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Abstract

Let G be a finite, simple, and undirected graph. For any integer 1 < k < oo, the generalized eccentricity k"
power of product adjacency matrix of G is m x m matrix with its (i, /)" entry as e(v;)*e(v;)*, if v; adjacent to
v; and zero otherwise, where e(v) is the eccentricity of the vertex v of a graph G. In this paper, we introduce
the generalized eccentricity k" power of product adjacency energy of some standard graphs, which is denoted
by E(GE¥PA(G)).
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l. Introduction

Let G be a finite and undirected simple graph on m vertices named by v;,v,, -, v,. Then the
adjacency matrix A(G) of the graph G is a square matrix of order m, whose (i, j)®entry is equal to 1 if the
vertices v; and v; are adjacent and equal to zero otherwise. The characteristic polynomial of the adjacency
matrix, ie., det(nl,, — A(G)), where I is the unit matrix of order m, is said to be the characteristic polynomial of
the graph G and will be denoted by P(G,n). The eigenvalue of a graph G is defined as the eigenvalues of its
adjacency matrix A(G), and so they are just the roots of the equation P(G,n) = 0 since A(G) is a real
symmetric matrix, so its eigenvalues are all real. Denoting them by n4,7,, -, n,,, and as a whole, they are called
the spectrum of G. In 1970, I.Gutman introduced the concept of the energy of G. [6]

I1. Preliminaries

Lemma 2.1 [2]

_ L M N .
Let M, N, P and Q be matrices with M invertible. Then we have |P Q| = |M||Q — PM~'N|
Lemma 2.2 [2]

Let M,N, P and Q be matrices. Let S = (1;1 g) if M and P commutes. Then |S| = |[MQ — PN].
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Lemma 2.3 [3]
If A(K,) is the adjacency matrix of K,,, then A%(K;) = (p — 2)A(K,) + (p — 1)1,
Definition 2.4 [3]

Let K,, be a complete graph with vertices 2p,p = 1,2,...,n. We delete the edge joining the vertices i and
p+i,1<1i<p. The resulting graph D; (K;,) has the order 2p and has 2p(p — 1) edges. Further it is regular
of degree 2p — 2.

Definition 2.5 [3]

Consider the complete graph K,, with 2p vertices. We split the vertices into two equal parts and delete the
edges between that spilted parts. We obtain a disconnected graph such a graph is of order 2p and has p(p — 1)
edges. Further it is regular of degree p — 1. We denote it by D, (K5p).

Definition 2.6 [3]

Consider the complete graph K, with 2p vertices. We split the vertices into two equal parts such that the
vertices 1 to p in one part and p + 1 to 2p in the other part. Now delete the edges between the vertices in the
same parts also edges joining i and p + i, 1 < i < p. The resulting graph is of order 2p and has p(p — 1)
edges. Further it is regular of degree p — 1. We denote it by D3 (K>,).

Definition 2.7 [3]

Consider a pair of complete graphs K, with vertex set {v;,i = 1,2,3, ...p} and {u]-,j =1,2,3, p} We obtain a
graph joining v; to u;, for i = 1,2,3,...p. Such a graph is of order 2p and p? edges. Further it is regular of
degree p. We denote it by J(K,?).

Definition 2.8 [9]

K, 1, is a graph obtained by attaching root of a star K ,, at one end of P, and other end of P, is joined with each
pendant vertex of K ,,.

Definition 2.9 [10]
A Globe graph Gl is a graph obtained from two isolated vertex are joined by n paths of length 2.
Definition 2.10 [11]

Let G = (V, X) be a connected simple graph with |V| = m vertices and |E| = q edges and let e(v;) denote the
eccentricity of the vertex v;, for i = 1,2,---,m. For vertices v;, v; € V((), the distance d(v;, v;) is defined as
the length of the shortest path between v; and v; in G. The eccentricity of a vertex is the maximum distance
from it to any other vertex. e(v;) = max, ey g d(v;, vj)-

111 Main Result
3. Generalized eccentricity k" power of product adjacency energy of some standard graphs
Definition 3.1

Let G be a graph with m vertices and q edges. For any integer 1 < k < oo, the generalized eccentricity k"
power of product adjacency matrix of G is denoted by GE*PA(G) = [ge*pa;;] is determined as

ek(v)e*(v;), if v; adjacent to v;

ekpa;; ={
Lge™p ”] 0, otherwise

The generalized eccentricity k" power of product adjacency energy of G is denoted by E(GE*PA(G)) =
m In:l, where n4, 75, -+, n,,, are eigenvalues of GE¥PA(G).
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Theorem 3.2

Let K, be a complete graph. Then E(GE*PA(K,,)) = 2(m — 1), where m > 2.
Proof:

Let K,,, be a complete graph with m vertices for m > 2.

Since K, is connected graph with e(v;) =1, 1 < k < m, we get

1%2%, if v; adjacent to v;
ekpa; 1(Ky) = { ’ L J
lgep ”]( m) 0, otherwise
and the generalized eccentricity k" power product adjacency eigenvalues of K, are —1 of multiplicity

(m — 1) and (m — 1) of multiplicity 1 respectively. Hence E(GE*PA(K,,)) = 2(m — 1).
Theorem 3.3

Let Ky, m be a complete bipartite graph. Then E(GE¥PA(Km)) = 2(22¥m), where m > 2.
Proof:

Let K, ,, be a complete bipartite graph of order 2m and m? edges.

22k, if v; adjacent to v;

Then kpa;: (K ={
Lge pau]( mm) 0, otherwise

22k]]

The generalized eccentricity k** power product adjacency matrix of K, ,, is, GEkPA(Km,m) = [220"] 0

1 - 1
where | = ( )
1 - 1
Therefore, P(GE*PA(Kpm), 1) = [l — GE¥PAKpm)|
— nlm - 2k]|
_22k] nlm
= (n[m - 22k]) (nlm + 22k])

= (ly, — 2%%m) (L, + 22¥m)n?m=2

2%2km  —2%k;m 0
Hence S,(GE*PA(K :( ) and
p( (Kmm)) 1 1 om — 2

E(GE*PA(Kmm)) = 2(2%m).

Theorem 3.4

Let K; ,, be a star graph. Then E(GE*PA(Ky,,)) = 2(2¥ )vm , where m > 2.
Proof:

Let K, ,,, be a star graph of order m + 1 and m edges.

k i 2 1 .
Then [gepa;;](Kym) = {2 A ad]ace.nt oy
’ 0, otherwise
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The generalized eccentricity k"  power product adjacency matrix  of Kim s,
[0 2¢ 2 ... 2
2k 0 0 - 0]

GE*PA(Kym)=l2k 0o o - o]}
2k 0 o - 0

Therefore, P(GE*PA(Kym),m) = |nlm — GE*PA(Ky)|

nl =2k 2k .. 2k
-2k g1 0 - 0
=|-2x 0 gl - 0O
2k 0 0 - qI

= "™t (n* - (2%)%*m)

k k
m —

E(GE*PA(Kyn)) = 2(25Vm) .

4. Generalized eccentricity k™ power product adjacency energy of some regular graphs obtained by
complete graph

Theorem 4.1

Let D, (K,,) be the edge deleting graph 1 of Ky, Then E(GE*PA(D;(Kyp))) = 2%K*2(m — 1), where
m= 2.

Proof:

Let D,(K,,,) be the edge deleting graph 1 of order 2m, m=1,2,---,n and 2m (m — 1) edges. Then

22k if v, adjacent to v;
[ge*pay (D () = {7+ 1/ 11 ajacentton;
0, otherwise

The generalized eccentricity k" power product adjacency matrix of D, (K,,,) is, GE¥PA(D;(K,m)) =
22K A(Kp)  2%FA(Km)
22KA(Ky) 2% AR |

Therefore, P(GE*PA(D, (Ky1)), 1) = Nl — GE*PA(Dy(K2m))|

n[m - ZZRA(Km) _ZZkA(Km)
_ZZkA(Km) n[m - ZZRA(Km)

=l — 22°A(K))? — (22FA(Kin))?|
= 0?1 — 20 (27 A(K;n)|

2
= @)™ |5 I — 22K AKn)

= (Zn)’”(g — 22k (m — 1))(3 + 22kym-1
= nm(n _ 22k+1(m _ 1))(77 + 22k+1)m—1

2k+1 _ __92k+1
Hence S,(GE*PA(D;(Kzm)) = (2 n=1 =2 O) and

1 m—1 m
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E(GE*PA(Dy(Ky))) = 222 (m — 1).
Theorem 4.2

Let D;(K,,) be the edge deleting graph 3 of K,,,. Then E (GE*PA(D3(Kyp))) = 4(3%%)(m — 1), where
m = 3.

Proof:

Let D;(K,,,) be the edge deleting graph 3 of K,,, order 2m, m = 3,4,---,n and m(m — 1) edges. Then

Zk . . . .
[9e*pay (D (k) = {° + ¢ Vi adJacent toy;
0, otherwise

The generalized eccentricity k" power product adjacency matrix of D;(K,,) is, GE¥PA(D;(Kyp)) =
0 32k A(K,y)
32k A(K,,) 0 '

Therefore, P(GE¥PA(Ds(Kym)),n) = [0l — GE¥PA(D3(Kam))|

- | Nl _32kA(Km)
_SZkA(Km) Nl
32K A(Kpm))?
= |l [y, — EE

(m—-2)A(Km)+(m—DIm

=™ |l — (3% )|

=02l — (3*)(m — 2)A(K) — 3*)(n — DIy,

n2_(34k)(m_1)
m-2

= (m-2)"|( ) In = AU

- 2y (LD - 1))

n?—@3*)(m-1)
m-—2

( + @y

=* = B*)(m - DH(* - @)™

Hence S, (GEXPA(D; (Kyp)) = <—(32")§m -1 (32")(;n - 1) ;3_2"1 m32_k1>

and E(GE¥PA(D;(Kym))) = 4(3%)(m — 1).

Theorem 4.3

Let J(K,,™) be the join of a complete graph. Then E(GE¥PA (J (K,,™))) = 2 (2%*1) (m — 1), where m > 3.
Proof:

Let J(K,,™) be the join of a complete graph of order 2m and m? edges.

if v; adjacent to v;

22k
Then [gekpa;;1(J(K,,™ ={ ’
[9e*pay;]U(Km ™) 0, otherwise

The generalized eccentricity k‘* power product adjacency matrix of J(K,,™)is, GE*PA(J(K,,™)) =
2% A(Km) 2%
2% (L) 2%AKm)|
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Therefore, P(GE*PA(J(K,,”)),n) = InlL, — GEXPA(J(K,,”))|

_ nlm - ZZkA(Km) _22k(1m)
=221y, Nl — 22KA(Ky,)

= (Nl — 22°A(Kin))? — (2% (Im))?

= (( = 221, — 22%(m — 1)) (( — 22)1,,, + 22K)™
(( + 221y, — 2% (m — D) (( + 2y, + 22)™ 71

=" (n = 224 () (n + 27(2 — m) (n + 224"

Hence S,(GEXPA((K»™))) = (ZZkl(m) 2%(m—2) —22+1 0 )

1 m—1 m-1

and E(GE*PA((K,,™))) = 2(22**1)(m — 1).

5. Generalized eccentricity k™ power of product adjacency energy of complement of regular graph
obtained from complete graph

The complement graphs of D;(K,,), D, (K3m), D;(K,,) and J(K,, ) are denoted by
Dy (K1), Dy (K3m),D3(K2) and J(K,,™). In [4], A=]—1—A, where A is the adjacency matrix of
complement graph.

Theorem 5.1

Let D,(K,,,) be the complement of edge deleting graph 2 of K,,,. Then E(GE*PA(D,(Kzm))) = 22+ (m),
where m > 2.

Proof:
Let D,(K>,,) be the complement of edge deleting graph 2 of K,,,,. Then the generalized eccentricity k" power

- N 0 2k+1(]) 1 - 1
product adjacency matrix of D, (K,,,) is, GE"PA(D2 (sz)) = [2k+1(]) 0 ] whereJ = (& -~
1 -« 1

Therefore, P(GE*PA(Dy(K2m)),n) = |nlm — GE¥PA(D,(K,,))|

_ | nly —22k0)|
—ZZRU) Ny
Hence S, (GE"PA(m)) = (—22’;(m) 22k§m) 2m0— 2)

and E(GE*PA(Dy(Kzm))) = 221 (m).
Theorem 5.2

Let Ds(K,,) be the complement of edge deleting graph 3 of K,,. Then
E(GE*PA(D;(Kyp))) = 2(2%*1)(m — 1).

Proof:

Let Dy (K,,,) be the complement of edge deleting graph 3 of K,,,. Then the generalized eccentricity k" power
22kA(K,,) 2%,

product adjacency matrix of D;(K,,,) is, GE*PA(Ds(Kym)) = o2k} 22 40K
m m
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=GE*PA(J(K,,™)) (by theorem 4.3)
Since E(GE*PA(J(Ky,,™))) = 2(2¥**H)(m - 1).
Hence we get E(GE*PA(D;(K,,,))) = 2(2%+Y)(m — 1).
Theorem 5.3

Let J(K,™) be the complement of join of a complete graph. Then E(GE*PA(J(K,™))) = 4(3¥)(m — 1),
where m > 3.

Proof:

Let J(K,,™) be the complement of join of a complete graph. Then the generalized eccentricity k" power

- 2k
product adjacency matrix of J(K,,™) is, GE¥PA(J(K,™)) = 32"A0(K ) 3 AO(Km)

= GE*PA(D;(K,,,)) (by theorem 4.2)
Since E(GE*PA(D;(Kyy))) = 4(3%)(m — 1).

Hence we get E(GE*PA(J(K,™))) = 4(32%)(m — 1).

6. Generalized eccentricity k™ power product adjacency energy of some irregular graphs
Theorem 6.1

Let E,, be a friendship graph. Then E(GE*PA (E,,)) = 4%(2m), where m > 2.

Proof:

Let E, be a friendship graph with 2m + 1 vertices.Then the generalized eccentricity k" power product
adjacency matrix is,

[0 2k 2k .. Dk 2"]
2k 0 22k ... 0 0
k 2k
GEXPA(E,) =% 2 0 = 0 0
lle 0 0 - 0 22|
2k 0 0 ... D2k 0

Therefore, P(GE*PA(F,, ),n) = Inl,, — GE¥PA(E,,)|

=(n® — 4*n — 4 @2m)(n — 4" (n + 4™,

4k—\/4k(4k+8m) 4k+\/4k(4k+8m)

2 2
1 1 m—1 m

4k _4_k

Hence S,(GEXPA(F,)) =

and E(GEXPA(E,)) = 4*(2m).
Theorem 6.2

Let GlL,,, be a globe graph. Then E(GE*PA (Gl,,,)) = 2./16%(2m).

*Corresponding Author: M.MUTHARASI 30 | Page



Generalized Eccentricity k" Power of Product Adjacency Energy of

Proof:

Let GL,, be a globe graph with m + 2 vertices. Then the generalized eccentricity k" power product adjacency

matrix is,
0 0 22k 22k 22k 22k-
0 0 22k 22k 22k 22k
2%k 22k o - 0 0
GE*PA(GL,) = |22k 22k 0 - 0 0
2%k 22k o - 0 0
22k 226 0 0 .. 0 0

Therefore, P(GE¥PA(GL,, ),n) = |nl — GE*PA(GL,,)|

= (* - 16*2m)(mM™

Hence S,(GEXPA(GLy, )) = (— J16k@2m) |/16%(2m) 0)

1 1 m

and E (GEXPA(GL,, )) = 2{16¥(2m) .
Theorem 6.3

Let Ky 1, be agraph. Then E(GE¥PA (Ky1)) = 2 + i(,/ 1 + 4 1(2m)) .

Proof:

Let K1, be agraph with m + 2 vertices. Then the generalized eccentricity k™ power product adjacency

matrix is,
0 1 2k 2k .. 2k 2k
10 2k 2k .. 2k 2k
2k 2k 0 0 - 0 0
GE¥PA (Kiam)=|2F 2 0 0 - 0 0
2.2k 0 0 - 0 0
L2k 2« 0 0 - 0 O

Therefore, P(GE*PA(Kyym )m) = |0l = GE¥PA(Ky1m )|

=M™+ D(@* —n — 4 2m)).

1 1
Hence Sp(GEKPA(Glm )) — (z (1 — A/ 1+ 4k+1(2m)) 5(1 + 4/ 1+ 4"+1(2m)) -1 0 >
1 1

1 m-1

and E(GE*PA (Kyim)) =2 5 (/1+412m)) .
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