Quest Journals

Journal of Research in Applied Mathematics
Volume 11 ~ Issue 1 (2025) pp: 01-07

ISSN (Online): 2394-0743 ISSN (Print): 2394-0735
www.questjournals.org

Review Paper

Reducible Fractional Caffarelli-Kohn-Nirenberg
Inequalities
Omer Malik ® and ShawgyHussein®

1) Faculty of Science and Technology, Shendi University, P.O. Box 143, Shendi, Sudan.
(2) Sudan University of Science and Technology, College of Science, Department of Mathematics, Sudan.

Abstract

H.-M. Nguyen and M. Squassina [9] establish and improve a full range of Caffarelli-Kohn-Nirenberg
inequalities and covered variants directions for fractional Sobolev spaces. We follow the method of the authors
in [9] with a slight bit touch the reducibility of the well-known inequalities for the case of rearrangement is
considered.
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I.  Introduction
Lete 20,0 <e <1, a/p,y € R be such that
y,a,B>-1

and

1+y=a(l—¢e)+e(1l+p).
In the case € < 1, assume in addition that, with y = (1 — €)o + €p,

0<a-o

and

a—oc<1l if y=a-1
Caffarelli, Kohn, and Nirenberg [5] (see also [4]) proved the following well-known inequality

J

< CZ 11V e gy P e fory € CEERT). (1.1)
LI*E(R1*E) Jj

We extend this family of inequalities to fractional Sobolev spaces W!~¢1*€  In thecase e = 2, the
corresponding inequality was obtained fora = 0andy = (e — 1)in [6, 7] andfore =1,—e < a =y <0, and
1<1l+e<1+¢€/1—c¢€in[l]

Fore >0,0<e<1,aay,a, € Rwitha; + a, = a, and Q a measurable subset of R1*¢€, set

1+e€
1+e :f f z || %1+ y| 2+ |y, (x) — w;(y))|

1
|uj|W1—e,1+e,a(Q) I — y|aroG-o dx dy < +oo foru; € L'(Q).

In the case a; = a, = a = 0, we simply denote |u;]
Lete >0,0<e<1,a,/pB,v € R be such that

wi-e1+e0(q) by |uj |W1—e,1+e(m .

1+y=a(l—¢€)+e(1+p). (1.2)
In the case € < 1, assume in addition that, withy = (1 — €)a + €8,
0<a-o (1.3)
and
a—0c<l-€eifl+y=a+e (1.4

Then, we have the following

Theorem 1.1 (see [9]).Lete > 0,0<e<1,0<e<1,a;,a, a,pB,y € Rbesuchthat a = a; + a,, and (1.2),
(1.3), and (1.4) hold. We have

(i if 1 +y > 0,then
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1-€ €
Z |x|yuj < CZ |uj|W1—e,1+e,a(R1+e)”|x|Buj”L1+e(R1+e)foruj € Ccl (R1+E):
j LI+E(RI¥E) j
(i) if1+y <0, then
1-€ €
Z |x|yuj < Cz |uj|W1—e,1+e,a(R1+e)”|x|Buj”L1+E(R1+e)foruj € Ccl(R1+€{0})-
j LIFE(RLFE) j

Assertion (ii) was established in [6] fore = 2, @ = a, = 0,and y = —(1 — ¢).
The proof of Theorem 1.1 is given that the conditions

14a, 1+8>0
are not required in Theorem 1.1. Without these conditions, the RHSs in the estimates of Theorem 1.1 are finite
for u; € CH(R™€). The case 1 +y = 0 will be considered. In contrastwith the mentioned results on fractional
Sobolev spaces where the condition a; = a, = a/2is used,
The idea of the proof is quite elementary and inspired by the work [5]. In the case 0 < a — g < 1 — €,the proof
uses a variant of Gagliardo-Nirenberg’s interpolation inequality for fractional Sobolevspaces (Lemma 2.2) and

is as follows. We decompose R!*€ into annuli.~/;,  defined by

= {x € RME 1 2K < |x| < 2Kk*1Y,
and apply the interpolation inequality to have
1/1+€
1+e _ 1-€/1+€ 1+e\€/1+€
fﬂkz |l — fa | dx < Cz (2 6(He)k|uj|W1—e,1+e(c,lk)) (Jccﬂk|uj| ) :
J J

Here and in what follows, we denote

1
fov; = WID v; dx

for a measurable subset Dof R*€ and for v; € L*(D). Using again the interpolation inequalityin a slightly
different way, we can obtain appropriate estimates for the averages and derive thedesired conclusion. The proof
in the case @ — o > 1 — €is byinterpolation and has its roots in [5]. Similar ideas in this are used in [8] to
obtain severalimprovements of (1.1) in the classical setting. In the case € >0, «a =0, and ¢ > —1, one
canderive (1.1) using the results in [2], [3] and [7].

We present the proof of Theorem 1.1, we discuss the case 1 + 2e + y(1 +¢€) = 0.

Il.  Proof of the main result
We first state a variant of Gagliardo-Nirenberg inequality for fractional Sobolev spaces.
Lemma 2.1 (see [9]).Lete > 0,0 < e < 1,and 0 < € < 1 be such that
€ =1. (2.1)
We have

”uj”L“'E(]RHE) <C Z |uj|;/_1€—s,1+e(R1+e)||uj||z1+e(R1+e)f0ruj S Ccl(RH-E)'

]
for some positive constant Cindependent of u;.
Proof: The result is essentially known. Here is a short proof of it. We first consider the casee > 0. Setl + ¢/e.
We have, by Sobolev’s inequality for fractional Sobolevspaces,

z L] =C Z |uj|W1—€'1+E(R1+€)'
J

] L(1+s)*(R1+e)
In this proof, Cdenotes a positive constant independent of u. Inequality (6 ) is now a consequenceof Hoélder’s
inequality. We next consider the case € < 0. Since
e+1,
by a change of variables, one can assume that

|uj|W1—€,1+e(]R1+e) = ||u]'||L1+e(Rd) =1

Since € > 0 by (2.1), it follows from John-Nirenberg’s inequality that
||uj||L1+ze(]R1+e) <C.
The proof is complete.

The following result is a consequence of Lemma 2.1 and is used in the proof of Theorem 1.1.
Lemma 2.2 (see [9]).Let 0 < e < 1,e > 0,and 0 < € < 1 be such that
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€2 >1.
Let A > 0and 0 < r < Rand set
D :={x € R'™¢: Ar < |x| < AR}.
Then, for u; € C'(D),

1/1+€

_ fDuj|1+€dx

1-€/1+€ €/1+€
< CZ (o 1 ) ~(Folyl*ax)"" @2)

for some positive constant Cindependent of ujand A

Proof: By scaling, one can assume that A = 1. Let ¢ > Obe such that
e=0.

From Lemma 2.2, we derive that

Z (uj - JcDuj) < CZ |u]|W1+61+E(D)” j||zl+e(D)'

J L1*+2€(p)
The conclusion now follows from Jensen’s inequality and the fact

Z uj < CZ |uj|W1_E'1+E(D).

] wltelte(p) ]
We are ready to give

Proof of Theorem 1.1 inthecase « — o < 1 — ¢: By Lemma 2.2, we have, for k € Z,
1/1+€

/
fa ). = fagy] " Cdx

J
_ 1+ 1-€/1+€ 1+ €/1+e
< CZ (2O ] i) (Faw] ™ ax)” " @3)
J
Using (79), we derive from (84) that

JC P Z |x|y(1+e)|uj|1+edx < Cz 21+ +y)k |JC
k

J

1+e€
A uj|

(1 €?) e€(1+¢€)
+CZ Wl el+ea(uq )”lxlﬁuj”[,l*'e(c/lk)' (24)

Let m,n € Z be such that m < n — 2. Summing (2.4) with respect to kfrom mto n, we obtain

1
j 2 YA+ | dx
{2m<|x|<2"+1} 7
1 1 k 1+€
E 21+e)(1+y) Hcﬂkuf'

k=m
n
2
e D I @8
k=m j

supp u; € Byn.

Step 1: Proof of i). Choose nsuch that

We have
1+€
- 1+e 1-e) 1+e  \€
Y Ga—f | =0 UMyl einny) Pyl Cdx)"
j j

It follows that, with ¢ = [(1 + 20+90+)) /2]
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1+e€
20+ £ Z
J

1+
<C2(1+6)(1+y)(k+1)§ \f ] ‘
+1

1+€ e(1+€)
+C Z |uj|W1 El+ea(fﬂkU‘Ak+1)||| | ||L1+€(ﬂkuc,qk+1)
We derive that
n
1+e

(1+e)(1+y)k .
2.2, Ol
k=m j

n
(1-¢€%) (1+€)
S D I 7 S N | b R e Y
k=m j

Combining (2.5) and (2.6) yields

n
1+e (1-€?) e(1+e)
x|r@+e x<C Z Z U x|Pu; :
J;lx|>2m} Z | | | ; | J |W1_€'1+E'u(ﬂkU<ﬂk+1)”| | j ||L1+E(cﬂkuﬂk+1)
k=m

One has, foreZl t=>0witht > ¢€,and forx;, = 0 andykzo,
1-€ t

zn: ¢V < (i xk> (i yk> : (2.7

k=m k=m k=m

Applying this inequality witht = €, we obtain that

[0S sy,
{lx|>2m} &=
]

(1-¢?) (1+€)
<c) lilyrmesreaquze aglEFwlaege a0y (2.8)

thanks to the facta — o — (1 —€) < 0.
Step 2: Proof of (ii). Choose m such that

supp u; N Bym = @.
We have

_ 1+€ (1-e) 1te
Z (Jccﬂkuf - Jccﬂk+1uf) = Cz (2 (1+6)Ek|uj|W1—e,1+eﬂkUﬂk+1) (JcrﬂkUcﬂkH'u]' )
J j
It follows that, withc = (1 +2y(1+¢e) + (1 +¢€))/2 < 1,

1+e

2(1+€)(1+y)(k+1) f"qk u;
+1 E
)

1+6)(1+Y)k 1+e (1-€?) e(1+e)
< c2@+e)(1+y) Z |3C</lku]'| +Cz |uj|W1—e,1+e,a(ﬂkUqu+1)”l | ||L1+E(c/1kucflk+1)
7 -
We derive that
1+€
n
z 2(1+e)(1+Y)K Z f oty
k=m j
(1-€?) e(1+€)
<€ O Tyl etenon PGl o @9
k=m-1 j

Combining (2.5) and (2.9) yields

1+€ (1 €?) €(1+€)
x|"AFO | dx < C Z Z x
J;|x|<2m+1}Z x| | | Wl EHEu(ﬂkUd‘lkﬂ)”l | ”LHE(d‘lkUﬂkﬂ)

k=m-1 j
As in Step 1, we derive from (2.7) that

1+e (1-€?) e(1+e€)
x|P*O |y | dx < CZ wil - x|Bu; )
'[{Ix|<2m+1}Z . b4 7 by wi e'“s'a(U’l::—oocﬂk)”l | ]”LHE(U?:_oocﬂk)
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The proof is complete inthe case « — o < 1 — €.

We next turn to

Proof of Theorem 1.1 in the case a« — o > 1 — €. We follows the strategy in [5]. Since
a—(1-¢€) #p.

by scaling, one might assume that

|uj|W1'E'1+E'“(]R{1+E) =1 and”u}'”LHs(RHe) =1

It is necessary from (1.4) that 0 < e < 1.Let0 < e <1 (1 —¢,1— 2¢ are close to (1 — €)and are chosen later)
and (1 + €), (1 + 2¢) > 0 be such that

€ = 1ife? < 0,
! >e? ife? <0 (2.10)
1+€e - '
and
e=0.
Set
yi=01-¢€)a+ef andy, =(1-2¢)(a—(1—¢))+2ep.
We have
1+, =21 -e)a+e)+e(1+pB)(211)
and
1 Y2 1-2e)(a+e)+2e(1+p)
1+26+1+E_ 1+e€ ' (212)
Recall that
l+y=>0A—-¢e)a+e)+e(1+p). (2.13)
We now assume that
Oand|e|are small enough, (2.14)
e<0Oifa —(1—¢€)<p, (2.15)
e > Oifa — (1 —¢€) > B. (2.16)

Using (2.14), (2.15) and (2.16), we derive from (2.11), (2.11), and (2.13) that
1

Y2 1+y 141
0< + < < . 2.17
142 14+4€ 1+4c¢€ 1+¢€ ( )

Sincee >1and a — o > 1 — ¢, it follows from (2.14) that

1 _1—6
1+e 142 1+4¢€

(a—0—(1-¢€))>0(2.18)
and,if e>00re <2,
0=0-¢e)(a—0)>0. (2.19)
Since, by (2.10), (2.18), and (2.19),
e>0,
it follows from (2.17) and Holder’s inequality that

Z |x|}/u]_ < Cz |||x|YIuj||L1+e(R1+e)

J L1+E(]K1+E\Bl) J
and Z | |" = Cz |||x|yzuj||L1+Ze(]R1+e)'
J L1+E(31) J
Applying the previous case, we have
1-€ €
Z |x|huj < Cz |uj|W1—e,1+e,a(R1+e)”|x|ﬁuj”L1+e(R1+e) <C
j LUFE(RIFE) Jj
and
1-2¢ 2e
Z |x|y2uj < Cz |uj|W1—e,1+s,a(R1+e)”|x|ﬁuj”L1+s(R1+e) <C.
Jj LI+2€(R1FE) j

The conclusion follows.
Remark 2.3 [9]. In the case € > 0, one has, for 0 < € < 1/2 (see [7]),
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1
Z (uj - Jc D uf) < CZ (6)1+€|uj|W1—E,1+E(D)'
J L(1+s)*(D) J
The same proof yields, witha; = a, = ¢ = 0,6 > (e—1),and1+2¢ +y(1+¢€) > 0,
1-€ 1-€ €
z |x|yuj <C Z (6)1+E|uj |W1—E,1+E(R1+Ze) ” |x|ﬁuj ”LHE(RHZE)
j L1+E(R1I*2€) j

foru; € C; (R'*2€).
Using the results in [2, 3], one knows that

1
Li_I)’% (6)1+E|uj|W1—s,1+s(R1+25) = C1+26,1+E||Vuj||L1+E(R1+2€)f0ruj € Ccl(RlJrZE).
We then derive that

Z |x|yu}~ < CZ ”Vuj||L1+6(R1+25)|||x|ﬁuj”i1+e(R1+2€)fOI‘uj S Cg(]RH'ZG)_

j LIHE(R1+2€)
Remark 2.4 [9]. Inthecase @« — o < 1 — ¢, the proof also shows that if 1 + 2¢ +y(1 +¢€) > 0, then

1-€ €
Z |x|7uj s Cz |uj|W1—e,1+e,a(R1+ze\Br)”|x|Buj||L1+e(R1+ze\Br)f0ruj S Ccl(R1+26).
j LI*E(R1+2€\B,) j
andif 1 +2¢ +y(1+¢€) < 0,then

Z x|, CZ [l rese gy P e, foray € C2 (R¥26\ (O]),
j L1*E(B,)
for any r > 0. In fact, the proof gives the result with r = 2/ with j = m in the first case and j = n + 1in
the second case. However, a change of variables yields the result mentioned here.

I11.  Onthe limitingcase1 +y = 0
We have the main result
Theorem 3.1 (see [9]).Lete > 0,0 < e < 1, a;,a,,a,B,y € R be such that « = a; + a,, (1.2) holds, and
0<(1l-¢e)—oc<1-e
Letw; € C}(R'™€), and 0 < r < R. We have

(M if 1 +y = 0and suppu; © Bg, then
1/1+€
|x|y(1+e) 14e e
By
fR1+sZ ln(1+€)(2R/|x|)| | dx =< Cz |uJ|W1 61+ea(]R1+e)|||x| u]||L1+E(R1+E)'
(i) if 1 +y = 0and suppu; N B, = @, then
1/1+€
|x|y(1+e) 14e ¢
B,
[T BT Y O [ it

Proof: In this proof, we use the notations in the proof of Theorem 1.1. We only prove the first assertion. The
second assertion follows similarly as in the spirit of the proof of Theorem 1.1. Fix & > 0. Summing (2.4) with
respect to kfrom mto n, we obtain

n
1 1+€ 1 1+e
Y(1+6) / d = C Z Z - /
f - Z I E (1 + e/l | dx < L (n—k+D¥ -
(x>2m} 4 5.5

n
(1-€?) €(1+€)
+C Z Z |u] W1_5'1+E'a(c/1k)”|x|ﬁuj”L1+e(cﬂk)' (31)
k=m j

By Lemma 2.2, we have

—(14€)ek 1+e 1-€/1+€ 1+e\€/1+€
Z (quku] - f:ﬂk+1uj) < C Z (2 (1+e)e |uj|W1_€’1+E(d‘lkUﬂk+1)) (fc/lkuﬂk+1 |u]| ) .
7 -

]
Applying Lemma (5.3.5) below with ¢ = (n — k + 1)¢/(n — k + 1/2)*, we deduce that
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1+e

(n— k+1)f ’C‘”kz}:

1+€
Sti—k+ 1/2)62 1 sl
7

+C(n—k
e-¢ ) (1-€?) B,, [|€1+E)
+ 1) Z |u] W1_6'1+E'a(=ﬂku<ﬂk+1) || |.X'| u] ||L1+e(‘ﬂkU<ﬂk+1). (32)
j
We have, for § > 0and k < n,
1 1 1
- ~ . (3.3)
m—k+15 (m-k+3/2)% m—k+1)>51
Taking &€ = € > 0, we derive from (3.2) and (3.3) that
1+e
n
Z —k+ 1)1+5 f ‘Akz U
j
(1_62) B e(1+€)
=¢ Z Z | Y W1_€'1+E'a(<ﬂkucﬂk+1)”|x| uj”LHE(cﬂkUJlkH)' (34)
k=m j

Combining (3.1) and (3.4), as in (2.8), we obtain

Z |x|7(1+6) | 1+e dx < C Z z | (1-€?) |||X|B ||e(1+€)
(x{>2zm) In*+¢ (271 /|x) Yilwi-erreaqauag, Illre ()’

Applying mequahty (2.7) with t = ¢, we derive that

x|y (2+€) | 1+ed <c u (1-€2) ™ ”e(1+e)
{|x|>2m}z 1n1+;’(2n+1/|x|) X = Z U; wi-elrea(ye 4. |x] Uu; LU, A’
J

This yields the conclusmn.
In the proof of Theorem 3.1, we used the following elementary lemma:

Lemma 3.2 [9].Let A > 1 and € > 0. There exists C = C(A, 1+ €) > 0, depending only on A and (1 + €)such
that, forall 1 < ¢ < A,

(J1—€|+]a+edt <c|1 —el'te + la + €|**éforalll — €,a + € € R.

c
(c—-1)¢

Remark 3.3 [9]. In Theorem 3.1, we only deal with the case € > 0 (recall that Theorem 1.1 holds for € = 0).
Similar proof as in the one of Theorem 3.1 holds for the case e = 0 under the condition that the constant (1 +
e)for the power log is replaced by any positive constant (strictly) greater than 1.
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