  2ρ−2ω1−ρ   

⎾δ

n!⎾γ
  

                                     ×    4Ψ2

((kl)l∈N0)
   [

( 
ρ+υ

2
 ,

ς

2
 ) , (

ρ−υ

2
 ,

ς

2
 ) , (γ, 1) , (1,1)

(β, α), (δ, 1)
  | (

2ςx

ω
; p)]         (23) 

where  𝛂, 𝛃, 𝛄, 𝛅, 𝛒 ∈ C ,   𝛓 > 0, 𝛂 > −𝟏, ℜ (𝛚) > 0, ℜ ( ρ ± υ) > 0,  z ∈ C, p≥ 𝟎, 𝐱 > 0,               
   𝛅 ≠  𝟎, −𝟏, −𝟐,.  .  .  
 

Proof: Using eq
n
 (3) on eq

n
 (16) we get: 

 

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz)   W

α,β

((kl)l∈N0; γ,δ)
(xzς; p) dz = ∫ zρ−1 Kυ

∞

0
(ωz)  

                                                                             × ∑
B

((kl)l∈N0
)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn znς

n!⎾(αn+β)
∞
n=0   dz 

  

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz)  W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz =  ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn 

n!⎾(αn+β)
∞
n=0  

                                                                                                     ×   ∫ zρ+nς−1 Kυ
∞

0
(ωz) dz 

 

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz =  ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )

xn 

n!⎾(αn+β)
∞
n=0  

                                                                                                     × 2ρ+nς−2 ω1−ρ−nς⎾ (
(ρ+nς)±υ

2
) 
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∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz = 2ρ−2ω1−ρ ∑

B
((kl)l∈N0

)
( γ+n,δ−γ; p)

B( γ,δ−γ )n!⎾(αn+β)
∞
n=0  

                                                                                                                    ×  (
2ςx

ω
)

n

⎾ (
(ρ+nς)±υ

2
) 

According to the definition of eq
n
 (12), we obtain:  

 

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz) W

α,β

((kl)l∈N0 ; γ,δ)
(xzς; p) dz  =  2ρ−2ω1−ρ   

⎾δ

n!⎾γ
                                   

                                              ×    4Ψ2

((kl)l∈N0)
   [

( 
ρ+υ

2
 ,

ς

2
 ) , (

ρ−υ

2
 ,

ς

2
 ) , (γ, 1) , (1,1)

(β, α), (δ, 1)
  | (

2ςx

ω
; p)] 

Hence theorem 7 is proved. 

 

Corollary 7.1 when  kl =
(ρ)l

(σ)l
  (l∈ NO), eq

n
 (23) reduces to: 

 

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz) Wα,β

((ρ,σ); γ,δ)(xzς; p) dz  =  2ρ−2ω1−ρ   
⎾δ⎾σ

n!⎾γ⎾ρ
  

                                     ×    5Ψ3   [
( 

ρ+υ

2
 ,

ς

2
 ) , (

ρ−υ

2
 ,

ς

2
 ) , (γ, 1) , (ρ, 1), (1,1)

(β, α), (σ, 1), (δ, 1)
  | (

2ςx

ω
; p)] 

    

where  α, β, γ, δ, ρ ∈ C ,  ς > 0, α > −1, ℜ (ω) > 0, ℜ ( ρ ± υ) > 0, ℜ (ρ) > 0, ℜ (σ) > 0  

z ∈ C, p≥ 0, x > 0, δ ≠  0, −1, −2,.  .  .  
corollary 7.1 is the K - Transforms for the extended generalized Wright function which we got as special case in 

eq
n
 (6). 

 

Corollary 7.2 For kl = 1 (l∈ NO), and δ = 1 eq
n
 (23) reduces to: 

 

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz) Wα,β

(γ,1)(xzς; p) dz  =  2ρ−2ω1−ρ   
1

n!⎾γ
  

                                     ×    4Ψ2   [
(1,1), ( 

ρ+υ

2
 ,

ς

2
 ) , (

ρ−υ

2
 ,

ς

2
 ) , (γ, 1) 

(β, α), (1,1)
  | (

2ςx

ω
; p)] 

 

where  α, β, γ, ρ ∈ C,  ς > 0, α > −1, ℜ (ω) > 0, ℜ ( ρ ± υ) > 0, z ∈ C, p≥ 0, x > 0, 
corollary 7.2 is the K - Transforms for the extended generalized Wright function which we got as special case in 

eq
n
 (7). 

 

Corollary 7.3 If we put β = α = δ = 1 eq
n
 (23) reduces to: 

                                                                    

∫ 𝐳𝛒−𝟏∞

𝟎
 Kυ (ωz)  ϕp

((kl)l∈N0)
( γ; 1;  xzς) dz  =  2ρ−2ω1−ρ   

1

n!⎾γ
  

                                  ×    3Ψ1

((kl)l∈N0)
   [

( 
ρ+υ

2
 ,

ς

2
 ) , (

ρ−υ

2
 ,

ς

2
 ) , (γ, 1) 

(1,1)
  | (

2ςx

ω
; p)] 

 

where γ, ρ ∈ C,  ς > 0, ℜ (ω) > 0, ℜ ( ρ ± υ) > 0, z ∈ C, p≥ 0, x > 0 

corollary 7.3 is the K - Transforms for the extended confluent hypergeometric generalized function which we 

got as special case in eq
n
 (8). 

 

Conclusion: We have introduced the extended of generalised Wright function and its properties and thereafter 

we have obtained certain integral representations, differential formulae and different type of integral transforms 

including Euler Transform, Laplace Transform, Whittaker Transform & K – Transform. And some corollaries of 

theorems of our main results are also discussed which give rise to some other new interesting results. 
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