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Abstract

We follow the approach of [16], methodology with a bit change of symbols realizing the mentioned ordered of
graph C*-algebras equipped with generalised gauge actions, and characterise in terms of ordered groupoids and
groupoid cocycles when two ordered graph C*-algebras are isomorphic by a diagonal-preserving isomorphism
that intertwines the generalised gauge actions. Similarly, we apply this characterisation to show that two Cuntz—
Krieger algebras are isomorphic by a diagonal-preserving isomorphism that intertwines the gauge actions if and
only if the corresponding one-sided subshifts are eventually conjugate, and that the stabilisation of two Cuntz—
Krieger algebras are isomorphic by a diagonal-preserving isomorphism that intertwines the gauge actions if and
only if the corresponding two-sided subshifts are conjugate.
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I.  Introduction

It is well-known that the properties of the Cuntz-Krieger algebra 0,4, of a finite square {0,1}-matrix A,
are closely connected to the properties of the one- and two-sided subshifts X, and XAt of A;. Cuntz and Krieger
proved for example in [6, Proposition 2.17] that if A, and B, are finite square {0,1}-matrices both satisfying
condition (I), and X, and X, are conjugate, then there exists a diagonal-preserving *-isomorphism between O,
and Og, which intertwines the gauge actions of 0,, and Op, (the result actually says a bit more than that); and
Cuntz proved in [5, Theorem 2.3] that if A, and B, are finite square {0,1}-matrices such that A, and B, and their
transposes satisfy condition (I), and XA: and )?Bt are conjugate, then there exists a diagonal-preserving x-
isomorphism between the stabilised Cuntz-Krieger algebras 04, ® K and O, ® K which intertwines the gauge,
actions of 0,4, ® X and Op, ® K (this result was first proved under the additional assumption that A, and B, are
irreducible and aperiodic by [6, Theorem 3.8]). Cuntz also proved in [5, Theorem 2.4] that if A, and B; are finite
square {0,1}-matrices such that A, and B, and their transposes satisfy condition (1), and XAt and XBt are flow
equivalent, then there exists a diagonal-preserving =-isomorphism between the stabilised Cuntz-Krieger algebras
04, ® K and O, @ X (this result was first proved under the additional assumption that A, and B, are irreducible
and aperiodic by [6, Theorem 4.1]).

The connection between the properties of 0,, and the properties of X,, and XA: was further highlighted
in [11] when the authors presented, among several other interesting results, a converse to [6, Theorem 4.1] by
proving that if A, and B, are finite square {0,1}-matrices that are irreducible and not permutation matrices, and
there is a diagonal-preserving =-isomorphism between the stabilised Cuntz-Krieger algebras 0,, ® X and Op, ®
¥, then )?At and XBt are flow equivalent [11, Corollary 3.8]. To prove this result, Matsumoto and Matui used that
the C~-algebra 0,, can be constructed as the (reduced) C-algebra of an étale groupoid and proved that if A, and
B, are finite square {0,1}-matrices that are irreducible and not permutation matrices then there is a diagonal-
preserving =-isomorphism between 04, and Op, if and only if the corresponding étale groupoids are isomorphic,
and if and only if the one-sided subshifts X,, and X, are continuously orbit equivalent [11, Theorem 2.3].
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Matsumoto has since then used this aproach to study gauge-invariant isomorphisms of Cuntz-Krieger
algebras [9,10], and has, among other results, proved a converse to [6, Proposition 2.17] in the irreducible case
when he proved in [9, Theorem 1.2] that if A, and B, are finite square {0,1}-matrices that are irreducible and not
permutation matrices, then there is a diagonal-preserving -isomorphism between 04, and Op, that intertwines the
gauge actions of 04, and Op, if and only if X,, and Xp,_are eventually conjugate.

In [8] the authors extended the definition of Cuntz-Krieger algebras when they used groupoids to
construct C*-algebras from directed ordered graphs that are not assumed to be finite. These ordered graph C*-
algebras have since attracted a lot of interest, and by using that ordered graph C*-algebras can be constructed from
groupoids, [11, Theorem 2.3] has recently been transfered to the setting of the ordered graph C*-algebras [1,2].

Toke Meier Carlesn and James Rout in their paper [16] use groupoids to study diagonal-preserving
isomorphisms of order graph C*-algebras that intertwine generalised gauge actions. They characterises when there
is a diagonal-preserving *-isomorphism between two ordered graph C*-algebras that intertwines two generalised
gauge actions. The characterisation is given in terms of cocycle-preserving isomorphisms of the corresponding
ordered graph groupoids.

They also present a "stabilised version" of this result.

By specialising to ordinary gauge actions they show in Theorem 4.1 that there is a diagonal-preserving gauge-
invariant =-isomorphism between two ordered graph C*-algebras if and only if the two ordered graphs are
eventually conjugate, and in Theorem 5.1 that if we consider two finite ordered graphs with no sinks or sources,
then there is a diagonal-preserving gauge-invariant *-isomorphism between the stabilisation of the two ordered
graph C*-algebras if and only if the two-sided edge shifts of the two ordered graphs are conjugate. As corollaries,
they prove in Corollary 4.2 a converse to [6, Proposition 2.17] by generalising [9, Theorem 1.2] to the non-
irreducible case, and they prove in Corollary 5.2 a converse to [5, Theorem 2.3].

As with [11, Theorem 2.3], the results in this paper can be transfered to the setting of Leavitt path algebras, and
they have done this in [3].

Il.  Definitions and Notation
We recall the definitions of directed ordered graphs and their boundary path spaces, ordered graph groupoids, and
ordered graph C*-algebras. This is standard and can be found (see for example [1] and [2]). Usually let N denote
the set of nonnegative integers {0,1,2, ... }.

2.1. Directed Ordered Graphs and their Boundary Path Spaces

A directed ordered graph E, is a quadruple E, = (E?, E}, 7, s,) consisting of countable sets E? and EZ, and range
and source maps 73, s,.: E — E?. An element of v, € E{ is called a vertex and an element of e, € E} is called an
edge.

A path of length n in E; is a sequence of edges p = y ... i, such that r.(u;) = s (i) forall 1 <i<n-—1.
We denote by E7* the collection of all paths of length n, and we define, Ef: = U,y Ef* to be the collection of all
paths of finite length. We write |u| for the length of u € E{. The range and source maps extend to paths: r, (u): =
1e(n) and s, (): = s¢(p1).

We regard the vertices v, € E? as paths of length 0, and set 7, (v,): = s, (v,): = v,. For v, € E? and n € N, we
define v, E: = {u € E*: s,(u) = v,}. The set of regular vertices is given by (Et")reg = {v, € E2:v,E} is finite
and nonempty } and the set of singular vertices by (Et")sing = E2\ (Eto),-eg- If u=uy liyyv="vy..v, €Ef
with . (u) = s;(v), then we let uv: = y; ... vy ... vy € E£. A cycle (sometimes called a loop in the literature) in
E, is a path u € E¢ \ E? such that s,(u) = r.(1). An edge e, is an exit to the cycle u if there exists i such that
s¢(er) = s:(u;) and e, # p;. A ordered graph is said to satisfy condition (L) if every cycle has an exit.

An infinite path in E; is an infinite sequence x;x, ... of edges in E; such that r.(x;) = s;(x;,,) for all i. We let
E° be the set of all infinite paths in E.. The source map extends to E¢° by setting s, (x): = s;(x;). We let |x| = o0
for x € E°. The boundary path space of E, is the space 0E;: = E°U {M EET(u)E (Et")Sing } fu=p ..un€
Ef and x = x;x, -+ € EZ with r.(u) = s.(x), then we let ux = piy ... X1, -+ € E°. For v, € E2, we define
Vv OE:: = {x € 0E;: 5¢(x) = v, }.

For u € E{, the cylinder set of u is the set Z(u): = {ux € 0E;: x € r,(n) 0E,} € OE,.

For peE; and a finite subset F, cr,(WE!, we define Z(u\F):=Z(w)\ (UperZ(uer)).
The boundary path space 0E; is a locally compact Hausdorff space with the topology given by the basis
{Z(u\ F.): u € Ef, F, is a finite subset of r.(u) 0E,}, and each such Z(u \ F;) is compact and open (see [15,
Theorem 2.1 and Theorem 2.2]).

Forn € N, let 0EF™: = {x € OE;:|x| = n} C 9E,. Then 9E™ = U, cpnZ (1) is an open subset of 9E,. Define the
edge shift map o, : 0EZ" - 0E, by og, (x1X,%3 ... ) = X,X3 ... for x,x,x3 - € 0E¢? and oz, (e,) = 1,(e,) fore, €
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OE.NEL. Let a,?t be the identity map on 9E;, and for n > 1, let oz, be the n-fold composition of o, with itself.
Then oy, is a local homeomorphism for all n € N. When we write oz, (x), we implicitly assume that x € 9E¢™.
(see [16]).

2.2. Ordered Graph Groupoids
The ordered graph groupoid Gg, of a directed ordered graph E, is given by

Ge,={(x,m—n,y) € 0E, X Z x 9E;:m,n € N and o (x) = o ()},
with partially-defined product (x,m —n,y)(w,m' —n',2):= (x, m+ m' — (n + n'), z) if y = w and undefined
otherwise, inverse operation (x,m —n,y)™':= (y,n —m, x), and range and source maps 7.(x,m — n,y): = x
and s;(x, m —n,y):=y.
The groupoid Gg, is a locally compact Hausdorff étale topological groupoid when equipped with the topology
generated by subsets of the form

Z(U,m,nV):= {(x,m —n,y) €EGg:x€U,y€EV, ag':(x) = agt(y)},
where m,n € N, U is an open subset of dE¢™ such that oz is injective on U,V is an open subset of dEF™ such
that og is injective on V, and og (U) = og (V). For wv€E; with r(p) =n(v), let Z(uv):=
Z(Zw), |ul, [vl, Z(v)). The map x ~ (x, 0, x) is a homeomorphism from 9E; to the unit space ggt of Gg,.
In this paper, a cocycle of a groupoid G is a groupoid homomorphism c: G — Z, where we consider Z to be a
groupoid with product and inverse given by the usual group operations. The function cg,:Gg, — Z given by
g, ((x,m —n,y)) = m — n is a continuous cocycle.
All isomorphisms between groupoids considered in this paper are, in addition to preserving the groupoid structure,
homeomorphisms (see [16]).

2.3. Ordered Graph C*-Algebras
The ordered graph C*-algebra of a directed ordered graph E; is the universal C*-algebra C*(E;) generated by
mutually orthogonal projections {p,,: v, € E{} and partial isometries {(s,).,: e, € E¢} satisfying
(CK1) (St)zt(st)et = Pre(er) forall e, € Etl;
(CK2) (50, ()%, < Psy(ey Tor all e, € Ef;
(CK3) Py, = ZetEVtErl (St)et(st)zt for all v € (Eé))reg-
There is a strongly continuous action Aft: T — Aut(C*(E,)), called the gauge action, satisfying Agf(pvt) = Dy,
and 255((spe,) = 2(s1),, for z € T,v, € E and e, € E}.
We let (s)y,: = py, for v, € E?, and for n > 2 and u =y ... u, € EF, we let ()= (se)py - (Se)p,,- Then
span{(s.),(s)y: 1, v € Ef, 1y (u) =1 (v)} is dense in C*(E,). We define D(E,) to be the closure of
span{(s,) . (s)y: 1 € E7} in C*(E,). Then D(E,), called the diagonal of C*(E,), is an abelian subalgebra of
C*(E.), and is isomorphic to the C*-algebra C,(9E,).
Moreover, D(E,) is a maximal abelian subalgebra of C*(E,) if and only if E, satisfies condition (L) (see [12,
Example 3.3]).
Theorem 3.7 of [15] shows that there is a unique homeomorphism (h,)g, from 9E, to the spectrum of D(E,)
given by
1 ifx e Z(),

(h)e ) (s (03) = {0 .y Zgg
There is a *-isomorphism from the C*-algebra of G, to C*(E;) that maps Co(ggt) onto D(E,) (see [2,
Proposition 2.2 ] and [8, Proposition 4.1]). (see also [16]).

I11.  Gauge-Invariant Isomorphisms of Ordered Graph C*-Algebras and Cocycle-Preserving
Isomorphisms of Ordered Graph Groupoids

In this section, we show the two main results of [16] Theorem 3.1 and Theorem 3.3.

Let E, be a directed ordered graph, and let k: E} — R be a function. Then k extends to a function k: E; - R given
by k(v,) = 0 for v, € E and k((e)1 - (er)n) = k((er)1) + - + k((er)n) for (er); ... (er)n € Ef,n > 1. We
then get a continuous cocycle ci: Gg, — R given by ¢, ((ux, |u| — [v],vx)) = k(u) — k(v) and a generalised
gauge action y#o*: R — Aut(C*(E,)) given by yt?'k(p,,t) = py, for v, € E{ and yti"k((st)et) = elk@dto(s,),,
for e, € EL.

If k(e,) = 1 forall e, € E, then yt?‘k = Afﬁto for all t, € R, where A%t is the usual gauge action on C*(E,).
Theorem 3.1 [16]. Let E, and F, be directed graphs and k: E! - R and I: F - R functions. The following are
equivalent.
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(1) There is an isomorphism  ®:Gp - Gp  satisfying ¢ (@) =c(m) for 71 € G,
(2) There is a x-isomorphism ¥: C*(E,) — C*(F,) satisfying W(D(E;)) = D(F;) and tht‘l oW =VYo ytEt'k fort e
R.
To prove the implication (2) = (1) of Theorem 3.1, we need a lemma. We recall the extended Weyl groupoid
Gc*Epp(E,) Constructed in [2] from a graph C*-algebra and its diagonal subalgebra. As defined in [13], the
normaliser of D(E,) is the set

N(D(E)):= {n € C*(Ep):ndn",n"dn € D(E,) for all d € D(E,)}.
By [2, Lemma 4.1],(s;),(s¢)y € N(D(E)) for all u,v € Ef with r(u) =1,(v). For n € N(D(E,)), let
dom(n): = {x € 9E,: (h,)g,(x)(n"n) > 0} and ran(n): = {x € 9E,: (h,)g,(x)(nn*) > 0}. It follows from [13,
Proposition 4.7] that, for n € N(D(E,)), there is a unique homeomorphism a,,: dom(n) — ran(n) such that
(h)g, () (n"dn) = (he)g, (@ (x))(d) (he) g, (x)(n"n) for all d € D(E,).
The extended Weyl groupoid Gc+(x,)p(s,)) i the collection of equivalence classes for an equivalence relation on
{(n,x):n € N(D(E,)), x € dom(n)} with the partiallydefined product
[(ny, x)][(n2, x2)]: = [(nyny, x,)] if @y, (x,) = x; and the inverse operation [(n, x)]™: = [(n*, a,(x))] (see [2,
Proposition 4.7]). By [2, Proposition 4.8], the map ¢g,: (ux, |u| — [v],vx) - [((s¢) .(s);,vx)] is a groupoid
isomorphism between Gg, and Gc*(z,)p(5,))-
Lemma 3.2 [16]. Let E, be a directed graph, k: E{ — R a function, and n € Gg,.
(a) There existn € N(D(E,)) and x € dom(n) such that ¢, () = [(n, x)] and ytEO"k(n) = elskMtop forallt, €
R.
(b) Suppose 7, € R and that there are n' € N(D(E;)) and x’ € dom(n') such that ¢z (n) = [(n’,x")] and
yt?’k(n’) = e'"tton/ for all t, € R. Then r, = ¢, (n).
Proof. (a): Choose u,v € Ef with r(u) = r¢(v) such that n € Z(u,v), and let n: = (s,),(s.)y and x: = s.(n).
Then x € dom(n), ¢, (1) = [(n,x)], and yt?‘k(n) = ¢l(kW-kM)toy = eick@top for all ¢, € R.
(b): Let r denote the isomorphism from C*(E;) to C*(gEt) given in [2, Proposition 2.2]. As in [2], we think of
C*(Gg,) as a subset of Co(Gg,) and define supp '(f):={( € Gg,: fr({) # 0} for f, € Co(Gg,). Since
7 (e ((s0u(s0y)) (€)= el ©%om((5),(50)3)(§) for p,v € B¢, t € Rand ¢ € supp’ (m((s0).(50)y) ), and

span{(s,),(s,)}: 1, v € E; }isdense in C*(E,), we have & (yff‘k(n’)) Q) = eik@togr(n")(¢) fort, € Rand ¢ €

supp’(n(n’)). Since yti"k(n’) = el"tton’ for all t, € R, it follows that supp’(n(n’)) C c; 1 (r). It follows that

. =c,(m) because if r#E=c(m)=kWw) —k(), then we would have that {n’e

supp’ (m((se)y (s0)i’) ) 5. (n') =7(1") = 5¢(M)} = {(5:(), m, 5.())} for some m € Z\ {0}, from which,
together with the definition of the equivalence class [(n', x")]( see [2, Proposition 4.6]), it would follow that
¢, = [ (ulsr 5| # (', 2],

Proof of Theorem 3.1. (1) = (2) : Suppose that ®: Gg, — Gy, is an isomorphism such that ¢;,(®(n)) = ¢, (1)
forn € Gg,. It then follows from [2, Proposition 2.2] that there is a x-isomorphism ¥: C*(E,) — C*(F,) satisfying
W(D(E)) = D(F) and y, o W = Woy ¥ fort, € R.

(2) = (1): Since W(D(E,)) = D(F,), it follows from [2, Proposition 4.11 ] that ¥ induces an isomorphism
VSt En D) = Gt (m)D(ry)- Define @:= qb;tl oo ¢pg,. Then ®: Gy — G, is a groupoid isomorphism. It
remains to check that @ is cocyle-preserving.

Fix n € Gg,- By Lemma 3.2(a) there exists [(n, x)] € Gc*(g,),pE,) SUCh that ¢g (1) = [(n,x)] and yé"k(n) =
elkMton for all t, € R. We then have ¢ (P(m) = [(W(n),k(X))] € G rypry)» Where k is a
homeomorphism from J9E; onto dF; (see [2, Proposition 4.11]), and yt?‘l(l}’(n)) = elscMtoy(n) for all t, € R,
S0 ¢, () = ¢;(P(n)) by Lemma 3.2(b).

Next, we present and prove a "stabilised version" of Theorem 3.1. We denote by X the compact operators on
£2(N), and by € the maximal abelian subalgebra of & consisting of diagonal operators.

As in [4], for a directed graph E; we denote by SE, the graph obtained by attaching a head
- (e)z . (€r)2v, (€)1, 1O EVErYy Vertex v, € E? (see [14, Definition 4.1]). For a function k: E} - R, we let
k:SE{ — R be the function given by k(e;) = k(e,) for e, € EZ, and k((e,);y,) = 0 forv, € E and i = 1,2, ....
Theorem 3.3 (see [16]). Let E, and F, be directed ordered graphs and k: Ef —» R and I: Fi! — R functions. The
following are equivalent.

(A) There is an isomorphism ®: Gsr — G, satisfying ¢,(®(n)) = cg(n) forn € Ggg,.
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(B) There is a *-isomorphism W:C*"(E,) ® X — C*(F,) ® X satisfying W(D(E,) ® C) = D(F,) ® € and
(' @ Idg) o W = Wo (v, @ Idy) for to € R.

Proof. By [14, Theorem 4.2], there is an isomorphism p: C*(E;) ® X — C*(SE,). Let {Bi,j}i'jeN be the canonical
generators of K. For v, € EQ and i € N denote by Wiy, the path (ey);y, (€r)i-1,, - (ét)1,y, IN SE; (if i = 0, then
we let p;,, = v,). One can check that the isomorphism p: C*(E;) ® K — C*(SE,) can be chosen such that
P(put ® 91‘,;’) = (St)ui’vt(st)zj’vt for v, € E{ and P((St)et ® gi,j) = (st)ﬂlst(c)( t)et(St):L]r © for e, € E/.
Routine calculations then show that p(D(E,) ® €) = D(SE,) and that p o (¥, @ Idy) = SE“‘ op fort, €

R. The equivalence (A) & (B) now follows from the equivalence (1) & (2) of Theorem 3.1 applied to the
ordered graphs SE, and SF, and the functions k and .

IV.  Eventual Conjugacy of Ordered Graphs
Let E, and F; be directed ordered graphs. Following [9], we say that E, and F, are eventually conjugate if there
exists a homeomorphism h;:0E, —» dF, and continuous maps k: 0EZ* > N and k':9FZ' > N such that
h® (he(05,(0))) = 05 (h(x)) forall x € DEZ* and k'™ (he'(0r())) = of O (hi(y)) forall y €
0FZ21. We call such a homeomorphism h,: dE, — dF, an eventual conjugacy.
Notice that if h.: 0E; — 0F, is a conjugacy in the sense that oy, (h.(x)) = ht(oEt(x)) for all x € 0EZ?, then h, is
an eventual conjugacy (in this case we can take k and k' to be constantly equal to 0 ).
Theorem 4.1 (see [16]). Let E; and F; be directed ordered graphs. The following are equivalent.
(i) E; and F; are eventually conjugate.
(ii) There is an isomorphism @: G, — Gy, satisfying cg, (P (1)) = cg () forn € Gg,.
(iii) There is a *-isomorphism W: C*(E,) — C*(F,) satisfying W(D(E,)) = D(F,) and At o W = W o 25t for z €
T.
Proof. (ii) < (iii): Letk: Ef > Rand I: F! — R both be constantly equal to 1.
Then c; = cg,, ¢, = cg, and . = A%, and y[*' = 27, for all t, € R. It therefore follows from Theorem 3.1
that (ii) and (iii) are equivalent.
(i) = (ii): Suppose h,: OE; — OF; is an eventual conjugacy. Then the map (x,n,y) = (h:(x),n, h:(y)) isan
isomorphism ®: G — Gp, satisfying cg, (® (1)) = cg, (1) forn € Gg,.
(it) = (i): Suppose @:Gg, — Gp, is an isomorphism such that cg (®(n)) = cg (1) for n € Gg,. Then the
restriction of @ to ggt is a homeomorphism onto g,?t. Since the map x - (x, 0, x) is a homeomorphism from JE,
onto ggt, and y ~ (y,0,y) is a homeomorphism from dF; onto g,?t, it follows that there is a homeomorphism
h¢: 9E, — 9F, such that ®((x, 0,x)) = (h¢(x),0, h,(x)) for all x € OE;. Since cg,(P(n)) = cg,(n) for all n €
G, it follows that ®((x, n,y)) = (h (x),n, he(y)) forall (x,n,y) € Gg,. Lete, € EL.
Then ®(Z(e;, 1 (e;))) is an open and compact subset of ¢z, L(1). It follows that there exist an n, mutually disjoint
open subsets U, ..., U,, of dF,, mutually disjoint open subsets V,, ..., V, of dF;, and k;, ..., k, € N such that

®(2(enm(e)) = U iy ZWi ki + 1k, V).

Define k,,:Z(e;) » N by k. (x) = k; for x € h;*(U;). Then k,, is continuous and ak“(") (h (JEt(x))) =
akC(")“(ht(x)) for x € Z(e,). By doing this for each e, € E}, we get a continuous map k: 0EZ* — N such that
a;‘t(’” (he(05,()) = 057" (he(x)) for all x € OEZ?

A continuous map k’: FZ' - N such that ak ) (h;l(apt(y))) = a;‘t M*Lp=1(y)) for all y € dFZ! can be
constructed in a similar way. Thus, h; is an eventual conjugacy.

Let A, be a finite square {0,1}-matrix, and assume that every row and every column of A, is nonzero. As in [6],
we denote by 0,, the Cuntz-Krieger algebra of A, with gauge action A4t and canonical abelian subalgebra Dy,
and by (XAt, aAt) the one-sided subshift of A, (if A, does not satisfy condition (1), then we let 04, denote the
universal Cuntz-Krieger algebra A0, introduced in [7]). As in [9], we say that (X,,, 0,,) and (Xp,, 05,) are
eventually one-sided conjugate if there is a homeomorphism h;: X,, — Xp, and continuous maps k: X,, — N and
K':Xg, ~> N such that a5 (h.(ay, (x))) = ok (h,(x)) for all x € Xy, and of @ (h{l(JBt(y))) _

U:t M+ (p-1(y)) forall y € X,
We obtain from Theorem 4.1 the following corollary which was proved in the irreducible case by Kengo
Matsumoto in [9, Theorem 1.2], and which can be seen as a kind of a converse to [6, Proposition 2.17].
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Corollary 4.2 (see [16]). Let A, and B; be finite square {0,1}-matrices, and assume that every row and every
column of A, and B, is nonzero. There is a *-isomorphism ¥: 0,, — Op, satisfying ‘P(DAt) = Dp, and Aff oY =
Yo 25t forall z € T if and only if (X4, 04, ) and (Xp,, 05,) are eventually one-sided conjugate.

Proof. Let (E;)4, be the graph of A, i.e., (E),, is the index set of A, (E),, = {@he (E)a, X (Ea,
Ac(i,j) = 1}, and 1((i,j)) = j and s.((i,))) =i for (i,)) € (Ep)y,- Then 9(E),, = (Ep)g,., and there is a
homeomorphism from X,, to (E,)%, that intertwines a,, and o(g,), - It follows that (X4, 04,) and (Xp,, 05,) are
eventually one-sided conjugate if and only if (E,) 4, and (E;)p, are eventually one-sided conjugate.

It is well-known that there is a x-isomorphism W: 0,, - C*((E,) ,) satisfying W(D,,) = D((E,),,) and AéEt)A” 0
¥ = o 22t for all z € T. The corollary therefore follows from the equivalence of (i) and (iii) in Theorem 4.1.
Remark 4.3. Kengo Matsumoto has strengthened [9, Theorem 1.2 ] in [10] and shown that if the matrices A, and
B; in Corollary 4.2 are irreducible and not permutation matrices, then the two conditions in Corollary 4.2 are
equivalent to several other interesting conditions, for example to the condition that there is a *-isomorphism
W:0,, - Op, satisfying ¥(D,,) = Dp, and W(F,,) = Fp,, where F,, is the fixed point algebra of 24t and Fp, is
the fixed point algebra of A5¢. (see [16]).

V.  Conjugacy of Two-Sided Shifts of Finite Type
For a finite directed graph E; with no sinks or sources, we define th to be the two-sided edge shift

Xg,:= {(t)nez: Xn € EE and 1. (x,) = 5, (x41) for all n € Z}
equipped with the induced topology of the product topology of (E2)# (where each copy of E} is given the discrete
topology), and let &, : X, — X, be the homeomorphism given by (6Et(x))m = Xy TOr X = () nez € X,
If E; and F; are finite directed ordered graphs with no sinks or sources, then a conjugacy from )?Et to )?Ft is a
homeomorphism ¢: Xz, — Xy such that G5, o ¢ = ¢ o G5,. The shift spaces X, and Xp, are said to be conjugate
if there is a conjugacy from X, to Xp,.
Recall that for a directed graph E; we denote by SE, the graph obtained by attaching a head
o (€0)30, (1) 2,0, (€) 1,5, 1O EVErY VeErtex v, € E? (see [14, Definition 4.1]). Define a function IEEt: (SE)' - Rby
kg, (e;) = 1fore, € E} and kg, ((er)ip,) = 0 for v, € Ef and i = 1,2, ....
Theorem 5.1 (see [16]). Let E; and F; be directed ordered graphs. The following two conditions are equivalent.
(1) There is an isomorphism ®: Ggr — G, satisfying c,;Ft(tb(n)) = Ccht(”) forn € Gsg,-
(I1) There is a *-isomorphism ¥:C*(E;) @ K — C*(F;) @ K satisfying W(D(E;) ® C) = D(F;) ® C and
(A @ldy) oW = Wo (1 ® Idy) for z € T.
If E, and F, are finite ordered graphs with no sinks or sources, then (I) and (II) are equivalent to the following
condition.
(111) The two-sided edge shifts X, and Xy, are conjugate.
Proof. An argument similar to the one used in the proof of Theorem 4.1 shows that the equivalence of (1) and
(I follows by applying Theorem 3.3 to the functions k: EX - R and I: F — R that are constantly equal to 1.
It remains to establish (1) & (III). Suppose that E, and F, are finite ordered graphs with no sinks or sources.
Then 9E, = E° and dF, = F2. As in the proof of Theorem 3.3, for v, € EQ and i € N, we denote by iy, the
path ()i, (€r)i-1,v, - (€)1, IN SE; (if i = 0, then we let y;,,, = v, ). In the proof of [4, Lemma 4.1], it was
shown that there is @ homeomorphism (SE;)® — E° X N satisfying u; 5,y = (x,1) for x € E;* and i € N. We
identify (SE,)* with EZ x N.
(111') = (1I): Suppose X, and X, are conjugate. Then there is a conjugacy ¢: Xz, — X and an | € N such that
if x,x' € Xp, with x,, = x;, forall n > 0, then (p(x))n = (¢(x") _foralln = 0,andify,y’ € X, with y, = y;
foralln > 0, then (¢~ (y)),, = (qb'l(y’))n for all n > L. It follows that there is a continuous map m: E° — F{°
such that (m((x)ken)),, = (@(X))n for x = (xi)iez € Xi, and n € N. Then  is surjective, 7 o o, = gy, o,
and if m(x) = m(x") for x,x' € E{, then o, (x) = af, (x").
For an infinite path x = (x,)ney and k € N, we write xo ., for the finite path x,x; ... x;_; of length k. It follows
from the continuity of 7 and the compactness of E;° that we can choose L > [ such that xpo ) = x[o ) =
(X)) = m(x")o,)- Define an equivalence relation ~ on EF by u ~ vifthereare x € Z(u) and x’ € Z(v) such
that m(x) = m(x") (that ~ is transitive follows from the fact that if u,v,n € EL, x,x' € E°, and m(ux) = m(vx)
and m(vx") = m(nx’), then mw(ux") = mw(nx’). Then m(x) = n(x") if and only if xp ;) ~ x[’OVL) and U,ﬁ—t(x) =

og, (x).
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For each equivalence class B, € EL/~ choose a partition {(At)u: uEe Bt} of N and bijections (f;),: (4¢), = N.

The map y: (x,n) » (n(x), (ft);[lt),L(n)) is then a homeomorphism from (SE;)® — (SF;)™. Itis routine to check
that

*lo.L)
is a groupoid isomorphism from Ggp, to Ggp, satisfying Cfcpt(@(")) = Ci?st(”) forn € Gsg,-
() = (111): Suppose @: Ggg, = Gsp, is an isomorphism satisfying Cfcpt(‘b(’?)) = c,;Et(n) forn € Ggg,. Forx €
E, we have (x,0) € (SE;)* and ((x,0),0, (x,0)) € Gsg,-
Since @ is an isomorphism, we have ®((x, 0),0, (x,0)) = ((y,m),0, (¥, m)) for some uniquely determined y €
F and m € N. Define y: E° - F° by ¥ (x): = y. Since @ is continuous, the map (x, 0) ~ (y, m) is continuous,
S0 v is also continuous.

We have ((x, 0),1, (aEt(x),O)) € Sz, for x € E°. By the cocyle condition there exist m,m’ € N such that
® ((x, 0),1, (UE,:(X),O)) = ((w(x),m),l +m-m/, (w(aEt(x)),m’)) € Gsg,. Hence there exists [ € N such
that ofF* (1 (x)) = of, (lP(GEt(X))): let I(x) denote the smallest such number. We check that I: E® — N is
continuous. Suppose (x™) ey in EZ° converges to x. Then & ((x", 0),1, (05, (x™), 0)) ) ((x, 0),1, (aEt(x),O))

since @ is continuous and Y (x™) — Y(x) and Y (aEt(x")) - z,b(oEt(x)) since 1 is continuous. It follows that

®: ((x,n), k, (x',n)) = (w(x, n),k+n'+ (), (W) —n = (f) ), n’))

there is an N € N such that for n > N, we have that aFlt(x)“(mp(x")) = Gth(x) (1/) (aEt(x"))) and either I(x) = 0

or a;t(x)(lp(x")) * a;t(x)_l (1/) (aEt(x”))). Hence I(x™) = I(x) forn > N.

Since E° is compact, it follows that there is an L € N such that o (¥(x)) = of; (w(UEt(x))) forall x € E.
Define ¢: = a,ét oY E® — F. Then ¢ is continuous and satisfies ¢ o o5, = o, © ¢.

For x = (Xp)nez in Xg, Or X, and k € Z, let x o,y denote the infinite path x; x4 ... Define @: Xy, —» Xp, by
(@) o) = @ (Xps00y) FOr x € X, and k € Z.

Since ¢ o g, = ap, © @, it follows that ¢ is well-defined. It is routine to check that ¢ is continuous and that @ o
05, = 0f, © @. We will next show that ¢ is also bijective. It will then follow that ¢ is a conjugacy and thus that
Xg, and X, are conjugate.

We first show that @ is injective. Suppose x = (xp)nen, X' = (X7 )nen € EZ° and ¢ (x) = ¢(x'). Choose m,m’ €
N such that ®((x,0),0, (x,0)) = (W (x), m),0, (WY(x),m)) and ®((x',0),0,(x',0)) =
(@(x"),m"),0,x"),m)). Since cfW(x)) =0dk(¥(x)), it follows that (@(x),m),m—
m', P(x"),m")) € Gsp, and thus that

(6,00, ',0)) = &~ (W), m), m = m', P(x'),m"))) € G-
It follows that there is a k € N such that ag; x) = agt(x'). Let k((x,x")) be the smallest such k. An argument
similar to the one used to prove that I: E® — N is continuous, shows that k:{(x,x") € E&® X EZ: p(x) =
@(x")} - Nis continuous. Since {(x,x") € E° X EZ: p(x) = @(x")}is closed in EZ° x E£° and thus compact, it
follows that there exists K € N such that o (x) = oz (x") for all x,x" € E® satisfying ¢(x) = ¢(x"). The
injectivity of ¢ easily follows.
Next, we show that @ is surjective. Suppose y € F°. Then

®71((3,0),0, (v, 0)) = ((x,n),0, (x,n))
for some x € E° and some n € N. Choose m € N such that

®((x,0),0,(x,0)) = (W), m), 0, @), m).

Since ((x,0),—n, (x,n)) € G, and P((x,0), —n, (x,n)) = (WP (x),m),m, (y,0)), it follows that there is an
h; € N such that a;f: W(x)) = aF’z‘ (y)- An argument similar to the one used in the previous paragraph, then shows
that there isan H € N such that for each y € F° there isan x € E° such that o—g(lp(x)) = o—g(y). The surjectivity
of ¢ easily follows.

Let A, be a finite square {0,1}-matrix, and assume that every row and every column of A, is nonzero. As in [6],
we denote by (XAt, O_‘At) the two-sided subshift of A,. It follows from [5, Theorem 2.3] that if A; and B, are finite
square {0,1}-matrices such that 4, and B, and their transpose satisfy condition (), and X,, and X, are conjugate,
then there exists a =-isomorphism W:0,, ® X — 05, ® ¥ such that ¥(D,, ® €) = D, @ € and (1 ®
Idy) oW = Wo (15t ® Idy) for all z € T. As a corollary to Theorem 5.1, we now prove the converse.
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Corollary 5.2 (see [16]). Let A, and B; be finite square {0,1}-matrices, and assume that every row and every
column of A, and B, is nonzero. There is a x-isomorphism ¥: 0,, ® K — 0p, @ X such that lP(DAt ® C’) =
Dp, @ C and (A3 ® Idyc) oW = Wo (A5° @ Idy) for all z € T if and only if (X,,,d,,) and (X, G5,) are
conjugate.

Proof. As in the proof of Corollary 4.2, let (E;),, be the graph of A, and (E,)s, the graph of B,. The result then
follows from the equivalence of (1) < (VI) of Theorem 5.1 applied to the ordered graphs (E;) 4, and (E;),-
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