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1. Introduction
Guler and Crasmareanu [2]introduced a new geometric flow known as Ricci-Yamabe flow which is the
generalization of Ricei low and Yamabe flow.
5 ) ) ) ) _
S9Y) = =2pS(XY) + grg(X.Y), 9(0) = go (L1)

A solution to the Ricei Yamabe flow is called Ricei-Yamabe soliton, denoted as (RY S) and its (g, V, p, A)

on a Riemannaian manifolds (M, g) such that
Ly g(X.)Y)+2pS(X,Y) + (2\ —gr)g(X.Y) = 0. (1.2)

Following two cases axis from Ricei -Yamabe soliton

Case 1: Yamabe soliton , if p=0 then
Ly glX,YV)+ 2\ —gr)g(X,)Y) =0 (1.3)
Case 2: Ricei soliton, if q=0 then

Ly g(X,Y)+2pS(X,Y) +2)g(X,Y) =0 (1.4)
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I1.  Preliminaries

An n-dimensional smooth manifold (M, g) is almost contact metric structure (¢, £, 7, g) if it satisfies

the following relations:

G*(X) = —X + n(X)E, $(€) = 0,m(&) = 1, 9(X, &) = n(X), (2.1)

gl XY ) = g(X,Y) — n(X)n(Y) (2.2)
for all vector X,Y and M. In the view of relation , we have

9(6X.Y) = —g(X,6Y). g(6X. X) =0 (2.3)

An n-dimensional generalized Sasakian Space Form (GSSF) is given by
R(X,Y)Z = fi{g(Y. 2)X — g(X.Z2)Y'} + /o{g(X.0Z)6X + 29(X, Y )62}
+ fs{nXn(Z)Y —n(Y)n(2)X +9(X, Z)n(Y)¢ — g(Y. Z)n(X )¢}

(2.4)

for all vector X,Y,Z on M, where fi, fs. fa are function on M, R denotes curvature tensor, and
f e+ 3 f c—1 0 c—1
= ,fo= and fi = .
1 1 2 1 ] 1

In a generalized Sasakian space form the following relation hold:

S(X,Y) = [(n = V)i +3f2 = filg(X.Y) = Bfa+ (n = 2) fsln(X)n(Y), (2.5)
QX =[n—1)fi+3fa — fa]X = [Bfo+ (n —2f3)]n(X)E (2.6)
ROXY)E = (fi — fo)ln(Y )X —n(X)Y] (2.7)

R(E,X)Y = —R(X,6)Y = (fy - f2)[g(X,Y )¢ = n(Y)X] (2.8)

We define tensor R.T and Q(g,T) by
(RIX,)Y)T) (X1, X2, Xa.. . Xg)=-T(RX,Y)X1, X2, X3... Xxg)
~T(X1, R(X,Y) X2, X5 ... Xi) (2.9)
- T(X, X Xy R(XY)) X )
and
Qg THX, X0, X Xi; XY ) = —T((X A V)X, X5, X5, . X i)
—T(Xy. (X AgY )Xo X5... X)) (2.10)
— =T X X (XA Y )X k)
(XraVZ =AY Z2)X - AX, Z)Y (2.11)
We define the tensor R.R and R.S on (M",g) by
(RIX,Y).RY U, VW =RX,VRUVIW-RRX, YU VW-RU RX,YVW-RUV)RX, Y)W
(2.12)
and
(R(X,Y).5)U,V)=-S(RIX. YU V)= S(U,R(X,Y)V) (2.13)

Where S is Ricel tensor and R is curvature tensor.
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S(X.€) = (n = 1)(fy — fa)n(X) (2.14)
Q&) =(n—-1)(fr— f2)§ (2.15)
g(QX.Y) = S(X.Y) (2.16)

Where S is Ricei tensor and () is Ricei opeartor. By the above results, we prove the following sections.

2.1 Detinition: A Generalized Sasakian Space Form (GSSF) (M™,g) is said to be Ricci -pseudo-

symmetric if the tensor R.S and Q{g,5) are linearly dependent. This is equivalent to

R.S = LsQ(g. 5) (2.17)

. 2.2 Definition: A Generalized Sasakain Space Form (GSSF) (M™, g) is said to be Ricci generalized

pseudo-symmetric if the tensor R.R and Q(S, R) are linearly dependent. This is equivalent to

R.R=LpQ(S.R) (2.18)

3. Ricci Yamabe soliton in Generalized Sasakian Space Form (GSSF)

Let (g,&,A) be a Ricei soliton in an n-dimensional Generalized Sasakian Space Form M . from (L1.2)

we have

Ly g(X,)Y)+2PS(X)Y )+ (2A —qr)g(X.Y) =0 (3.1)
putting V' = £ in , we get

Le g(X,Y)+2pS(X.Y )+ (2A —qr)g(X,Y) =0 (3.2)

For any X,Y € TM" , where L; is the Lie derivative operator along the vector field &, S is the Ricci

tensor field of the metric g and A is real constant.

(Le 9) =9(Vx&Y) +9(X, Vy{) =0 (3.3)
Using (3.3) in (3.2)), we get
. A ogr .
SX)Y)= —(— - —)g(X,Y
(X.Y) = (S = F)(x.Y) (3.4

Riceil Yamabe soliton is ealled shrinking, steady or expanding according as A is negative, zero or positive

respectively.

4. Ricei Yamabe soliton in Riceci pseudo-symmetric Generalized Sasakian Space Form

We consider a Ricci pseudo- symmetric Generalized Sasakian Space Form(GSSF). Then from the from

definition (2.17), we have

(R(X,Y).8)(U,V) = LsQ(g, S)(X, YT, V) (41)
using in ,we get
(R(X,Y).5)(U,V) = Ls((X A, Y).)(U.V) (4.2)
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With the help of and we get from
—S(RIX,Y)U, V)= S(U,RX.Y)V) =Lg[-S((X A, YU, V) = S(U (X A, YV (4.3)
using (2.11)in ([L3) . we get,
—S(R(X,Y)U.V)=S(U, R(X,Y)V) = Ls[~g(Y, U)S(X,V)+g(X.U)S(Y. V)—g(Y, V)S(U, X +9(X,V)S(U,Y)]
(4.4)
Putting X =U =¢ in , we get

—S(RE.Y)E V)= S(6, REYIV) = Ls[—g(Y.O)S(E. V) +9(6. SV, V) =g (Y. V)S(E. ) +9(, VIS V)]
(4.5)
—S((fi = MY )E =YLV = S(& (i — L) [aV.VIE = (V)Y + SV V)] = L[=n(Y)(n = 1)(fy — fa)n(V)]

— gV Viln—1)(f1 — fa) +0(V)(n = 1)(f1 — fa)n(Y)]
(4.6)

Thus, we have
—(f1=f)n(Y)SEV) + (= [3)SY. V) —g(Y, V)(fi = )58 + (V)AL = f3)S(Y.8) = @)
Ls[S(Y. V) = g(Y.V)(n = 1)(f1 — fs)]
—(fr = fa)*n(Y)(n = Lin(V) + (fi = fa)S(Y, V) — gV, V) (f1 = fa)*(n = 1) + (V) (fi = fs)*(n = Un(Y) =

Ls[S(Y.V) —g(Y.V)(n —1)(f1 — f3)]
(4.8)

from _, we get
(i = ()SYV) = g(V\V)(fi = f2)*(n = 1) = Ls[S(Y, V) —g(Y.V)(n = )(fr — fa)]  (4.9)

Thus,we have

Ls[S(Y.V) =gV, V)(n = 1)1 = [3)] = SV V(1 = [3) + gV V) (1 = [5)*(n=1) =0 (4.10)

from (4.10), we get
(Ls+ (f1 = B)SEYV)=gY,V)(fi = fa)(n=1)] =0 (4.11)
(Ls+(fi— fa)}[—(% - g_;)g(y, V)=g(Y,V)(fi— fz)(n=1)] =0 (4.12)
(Ls +(fi — f3))g(Y, V}[—(% - %) (fi—fa)n—=1)]=0 (4.13)

from (4.13), we get
(% )= (- fan-1) (4149
~(fi = fa)n=1p+ % (4.15)

now substituting f1 and f3 in ,we get

c+3 c—1 qr RT:
A= (- L (4.16)
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Thus, we have

A=—(n- 1}p+% (4.17)

Theorem: A Ricci Yamabe soliton in Ricei psendo-symmetric Generalized Sasakian Space Form (GSSF)
is shrinking or steady or expanding accordingly as:
—(n—1)p+ q—; >0,—(n—1)p+ qg—’" —0,—(n—1)p+ % <0 (4.18)
If p=0 then we get A = £~ . thus, we can state
Corollary: A g-Yamabe soliton in Ricei pseudo-symmetric Generalized Sasakian Space Form (GSSF)
is shrinking or expanding or steady accordingly as:

ar o ar o ar _ __
50 <05 =0 (4.19)
If q=0 then we get A = —(n — 1)p. thus, we have

Corollary: A p-Rieei soliton in Ricei psendo-symmetrie Generalized Sasakian Space Form (GSSF') is

shrinking or expanding or steady as:
—(n—=1)p>0,—(n—1)p<0,—(n—1)p=20 (4.20)

5. Ricci Yamabe Solitons in Ricci generalized pseudo-symimetric Generalized Sasakian
Space Form (GSSF)

Consider a Ricei generalized pseudo-symmetric Generalized Sasakian Space Form (GSSF). Then from

the definition (2.18), we have

R.R=LpQ(S.R) (5.1)

using 'm , We get,
(R(X)Y).R)(UVIW = Lp((X AsY).R)(U V)W (5.2)
With the help of and , we get from
RIX.Y)RUVI)W - RRX.YYUV)W -RURX,Y)VW—-RUV)RX, YW=
Lp[(X AsY)RUVIW - R((X AsY)UVIW - RU, (X AsY)V )W - RU V)X AsY)W]

using (2.11) in(5.3) , we get

R(X.Y)R(U.V)W — R(R(X.Y)U, V)W — R(U,R(X,Y)V)W — R(U,V)R(X,Y)W =
Lp[S(Y,R(U,V)W)X — S(X, R{U,V)W)Y — S(Y.U)R(X. V)W +

S(X.U)R(Y, V)W — S(Y,V)R(U, X)W + S(X,V)R(U,Y)W — S(Y,W)R(U,V)X + S(X,W)R(U,V)Y]
(5.4)
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Putting X =U = ¢ in (5.4) , we get

R(EY)REVIW — R(R(EY)E,V)W — RER(EY V)W — REV)REY)W =
LRIS(Y. REV)W)¢ = S REVIW)Y = SY.ORE V)W + 5EORY.VIW= (5.
SY.VIR(EOW + S(EVIREYIW = S(Y, W)R(EV)E+ S(EW)R(E VY]

o
o
~

REY) (i f)V.INE -~ (WIV] - B(fy — f) (Y )€~ (Y] VIW — BE. (i — f)la(Y.V)E — n(V Y)W
“REV)(fr = )oY W)E =n(W)Y] = LaIS(Y. (i — fa)lo(V.W)E = n(W)V])
—S(& (f1 = Fa)lg(VaW)E = W)V Y = (n = 1)(fy = faln(¥)(fs — fo)la(V. WE — n(W)V )+
(n=1)(f1 ~ FREYVIW = SV.V) (i — f)[o(&. W)E = n(W)e]
= 1)(fr = Fn(V) (1 — fa)g(YsW)E = n(W)Y] = SV, W)(fi — fo)lg(V, )€ — n(€)V]
= Dn(W)(fs — f)(F — fa)lg(V.Y ) = (Y V]
(5.6)

Thus, we have

(fi = fa)g(V.WIR(EY)E = (fy = fa)g(V, W (W) R(E Y )V — (fr = fa)n(Y ) R(EVIW + (fr — fa) R(Y, V)W —
¥, V)(fr = BIREOW +n(VIRE Y)W (i — f3)(=fi = fa)g(Y, W)R(E VIE+ (fi = fa)n(W)R(E V)Y

= Lg((f1 = fa)g(V.W)ES(Y, &) = SV VInW)E(fr — fa) — (f1 = f3)S(EEg(VW)Y + SEVIn(W)Y (f1 — fa)
—(n =15V )(fr = fs)g(V. W) + (n = 1)(fr = f)n(Y)p(W)V + (n = 1)(f1 = fs) R, V)W

—SYV)(fr = f)lnW)E = n(W)E] — (n = 1)(fi — f3)*n(V)g (Y, W)é

—(n—1)(fi— f)*n(V)n(W)Y — SCW)(fi — fa)n(V)E+ SV W)V (f1 — fs)

= V(W) (fr = f2)29(V.Y) & = (n = \n(W)(f = fo)n(Y)V]
(5.7)

From (5.7), we get
n(Y)(fi = f)29(V.W)E = (fr = f2)°0(V. W)Y = (fi = fa)*n(W)g(Y.V)E + (fi = fa) 'n(W)n(V)Y
—(fr = £ 0¥ )g(V.W)E + (fr — fa) n(W)n(Y)V
+(fi = ) RY V)W 4+ n(V)(fi = f2)*g(Y, W)E = n(VIn(W)Y (f1 — fs)*
—(fr = Fa)*n(V)g(Y,W)E + (fr = f3)29(Y, W)V + (fi = fa)*n(W)g(Y. V)¢
~(fr = fa)*n(Wn(Y)V = Lg[(n = 1)(f1 — f3)?9(V.W)en(Y)
—S(Y.V)n(W)E(fr = fa) = (n = 1)(fr = f2)*0(Y)g(V.W)E + (fr = f2) n(Y)n(W)V
+n = 1(fr = fHRY V)W + (n = 1)(fi = f2)*n(V)g(Y.W)¢
—(n=1)(fi = f2)*n(V)n(W)Y = SV W)(fi = fa)n(V)¢

—SY. WV (f1 = fs) + (n = Un(W)(f1 — f3)*9(V.Y )¢ — (n = 1)p(W)(f1 — f3)*n(Y)V]
(5.8)
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Thus, we have
—(fi = f3)°g(V.W)Y + (fo = fa) ROV V)W + (fo = f3)?9(Y, W)V = Lp[=S(Y, W) (fi = fa)n(V)é = (fr — fa)*+
gV.W)Y + (n = 1)(fi = f3) RY. V)W + (n = 1) (f1 = f3)"n(V)g(Y. W)¢—

SY,W)(fr = fam(V)E+ SY,WI)V(fi = fa) + (n = 1)g(Y, V)En(W))
(5.9)

Taking the inner produet with respect to Z in (5.9). we get
—(fi = f2)9(V.W)g(Y, Z) = g(RY.V)W.Z)(f1 — fa) + 9(¥. W)g(V.Z)(f1 — f3)* =
R[=SY.V)n(W)g(&. Z) — (fi = [3)* (n = D)g(V.W)g (Y, Z) + (n = 1) (1 — f2)9(Y. Z)+
(n=1)(fi = fa)g(RY, V)W, Z) + (n = 1)(f = fa)*n(V)g(Y . W)i(Z) = S(Y. W)(f1 = fa)n(V)n(Z)—
SY, W) = fa)n(Vin(Z2) + S(Y. W) (f1 — f2)9(V. Z) + (fr — fa)g(¥, V)n(Z)n(W)]

(5.10)
Putting V =W =g, in (5.10), we get
—n(fr— f3)*9(Y. Z) + (fL = [)S(Y. Z) + (fr — fa)*9(Y. Z) = (s.11)
Ly[~(f1 = f2)*(n = V)ng(Y. Z) + (n = 1)(f1 — f3)S(Y. Z) + S(Y. 2)(f1 — fa)] -
S(Y.Z)(fr = fa)(nLr —1) = (nLr = D)g(Y, Z)(n = 1)(f1 — fa2)> =0 (5.12)
(nLr = D[S(Y,Z)(fr = fa) = (nLr = V)g(Y, Z)(n = 1)(f1 — f3)*] =0 (5.13)
(nLp — 1)[—(% - g—;)g(Y, Z)fi—=fa) = (nLr —1)g(Y. Z)(n - 1)(f1 = f3)] =0 (5.14)
Hom, we get
C-8) == 1fi - fo (5.15)
Thus,we have
A=—(n-1)(fi- fa)p+ 2 (5.16)
now substituting f; and f3 in we get
A:—(C::g—c;l](n—l)p—l—q—; (5.17)
Hom, we get
A=—(n— 1)p+% (5.18)

Theorem: A Riccl Yamabe solitons in Ricel generalized pseudo-symmetric Generalized Sasakian Space
Form (GSSF) is shrinking or steady or expanding accordingly as:

—(n—1)p+ q_2r‘ >0, —(n—1)p+ qQ_r =0,—(n-1)p+ % <0 (5.19)

If p=0 then we get A = 4 . thus, we can state
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Corollary: A q-Yamabe soliton in Ricel generalized pseudo-symmetric Generalized Sasakian Space

Form (GSSF) is shrinking or expanding or steady accordingly as:

gr __qr __qr
L )
7~ sty

—
o
(S
=

Pl

If q=0 then we get A = —(n — 1)p. thus, we have

Corollary: A p-Ricei soliton in Ricei generalized psendo-symmetric Generalized Sasakian Space Form

(GSSF) is shrinking or expanding or steady as:

—n=1)p>0,—(n—-1)p<0,—(n—1)p=0 (5.

o
)
—
—

6. Ricci Yamabe soliton in Generalized Sasakian Space Form (GSSF) satisfying the

curvature condition Q-R=0

Consider a Generalized Sasakian Space Form satistying the curvature condition

RR=0 (6.1)
ie
(QR(X.VYZ=0 (6.2)
using in , we get
(QIRIX,)Y)Z)— RQX,Y)Z-RX,.QY)Z-R(X.Y)QZ=0 (6.3)
Putting X = Z=¢ in_, we get
QR(E,Y)E) — R(QEY ) — R(E,QY)E — R(E,Y)QE=0 (6.4)

QUfs = fa)n(Y)E = Y]) = R(QEY)E — (fr — fa)n(QY )€+ (fr — fa)n(€)(QY) — R(E,Y)QE =0 (6.5)

From . we get
(fi = fan(Y)QS = (f1 — f3)QY — R(QSY)E — (f1 — f3)[n(QY ) —n()QY] — (f1 — f3)[a(Y, QE)E — n(QE)Y]

(6.6)
Thus, we have
(fi = Fam(Y)QE — RIQEY)E — (f1 — Fa)n(QY ) — (f1 — fa) S(Y. )&+ (fL — [3)5(&, €)Y (6.7)

Taking inner product with £ in _, we get
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(f1 = fa)n(Y)g(Q, €) — g(R(QE. Y)E, €) —2(f1 — f3) S(Y, )6+ (f1 — f3)S(&.Em(Y) =0 (6.8)
From ‘ we get

(fr = fa)n(Y)S(&€) — g((fr = f3)[n(Y)QE —n(QE)Y].£) =0 (6.9)
Thus, we have
(f1 = f3)S(EEnY) — (f1 — f3)5(Y,§) =0 (6.10)
From (6.10]), we get
(fr = f3)*(n = n(Y) + (f1 — fa)(% - g—;)??(y) =0 (6.11)
Thus, we have
(i = F (= F)o =)+ (5 = )= (612)
1— Ja)n 1— Ja - E — 2_p = .
From (6.12), we get
(% -G === ) =0 (6.13)
Thus, we have
A= (=1 - fap+ 5 (6.14)

now substituting fi and f; in (6.14) ,we get

c+3 ec—1 qr —
A=—( T )(?1—1)p+2 (6.15)

From (6.15), we get
A=—(n—1p+ L (6.16)

Theorem: A Ricei Yamabe solitons in Generalized Sasakian Space Form (GSSF) satistying the curvature
condition ).R = 0 is shrinking or steady or expanding accordingly as:

—(n—1)p+ q—; >0, —(n—1)p+ ‘32—‘" —0,—(n—1)p+ % <0 (6.17)

If p=0 then we get A = £= . thus, we can state

Corollary: A g-Yamabe soliton in Generalized-Sasakian Space Form (GSSF) satisfying the curvature

condition .R = 0 is shrinking or expanding or steady accordingly as:

o g qr i
02 0,2 —9 6.18
7~ 0 (6.18)

It q=0 then we get A = —(n — 1)p. thus, we have

Corollary: A p-Ricei soliton in Generalized Sasakian Space Form (GSSF) satisfying the curvature

condition .R = 0 is shrinking or expanding or steady as:

—(n=1)p>0,—(n—-1)p<0,—(n—1)p=0 (6.19)
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