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Abstract: In this attempt, based on a rational contractive condition,
we build a common fixed point for two pairs of mappings using Sujulki-
[ Z.(ee, 3))-type rational contraction in TV S-valued Cone b-Metric Space.
The results in this article is the extension of the results obtained by De-
wangan et al. in which fixed point results were obtained using Z- type
contraction along with the use of simulation function for (o, 3) admissible
mappings in Metric-like spaces. Our findings extends, and generalize a
varicty of well-known conclusions from the existing literature. An illus-

tration has been given to support the findings of this research.
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l. INTRODUCTION
The well known BCP (Banach,1922] established the presence and unigue-
ness of the fixed-point of a contraction on a Complete Metric Space. Fol-
lowing Banach’s extraordinary finding, a good number of authors obtained
fixed-points and commeon fixed-points in different spaces like (Quasi Metric
Space, Fuzzy Metric Space, Pseudo Metric Space, Menger Space, b-Metric
Space ete. [Ali et al., 2021, Czerwik, 1993, Hamaizia and Aliouche, 2010).

By adding bMetric Spaces, Bakhtin (Bakhtin.1989) and Czerwik (Cz-
erwik, 1993} extended on the idea of Metric tvpe Space. Aamri and

Moutawakil, however, proposed the idea of (E.A )-property in Metric Spaces
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(Aamri and Moutawakil, 2002). T. Sujuki’s generalization theorem (Suzuki,
2008) for the BCP was published in 2008. This theory is also known as
Sujuki type Contraction later. The a-contraction and a-admissible map-
pings were introduced in 2012 by Samet et al., (Samet et al., 2012) who
also demonstrated a number of fixed-point solutions for this class of map-
pings,

Chandok (Chandok, 2015) introduced (o, #)-admissible mappings and
Khojesteh et al.(Khojesteh et al.,, 2015) introduced the notion of simu-
lation function and Z-contraction with respect to p which generalized the
Banach Contraction. Following the direction, we use the concept of Z-
contraction to introduce Suzuki-( Z,(a, 3))-type rational contractive map-
pings and establish fixed-point results for such mappings in TVS-valued
CHMS The results in this article is the extension of the results obtained
by Dewangan et al.(Dewangan et al., 2022), in which fixed-point results
were obtained using Z-type coniraction along with the use of simulation
function for (o, ) admissible mappings in Metric-like Spaces. Our find-
ings extends, and generalize a variety of well-known conclusions from the
existing literature. An illustration has been given to support the findings

of this research.

2. Preliminaries

The given definitions are required to establish the common I'T't in this

article,

Definition 2.1 (Kumar and Ansari, 2018) Let the TVS-valued CMS
be (#,,d,) and s be a real number such that s = 1.Suppose d., : 2 x

A = & be a vector valued function which satisfies:

(i) 0<d, (Vo neZ, and d,(9,17) =0 — =1,

(i) dy(d,n) =d,(d,n) Vi,qge 2,

(iii) dy(, ) < s[d (@, w) + d(w.n)] ¥ dogwe 2,

Then the pair (2, d,) is said to be a TVS-valued CHMS with the TVS-

valued cone b-metric as d.,.

Definition 2.2 (Samet et al., 2012) Let (2.4, ) be a b-Metrie Space

and Fand G be two sell mapped functions on 2.
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(i) If F 1), and G 0, in 2, converges to some v € Z,, then F and G are

said to be compatible and

limi et (FG, Fn,)=0.

(i) IF there exists a sequence in 2 such that Foand ¢ converge to some
v € A, but lim, ,.d, [}"g’ﬁ,_,._}')nn} is cither nonzero or it does not

exist, then F and G are said to be noncompatible.

(iii)F and G satisfies the b — (E.A)-property if a sequence in 2 is such
that limy oo F thy = G U, = 1.

Definition 2.3 (Samet et al., 2012) A mapping ¢ : [0, 0¢) x [0, 0¢) — #
is said to be a simulation function if it holds the given conditions:

(€1) €0.0) <0

()¢l ) < — 1, forall &, = 0

(Ca)if {0, Jand {7, } are sequences in (0, oc) in such a way that lim, .1, =
limy yoetly = € € (0,0¢), then lim, . sup (D, 1,) < 0.

The following fixed unique result is obtained in [Samet et al., 2012).

Definition 2.4 (Khojesteh et al.,, 2015) A mapping ¢ : [0.00) x
[0, 00) — % which satisfies the conditions stated:

(i) ({0, n) < —n, for all ¥, 9 = 0;

(i) if {2, } and {n, tare sequences in (0, oc) in such a way that lim,,_, ., =
limg, et = £ € (0, 0c);

then lirmy, .csupC (P, 1) < 0is a Simulation funetion.

Any Simulation function in the sense of Argoubi et aliArgoubi et al.,
2015) is obviously equivalent to any simulation function in the sense of

Khojesteh et al. (Khojesteh et al., 2015). The opposite, however, is

not a,lwa}-'s true.

3. Main Results

Definition 3.1: Let (2),d,) be a TVS-valued cone b-Metric Space and
let F.G.Q.and % . 2, x 2, — Z, be mappings with F (2]) C #(2,)
and G (£,) € Q(Z,), such that the pairs (F,Q) and (G , %) are Sujuki

(Z,(a, 3))-type rational contraction if for every o, n € 2, and s > 1,
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smin{d,(F 0, %n).d,(G n, Q1)} < d,(F.G'n)

which implies

Cla(F,Gn), B(FI,Gn), s*d (F 3,6 ), M(3,15)) =0

forall v,npe &, and € 2, (1)

where M(#, 1) = maz{d,(Q0, #n), d,(F 3, O0),d,(G'n, Zn). b7 d:,au*qi: 2y (G7.29) }
Theorem 3.2: Let (2 d,) be a TVS-valued COMS with s = 1 and let
F.G.Qand % : 2, x %, — 2, be mappings with F (2]) C #(2,)

and G(2,) © Q(.2).

Let o, 3:27, x &, — [0.00) be mappings such that the given conditions
hold:

(i) the couples (F, Q) and (G, %) are (a./3)—admissible mappings;
(i) there exists ¥, € 2" such that a(Jy, F o) = 1 and 8(0,, F ;) = 1;
(iii) the couples (F', Q) and (G, %) are Sujuki (Z,(av, 3))-type rational
contractlons;
(iv) let one of the pairs satisfies the b-(E.A)-property and that one of the
subspaces are closed in 2, then the couples (F, Q) and (G, %) have a
common fixed-point in 2.

However if the pairs are weakly compatible | then F g’._ Qand 4 have a

unigue common fixed-point in 2,

Proof: Let us assume that there exists J; € 2 in such a way that
aldy, Fy) > 1.

Define a sequence {V } in Z, by letting o/, = F iy, v, = G0, 0 = F o,

Continuing in this process, we get Tﬂit = }-fﬂ:lﬂ = r'?:HLﬂrul Q';"f';_'_L =
G ?9; ey = “9:. ~» where n > 0.

As the pairs (F, Q) and (G',#) are (ev.d)—admissible so a[ﬁa,fﬂ:}} =
a(fy, ) 2 1,a(F 3y, G'01) = a(#),95) = 1and a(Zd,, Q) = al(dy, ;) >
.

This is how we come to obtain a1, ﬁ;+1}' = 1foralln = 0. ~(2)

In the same way, we can get S(v,,, ¢, , ) = 1foralln = 0. -(3)

If for some n € N there are ¥, = ¢/, | then v = ¥ is the coincidence

fixed-point for the mappings F, G, Q and # respectively.
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Consequently let ), # ), for all n € N

Since gmin{d, (F 0y, B3,1), doy(G 9,41, @I, } < dy (03, 9541 );

from equation (1) we have

0 = §(a(F V5, G 301)s BIF 00, G 00 1), 5M L (F 0, G 03 41), M0 05,04))s
< (0 P, BT o)y 5 (B ), Mo o) ()

since

M {l-};u-‘ ?j"z\u i l} = max {d"!' (Qﬂ;ra‘- gﬁ;ﬂ 1 l}-‘ d’:-' (“‘T{Iﬂ;n! Q,ﬁ;”:l‘ ”'“T{g‘ ﬁt‘ln +11 ‘@ﬁ;n 1 l}‘

o o b o
I-'Ll’I{‘;'J1“"2!1“"’-”2rl+1:| Mgt Ijl2r|—1'r"-21'i2u:| }
25

= mﬂr{dﬁr (b?;'!n- 19;21'7+2)'- d“[{ﬂ:'m+1 : 19:21?+2)'- d‘r{ﬂ;’a1t+] rﬂ;n+2)'-

] J ; ]
d{dy, B, o)y (g, 4 g 00) }
25

By triangular inequality, we have

’ ¢ ol o ’ o
tho{an Wan 1 ) (P 1 an 2 )t o g 100040 )

Ts = ]?Iaz{d‘}'[ﬂ;nﬂ ﬁ:’:n+1): d‘ ('ﬂ'rln—l : E:"r?n+2:l}

So we have

"M{ﬁ;n! ﬂ'Zn+l} = max{d.:,.(ﬂfzn, ﬁ;:1+1 ),dy ('ﬂ'zn—l- ﬂ;n+2)}

Therefore from equation (4) we have

U i: ‘E{a(ﬁ;n ﬂ;!n-l—l}: -J(U:?n 19:21-1+1 }'- S4d‘r(ﬂl’2n.' .ﬂ;ﬂ—l }r ma';r{d‘r{ﬂ;n! 'ﬂr?ﬂ—l ).‘ d?(lﬂi?n—l H ﬂl‘]n—'}}}}
= mﬁx{d‘_"(ﬂ;ﬂ.‘ ﬂ:l211+1 j‘- dl‘r{‘;l's'pl2n+1 ¥ ﬂ;ﬁ+2]}_(&(ﬂ;ﬂ5 il':}IJZ:I'L+1]|! 'd(l"f?n' ﬂ;ﬂ+ 1 j ¥ S-id‘r{ﬁ;:t-' ﬂl!J‘T'H )

by (£2)

Then

“(ﬂ;ﬂ.l ﬁ;n+1 )5 .3(1'};.,1 Iﬂ;ﬂ—] J*. de"_r(ﬁ;u' I-;‘;‘a".1+l }{: 'HHI-.'{*{(E—}-('L?;',” ﬁ;n+'| }! d’?(ﬁ;ﬂ+l! ﬂ;u+2}} {

Necessarily, we have

[y ]
g

maz{d, (Vy,. Py iq). dy (V1. Vi) } = d (9, ¥y ) foralln > 1. ..(6)
Consequently, we get

(W Do)y B T ) 56, Py )<ty (P Finsz)

forall n > 1. -(T)

We know

x

d’”r(ﬂ'rzn.‘ .ﬁ;ﬂ+] } < a{ﬂ;n\ ﬁ'fz:1+l ): .ﬂ(ﬂ‘jn‘. 1g;n+'| )‘ Srld“,‘ (ﬂ:jn‘. '1?
[}f

n+1

]

ant1) (8)
)= 1and a(d,,d,.,) > 1foralln > 1.

'
T

Sinee e(v
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From equation (7) and equation (8) for all n = 0,

we have
d“r(ﬂ;nr'ﬁ;w+1} i: a{ﬂ;n,-ﬁ;n“),ﬁ(ﬁ .2n+'I,J 3 d (Dljn lﬂiﬂ-+'|:] d"r{ 41 ﬁ:-!n-l—zj ((]j
Led '{J"':"lfzru'tsal‘r2'|'.t+J.w]I = d’*('ﬁ;u+lﬂﬁ;n+2}' {ln)

The sequence {d, [1?2ﬂ 2”_1_ J} is a non-increasing.

Thus there exists o = 0 in such a way that .E*.Em.,a_md.r.{ﬂfzn, ﬂ.:,n_'_]} =p.
We show that, lim,_,d., (1%, .1 .!u+1) 0; - (11)

Now on the contrary let us assume that p =0,

By equation (9) we have

lim oo { (P, Pin ), B, 5 1), Y (9, 0,00 = o
Since p > 0 and letting t, = a(W,,, 0y 21), B0 Py ), 'y (0, 05 1))
anil
=d {zizﬂ 2:-1+l} such a way that
Ui metn = liMg nelin = 0
then by ({3) limipsaosup C(ty, wn) < 0.
Since ¢(t,.w,) > 0 so
0 < limy o oosup ((tn, wa) < 0.
which contradicts itself. Thus, our presumption is incorrect. So p = 0.
Now again,
we have {1/} is a Cauchy sequence in %

=0. ~(12)

L0 Ly, el {ri’ m]

Let us assume the contradiction that {1 } is not a Canchy Sequence.

Thus there is € = 0 where we can assume the sequences {17, _hand {1?1” pwith

n(k) = m(k) = k& in such a way that for each k

(0, 0 ) = .(13)

My —_—

and n(k) is the smallest number such that equation (13) holds.

From equation (13) we obtain,

]

dy (U, 1.0 .(14)

ﬂt;_)

using triangular inequality and equation (12), we get
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€ < d, (ﬁn;, ?mk} = d’ [g:rlk '}rr.;_ l) + d (ﬁn;‘ 1 ﬁrru}

< d, {efl'm 1) TE
In the above equation, taking lim, ... and applying equation {11), we get
H"r”""l—"'-"'-d?[ll};:k.-'f":'nk} = £. [15)

With the help of triangular iequality , we have
do (9, 1 i?m} <d (d‘m Lr 13',“}+ﬂf (A, 7,
taking limit n — oc and using quation (11}, (13), and (15) we have
1y (0 1 ) = € .(16)

Similarly it is easy to show that

]

H'r”'n—*xd‘*.'["—l}:q.+l1 "-g:um.+1] =€ UT)

As the pairs (F, Q) and (g’,&?} are are (o.d)—admissible and by defini-
tion of M(,, .1, ;)

we have
lim e M0, .0 ) = maz{d, .(o-ﬁ’ AR, ).y (FO, Q0 ).d, (GY,, 2, ),
e (Fly Hi )iy (G, O, ) ]
da
lity, yoe M, 0, ) = max{d, ”‘m+l a?mﬁ_]j (LAY DY 0 (VS S
(W By 1) (0 0 )
2z }

From equation (11), (13), {16) and (17} we get
i, ot (i}nﬁl ‘9mg_+1) = i, oM, 0 ) =¢. L 18)

Thg ¥ Tk
From equation (18], we have

0 < lim, -,x.i.'w.p[nr[fi}m G e?mw'l B(F
(0

'l ¥

g‘ T?:n;_. } 1 "’Id"i'? (F J}Ili g !9"“ :I M [: ;I')m.. ? ﬂm;. }:I =

g 7

e s s ¢ s
a contradiction due to our assumption. So {# } is a Canchy Sequence.

Sinee .2 is complete so there exists a v € 2 in sueh a way that {4} — v

as n — 20,

Now we claim that 1 is the coincidence point for the pairs of mappings
(F, Q) and (G, %) respectively. Since both the pairs satisfies b — (F.A)-

property,

v = lim, oy, = lim, o F Oy, . (19) and
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= linln_-,mﬂ;" 1= Il.""‘ll—):xﬁg"u’;ul 1 (20)
Thus Fv=Quv=_Gt=%t=py

By using the weak compatibility of both the pairs (F, Q) and (G, T), we
conclude that F p, = Qp, and G py, = Zpy,.

Now we are required to show that py is the fixed point of F, Q.G and .

On contrary let us assume that F v = Qu # py;

By equation (1), we have
smin{d,(F Oy, Zpn), do(G pn, Q3 )} < dy(F 9. G 1)
0 < &(a(F Uy, . G pn), BIF V. G ). $*do(F Vi G 1) M(P3,, . 1)) <
0
< M(y, . pr) — (A F Py, . G pr). BIF Uy G pr), 8" (F Uy, . G pi))
50 we get
(t(fﬁ;,,k,Q'/)h),ﬂ(f'i);nk,Q'p,r,),s'ld.,(f"z?;,,k,Q'pr,) & ,M(Uf_,,,k,pf,) «+21)

On the other hand , we have

M {I&fﬁnk ? .IU-"-'J = Ir'”'u"rf'l{f‘lr“f( Qﬁrﬁnk‘- ':?Elmﬁ).‘ d’!" [F’.&"an ? Q.l"}i?m.. :]‘- d"'f{g‘ P 'ﬁpﬁ}!

&y (F Wy Ron) iy (G 1, @03, ) |

25

Taking limit & — o0 we get

limy e My, pr) < dypn, Zpr)

from equation (21) we have

d‘r(ﬂm:krphj < f"('ﬂiznp ph)r_{j(-ﬁ';ﬂk,ph}, de‘r{ﬂ;nkrpif] < M(ﬂ;m__,ﬂh:ﬂ "'{22]
Taking limit k — oo we get, in equation (22)
fLr(_Fap;,,ph] < d.}.[;lr.l,r,,}-rl,'j,l,) a contradiction. Hence gy = Fpy, = Qpy,.
Similarly we can prove py, = G oy = G Ph-

In order to show the uniqueness of the fixed-point, let another fixed-point
ay of }-), Q. G and G'.

By equation (1) we have

Imin{d,(F or.G pr). d(G pr, Qop)} < Imin{0,0} < d,(F 5. G pn)

0 < &alF on G pn), B(F o4, G pr), s*do(F o, G 1), Mo, i)

M(on. pr) — (o, pr), B(on. pr), de’r(ﬁfﬁs Pr)
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since the pairs (F, Q) and (G, G') are (a, 5)-admissible mappings,
do (7h, o) < (o, pr), Blan, pr), s*dy (o, pu) < M(as, pa). --(23)
Contrary to that

M (D, pr) = max{d,(Qon, G pr), dy(F on, Qon), do(G pu, B pa),

Ay (F an.G pu)+ds(G pn.Qmy) }
25

— 'm-u-:r.'{ h;q_ { o, Ph); dn,.( oh, "Th}~ d.q.-( Ohs D J-. ﬂ'w{ffrnf?n};dw{ﬂf:-ﬁh}}

doy(ah, pu) = 0.
Hence from equation (22] and (23]

i (on, pr) < ﬂ'(ﬁruf-m}.-.-'q(ﬁmﬂra]-.-‘!'rlffq(ﬁn.‘a‘-’ﬁ) < -M(”n-..ﬁn) = ﬂ'-«,-[ﬁrf-. ﬁrf} i

contradiction.

Hence ay = .

Corollary 3.3: Let (2, d,) be a TVS-valued COIMS with s = 1 and

F . % - 2 2, — 2, and o, 3:27 < 2, — [0, 00) be mappings such that

the given conditions hold:

Cla(F 9, F ), 8(F 0, F ), s*d (F 9, Fn), M(9,n)) = 0forall d,n € 2,

and ( € Z, .-(24)

where M (4, n) = max{d,(ZD. Zy). d, {_FI'I"?__ SR, rf,...(:_?:"q, @), i, (F' 9 'ﬁ?Hd"r i 'rrﬂj}
Let one of the pair (F &) satisfies the b-(E.A)-property and () is

closed. Therefore the pair (F', %) has a common fixed-point. Further, if

this pair is weakly compatible, then F and 4% have a unique coincidence

fixed-point.

Proof: It is implied by the first theorem by selecting F = G and Q = #.

Example 3.4: Let (1, n) = [5s — ¢ for all g in [0,1),.2] = [0,1] and
let d, : 2, x 2, — [0,1) as given below:
N W=
d,(9.m) =
?+n, U#EDR

Let ns define F, G, Q and #:2, — Z,and o, 3 : 2, x 2, —[0,1] such
0, 0<4d< %

that F (¢) = v*, G (1) =

1 1 -
7 3=v<l
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1 -1 ;

N | T R 1, @9 el01
RW) =39,00) =43 =" 73 and afd,y) = re 0]

% l{ << ] 0 otherwise

1, d,p3€[0,1]
A, pl = .
0 otherwise
Lot {'r?u_]v be the sequence in 27 in such a way that o, = 1/27 + I/n and
then fs-'.-m.n_-,m}'f(ﬁu] = lim, 4 Q(1,) = %

So the pairs satisfies the b — (£ A)-property.

To verify the condition for every ¢,n € Z,ifd =np=0o0rd =5 = %

then equation (24) is satisfied.

If .5 € [0, }] then d\(F9,G'n) = (#*+0) = #*.d, (F 0, %n) = (*+9) =

W4,

d(Gn.QU)=(0+2)=2.d,(00.%n) = (2 +0) =2+, d,(Gn %n) =

(04 ) = and

d,(F9,00) = (* + %) = " + 5.

Now we consider %-n‘:..in{'{?“t_. %} = 15'3;

So we have 22 M (1, n) — o F0,.Gn), BIF9,G'n), s*d(F0,G'y) = 0.
Thus % b f—f:ai — iy > 0.

Hence the conditions of equation (24) are satisfied and + = 0 1s the unique

coincidence point.

4. Conclusion

In this attempt. we studied Sujuki type-{ Z,(a,3))-type rational contrac-
tion with respect to simulation function using (. 3)-admissible mappings
and proved FPts for two couples of mappings in TVS-valued CBMS. The
resilts obtained are generalization of many existing results in the litera-
ture.
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