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Abstract

N.Brownlowe, T. M.Carlsen, and M. F. Whittaker [27] introduce the notion of orbit equivalence of directed
graphs, following Matsumoto’s notion of continuous orbit equivalence for topological Markov shifts. Theyshow
that two graphs in which every cycle has an exit are orbit equivalent if and only if there is a diagonal-
preserving isomorphism between their C*-algebras. They show that it is necessary to assume that every cycle
has an exit for the forward implication, but that the reverse implication holds for arbitrary graphs. As part of
their analysis we follow their way to study of the arbitrary graphs E,so we construct a groupoidg(c*(Et)‘D(Et))

from the graph algebra C*(E;) and its diagonal subalgebraD(E;) which generalises Renault’s Weyl groupoid
construction applied to (C*(E;), D(E;)). We show that G(c* (5D (8 FECOVETS the graph groupoidGg, without the
assumption that every cycle in E; has an exit, which is required to apply Renault’s results to (C*(E;), D(E})).
We finish with applications of their results to out-splittings of graphs and to amplified graphs.
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. Introduction

The relationship between orbit equivalence and isomorphism of C*-algebras has been studied
extensively in the last 20 years. The first result of this type was the celebrated theorem of [5, Theorem 2.4], in
which they showed that orbit equivalence for minimal dynamical systems on the Cantor set is equivalent to
isomorphism of their corresponding crossed product C*-algebras. The importance of Giordano, Putnam and
Skau's result cannot be overstated. In general there is no direct method of checking whether two Cantor minimal
systems are orbit equivalent. However, because the crossed product C*-algebras are classifiable, Giordano,
Putnam and Skau's result means that orbit equivalence can be determined using K-theory. The work in [5] has
been generalised in many directions, including Tomiyama's results on topologically free dynamical systems on
compact Hausdorff spaces [24], and their extension of [5, Theorem 2.4] to minimal Z%-actions on the Cantor set
[6].

More recently, in [15]the authors have shown that two irreducible onesided topological Markov shifts
(Xa,,04,) and (Xz,, 0,) are continuously orbit equivalent if and only if the corresponding Cuntz-Krieger
algebras 0,4, and Og, are isomorphic and det(/ — A,) = det(I — B;). The proof of Matsumoto and Matui's
theorem relies on two key results. The first of these is [12, Theorem 1.1], in which Matsumoto proves that the
following statements are equivalent:

(1) (Xa,, 04,) and (Xg,, a5,) are continuously orbit equivalent,

(2) there exists a *-isomorphism ¢,: 0,, = Op, which maps the maximal abelian subalgebra D,, onto Dg,, and
(3) the topological full group of (X,,,04,) and the topological full group of (Xg,, o5,) are spatially isomorphic.
(In [14, Theorem 1.1], Matsumoto showed that this is equivalent to the topological full groups being abstractly
isomorphic.)

The second key result is [22, Proposition 4.13], which, as noticed by ([16, Theorem 5.1] ), implies that there
exists a x-isomorphism ¢,: 0,, - Op, that maps the maximal abelian subalgebra, or diagonal, D4, onto Dg, if
and only if the corresponding groupoids G4, and G, are isomorphic.

In [27] the authors initiate the study of orbit equivalence of directed graphs, and they prove the analogous result
to [22, Proposition 4.13] for graph algebras. In particular, as part of their main result we prove that if E; and F;
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are two graphs in which every cycle has an exit, then the following are equivalent:
(1) There is an isomorphism from C*(E;) to C*(F;) which maps the diagonal subalgebra D(E;) onto D(F,).

(2) The graph groupoidsGg, and G, are isomorphic as topological groupoids.

(3) The pseudogroups of E; and F; are isomorphic.

(4) The graphs E, and F; are orbit equivalent.

It is natural to ask whether every cycle having an exit is necessary for the results. In our main result we
in fact prove that allimplicationhold for arbitrary directed graphs. It is only the mentioned implication that
requires that every cycle has an exit (and we provide examples that show that this implication does not hold in
general without the assumption that every cycle has an exit). Their analysis of these implications for arbitrary
graphs provides their most technical innovation, which is the introduction of a groupoidG(C*(E.), D(E:))
associated to (C*(E.), D(E.)) that we call the extended Weyl groupoid. The construction generalises Renault's
Weyl groupoid construction from [22, Definition 4.11] applied to (C*(E,), D(E;)). We show that Gz, &)
and G, are isomorphic as topological groupoids for an arbitrary graph E;, which can be deduced from Renault's
results in [22] only when every cycle in E; has an exit.

Two applications of the main theorem are considered. The first application shows that if two general
graphs E, and F; are conjugate then there is an isomorphism from C*(E;) to C*(F,;) which maps D(E;) onto
D(F,). As a corollary, we strengthen a result of [3, Theorem 3.2] on out-splitting of graphs. The second
application adds three additional equivalences to Eilers, Ruiz, and Sgrensen's complete invariant for amplified
graphs [4, Theorem 1.1] (see [27]).

We provide background on graphs, their groupoids and their C*-algebras. We define orbit equivalence
of graphs and associate with each graph a pseudogroup which is the analogue of the topological full group
Matsumoto has associated with each irreducible one-sided topological Markov shift, and we show that two
graphs are orbit equivalent if and only if their pseudogroups are isomorphic. We also construct the extended
Weyl groupoidg(c*(Et)lD(Et)) from (C*(E.), D(E.)), and we show that G(c*E0DED) and Gg, are isomorphic as
topological groupoids. We use this result to show that if there is a diagonal-preserving isomorphism from
C*(Ey) to C*(Fy), then Gg, and Gp, are isomorphic as topological groupoids. We finish the proof of the main
theorem and provide examples. Finally, we give the two applications of the main theorem (see [27]).

Remark 1.1. We have learned that Xin Li has also considered orbit equivalence for directed graphs, and has
independently proved that two graphs in which every cycle has an exit are orbit equivalent if and only if there is
a diagonal-preserving isomorphism between their C*-algebras.

I1.  Background on the Groupoidsand C*-Algebras of Directed Graphs
We begin with graphs and their C*-algebras. We recall the definitions of the boundary path space of a directed
graph, graph C*-algebras and graph groupoids.
2.1. Graphs and their €*-algebras.For a more detailed treatment on graphs and their C*-algebras (see [19]).
However, we note that the directions of arrows defining a graph are reversed in this paper. We used this
convention so that the results can easily be compared with the work of Matsumoto and Matui's work on shift
spaces (see [27]).
A directed graph (also called a quiver) E, = (E?, EL, 7, s¢) consists of countable sets £ and EZ, and range and
source maps 73, s, EX — E?. The elements of E? are called vertices, and the elements of E} are called edges.
A path u of length n in E; is a sequence of edges u = y; ... u, such that r.(u;) = s;(u;,) forall1 <i<n-—-1.
The set of paths of length n is denoted E[*. We denote by |u| the length of u. The range and source maps extend
naturally to paths: s,(u): = s¢(u;) and . (u): = 1 (u,,). We regard the elements of E? as path of length 0, and
for v, € E? we set s,(v,): = 1. (v,): = v,. For v, € E? and n € N we denote by v, E* the set of paths of length n
with source v;, and by Ef*v, the paths of length n with range v,. We define E: = U,y Ef to be the collection
of all paths with finite length. For v,,w, € E? let v.E;w,: = {u € E{:s,(1) = v, and r.(u) = w,}. We define
(Eto)reg:= {v, € EQ: v E{ is finite and nonempty } and (EQ)ging:= E¢ \ (E)reg- If 1= patty -+ iy, v =
WV, v, € Ef and 1. (1) = s.(v), then we let uv denote the path p, u, - V1 vy = vy
A loop (also called a cycle) in E; is a path u € Ef such that |u| = 1 and s, (1) = . (w).
If u is a loop and k is a positive integer, then u* denotes the loop uu -+~ u where p is repeated k-times. We say
that the loop u is simple if u is not equal to v¥ for any loop v and any integer k > 2. Notice than any loop u is
equal to v¥ for some simple loop v and some positive integer k. An edge e is an exit to the loop u if there exists
i such that s.(e) = s.(u;) and e # u;.A graph is said to satisfy condition (L) if every loop has an exit.
ACuntz-Krieger E,-family {P, S} consists of a set of mutually orthogonal projections {Pvt: v, € Eto} and partial
isometries {S,: e € E1} satisfying
(CK1) S;S, = Py, forall e € Ef;
(CK2) S.S; < Py (¢ forall e € Ef;
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(CK3) P, = Yeev,z1SeSe forall v, € (E?)mg.

The graph C*-algebra C*(E,) is the universal C*-algebra generated by a Cuntz-Krieger E,-family. We denote by

{p,s;} the Cuntz-Krieger E,-family generating C*(E,). There is a strongly continuous action y:C*(E;) = T,

called the gauge action, satisfying y,,(py,) = Py, and y,,(se) = zs,, for all z, € T, v, € E{, e € E}. If {Q, T} is

a Cuntz-Krieger

E,-family in a C*-algebra B, then we denote by 7, 7 the homomorphism C*(E,) — B such that nQ,T(pvt) = Qy,

for all v, € E?, and 1 (s.) = T, for all e € E}. an Huef and Raeburn's gauge invariant uniqueness theorem [7]

says that m,, 1 is injective if and only if there is an action 8 of T on the C*-algebra generated by {Q, T} satisfying

B.,(Qy,) = Qy, and B, (T.) = zT,, forall z, € T,v, € E{, e € E}, and Q,, # 0 for all v, € E.

If w=py-p, €Er and n =2, then we let s,:=s, -5, . Likewise, we let s, :=p,, if v, € E?. Then

C*(E) = span{sﬂs(j:u,v EE/,(pn) = rt(v)}. The C*-subalgebra D(E,): = span{sﬂsﬁ: ueE E;‘} of C*(E;) is a

maximal abelian subalgebra if and only if every loop in E, has an exit (see [17, Example 3.3]).

2.2. The boundary path space of a graph. An infinite path in E, is an infinite sequence (x;);(x;) ... of edges

in E; such that r;(e;) = s;(e;;1) for all i. We let E° be the set of all infinite paths in E;. The source map

extends to EZ° in the obvious way. We let |x;| = oo for x, € E{°. The boundary path space of E, is the space
OE;:=E” U {u € E¢: 1y (1) € (E)sing)-

If =ty tim € Ef,xe = ()1 (%) € EZ and 1. (u) = s.(x.), then we let ux, denote the infinite path

Pabhz e U ()1 (X ) o+ € EF°.
For u € E7, the cylinder set of u is the set

Z(Ww): = {ux; € 0E;: x, € (1) OE},
where 1, (i) 0E,: = {x; € 0E,: (1) = s(x;)}. Given u € E; and a finite subset F, € r,(u)E} we define

2\ Fy=2@\ | | 2 )
eEF;
The boundary path space 0E; is a locally compact Hausdorff space with the topology given by the basis
{Z(u\ F):p € E, F, is a finite subset of r,(u)EL}, and each such Z(u \ F,) is compact and open (see [25,
Theorem 2.1 and Theorem 2.2]). Moreover, [25, Theorem 3.7] shows that there is a unique homeomorphism
(h¢)g, from OE, to the spectrum of D(E,) given by
1 ifx, € Z(w),

(ht)Et(xt)(SyS;) = {0 ifx, & Z(). (2.1)
Our next lemma gives a description of the topology on the boundary path space, which we will need in the proof
of Proposition 3.3 (see [27]).
Lemma 2.1. Every nonempty open subset of dE, is the disjoint union of sets that are both compact and open.
Proof. Let U be a nonempty open subset of dE,. For each x, € U let
By,: = {(u, Fy): u € E{, F, is afinite subset of r,(WE}, x, € Z(u\ F;) € U}.
If (u,F,) € By, then x, € Z(u) and x, & Z(ue) for each e € F. Let u,, be the shortest u € E/ such that
(W Fy) € B,, for some finite subset F, of r,(W)EZ, and let (F,)y,: =N {F;: (iy,, F:) € By, }. Then (uy,, (F)x,) €
By, and Z(u\ F;) € Z(py, \ (Fr)x,) for all (u F,) € B,,. It follows that if x,,y, € U, then either Z(u,, \
(Ft)xt) = Z(:uyt \ (Ft)yt) or Z(/"xt \ (Ft)xt) n Z(/"yt \ (Ft)yt) = 0.
Since U =Uy,ey Z(py, \ (F)y,) and each Z(uy, \ (Fy),) is open and compact, this shows that U is the disjoint
union of sets that are both compact and open.
Forn € N, let 0E,™: = {x, € 0E,: |x,| = n}. Then 9E,>" =Upegr Z(1) is an open subset of JE;. We define the
shift map on E, to be the map og,:0E,>" - 0E, given by og, ((x)1(x0)2(xr)s ) = ()2 (%) -+ for
(x0)1(x)2(xp)3 - € OEF? and o, () = 1, (e) for e € OE, N Ef.
For n > 1, we let o¢. be the n-fold composition of g, with itself. We let ant denote the identity map on 9E,.
Then o7, is a local homeomorphism for all n € N. When we write o, (x,), we implicitly assume that x, € dEF™.
We say that x; € 0E, is eventually periodic if there are m,n € N,m = n such that o/ (x;) = og, (x,). Notice
that x, € dE, is eventually periodic if and only if x, = pvvv --- for some path u € E; and some loop v € E{ with
s:(v) = r.(u). By replacing v by a subloop if necessary, we can assume that v is a simple loop.
2.3. Graph groupoids. In [11],the authors defined groupoidC*-algebras associated to a locally-finite directed
graph with no sources. Their construction has been generalized to compactly aligned topological k-graphs in
[26]. We will now explain this construction in the case that E; is an arbitrary graph. The resulting groupoid is
isomorphic to the one constructed in [18]. Let
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Gg,i= {(xt,m —Nn,¥:): X, Y: € 0E, m,n €N, and 6™ (x;) = an(yt)},

with product (x;, k, y.) (W, L, z.): = (%, k + 1, z,) if y. = w, and undefined otherwise, and inverse given by
(xe, k, ve) ™t = (v, —k, x¢). With these operations G, is a groupoid ( cf. [11, Lemma 2.4]). The unit space g,?t
of G, is {(x¢, 0, x¢): x, € OE,} which we will freely identify with 9E, via the map (x;,0,x,) = x, throughout
the paper. We then have that the range and source maps 7, s;: Gg, = 0E; are given by 7;(x;, k,y;) = x, and
se(xe, K, ye) = Ve
We now define a topology on Gp,. Suppose m,n € N and U is an open subset of dEZ™ such that the restriction
of gf} to U is injective, V is an open subset of EZ™ such that the restriction of of. to V is injective, and that
o, (U) = og,(V), then we define

Z(U,mmnV): = {(xt,k,yt) EGr:x EUk=m—ny €V,op5(x;) = o*,?t(yt)}. (2.2)
Then G, is a locally compact, Hausdorff, étale topological groupoid with the topology generated by the basis
consisting of sets Z(U,m,n,V) described in (2.2), see [11, Proposition 2.6] for an analogous situation. For
w,v € Ef with r.(u) = r:(v), let Z(w,v): = Z(Z (W), |u], |v], Z(v)). It follows that each Z(u,v) is compact and
open, and that the topology OE, inherits when we consider it as a subset of Gg, by identifying it with
{(x,0,x.): x, € OF,} agrees with the topology described in the previous section.
Notice that for all u,v € Ef,U a compact open subset of Z(u), and V a compact open subset of Z(v), the
collection {Z(U, lul, [v], V): a,'g‘t"(U) = ag‘:'(V)} is a basis for the topology of Gg,. According to [26, Proposition
6.2], G, is topologically amenable in the sense of [1, Definition 2.2.8]. It follows from [1, Proposition 3.3.5]
and [1, Proposition 6.1.8] that the reduced and universal C*-algebras of G, are equal, and we denote this C*-
algebra by C*(Gg, ). We have (see [27]).
Proposition 2.2 (Cf. [11, Proposition 4.1]). Suppose E; is a graph. Then there is a unique isomorphism
m: C*(E) - €*(Gg,) such that m,(py,) = 17,0, for all v, € EP and m.(s,) = 1) for all e € EY, and
such that . (D(E,)) = Co(G8,)-
Proof. Using calculations along the lines of those used in the proof of [11, Proposition 4.1], it is straight
forward to check that

{Q, T} ={Qu,: = 1200, and To: = 10 o9 Ve € EP, € € EE}

is a Cuntz-Krieger E.-family. The universal property of {p,s} implies that there is a *-homomorphism rm,: =
(T[t)Q,T: C*(Ey) - C*(gEt) satisfying T[t(pvt) = Qvt and 7. (s,) = T.
An argument similar to the one used in the proof of [11, Proposition 4.1] shows that C*(QEt) is generated by
{Q, T}, so m; is surjective. The cocycle (x., k,y;) — k induces an action 8 of T on C*(G) satisfying ﬁzt(Qvt) =
Qy, and B, (T,) = zT,, for all z, € T,v, € EQ,e € E} (see [21, Proposition I1.5.1]), and since Quv, =
12w, # 0 forall v, € E?, the gauge invariant uniqueness theorem of C*(gEt) ([2, Theorem 2.1] ) implies that
m, IS injective.
Since D(E,) is generated by {s,s;: 1 € E;} and m,(s,5;) = 15, We have that , maps D(E,) into Co(G2,).
An application of the Stone-Weierstrass theorem implies that Co(gg’t) is generated by {12(%#):# € E;‘}. Hence
T[t(D(Et)) = Co(ggt)-
Suppose G is a groupoid, the isotropy group of x, € G° is the group Iso(x,): = {y € G:5.(¥) = 1:(y) = x¢}. In
[22], an étale groupoid is said to be topologically principal if the set of points of G° with trivial isotropy group is
dense. We will now characterize when G, is topologically principal (see [27]).
Proposition 2.3. Let E; be a graph. Then the graph groupoid G, is topologically principal if and only if every
loop in E; has an exit.
Proof. Let x, € JE;. We claim that (x;,0,x;) has nontrivial isotropy group if and only if x; is eventually
periodic. Indeed, suppose (x;,m —n,x;) € Iso(x,;) with m # n, then ¢™(x;) = o™(x,) and x, is eventually
periodic. On the other hand, suppose x, = uA®, then (x., (Ju| + |A]) — |ul, x¢) € Iso(x;), proving the claim.
Now observe that if v, is a vertex such that there are two different simple loops « and £ with s;(a) = s.(f) =
v, then any cylinder set Z () for which r.(8)Ef v, # @ contains a y, such that (y;, 0,y,) has trivial isotropy. To
see this, pick A € 1,.(8)E;v,, then y, = SAafa?Ba3f -+ has trivial isotropy since it is not eventually periodic.
Assume that every loop in E, has an exit and suppose for contradiction that U is an nonempty open subset of
dE, such that (x;, 0, x;) has nontrivial isotropy group for every x, € U. Note that U € E° since y, € 9E; with
|v:| < oo implies that the isotropy group of (y;,0,y;) is trivial. Let x, € U. Since x, has nontrivial isotropy
group, there exist ¢; € E; and a loop 7 such that {;n® € Z({;n*) € U for some k € N. Since n has an exit and
(x4 0,x;) has nontrivial isotropy group for every x, € U, it follows that there is a {, € r.({;)E; such that
Z(¢1{;) < U and such that r,.({,)E;r.(;) = @, for otherwise there would be two distinct simple loops based at
1:({;). By repeating this argument we get a sequences of paths {;,{5,{5,.. such that s,({n4q) =
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1: (), e () EL () = @ and Z({{; ... {,) < U for all n. The element y, = {;{,{5 ... then belongs to U, but
since it only visits each vertex a finite number of times, (y;, 0,y,) must have trivial isotropy, which contradicts
the assumption that (x;,0,x,) has nontrivial isotropy group for every x, € U. Thus, Gg, is topologically
principal if every loop in E, has an exit.

Conversely, if u is a loop without exit and x, = uup ... then (x, 0, x,) is an isolated point in ggt with nontrivial
isotropy group. Thus, G, is not topologically principal if there is a loop in E; without an exit.

Since the reduced and universal C*-algebras of G, are equal, it follows from [21, Proposition I1.4.2(i)] that we
can regard C*(Gg, ) as a subset of Cy(Gp, ). For f; € C*(Gg,) and j € Z, we let ®;(f,) denote the restriction of f,

to {(xe, k.)€ Gy, ik = j}, and form € Nwe let 5, (£): =% - e (1—20) @;(f,).
Proposition 2.4 (see [27]). Let E; be a graph and let f, € C*(gEt). Then each @, (f;) and each X, (f;) belong to

C*(Ge,), and (Z,,(fe)) men CONVerges to f; in C*(Gg,)-
Proof. Let j € Z. The map (x;, k,y,) = k is a continuous cocycle from Gz, to Z. For each z, € T there is a

unique automorphism y,, on C*(Gg,) such that y,,(g.)(x, k,y:) = zE g (xe, k,y:) for g, € C*(Gg,) and
(Xt k, y¢) € Gg,, and that the map z, - v,, is a strongly continuous action of Ton C*(gEt) (see [21, Proposition
11.5.1]). It follows that the integral fT Xt )/Zt(ft)zt_jdzt, where dz, denotes the normalized Haar measure on
T, is welldefined and belongs to C*(QEt) (see for example [20, Section C. 2]). Let (x;, k,y,) € Gg,.

If k +# j, then

|0 v dnte ey = | 3 2t dafickyd =0
and if k = j, then ‘ ‘
|20 vz dat ey = | 3 2t dafiCeky0 = fiek o)
Thus, ®;(f,) = [ tT Yo ¥, (f)z; dz, from which ittfollows that &; (f,) € C*(Gg,)-

Since each X, (f;) is a linear combination of functions of the form ®;(f,), each X, (f) belongs to C*(gEt).
Form e N, let g,,,: T — R be the Fejér's kernel defined by

o= 33, (1)

]_—m

Then a,,(z,) = 0 for all 2z € €T, [, om(z)dz, =1, and

wio =33 (-5 )eas
]——m
= ]_Zm (1 — ml;-l-ll) J’;r Z Vzt(ft)zt_jdzt = LZ Vzt(ft)am(zt)dzt_

Thus
Il = | 2 Mr®lonodz=3 . vhin

If g, € C.(Gg,), thenthere isan m, € N such that ®;(g,) = 0 for |j| > m0 It follows that

Z lg: = Zm(goll = Z 9e — ,-im (1 - m|]+| 1) ®;(g:)
i <m|{|—| 1) i(90)

SZ gt — i D;(9¢) +Z “
j=—m t j=—m

SZ jZm (ml{l-| 1) ®j(90)

< Z i ( |j+| 1) ®;(g0)| form=m,

t
Mo
|]|
719l =0 asm — oo,

j=—mg
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Thus, for any € > 0 there exists g, € C.(Gg,) and an M € N such that Il f; — g, I< /3 and llg, — Zn(go)ll <
€/3 for any m > M, and then

Ife = Zn U <N fe = ¢ I +llge = T (@I + 120 (g: — fl < €
for any m > M. This shows that (Z,,(f;))men CONVerges to f; in C*(Gg,)-

I11.  Orbit Equivalence and Pseudogroups
Here we introduce the notion of orbit equivalence of two graphs, which is a natural generalisation of
Matsumoto's continuous orbit equivalence for topological Markov shifts from [12]. We also define the
pseudogroup of a graph using Renault's pseudogroups associated to groupoids[22], and then show that two
graphs are orbit equivalent if and only if their pseudogroups are isomorphic (see [27]).

Definition 3.1. Two graphs E; and F; are orbit equivalent if there exist a homeomorphism h,: dE; —» dF.and
continuous functions k4, [;: 0EE* - N and ki, l;: 0F, > N such that

k! _ 1 _
1% (R (05,(x0))) = 050 (e (x)) and 0207 (i (05,00)) ) 05202 (B (7)), 3.1
for all x, € 9EZY, y, € OF, = 1. e

o <

Example 3.2 (see [27]). Consider the graphs
(fe)1
EFy
(fo)2

Then 0E, = {ejeze; ..., eze; ...} and 0F, = {(f)1(f)2(f)1(f)z2 s (f)2(f)1(f)2(ft)1 . 3. The map h, :
JE; — O0F; given by

he(ereze; ...) = (f)1(f)2(f)1(f)2 - and he(eze; ...) = (f)2(f)1 ()2 (fe)1 -
is a homeomorphism. Consider k,,l;:0EZ' > N given by k,(e;e;e,...) =1 and k,(ese,..) =0, and
l,(e;eze,...) =0 =1,(ese,...). Then k,; and [; are continuous, and we have a,fftl(xt) (ht(aEt(xt))) =

aég("f)(ht(xt)) for all x, € dEZL. Similarly the functions kj, [;: dFZ! — N given by

k()1 (f2(F)1(f)z ) = 0 and ki ((f)2 (f )1 (f)2(ft)1 ) = 1, and
LU (D2 ()1 (f)2 '"),z 1and li((ft)z(fth(ft)lz(fth ...) = 0, are continuous and satisfy

o0 (hi' (0, (00)) = 05 PP (B () forall y, € OFF™.
Hence E, and F, are orbit equivalent.
Sections 5 and 6 contain further examples of orbit equivalent graphs.
In Section 3 of [22], Renault constructs for each étale groupoid G a pseudogroup in the following way: Define a
bisection to be a subset A, of G such that the restriction of the source map of G to A, and the restriction of the
range map of G to A, both are injective.
The set of all open bisections of G forms an inverse semigroup § with product defined by A.B; = {yy’: r,v) e
(A X By) N G®} (where @ denote the set of composable pairs of ), and the inverse of A, is defined to be the
image of A, under the inverse map of G. Each A, € § defines a unique homeomorphism ay,: s¢(4,) — 1:(A;)
such that a(s.(y)) =r:(y) for y € A;,. The set {aAt: A, € S} of partial homeomorphisms on G° is the
pseudogroup of G.
When E; is a graph, then we call the pseudogroup of the étale groupoid G, the pseudogroup of E; and denote it
by Pg, .
We will now give two alternative characterizations of the partial homeomorphisms of 9E; that belong to Pg,.
(see [27]).

Proposition 3.3. Let E; be a graph, let U and V be open subsets of dE;, and let a: V — U be a homeomorphism.
Then the following are equivalent:

(1) « € Pg,.

(2) For all x, € V, there exist m,n € N and an open subset V' such that x, € V' € V, and such that oz} (x{) =
a,?t(a(x{)) forallx' e V',

(3) There exist continuous functions m,n: V — N such that a;’;("ﬂ (x) = o—;’t(xf) (a(x,)) forall x, € V.
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Proof.(1) = (2): Suppose a € Pg,. Let A, € S be such that & = a,,. Let x, € V. Then there is a unique y € A,
such that s, (y) = x¢, and then r(y) = a(x,). Since A, is an open subset of Gg,, there are m,n € N, an open
subset U’ of EF™ such that the restriction of g to U’ is injective, and an open subset V' of dEg™ such that the
restriction of oz, to V' is injective and o} (U") = oz, (V'), and such that y € Z(U',m,n, V') € A,. Then x, €
V'€ Vand og! (x;) = o};t(a(x;)) forall x{ € V"

(2) = (3): Assume that for all x, € V, there exist m,n € N and an open subset V' such that x, € V' € V, and
such that o} (x;) = oy, (a(x;)) for all x{ € V'. According to Lemma 2.1,V is the disjoint union of sets that are
both compact and open. Since 9E; is locally compact, it follows that there exists a family {V;:i € I} of mutually
disjoint compact and open sets and a family {(m;, n;):i € I} of pairs of nonnegative integers such that V =
Ui V; and ngi(xt) = Jgi(a(xt)) for x, € V;. Define m,n:V — N by setting m(x,) = m; and n(x;) = n; for
x¢ € V;. Then m and n are continuous and oy, e () = a,:f(’“) (a(x,)) forall x, € V.

(3) = (1): Assume that m,n:V — N are continuous functions such that o-;’;(xf)(xt) = a;t("t)(a(xt)) for all
x¢ € V. Then there exist for each x, € V a compact and open subset V,, such that x, € V,, €V, m(x;) = m(x,)

and n(x;) = n(x,) for all x; € V,,, the restriction of g, 0 1o V. is injective, and the restriction of o, m(xf) of

a(th) is injective. According to Lemma 2.1,V is the disjoint union of sets that are both compact and open. It
follows that there exists a family {V;:i € I} of mutually disjoint compact and open sets and a family
{(m;,n;): i € I} of pairs of nonnegative integers such that V = U;¢; V;, m(x;) = m; and n(x;) = n,; for all x, €
V;, the restriction of ag; to V; is injective, and the restriction of aggf of a(V;) is injective. Let A;:=
Uies Z(a(V;), my, n;V;).Then A, € S and @ = a4, SO a € Pg,.

Suppose that E; and F; are two graphs and that there exists a homeomorphism h; : 0E, — dF,. Let U and V be
open subsets of dE; and let a: V — U be a homeomorphism.

We denote by hyo Pg ohi':= {ht caohil:ia E?Et}. We say that the pseudogroups of E, and F, are
isomorphic if there is a homeomorphism h;:dE; — dF; such that h; o Pg, o het = Pr,. We can now state the
main result of this section (see [27]).

Proposition 3.4. Let E, and F, be two graphs. Then E;, and F; are orbit equivalent if and only if the
pseudogroups of E; and F; are isomorphic.

To prove this Proposition we will use the following result.

Lemma 3.5 [27]. Suppose two graphs E, and F; are orbit equivalent, h;: 9E, — dF, is a homeomorphism and
ki, 1:0EZ > N and ki, [;: 0FZ — N are continuous functions satisfying (3.1).Let n € N. Then there exist
continuous functions k,, L,: 0EZ™ — N and k;,, [,: 9FF™ — N such that

O-F,'(tn(xt) (ht(GEr'lt(xt))) _ O_Ft (Xt)(h (X )) and o_kn()’t) (ht—l(o.Fri(yt))) _ O-Et (J/t)(ht 1(yt)) (32)
for all x, € 9EZ",y, € OF, = n.
Proof. There is nothing to prove for n = 0 and n = 1. We will prove the general case by induction. Let m > 1
and suppose that the lemma holds for n = m. Let x, € dEZ™**. Then

O.:tl(aénr(xf) (h (O'm+1(x ))) l1 "'Et(xt) (ht(UE"Z(xt)))

and
thm(xt) (ht(ag't‘(xt))) = g'm& (h,(x,)).
Let
kmi1(xe) 1=k (Ugtl(xt)) + maX{ll(UE'Z(xt)). km(xt)} -l (Uéﬁ(xt)) (3.3)
lns1(xe) =l (x;) + max {ll (ag':(xt)) , km(xt)} — ko (1) (3.4)
Then

O.;ftm+1(xt) (ht(o'br‘?ﬂ(xt))) _ O-Ft +1(Xt)(ht(x ))
Since ky, 11, k., and L,,, are continuous, it follows that k., 1, Ly+1: 0EE™! — N defined by (3.3) and (3.4) are
also continuous.
Similarly, if we define k;,,,4, lm+1 0F, 2 m+ 1 — N by letting

kms1(Ve) 1= ky (0;?(3’1:)) + maX{ll(U}’Z(yc)) ks, (Yt)} ll(“ﬁ?()’t))

i1 (Ve) = La(y) + max{l (O-Ft (J’t)) k; (Yt)} km (e)
for y, € 0F, = m + 1, then k;nﬂ and [, are continuous, and

O.Em+1(J/t)( 1(0_ +1(yt))) O-Ef +1(3’t)(h 1(y ))
for all y, € 9EZ™*. Thus, the lemma also holds for n = m + 1, and the general result holds by induction.
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Proof of Proposition 3.4. Suppose E; and F; are orbit equivalent. Then there exists a homeomorphism
h.:0E, —» 0F, and, for each n € N, there exists continuous functions k,, ln:BEfn — N satisfying the first
equation of (3.2). Let (a:V — U) € Pg,, and let m,n:V — N be continuous functions such that a;f:(xt)(xt) =
o7 (a(x,)) for all x, € V.

Lety, € h(V). Then

| (d(ht_l(Yt))) k-1 a(he* ) n(hgt
g 00 (he(athi @) =" ool )<hr ("Et(ht et 0))))

ko (n=1)08) m(n=1
= o‘Ft ( t ) >(a(ht_1(yt))) (ht <0‘Et(ht (yt))(ht_l(yt))>>;

and
a}:m(hzl(ym(hgl(yf)) (ht (G;(hgl(yt)) (het (n)))) _ U;n(h;%yt))(h;l(yt)) o0,
So if we let
M0 = L 50) (B2 00 + max (e 9) (€CRT GO K ) (BT 70D} (3.5)
= kn(ni ) (e 7))
and

() = ly(nza ) (@ (e (7)) + max {kn(ht_l(m)(a(ht—l(yt)))‘ km(ht_l(yt))(ht_l(yt))}
~Ka(nrr o) (“(h? 1(yt))), (3.6)

then a;f'(yt) (y,) = g™ 00 (ht(a(ht‘l(yt)))). Since h;',m,n, and a are continuous, it follows that
m',n": h,(V) = N defined by (3.5) and (3.6) are also continuous. Thus, it follows from Proposition 3.3 that
hioaohil € Pr,-A similar argument proves that if a” € Pp,,

then hi' o ' o hy € Pg,. Thus hy o Py, o h' = P, and the pseudogroups of E, and F, are isomorphic.

Now suppose that h.: 0E; — dF, is a homeomorphism such that h; o Pg, o hit = P,

Fix e € E} and let a,: = 0% . Then a, is a homeomorphism from Z(e) to a.(Z(e)) and since a,(x;) =
e t Z(e) e

g, (x,) for all x, € Z(e), it follows from Proposition 3.3 that a, € Pg,.
Thus h,oa, o h! € Pr, by assumption. It follows from Proposition 3.3 that there are continuous functions
m,, ng: hy(Z(e)) - N such that

70 (he(ao(hi 0e)))) = o5 *®P(y)  for y, € hy(Z(e)).
Define functions ky,l:0EE* > N by ky(x,) = niy,, (he(x)) and L (xp) = miy,, (he(x,)), which are
continuous because the Z(e) are pairwise-disjoint compact open sets covering dE, = 1.
Then for each x; = (x;),(x;), :++ € OE; we have

My, (Re(xe)) Ny, (Re(x))
G}g:(xt)(ht(xt)) — GFt(xth t(xe (ht(xt)) _ O_Ft(x:h t(xe <ht (a(xt)l(xt))> — O';ftl(xt) (ht (UEt(xt)))-
Hence k, and [; satisfy the first equation from (3.1).A similar argument gets the second equation from (3.1).
Thus E; and F; are orbit equivalent.

IV.  The Extended Weyl Groupoidof (C*(E,), D(E;))

Proposition 2.2 says that the pair (C*(E;), D(E,)) is an invariant of G, in the sense that if £, and F,
are two graphs such that G, and G, are isomorphic as topological groupoids, then there is an isomorphism from
C*(E;) to C*(F,) which maps D(E;) onto D(F). In this section we show that G, is an invariant of
(C*(E.),D(E,)), in the sense that if there is an isomorphism from C*(E;) to C*(F,;) which maps D(E;) onto
D(Fp),

then G, and G, are isomorphic as topological groupoids.

To prove this result (see [27]) we build a groupoid from (C*(E.), D(E;)) that we call the extended
Weyl groupoid, which generalises Renault's Weyl groupoid construction from [22] applied to (C*(E;), D(E:)).
Recall from [22] that Weyl groupoids are associated to pairs (4;, B;) consisting of a C*-algebra A, and an
abelian C*-subalgebra B, which contains an approximate unit of A,. The Weyl groupoid construction has the
property that if G is a topologically principal étale Hausdorff locally compact second countable groupoid and
Ay =C,(G)and B, = Co(G?), then the associated Weyl groupoid is isomorphic to G as a topological groupoid.
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We will modify Renault's construction for pairs (C*(E;), D(E;)) to obtain a groupoid G+, (s, Such that
Gc*ep.p(E,)) and Gg, are isomorphic as topological groupoids, even when G, is not topologically principal. We
will then show that if E, and F, are two graphs such that there is an isomorphism from C*(E;) to C*(F,) which
maps D(E;) onto D(Fy), then Gc+ g,y AN Gic*(rpp(Fp), @Nd thus Gg, and G, are isomorphic as topological
groupoids.
As in [22] (and originally defined in [9] ), we define the normaliser of D(E,) to be the set
N(D(Ep)):= {n € C*(E;):ndn*,n*dn € D(E,) forall d € D(E,)}.
According to [22, Lemma 4.6], nn",n"n € D(E,) for n € N(D(E,)). Recalling the definition of (h,)g, given in
(2.1), for neN(D(E)), we let dom(n):={x, € 9E,: (he)g, (xp)(n'n) > 0} and ran(n):={x; €
OE¢: (hy)g, (xp) (nn*) > 0}. It follows from [22, Proposition 4.7] that, for n € N(D(E,)), there is a unique
homeomorphism a,,: dom(n) — ran(n) such that, for all d € D(E,),

(ht)Et(xt)(n*dn) = (ht)Et(an(xt))(d)(ht)Et(xt)(n*n)' (4.1)
From [22, Lemma 4.10] we also know that a,,- = a;;* and @y, = @, © a, for each m,n € N(D(E,)).
The following lemma gives an insight into how the homeomorphisms a,, work. We collect further properties of
these homeomorphisms in Lemma 4.2.
Lemma 4.1 (see [27]). Let E, be a graph. For each u,v € Ef with r,(u) = r,(v) we have s,s; € N(D(E;))
with
dom(s,sy) = Z(v), ran(s,sy) = Z() and ag,s; (v2,) = pz, for all z, € r,(v) OE,.
Proof. Let u,v € Ef with (1) = r.(v). For each 1 € E{ we have

S, Sy ifu=Au
(susy) sasi(suss) = syusoy  ifA=pl
0 otherwise .

So (s,55) sa55(su53) € D(E,), and it follows that (s,s;) d(s,s;) € D(E,) for all d € D(E,).A similar
argument shows that (s, s,u*)d(s,s;)" € D(E,) for all d € D(E,), and
hence s, s; € N(D(E,)). We have

1 ifx, €Z(v)

(ht)Et(xt)((s#s;)*s#SJ) = (he)g, (x0)(sysy) = {0 ifx, & Z(),

and hence dom(s,s;) = Z(v).A similar calculation gives ran(s,s;) = Z(w).
Now suppose z; € r,(v) dE;. We use (4.1) and (4.2) to get

(h)i, (@s,55(v2)) (5155) = (h)g, (vze) ((50) 5255 (55 ) (), (v2e) ((555) s

(he)g,(vze) (sysy) ifu=au
= (ht)Et(VZt)(SM'S;A/) ifd=pul
0 otherwise (4.2)
|1 ifuz, €Z(A)
B {0 otherwise
= (ht)Et(/th)(SASD-

It follows that (), (55 (vz)) = (h)g, (uz.), and hence a,; (vz,) = pz..

Denote by d(E;),,, the set of isolated points in dE,. Notice that x, € JE, belongs to d(E;),,, if and only if the
characteristic function 1, belongs to C,(0E;). For x, € d(E;);,, we let p,, denote the unique element of
D(E,) satisfying that (hy)g, (:)(Px,) is 1 if y, = x, and zero otherwise.
Lemma 4.2 (see [27]). Let E; be a graph, n € N(D(E},)) and x; € d(E;)
(8) npy,n” = (ht)Et(xt)(n*n)p(xn(xt):

(b) n*pan(xt)n = (ht)Et (xt)(n*n)th: and

(©) NPx, = Pap(xp)T-
Proof. We use Equation (4.1) with d = nn” to get

(ht)Et(xt)(n*n)z = (ht)Et(xt)(n*nn*n) = (ht)Et(an(xt))(nn*)(ht)Et(xt)(n*n);
which implies that

N dom(n). Then

iso

(he)g, (an(x))(mn") = (h)g, (x,) (n"n). (4.3)

Note that this is a positive number because x; € dom(n). For (a) we again use (4.1) to get
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h)e, 00 (e @) n)) " wpen) - = (h)g (@) m)) ™ (hed 0 ()

= () @G ) " Bs, (@ + G0 (pe) ()i, 7 (n)
{1 ity = an(xt)
B {0 otherwise .

By the defining property of p,_ (x,) We now have py ) = ((ht) PACS (xt))(nn*))_l NPy, N

Using (4.3) gives np, n* = (he)g, (x0) (M M)Pg,, x,)» Which is (a). Identity (b) follows from (a) by replacing n

with n* and x, with a,,(x,) and then use (4.3).
To prove (c) we first notice that

h)e, 00 (R, e rm) ™ mp) = (G (g, G M), 00 ()

_ {1 lfxt = Yt
0 ifx; #y;.
Hence by the defining property of p,, we have

n*npxt = (ht)Et(xt)(n*n)pxt' (4.4)

We now use (4.4) and (a) to get (¢):
mpy, = (((r @) ) = (A5 GOEM) 1P’ = Py

Lemma 4.3 (see [27]). Suppose x. € d(E),,- If x. is not eventually periodic, then p, C*(E;)px, =
Px, D(E)Dx, = Cpy,. If x, = punmm --- for some p € E¢ and some simple loop 1 € Ef with s,.(n) = 1 (), then
Px,C"(Er)px, 1s isomorphic to C(T) by the isomorphism mapping py, s, s,S,px, to the identity function on T,
and pxtD(Et)pxt = (Cpxt-
Proof. Let (gEt)z denote the isotropy group {y € G:s.(¥) = 1.(¥) = x,} of (x;,0, x,).

Assume that x, is not eventually periodic. Then (gEt);“ = {(x, 0,x;)}. Proposition 2.2 implies that there is an
t

t

. . * * x *
isomorphism from p,,C*(E.)p,, to C ((gEt)x ) and consequently p,,C*(E-)px, = Px,D(E)Px, = Cpx,»

completing the first assertion in the lemma.

Assume then that x, = unnn --- for some p € Ef and some simple loop n € E; with s,(n) = (). We then

have that (gEt)it = {(x;, k|n|, x;): k € Z}. Now Proposition 2.2 implies that there is an isomorphism from
t

t

Px,C"(Er)px, to C(T) which maps p,, s, s,s,px, to the identity function on T, and that p,, D(E;)px, = Cpx,-
The extended Weyl groupoid associated to (C*(E), D(E;)) is built using an equivalence relation defined on
pairs of normalisers and boundary paths. For isolated boundary paths x; the equivalence relation is defined
using a unitary in the corner of C*(E;) determined by p,,.
Lemma 4.4 (see [27]). Let E; be a graph. For x; € d(E;)
and a,, (x;) = an,(x;), we denote

ny,ny € N(D(Ey)), x; € dom(ny) N dom(ny),

iso ’

-1/2
Utomyngy: = (h)g, () (Mingning)) " peningpy,.
Then
1) Ulxenyna) U(*Xr.npnz) = U(*xt,nl,nz) Utxnimg) = Py and
) U(*Xt.npnz) = Ulxpnaing)-
Moreover, if n; € N(D(E,)), x; € dom(ng), and an,, (x;) = an, (x;) = ay, (x;), then
() Utxpninn) Utemams) = Utpmams)-
Proof. Suppose that x; € d(Ey);y, , 1, N2 € N(D(Ey)), x, € dom(ny) N dom(n,), and ay, (x;) = an, (x¢). First
note that since x, € dom(n,) N dom(n,), we have (h,)g, (niny), (hy)g, (n3n;) > 0,
and the formula for Uy, », »,) Makes sense. We now claim that
D MiN2Dx oM Dy, = (M), (x¢) (Mg n315) Py, (4.5)
To see this, we apply identities (a) and (b) of Lemma 4.2 to get
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pxtn;nsztn;nlpxt = pxtni (nsztn;)nlpxt
= pxtn; ((ht)Et (xt)(nznz)panz (xt)) nlpxt
= (ht)Et(xt)(nznz)pxtn;panl(xt)nlpxt
= (ht)Et(xt)(n;nl)(ht)Et(xt)(nznz)pxt

= (h)g, (x) (Minyn5n,) Py,
We now use (4.5) to get

U(xt,nl,nz)ngt,nl,nz) = ((ht)Et(n’{nln;nZ)) pxtn’{nsztn;nlpxt = Dx;
Similarly, and using that p,, C*(E;)py, is commutative, we have

-1
U(*xt,nl,nz) U(xt,nl,nz) = ((ht)Et(n;nln;nZ)) pxtn;nlpxtn;nszt
-1
= ((h)p(imm3n2))  paninaDe 3Py,
= pxt-
So (1) holds.

Identity (2) holds because njn,,n3n, € D(E,), and hence
U(xt,nl,nz): = ((ht)Et(xt)(nlnlnznz)) Dx 2Py, = ((ht)Et(xt)(nZnannl)) Dx 2N Px,

= U(xt,nz,nl)-
We use identities (a) and (c¢) of Lemma 4.2 to get

-1/2
UremmpUtzomomsy = (1), () (imaning) (he) g, () (m3maming)) P inapa,minspy,
-1 -1/2
= ((h)5, G M3n2)) (), ) (imaming)) oyt (), () (312D Pa, a0y ) P3P,
-1/2
= ((h)s, (imam3ng)) " Py MiPay, ey s,

= ((ht)Et (ninyn3 n3)) Dx ;N3 Px,

= U(Xt.n1.n3)'
So (3) holds.
Notation 4.5. For x;,n, and n, as in Lemma 4.4 we denote

A(xt,nl,nz): = (ht)Et(xt)(ninln;nz)-

SO Utpmymy) = A(_xlt/,‘rzll,nz)pxtninszt' It follows from identity (1) of Lemma 4.4 that Ugy, n, n,) IS @ Unitary
element of p,.,C*(E,)p,. We denote by [U(xt,nl,nz)]1 the class of Uy, n, n,) in Ky (Px, C*(Ee)Dx,)-
Proposition 4.6 (see [27]). Let E, be a graph. For each (x;),, (x;), € dE; and ny,n, € N(D(E;)) such that
(x:); € dom(n,) and (x;), € dom(n,) we write (ny, (x;)1) ~ (ny, (x;),) if either
(@) (xe)1 = (x)2 € (Ep)ig » an, ((x)1) = an, ((x;)7), and [U((X:)pnpnz)]l = 0; or
() (x¢)1 = (x), & (Ey),,, and there is an open set V such that (x;); € V € dom(n;) N dom(n,) and
an, (V) = ay,(ye) forall y, € V.
Then ~ is an equivalence relation on {(n, x;):n € N(D(E,)), x; € dom(n)}.
Proof. The only nontrivial parts to prove are that ~ is symmetric and transitive when the boundary paths are
isolated points. Suppose (ny, (x¢)1) ~ (ny, (x¢),) with x,: = (x); = (x;), € 9(E,);, - We know from Lemma
44(2) that U(Xt.nz.nﬂ = Ug;ft.npnz)' So

[Utninn], = 0= [Uapnonp], = [Ulunynyp], = 0.
and hence (n,, (x¢)2) ~ (14, (x)1)-
For transitivity, suppose (ny, (x:)1) ~ (2, (x)2) and (ny, (x)2) ~ (n3, (x¢)3) with xi:= (x); = (x), =
(x¢)3 € O(Ep);, - We know from Lemma 4.4(2) that Uge, n, ny)Utxpmgms) = Utepngng)- SO

[U((xtr"lb"lz)]l =0= [U(xt,nz,n3)]1 = [U(xt,nl,n3)]1 = [U(xt,nl,nz)]l[U(xt,nz,n3)]1 =0,

and hence (ny, (x;)1) ~ (n3, (x¢)3).
Proposition 4.7 (see [27]). Let E, be a graph, and ~ the equivalence relation on {(n,x;):n € N(D(E;)), x; €
dom(n)} from Proposition 4.6. Denote the collection of equivalence classes by G+, n(E,)) - Define a

partially-defined product on Gc(z,)p,)) PY
[(ny, (k) DIz, (k)]s = [(yng, ()] if ap, ((x¢)2) = (xe)1,

DOI: 10.35629/0743-10082039 www.questjournals.org 30 | Page



On General Wide Graph Algebras and Orbit Equivalence

and undefined otherwise. Define an inverse map by [(n, x,)]™1: = [(n*, a,,(x;))]. Then these operations make
G(c*(Enn(Ey) INtO @ groupoid.

Proof. We only check that composition and inversion are well-defined. That composition is associative and
every element is composable with its inverse (in either direction) is left to the reader. To see that composition is

well-defined, suppose [(ny, (x),)] = [(ny, (x)D], and [(ny, (x)2)] = [(n, (x)2)] with [(ny, (x,),)] and
[(ny, (x:),)] composable. We need to show that [(n], (x;)1)] and [(n}, (x;)5)] are also composable with

[(nyny, (xe)2)] = [(ning, (x)3)]. (4.6)
We immediately know that (x.); = (x¢)1, (x¢)2 = (xp)2, (x¢)2 = a;;((xt)l)!anl((xt)l) = an;((xt)i): and

@, (X)) = @y ((x)3). This gives
@ (D) = @ (o) = a3 (an, ((0)2)) = @3 (g (G)3)) = Geds.
So “n;((xc)'z) = (x)1, and hence [(n}, (x;)1)] and [(n}, (x;)5)] are composable.
To see that (4.6) holds we have two cases:
Case 1. Suppose (x;); & d(Ep)iso- Then (x¢)1 = (xp)1 & 9(Er)is, (Xe)2 = a;zl((xt) ) € 0(Ep)i > and (x); =
a_ll((xt)l) & 9(E;);, We also know there exists an open set V; such that (x;); € V; € dom(n;) N dom(n;)

with anl|v1 =a r| and an open set V, such that (x;), € V, € dom(n,) N dom(n}) with an2| =ay

v,
LetV:=V,n a;z (Vl) which is an open set containing (x;),. We claim that

V € dom(n;n,) N dom(niny).
To see this, let x, € V. Then using (4.1) we have

(h)5, Gee) ((1112) 1am3) = (B, (2, () ) (Mi1) () g, (xe) (),
which is positive because a,,(x;) € dom(n,) and x, € dom(n,). So V € dom(n;n,).A similar argument
gives V < dom(n;n;), and so the claim holds. For each x, € V we have a,, (x;) = a,; (x,) € V3, which means

U n, (X)) = ay, (anz(xt)) = ay (an; (xt)) = A1t (Xp).
" Hence (nyn,, (x.),) ~ (niny, (x,)3), and (4.6) holds in this case.
Case 2: Suppose (x;)1 € 0(E;);, - Then (x;)7 = (x); € 0(Ep) i » (X)2 = aﬁzl((xfh) € 0(Ep);» and (x)5 =
a;;l((xt)’i) € 0(E;);s, - We also have ap, ((x¢)1) = ar ((x)1), an, ((x¢)2) = ayr ((x,)3), and hence

@y, (()2) = @y (@ (6)D)) = @y ((10)1) = @y (Ge)D) = @y (@ (G0)5)) = @t (G-

To get (nyn,, (x;),) ~ (nynj, (x,)3) in this case it now suffices to show that [U((Xt)znln2 n;ng)] = 0. We use
’ ’ 1

So an1n2|V = Aplal

that a,,, ((x¢),2) = (x¢), and “n;((xt)'z) = (x:)] = (x); and apply Lemma 4.2(c) twice to get
Plxe), MNP (), = (MaPip,) Mttt (MhDry),) = (Panz ((xt)z)nz) ninipan; ((x)2)ny

= nzp(xthn;n,lp(xthnlz'
Now we can write
-1/2
U((Xr)z-nﬂlz-nlﬂl;) ((ep)2ming, nlnz)p(xt)znznlnlnzp(xt)z
-1/2
((xp)2minzning)

N3P0, MMPxp), M2

_-1/2 1/2 % [(1—1/2 .1
= Hazminanir) (G 1ngn)) 2 (l((xt)l.nl.ni)p(xt)lnlnlp("t)l)n2
-1/2 1/2 ’
((xp)2ming, nlnz)l((xt)1 ny, nl)nz U((xt)pnpni)nz
Since (nq, (x;);) ~ (ny, (x,)}) implies that U((x:)l,nl,ni) is homotopic to p(y,),, We see that U((xt)z'nlnz'n;n;) is
homotopic to
-1/2 1/2 * ’
((xp)2minzning) ((xt)linlini)nzp(xt)lnzl
We use Lemma 4.2(c) to get
an(xt)ln'znﬁ’panz((xt)z)Pané ()2 = Plaep,M2M2Pxy) -

Hence U (,,), nyn,n)n}) IS NOMotopic to
-1/2 11/2 * ’ 1/2
((xp)2n1nzniny) ((xr)1,n1yn§)n2p(xf)1n2 ((xt)z nqnyning) ((xt)1 ni, nl)p(xt)znznzp(xt)z
-1/2 1/2 1/2
(xp)zmanzning) ((cp1nan])” (e 2n2n}) ((xt)z nanb).
But (n,, (x:),) ~ (n}, (x:)5) implies that U((xt)z.nz,n;) is homotopic to p(,,),, and hence U(xppmingminy) 18

homotopic to p(y,),. This says that [U((xt)z,nlnz,niné)]l = 0, as desired.
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This complete the proof that composition is well-defined. To see that inversion is well-defined, suppose

[(ny, (x0)1)] = [(n4, (x)1)]. We need to show that [(ni,anl((xt)l))] = [((n’l)*,an;((xt)'l)]- We again have
two cases.
Case 1: Suppose that (x,); = (x.)} € 0(Ep),

A straightforward argument shows that the open set V':= a, (V) satisfies
14

So  [(ni e, ((x)D)] =

. We know that there is open V such that (x;); € V € dom(n;) N

dom(nj) and an1|V =y
ay, ((xr)1) € V' € dom(ni) N dom((n})”) and an’i'v’ = Ay
[((n;)*, ang((xt)’l)] in this case.

Case 2: Suppose that (x;); = (x;)1 € 9(E;)

v

iso = 0.

. We have to show that [U(an1((xt)l).n’i.(ni)*)]l
We use Lemma 4.2(c) to get
_ g-1/2 'y«
U(anl((Xth)an,(nD*) = A(anl((xt)1),n§,(n£)*)panl((n)l)nl(nl) Pay, ((x0)1)
o DG, (M)
(any (omy (ny)7) M ELTLT
Since (ny, (x)1) ~ (ni, (x)1), We have U(g,,n, 1) NOMotopic to py,),. Hence U(anl(m)l)’n;’(n;)*) is
homotopic to
-1/2
(any (ODML(nY)
Now, using (4.3) we have
A A = (h)g, ((x) ) (i) 7 (he) g, ((x0)1) () ')~

(anl ((xt)l),nj,(n'l)*) (xp)1mamy)

-1/2 -1/2

)nlU((xt)l'nl'nll)(nl) - A(“nl ((xch).ni‘(n;)*) ((xt)ljnljni)nlp(xf)lnlnlp(xf)l ()"

So U( is homotopic to

tny () D))
(h) 5, (Gee) 1) (M) ™ (he) 5, (Gee) ) (1) M) ™ Py MM Dy, (1)
= ((he)s, (X)) (51 3 piany, 1) () 5, (e ) () M)~ Py, ()"
= panl((xth)'

where the last equality follows from Lemma 4.2(a). Hence [U( = 0.

anl((xt)l).n;.(n;)*)] .
We equip Gc*g,)p(Ey) With the topology generated by {{[(n, x,)]: x; € dom(n)}:n € N(D(E.))}. It can be
proven directly that Gc+g,)n(5,) is a topological groupoid with this topology, however, it also follows from our
next result.

Proposition 4.8 [27]. Let E; be a graph. Then G¢+(g,)p(,) IS a topological groupoid, and G¢+(g,)p,)) and Gg,
are isomorphic as topological groupoids.

Remark 4.9.If G, is topological principally, which we know from Proposition 2.3 is equivalent to E; satisfying

condition (L), then Gc+z,ng,) 1S isomorphic to the Weyl groupoid gco(gf}t) of (C*(Qgt), Co(ggt)) as in [22].
In this case the isomorphism of G, and G(c+EoDED) proved below follows from [22, Proposition 4.14].

To prove Proposition 4.8 we need the following result. The proof can be deduced from the proof of [22,
Proposition 4.8], but we include a proof for completeness. As in [22], we let supp’(f;): = {yt € G, f: () # 0}
for f, € C*(Gg,)-

Lemma 4.10 (see [27]). Let E, be a graph and m;: C*(E;) — C*(gEt) the isomorphism from Proposition 2.2. Let
n € N(D(E,), and f;: = m,(n). Then supp’(f;) satisfies

(i) s(supp’(f)) = dom(n);

(i1) (x¢, k, y¢) € supp'(f) = @, (¥:) = x; and

(iii) y, € dom(n) = (a,(v:), k, y:) € supp’(f;) for some k € Z.

Proof. Identity (i) follows because

(ht)Et(yt)(n*n) =m.(m'n) (., 0,¥) = f{ f: Ve, 0,y) = Z |ft(V)|2-
YEGE,
s=e)
For (ii) we first consider the function f;"g.f; where g, is any element of n,.(D(E;)) = Co(géf)). Using the

convolution product we have

f9fi0u0y) = D > I forall x, € OF,. (4.7)
YEGE,
sm=0t)
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Alternatively, we can also apply (4.1) to, say, g; = m;(d) to get
f£9cfe e 0,y¢) = me(n*dn) (v, 0,y,) = (ht)Et(yt)(n*dn) = (ht)Et(“n(}’t))(d)(ht)Et(}’t)(n*n) (4.8)
= gt(an(yt)'oi an(yt))lft(ytl 0,y0)|%. .
Now suppose for contradiction that (x, k,y;) € supp’(f;) but a,(y;) # x,. Choose g, € Co(gé‘t))) a positive

function with g,(x;, 0,x;) = 1 and g.(a,(3:),0, @, (¥:)) = 0. Then (4.7) gives
fEgcfe Ve 0,ye) 2 |fe (e, k, ¥ ge (%, 0, %) > 0,
whereas (4.8) gives
f£9:ft (e, 0,y) = gt(an(yt)' 0, an(%))|ft(3’t' 0,y)|*> = 0.
So (i) holds.
Implication (iii) follows immediately from (i) and (ii).
Proof of Proposition 4.8. Let (x.,k,y,) € Gg,. Then there are u,v € E{ and z, € dE, such that x, = uz,,y, =
vz, and k= |u|—|v|. We know from Lemma 4.1 that s,s; € N(D(E,)),y, € dom(s,s;), and that
s, s (e) = x;. Define ¢.: G, = GcypE) OY
¢t((xtikvyt)) = [(S#Sv*, yt)]
It is routine to check that ¢, is well-defined, in the sense that if u,v,u’,v' € E{, z;, z{ € OE;, uz, = u'z¢, vz, =
v'zi, and |u| — [v| = || — V'], then [(suss,vze)] = [(s,rsy,v'zt)]. It is also routine to check that ¢, is a
groupoid homomorphism. We now have to show that ¢, is a homeomorphism.
To show that ¢, is injective, assume that ¢, ((x;, k, v;)) = qbt((x{, k’,y{)). Then x; = x; and y, = y{. Suppose
for contradiction that k # k’. Then y, must be eventually periodic, because otherwise we would have
g ) # a7, () Tor Jie| — || = kand [ie’| — |A] = k.
Thus x; = unmn -+ and y, = vynn --- for some u,v € Ef and a simple loop n € E{ such that s, (n) = r.(u) =
re(v). It follows that ¢, ((xe, k,¥e)) = [(Suapmsyapm ¥e)] and ¢ (e k' 30)) = [(sﬂ(n)mfs;mn'yt)] where

m,n,m',n’ are nonnegative integers such that |u(n)™| — [v(n)™| = k and |u(m™ | — [v(m)™ | = k'. Suppose
that n has an exit. Then y, ¢ d(E;),,, and there is a ¢ € Ef such that s.({) =s:(1),[{| < |n|, and { #
mnz Mg (where 1 =mnn, ---n|,1|). Then for any open set U with y,eUc

*

. . . .

dOm(Su(n)mSv(n)n N dom (Su(n)m'sv(n)"')’ there is a positive integer [ such that @ = Z(v(n)'¢) < U, and that

a st (z¢) # ay ( )m's*(n)’(zt) for any z, € Z(u(n)'¢). This contradicts the assumption that
pm™ o umy™ v

. Without loss of generality

iso.

& ((xe, k, ¥e)) = pe((xe, k', y:)). If m does not have an exit, then y, € a(E,)
assume k > k', then we can use Lemma 4.2(c) to compute

N * N N N k-k'
[pyt(su(n)msv(n)") Su(n)m’SV(n)nPYt]l = [pytsvsnk—k’svpyt]l = [(pytsvsnsvpyt) ]1;
and the second assertion in Lemma 4.3 implies that [(pytsytsns;jpyt)k_k ]1 # 0. Thus,

and hence (s,,¢ymsy g Ve) * (Sﬂ(n)m,S:(n)n,'yt)' But this means ¢, ((x;, k, y:)) # ¢:((xs, k', ), which is a

contradiction. So we must have k = k', and hence ¢, is injective.

To show that ¢, is surjective, let [(n, x;)] be an arbitrary element of Gc+g,p(r,)) - Lt fi: = m:(n), where

m.:C*(E;) = C*(gEt) is the isomorphism from Proposition 2.2. We

know from (iii) of Lemma 4.10 that (a,(x.), k, x;) € supp’(f;) for some k € Z. Suppose first that x; ¢

0(Ep),, - Choose u,v € Ef, a clopen neighborhood U of a, (x;), and a clopen neighborhood V of x, such that

USZw),V S ZW),of' W) =of (V). k=|ul—v|, and Z(U,|ul,[v],V) € supp’(f,). Then ag g (y,) =

an(y,) forall y, € V, and hence ¢, (a,(x,), || — |v], x,) = [(SuSJ.xt)] = [(n, x)].

Now suppose that x, € d(E;),,, is not eventually periodic. Choose u,v € Ef and z, € 0E; such that x, =

VZ, A (%) = uz, and k = |u| — [v|. It follows from Lemma 4.3 that [U(thsus*)] = 0 (because K, (C) = 0),
L v 1

and thus that ¢, ((a,(x0), k, x.)) = [(sus5,%:)] = [(n,x,)]. Assume then that x, is eventually periodic. Then

there are u, v € Ef and a simple loop n € E; such that s,(n) = r. (1) = 1:(v), x; = vinn -+, @, (X)) = unnn -+,

and k = |u| — |v|. Choose positive integers [ and m such that [U(thsus*)] = [ —m. Then by Lemma 4.3 we

L v 1

have
[pXtSMSnls;ms;pxt]l = [(pxtsﬂsnSspxt)l(prsusri;s;pxt)m]l =l-m,

and hence [U(xt,n'S#S;)]l = [pxtsvsnns;msv*pxt]l. Since

DOI: 10.35629/0743-10082039 www.questjournals.org 33| Page



On General Wide Graph Algebras and Orbit Equivalence

* _1/2 * *
(ht)Et (Svnmsvnm) U(xt,n,s#s{j) (pxtsvsn’snmsspxt) = U(xt,n,s,Tnss;n);

We have [U(xt,n,sg;,s* 1'"7)]1 = [U(xt,n,s#si)]l - [pxtsvsnzs;;ms;pxt]l = 0. Hence

B2 ((@n @, @™ = ') = [(Suayms) gy 2 )] = [, 2],
which shows that ¢, is surjective.
To see that ¢, is open, let u,v € E; and let U and V be clopen subsets of dE, such that U € Z(u),V < Z(v),
and agt‘l(U) = agl(V). Then there is a p, € D(E,) such that (h)g(x)(py) =1 if x, €V, and
(he)g, (xe)(py) = 0 if x, € OE, \ V; and then ¢.(Z(U, |ul, |v],V)) = {[susf,‘pv,xt]:xt € dom(s#s{,‘pv)}. This
shows that ¢, is open.
To prove that ¢, is continuous we will show that ¢71({[(n,y)]:v: € dom(n)}) is open for each n €
N(D(E)). Fixn € N(D(E,)) and z, € dom(n). We claim that there is an open subset V,, ., in Gg, such that

¢ ([, 2)]) € Vinzyy € o7 {0, y)]: v € dom(n)}).
Let r,: C*(E,) » C*(Gg,) be the isomorphism from Proposition 2.2, and f;: = m,(n).
We know from (iii) of Lemma 4.10 that (a,,(z;), k, z.) € supp’(f;) for some k € Z.
Suppose that there are two different integers k; and k, such that both («,(z;),kq,2;) and (a,(z), k4, z:)
belong to supp '(f;). Then there are puy,vq,uy Vv, €Ef  such  that (a,(z), ki, 2) €
Z(“l' 1/1), (an (Zt)' k2' Zt) € Z(#Z' VZ) and Z(ﬂl' Vl)' Z(MZ' VZ) c Supp,(ft)'
Without loss of generality we can assume that || = |u,|, and then we have u, = u,.
We also have v; = v,& or v, = v;& for some & € E; \ E?; we assume that u, = u;& and denote u: = py = .
We claim that z; is an isolated point, and that

se(Z(u,v1)) 0 s (Z(wv1) = {(z0)}-

To see this, suppose (x.) € s;(Z(u,v1)) N se(Z(, v, ). Then x, = vy, for some y, such that a, (v,) = uy;,
and x, = v, &y| for some y{ such that a,,(v;) = uy;. It follows that y{ = y, = &y;, and hence y, = v,&&¢ .... So
se(Zwv) 05 (Z(vi) = (i€ .0} = {0},
and hence z, is an isolated point. Now ¢;1([(n,z)]) = (W€ ..., || — |vq],v1€ ...) is isolated because

{o: (0, 20D} = Z({ué, ..}, |ul, [val, {v1€ ... }) is open. So in this case we take Vi, .,y = {¢¢ ' ([(n, 2)]D}-
Now assume that there is a unique k such that («,,(z;), k, z;) € supp’(f;). Choose u,v € E; with r,(u) = r.(v)
and an open subset V € r.(u) dE, such that (a,(z.),k,z:) € Z(uV, |ul, |v],vV) € supp’(f;). Lemma 4.10
implies that a,, (x;) = asﬂs;(xt) forall x, € vV.
We aim to find an open subset W < vV such that z, € W and

[U(xt,m#s;)]l =0 forall x, € W N A(E,) (4.9)

for then we have ¢, ((a,(xo), lul — vl %)) = [(susy,x:)] = [(n,x,)] for all x, € W, and the open subset

Vo= 2(u W), ul, Iv], W) satisfies the desired ;" ([(n, 20)]) € Vinzy € b (L1, 7)): y: € dom(m)).
Let 6: = |fi (@, (2), k, z)|. Then

h)e @@ = f iz 02)= Y > IfMF =57
Y€GE, t
s()=(z¢)
Choose an open subset V, < vV such that z, € V and (h,)g, (x;)(n'n) > (8/2)? for all x, € V. Define

1
gt = ft*lz(u,v) — AfEfe)z,
where A = fi(a,(z:), k, z.) /| f: (@n(20), k, z;)| € T. We claim that g, (z;,j,z.) = 0 forall j € Z.
When j = 0 we have

1
0G0z = Y ROl -2 Y > (FaAm))
¥1Y2=(2t,0.2t) 't N1nz=(2¢,0z¢) t
Implication (ii) of Lemma 4.10 ensures that the only terms in the sums which produce nonzero entries are
Yo = (2, =k, an(z,)) and y,, 1, = (@n(20), k, 2;). Hence
9:(2:,0,2) = fi(an(z0), k, 2¢) — Al fe(an(ze), k, z.)| = 0.

When j # 0, both terms in the expression for g, contain f,(a,(z:),k —j,z.), which is zero. Hence
9t(2e,j,2¢) = 0.
Use Proposition 2.4 to choose m € N such that I|g, — 2., (gl < &/2. Since g.(z;,],z;) = 0 for all j € Z, there
is an open set W such that z, € W < V, and

iso ’

(4.10)

|(1— Ul )gt(xt'j'xt) <ﬁ

m+1
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forall —-m < j <mand x, € W.Then [Z,,(g,) (x., j, x,)| < /2 forall (x,j,x,) € Gg, with x, € W. It follows
from the definition of the norm on C*(Gg, ) that for all x, € W n 8(E,),,, we have

> mlpe)En(gom(pe,)

t

iso

Z Z (”t (pxt)Zm (g, (th)) 62)

t yegEt

= Z Z Z Liep 00} V1 Zm (90 V2D Ly 0,601 (V3)

YEGE, Y1 2V3=Y t

S DI HCACH S B

jez T

IA

Hence

Z nt(pxt)gtnt(pxt) < Z lge — Zm (gl + Z "T[t(pxt)zm(gt)nt(pxt)” <3é. (4.11)

t t

We now claim that [|U(y, y,s,s5) = APx,|| < 2 for all x, € W n 9(E,),,, . To see this, first note that

iso

T[t(pxt) = (ft*ft)_%(xt' 0, xt)(ft*ft)%(xt' 0, xt)”t(pr) = (ff f) (x4, 0, xt)_%(ft*ft)%nt (pxt)-
Thus

Ty (U(xtyn,Sy.S;) - lpxt) = T[t((ht)Et(xt)(n*n)_l/sztn*SuS;pxt - Apxt)

= (£ f)(x 0, xt)_%ﬂt (th)ft*lz(u,v)”t(th) - A”t(th)
= (7 £ G, 0,%0) ™2 (e (P ) o Ve (P) = A 12 (p,))

1
= (£ f)(x 0, xt)_Eﬂt(pxt)gtnt(pxt)-
Using (4.11) we now get

”U(xt,n,s#s{j) - Apxt ” = ||7Tt (U(xt,n,sus{‘,) - Apxt)” = Ut*ft)(xt' 0' xt)_l/z ”T[t (pxt)gtnt (pxt) ”

1
< (ff fe) (xt, 0,x,) 26,
Recall that x, € W N d(Ey)iso S Vo, and hence (fy' f) (x¢, 0,x,)™*/% = (he)g, (x)(n*n) ™2 < 2/6 So

”U(xt,n,sus{‘,) - Apxt" <2
But this means [U(Xr.n.sus;)]l =0, and so W satisfies the desired (4.9). As mentioned, this means Vi, ,,y: =

Z(a, (W), |u|, |v], W) satisfies

¢ (1 20]) € Vinzyy € S ({0 y)]: e € dom(m))),
as required.
Proposition 4.11 (see [27]). Let E; and F; be two graphs. If there is an isomorphism from C*(E;) to C*(F;)
which maps D(E,) to D(F;), then Gc+g,yn(E,)) aNd Gc*rynry) are isomorphic as topological groupoids, and
consequently Gg, and G, are isomorphic as topological groupoids.
Proof. Suppose ¢, is an isomorphism from C*(E,) to C*(F,) which maps D(E;) to D(F,).
Then there is a homeomorphism k:dE, — dF, such that (h.)g,(x.)(fy) = (R (k(x)) P (fy) for all f, €
D(E;) and all x, € 9E,. It is routine to check that the map [(n, x;)] = [(¢:(n), k(x:))] IS an isomorphism
between the topological groupoids Gc+(g,)n(k,)) and Gc*(r,)n(F,))- 1hen Proposition 4.8 implies that G, and G,
are isomorphic as topological groupoids.

V.  Main Result and Examples
Theorem 5.1 (see [27]). Let E, and F; be graphs. Consider the following four statements.
(1) There is an isomorphism from C*(E,) to C*(F;) which maps D(E;) onto D(F,).
(2) The graph groupoidsGg, and G, are isomorphic as topological groupoids.
(3) The pseudogroups of E; and F; are isomorphic.
(4) E; and F; are orbit equivalent.
Then (1) & (2),(3) & (4) and (2) = (3). If E; and F, satisfy condition (L), then (3) = (2) and the four
statements are equivalent.
Proof.(1) = (2) is proved in Proposition 4.11. (2) = (1) follows from Proposition 2.2. (3) < (4) is proved
in Proposition 3.4. (2) = (3) follows directly from the definition of the pseudogroups Pz, and Py, .
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Assume that E; and F; satisfy condition (L). Then it follows from Proposition 2.3 and [22, Proposition 3.6(i)]
that G, is isomorphic to the groupoid of germs of the pseudogroup g, constructed on page 8 of [22], and that
Gr, is isomorphic to the groupoid of germs of the pseudogroup Pr,. It follows that if P, and P, are isomorphic,
then G, and Gy, are isomorphic. Thus (3) = (2), and all 4 statements are equivalent when E; and F, satisfy
condition (L). We have the following (see [27]).
Example 5.2. We show that (3) does not imply (2) in general. Consider the single vertex and single loop
graphs

E.F,
We have 0E, = {v,} and 9F, = {ee ... }. S0 E; and F, are orbit equivalent, but C*(E;) = C is not isomorphic to
C*(F;) = C(T). Obviously F, does not satisfy condition (L), so E, and F, provide a simple counterexample to
the equivalence of statements (1) and (4) of Theorem 5.1 without the presence of condition (L).
Example 5.3. The graphs

E.F,
provide a similar counterexample to the equivalence of statements (1) and (4) of Theorem 5.1 without the
presence of condition (L). In this case dE, = N = dF, (and, unlike Example 5.2, the shift map is defined on all
of 0E, and dF; ), but C*(E,) = K + K ® C(T) = C*(F.).
Example 5.4. There exist graphs E, and F;, such that C*(E,) and C*(F;) are isomorphic, and D(E;) and D(F;)
isomorphic, but E; and F; are not orbit equivalent.
Consider for example the graphs (E;), and (E;)3below.

(Ee)2(Ee);

It follows from [19, Remark 2.8] that the C"-algebra of (E,), is 1somorphic to O, (see for example
[23]) and that the C*- algebra of (E,)3 is isomorphic to O, (see for example [23]).

It is proved in [23, ¢  Lemma 6.4] that 0, and 0 ar@omolphic. We also have that D((E.),)
and D((E,)3)because ‘ both d(E,), and 3d(FE,);are Cantor sets. However, (E,), and (E,)7
cannot be orbit equivalent because if they were, then it would follow from Theorem 5.1 and [15,
Theorem 3.6] that det (I — (4,),) = det (I — (4,)7 )where

11
—_ (1 1y riean- 101
(A[)Z—(l 1):...:and:...:(A,)2— 01
0 0

P P e ¢ ¢ .
However, det (I — (4,);) = —landdet (I — (4,)z) = 1.

e e =]

0
0
1)
1

VI.  Applications
Here we provide two applications of Theorem 5.1.The first result shows that conjugacy of general
graphs implies that their C*-algebras are isomorphic and the isomorphism decends to their maximal abelian
subalgebras. As a corollary we obtain a strengthening of [3, Theorem 3.2].The second application adds three
additional equivalences to [4, Theorem 1.1], which provides a complete invariant for amplified graphs (see

[27]).
OO S

6.1. Conjugacy and out-splitting. Two graphs E; and F, are said to be conjugate if there is a homeomorphism
hy: 0E, > OF, such that h.(0EZ*) = 0F, =* and h.(og,(x)) = op, (he(x)) for all x, € DEZ*. It is routine to
verify that if E, and F, are conjugate, then they are also orbit equivalent. Thus Theorem 5.1 implies that if E;
and F; both satisfy condition (L) and they are conjugate, then there is an isomorphism from C*(E;) to C*(F;)
which maps D(E;) onto D(F;). In Theorem 6.1 we will prove that if E; and F; are conjugate, then Gz and Gp,
are isomorphic, and hence there is an isomorphism from C*(E;) to C*(F;) which maps D(E;) onto D(F;), even
if E, and F; do not satisfy condition (L). As a corollary, we strengthen [3, Theorem 3.2] for out-splittings of
graphs.

Theorem 6.1 (see [27]). Let E; and F; be graphs. If E; and F; are conjugate, then Gg, and G, are isomorphic as
topological groupoids, and hence there is an isomorphism from C*(E;) to C*(F;) which maps D(E;) onto
D(Fy).

Proof. Let h,:9E, - OF, be a homeomorphism such that h,(9EZ') = 0F, > 1 and h,(og, (x;)) = 05, (he (%))
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for all x, €9E, = 1. Define ¢.:Gg, > G, by (e, k,y0)) = (he(x), k, he(ye)). Then ¢, is a
homeomorphism, and G, and G, are isomorphic as topological groupoids. Then Theorem 5.1 implies that there
is an isomorphism from C*(E,) to C*(F;) which maps D(E;) onto D(F,).

As a corollary we are able to strengthen [3, Theorem 3.2]. Before we state the corollary we recall the
terminology of [3].

Let E, be a graph and let P be a partition of E} constructed in the following way. For each v, € E? with v, EL #

@, partition v,E¢ into disjoint nonempty subsets Egt, ...,6,',';(”0 where m(v,) = 1, and let m(v,) = 0 when
v.EL = @. The partion P is proper if for each v, € E we have that m(v,) < oo and that Sf,t is infinite for at
most one i. The out-split of E, with respect to P is the graph (E;),, (P) where
(E)s,(P):={vi:v, € E,1 < i <mw)} U {v:v, € E, m(v,) = 0},
(E)s,(P):={el:e € E},1 < j <m(r(e))} U {e:e € E, m(r:(e)) = 0}
and 1, s (E)5, (P = (E¢)s, (P)° are given by
sc(e/): = s.(e)" and 1, (e/): = r(e) for e € EL, ) with m(r(e)) = 1, and

se(e):= s,(e)t and r(e): = 1,(e) for e € E! y withm(r;(e)) = 0.

se(e

Corollary 6.2 (see [27]). Let P be a proper partition of E{ as above. Then E, and (E;);,() are conjugate and
there is an isomorphism from C*(E,) to C*((E,)s,(?)) which maps D(E,), onto D((E;)s,(P)).
Proof. Notice that since P is proper, we have that v} € (Et)st(?):’eg if v, € (EY),,, and that if v,E/ is infinite,
then v{(E,)s,(P)* is infinite for exactly one i.
For x; = (x¢)o(xe)1 - € OEy, let hy(xe) = ¥ = (Ve)o(Ve)1 -+ € O(Ep)s,(P) be defined by h(x,) having the
same length as x; and

(x)n ifm(rt((xt)n)) =0,

Vedn: = (x)n  if (X1 € ‘%(e)'

(xt){l ifrt((xt)n)j(Et)st(?)1 is infinite and the length of x; is n.
Then the map x, = h.(x,) is a homeomorphism from 0E, to 9(E.)s,(P), h(0EF") = 0(E.)s,(P)*' and
he(og, () = (g5 ) (e (x)) for all x, € 9EZ™. Thus, E; and (E,),(P) are conjugate and it follows from
Theorem 6.1 that there is an isomorphism from C*(E;) to C*((Et)st(?)) which mapsD(E;) onto
D((E)s,(P))-
Remark 6.3. To see that orbit equivalence is weaker than conjugacy consider the graphs E; and F; from
Example 3.2. We have already seen that E; and F; are orbit equivalent.

They are not, however, conjugate because og, (eye, ...) = eze, ... and og, (y,) # y, for all y, € dF,, and fixed
points are a conjugacy invariant.

6.2. Amplified graphs and orbit equivalence. In [4], a graph is called amplified if whenever there is an edge
between two vertices in the graph, there are infinitely many. Theorem 1.1 in [4] characterises when the C*-
algebras of amplified graphs are isomorphic. Using our main result, we improve this result by adding three
additional equivalences, see Theorem 6.4. Before we precisely state the result of [4] and our improvement, we
will first recall the notation of [4].

If E, is a graph, then the amplification of E, is the graph E, defined by E2:= E2,E}:= {e(v, w)": e €
Ef,si(e) = vy, 1e(€) = wy,n € N}, s (e(vy, w)™): = v, and 1 (e (v, we)™): = w.

It is routine to see that a graph E, is amplified if and only if E, = E,.

If E, is a graph, then the transitive closure of E, is the graph tE, defined by EQ:= E2,tE}:=Elu
{e(vp, wp):u € Ef \ (EX UEY), s (1) = v, (1) = w}, with source and range maps that extend those of E,
and satisfy s;(e(v;, w.)™): = v;, and (e (ve, we)™): = wy.

Theorem 1.1 of [4] says that if E, and F, are graphs with E? and F_ finite, then the following 6 statements are
equivalent.

(1) The graphs tE, and tF, are isomorphic, in the sense that there are bijections ¢?: tE® — tF? and ¢i:tEL —
tF? such that s, (¢ (e)) = ¢2(s¢(e)) and 1. (pi(e)) = pd(r.(e)) forall e € tEL.

(2) The C*-algebras C*(tE) and C*(tF,) are isomorphic.

(3) The C*-algebras C*(E,) and C*(F,) are isomorphic.

(4) The C*-algebras C*(E,) and C*(F,) are stably isomorphic.

(5) The tempered primitive ideal spaces Prim®(C*(E,)) and Prim®(C*(F,)) are isomorphic (see [4, Definition
4.8)).

DOI: 10.35629/0743-10082039 www.questjournals.org 37 | Page



On General Wide Graph Algebras and Orbit Equivalence

(6) The ordered filtered K -theories F.K(C*(E,)) and F.K(C*(F,)) of C*(E,) and C*(F,) are isomorphic (see [4,
Definition 4.4]).

The following result improves on [4, Theorem 1.1].

Theorem 6.4. Let E, and F, be graphs with E? and F? finite. Then each of the following 3 statements is
equivalent to each of the statements (1) — (6) above.

(7) The graphs E, and F, are orbit equivalent.

(8) The graph groupoidsGz, and G, are isomorphic as topological groupoids.

(9) There exists an isomorphism from C*(E,) to C*(F,) which maps D(E;) onto D(F,).

Hence the statements (1) — (9) are all equivalent.

To prove Theorem 6.4 we need two results. We start with a modification of [4, Theorem 3.8].

Lemma 6.5 (see [27]). Let E, be a graph and u = pyu, ..., iy, € Ef. Let F, be the graph with F2: = E?, Fl: =
EL U {u™:n € N}, and range and source maps that extend those of E, and satisfy s,(u™): = s,(u) and r,(u™): =
ry(u). If the set {e € El:s.(e) = s, (), 1:(e) =r(w)} is infinite, then E, and F, are orbit equivalent.
Proof. Let A,:= {e € El:s.(e) = s.(u),r.(e) = 1. (u)} and assume A, is infinite. Then there are injective
functions n;: N — A, and n,: A, = A, such that n,(N) nn,(4;) = @ and n,(N) Un,(4,) = 4,. For each x, €
OF,, let h.(x,) be the element of JE, obtained by, for each n € N, replacing every occurence of u™ by the path
N1 (M) s ..y, and, for each e € A,, replacing every occurence of the path ap,us ...p,, by the path
N2(@Q)Ha3 .. P

Then x; = h;(x;) is a homeomorphism from 9F, to 0E;.

Define ky,1;: 0F; =1 - N by

m if x; EUney Z(W"),

1 ifx @Upeny Z(u™).

Then k, and [, are both continuous, and agg(’%) (ht (O-Ft(xt))) = aElt("t) (he(x)) for all x, € AFZ™.

Similarly, define ki, 1;: 0EE* - N by

kl(.xt): =0 fOI‘ all Xt € athl, ll(xt-): = {

m—1 ify, €Uee ) Z(elats - tm),
fa(ye):=40 if yr €Ueer,(ap) Z(epaltz oo i),
0 ify; €Ueea, Z(eUals .. Um)-
Li(y,): = 1forall x, € IFF".
Then k; and I} are both continuous, and gk100 (h;l(aEt(yt))) = a;;(yt)(hgl(yt)) for all y, € dEZ. This

Fy t

shows that E; and F, are orbit equivalent.

Proposition 6.6 [27]. Let E, be a graph with E? finite. Then E, and tE, are orbit equivalent.

Proof. Notice that tE, can be obtained from E, by adding infinitely many edges from v, to w, whenever there is
a path from v, to w,. Thus, that E, and tE, are orbit equivalent follows from finitely many applications of
Lemma 6.5.

Proof of Theorem 6.4. Since both £, and F, satisfy condition (L), it follows from our main theorem that (7) —
(9) are equivalent, and it is obvious that (9) implies (3). Proposition 6.6 shows that (1) implies (7).
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