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Abstract
We show and investigated the little Zygmund spaces, following perfectly the way of [53] the

graduation steps of the boundedness and compactness of the weighted differentiation composition

operator D;P“j assigned between the mixed-norm to Zygmund spaces are determined. Where given H({ID)
the space of all sequences of analytic functions on the unit disk D). ¢@; € D and u; € H(D) be the
sequences of analytic self-maps.
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l. INTRODUCTION
For D € C the finite complex plane, D the boundary ,M, and N the sets of nonnegative and
positive integers respectively.
0 = ¢; < 1, sequence of positive continuous functions are called normal if there exist positive numbers

(1+€),(1+2¢),e=0andL € [0,1), so that

@;i(t)

(1_t2:]1+6

@;(¢)

(1—t2)n =0

decreases for 4 = ¢ < 1 and lim,_;- ¥,

and

Bj(t)
(1-t2)®

¢;(t) _
(1-t2)®

increases for 4 = t < 1 and lim,,- X;

(see [28]).

For 0 <e <o and ¢;, let H(1+¢€),(1+ 2¢),(¢;) denote the space of all sequences of analytic

functions }‘} on D so that

! NG I
Zj I £ liseap,= Zj (L Mits.(fir) 1J— . mtr)

Where My, (f;,7) are the integral means defined by

DOI: 10.35629/0743-1101102120 www.questjournals.org 102 | Page


http://www.questjournals.org/

On Weighted Differentiation Composition Operators from Mixed-Norm to Zygmund Spaces

25 1/1+e
) . 1 N .
My (f, 1) = Z (EI |f, ()| de) L0=r<l.
J 0

For 0 = € < o, H(1 + €), (1 + 2¢), (¢;) with the norm I-llyse1s2e., is a Banach space. When 0 < € <

LI-1,, is a quasinorm on H(1 + €), (1 + 2¢€), (¢;), H(1 + €), (1 + 2¢), (¢;) is a Fréchet space but not

pes

a Banach space. If 0 = € < o, then H(1 + €), (1 + €), (¢;) is the Bergman-type space

. L . . L d(z
H(1+€),(1+€),($,) = {f} € H[_D_}:J‘ Z |g(_z_)|i_7'||z||)dfq(z) < oo}
D e

where dA(z) denotes the normalized Lebesgue area measure on the unit disk D such that A(D) = 1. So if
o;(r)=(1- T}t“+1:'f"1;f. then H(1 + €), (1 + €), (¢;) 1s the weighted Bergman space AJ-HE(D) defined

for 0 < € < o and @ > —1, as the space of all functions f; € H(ID) so that

I fj WA= J;)Z If;(2)|** (1 — |2|*)"dA(2) < »
j

(see. [5]). For £ denote the space of all functions f; € H(D) N C(D) so that

n o
7

| Lil8+h;) (2iO=K)\ _ g (aif
I £ = supz_ "5(6 D)+ f(e4@9) —2f;(e )| <
7

=
where the supremum is taken over all e” € 0D and h; > 0. By the Zygmund theorem (see [3, Theorem

5.3] ) and the Closed Graph Theorem we see that f; € X if and only if
sup »* (1= 12| (@)] < o0
xeD j

So that the following asymptotic relation holds:

1y I sup > (L= [z)]f @), &
uj+D j

Therefore, <A 1s called the Zygmund class. Since the quantities in (1) are semi norms (they do not

distinguish between functions differing by a linear polynomial), it is natural to add to them the quantity

[f;(0)] + |£;(0)] to obtain two equivalent norms on the Zygmund class of functions. The Zygmund class

with such defined norm will be called the Zygmund space. Which again denoted by ||-]l...

For some information and operation on Zygmund-type spaces on the unit dise see [1,9,13,17,21,92], for

the case of the upper half-plane see [41], and information of the unit ball see [20,21,45,560 — 52].

The little Zygmund space <4, was introduced by L. and Stevié¢ in [13] in the following natural way:
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fiefo= fim ) a-lDlf e =0

It is easy to see that 7, is a closed subspace of # and the set of all polynomials is dense in #,.

For D = D* be the differentiation operator, that is, Df; = fj. It n € N, then the operator D™ is defined by

D°(X; ;) =X; f;, D", f;)) = Z; f™.f; € H(D).

We denote the weighted differentiation composition operator by D;uj. and defined as (see [44,48]) :

Y onfi =Y wEfe;@) f € HD)
j j
where u; € H(ID) and @; are a nonconstant holomorphic self-maps of I. If n = 0. then D7, becomes the

weighted composition operator ;C @ and defined by

> wCh@D =) 4@, D) 2D
] J

which for 1;(z) = 1. is reduced to the composition operator C o For weighted composition operators on
some H® -type spaces, see [4, 9-11, 26, 29-31.43]. If n = 1,u;(z) = q'lj (z), then Dé;; = DCyp ;. which
was obtained in [6,8,12,22,24,27,42,46,47]. If n=1,u;(z) = 1, then DZy; = C.D. see [6,27]. If
was obtained in [6,8,12,22,24,27,42,4647]. If n=1,u;(z) = 1, then Dy, = C.D. see [6,27]. If
n=1¢;(z) =z then D7, = M,D, give the product of differentiation operator and multiplication
operator M,,, defined by Y, j Mu}_jj =¥ ; U;f;. Zhu in [48] completely characterized the boundedness and
compactness of linear operators which are obtained by taking products of differentiation, composition and
multiplication operators and which act from Bergman type spaces to Bers spaces. Stevié in [44] studied
the boundedness and compactness of the weighted differentiation composition operator D;fuj from mixed-
norm spaces to weighted-type spaces or the little weighted-type space. Zhu in [49] studied the
boundedness and compactness of the generalized weighted composition operator on weighted Bergman
spaces. Yang in [47] studied the boundedness and compactness of the operator C(ij and DC(pj from
Q.(1+€),(1+2¢) to B, and B, spaces. Lin and Yu in [24] studied the boundedness and
compactness of the operator DC, between H™ to Zygmund spaces. Stevic in [32] studied the boundedness
and compactness of the generalized composition operator from mixed-norm space to the Bloch-type
space, the little Bloch-type space, the Zygmund space, and the little Zygmund space. For other products
of operators on spaces of holomorphic functions see [2,7,12,14 — 16,18,19,42,49,48]. For the products
of composition operator and integral-type operators, see [15,16,19,28,42]. By [24,92,44,48,49], we
consider the boundedness and compactness of the operators Dgy,; from H(1 + €), (1 + 2¢€),(¢;) to the

Zygmund space, and the little Zygmund space.
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C denotes a positive constant which may vary but it is independent of any variables. Two quantities 1 + €

and 1 + 2¢ are said to be comparable. denoted by e = 0.if C™ (1 +€) =1+ 2e = C(1 + €).

We study the boundedness and compactness of D{!+Ze.uj = H(1+¢€),(1+ 2¢),(¢;) = L For the prove

we need the following lemmas.

Lemma 1([32]). Assume that 0 < € < o, ¢; is normal and f; € H(1 + €), (1 + 2€), (¢;). Then for each

n € No, there is a positive canstant C independent of f; such that

|Zj @)

By (see. [1] or Lemma 3 in [29]) we have.

- CZ I jj ||[1+ej,{1+26].¢_f zeD
;b

(=D = [Py

Lemma 2. Assume that ¢; is an analylic self-map of D. Then D{l+2.f,u}- :H(l+e1+426¢;) - fis
compact if and only if Diﬂ+2£,uj : H(1+€,1+2¢6,¢;) — # is bounded and for any bounded sequence
{f;} in H( compact subsets of I as k — 0, we have X ; ||Dé‘sfj||x — Oask — oo,

The following lemma was proved in [19] similar to the corresponding lemma in [25].

Lemma 3. A closed set K in X is compact if and only if K is boundnd and satisfies
limp_1supgex > (1= [2P)|"(2)] = 0
]

Lemma 4([5]). For any real 3, let

= ds
J1+£(2) =[U m’ zeD
Then we have
1 ifg <o,
Je(z) » IOgﬁ’ iff =0, as|z] = 1~
1
G=izpe’ P> 0

Lemma 5([28]).For f > —landy > 1 + 8 av haur

1 (1 _ ],.)s

CU=rey dr=c(1-p)**F 7, 0<p<1.

Now we characterize the boundedness of Df .:H(1 + €), (1 + 2¢), ((f) _,-) - x.
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Theorem 1 (see [53]). Assume that @; is an analytic self-map of D. Then D7, H(l1+¢€).(1+

2€),(¢;) — x is bounded if and anly if the following conditions are satisfied,

(1-1z19)|y'(z N
supz_ : 2] ( )| Tr < (2)
s =i ¢ (|¢;(D (1 - |¢;(2)[2)"

(1 -1z [2u5(2)¢;' (2) + ui(2) ;" (2)
U Z | . : . j13’2+2}E+11 ‘ < ™ (3)
i (le(2D(L — 19;(2)12)

zeD

and

(1 - 121 |y (2) (0)' )|
1 < oo

7 ;1920 (1 — l9j(2)|2)F3¢

(4)

sup
xeD

Proof. Assume that conditions (2), (3) and (4) hold. Then, for every z € D and f; € H(1+€),(1+

2€), (¢;). by Lemma 1 . we have

Y [t @)

. "

= a-EPy, (@5 (¢,))
= a-12P). (@™ (e:2) + w@e @5 (0,)) |
7
(- 'Z'”Zj ' @™ (0;2))| + (1= 1212 Zj_ (2uj(2)e;' (2)
. . 5 2
1520, @) £ (0, + 1@ (0, @) £ (0;2)
CZ( (- lPly @l )
"\¢(le;@D)(1 - s (2)12) T+
L a- |z®)|2u](2)@;" (2) + u;(2)@;" (2)|
(|0, - ;@)=

: _ _ 5
(1— 2% [, (2) (@j;(z)) |

+C ) EER IS5 Miseaszes;
: ¢j(|¢j(z)|)(l - ||§ﬂ'}.{:z)|2)1—2€

On the other hand. we have

I

I

) I f; l1+e1+2eq;

Z}_ |(D£j,ujf:i) (ZO)l = |Z} w (0)f™ (qo‘,-[j(]j)'}‘
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u;(0)
= Cz | : | 1 Il f; livei+zeq; (6)

T ¢,(le;@))(1 - |, (0)2) ="

and

> ey @] =3

w(O)f™ (0,(0) + 1, (0, (O£ (g,(0) )

= C ( |u';(0)| 1
j _ 2\T+zet¥ (7
ACACH EIIAOIDES
+ |w;(0)g,"(0)] ;HH) I f; lagg,-
¢;(|o;(0)(1 — l@;(0)[2)F2="",

Applying conditions (2), (3), and (4), we deduce that the operator D:“ H(1+€),(1+26),(¢p;) > £1s

bounded.

On the other hand, suppose that D{:-zf,uj: H(1 +€),(1+2€),(¢;) = I1s bounded. that is there exists a

constant C such that

“Z D;Af} = CZ I f} ”1+Ed-¢j-
J x I

forall f; € H(1 +¢€),(1+ 2¢€),(¢;). For a fixedw € D, set

. (l — lwl2 I+1

@;(IwD)
(a+n+la+n+2) 2@+n+2)(1—|w|?) (1—|w?)? g
ala+1)(1 —wz)* a (¢ +1)(1—tzz)t*=*t (1 —-wz)**? ®

where the constant 1 + 2€ is from the definition of the normality of the function ¢; and @ = 1/1 + 2¢€ +

2+ 2e.

A straightforward calculation shows that

N Gm Ry
D@ =2, 5 5D

Aiirc112em _ 24142614261 — [W[?)
(a+n)(1—-wz)*™" (a+n+1)(1—-wz)*n+!
(1- |W|2)2_26(‘5’)n ‘41+2s,1+25,n(1 - |W|2j)2
$;(lw[) (@ +n+2)(1—wz)a+tn+2’

(9)
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(f (n+1|( ) = Z (1= |w|?)>2ew)™t ( Arizenszen 24142 11zeml |“”|2))
i - .
j

¢.}(|W|'} (l — mz)a+n+1 (1 — Wz)a+n+2 (10)
+Z (1= WP 2 (W)™ Ay ipe142ea (1 — [W]P)?
(i)} |H|} (1 — W'Z)a"'n"'g
. . (l _ |W|2:]2+ZE(II’)H_2
(@) =
¢;(lwl)
(@+n+1)A150142em _ 2(@ +n+2)A1c142ea(1 = [W]?) 1
(1 — ﬁrz)rr+n+2 (1 — -Wz)af+rt+3 ( )
LN G- [w|?)2*25(W)™2 (@ + n + 3)A11ze142en (1 — [W[P)?
;T &awD (1 - wz)en+s
By Lemma 4 . we have
|M| )2+2€
w )<Y ¢ |
1+2¢ (f}}w (IJJ |W|) ]_—T'|W|)2+ZE
As ¢; is normal and by applying Lemma 5 , we obtain (see [32,44])
SUPyem ”(f:;}wll ) =C (12)

1+el+2e.¢j

where Ag142¢e = (@ + 2) - (@ + 1 + 2). From (9), (10) and (11). we have

- 81—26.1+2611(]’E)n + N .
(8 (w) = — FHEPwy =D (U w) =o, (13)
: Zj @;(IwD(1 — [w|)Teze™ ZJ ! Zi !

Artzeatzen  2Aatzeatzen |, Aitzcitzen Hence

where By o0 142em = i P— wimiz

c =z Z} Dy osom] W (W) () (05 W)))|
" n 14
_y Pl ” ol o) )
i BN = [p(w)[P)H/r+zern
From (14) we have
sup |Brszetrzen| (1= WDy (W)
. 1/1+2e+n
lesom=2 1 (1@, (wWID(1 = |@;(w)[?)
) n |Bl—2€.1+26.r1|(1 - |“'T|2}|u_;l(w)||(pj(w)|n
= sup 12 Z ) . 2 1/1+2e+n
I j(w)l>5 i gi(le; )DL = lo;(w)]?)
=C <o (15)

n
Since f;(z) = % € H(1+ €),(1+ 2¢,¢;) it follows that
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Z (1_|z|2j|u”{z)| = HZ Dyl

From this and the fact ¢; is normal we obtain

< Z 103,56 1 £ Miserszeg,< €. (16)
J

(1 - 120y @) | B
sub Z - - | J |1;"1+2£+r1 =C sup (1= |2|2)|Hff[_z_}| 17
ijEZ]I‘% / ‘f’j(lﬁf’;(.zﬂ)(l - |§9;{_Z)|2) lpj(z) <% i (17)
= < oo

From (15) and (17) it follows that (2) holds. For a fixed w € ID, set

(1 — |u_,|2:}2+26

(gj:]utz} = ; ¢j(|“’|) (18)
(a+n)(a+n+2) Qa+2n+3)(1-—|w|?) (1-—|w]?)?
(a[itr +1)(1 —wz)~ B (a+1)(1—wz)e+t (1- LI*Z)‘“Z)

It is easy to see that

w, . (1= WP+ ((@ + N+ 2)Creze142em
(95),, (2) = Zj @;(lwl) ( (1 —wz)en

(2a + 21 + 3)Crize142en(1 — [W]?)
- (1 _ ﬁ,z)rr+n+l

Z (1= w|)**2(W)" (@ + n+ )C1ae142e0(1 — [W]?)? (19)
J (i:'j(lwl) (1 —wz)a+n+2 L

( )CN+1I( ) = Z (1 —|wP2 2 ()™ (@ + n)(a + n + 2)Crezers2em
;T G -z
Z (L= w2 ()" (@ +n+ DQ2a + 20 + 3)Cipe12eq(l — (W)
¢'_; IWI} (1 —_ uz)rr+n+2

Z (1—[w])E2e(w)™* (@ + n+ 1)(a + 1+ 2)Cine1420a(1 — [W]F)? 20
(WD) A=) - 20
()5 (2)
B Z (1—w|H22ew)"* 2 (a+n)(a+n+1)(a+n+2)C c142en
8,0wD (= wa
Z {1 — |1‘L’ 2)2+2£(H,)n+2
¢;(lwl)
(a +n+Dla+n+2)2a+2n+ 3)Ciirenszen(l — |w|?) (21)
(1 — Wz )t‘+1‘!+3
{1 _ W 2y2+2¢e W n+2
Ly, G
¢;(lw])
(@+n+1)(e+n+2)(a+n+3)Chnszen(l— [w|*)?

(1 — ﬁ;z)x—n+4

X
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By Lemmas 4 and 5, we get (see [32,44])

- C, 22
ifé}n ) 1Cg)oll, sy, = (22)

where Cg 142en = (@ + 2) -+ (@ + n). From (19) — (21). we have

D+E+En_n_l n 11+|
(o) :Z rezesszenlt —. (@O W) = (g w) =0, (23)
T ¢;(IwD(1 — [w|?)z+2e+m

where Ditsein=((a+n+2)2a+2n+1)—(a+n+ 1) (2a+2n+ 3))Cii2e142em

Hence

=2, P @ppn]| = @=m19 2 [Egene) )+ 0060 DS (000)]

-y 1P1sze1-20n |0 = W) [265 00) gy O0) + 15 (0" ) b, ()™ (29

—l—n+l

&;(|o; (W) (1 — |y (w)]2)TF35

From (24) we have that

(1= wP)|2uj (W), (W) + u;(w)e;" (w)
SUP|f(x)|>4 z ) | . ’ - . . 1}r2+2i+)1 |
¢;(lo;(w)D(1 — l@;(w)]?)

. - n+1l
. Z Jns1 (1 — wID|2u (W), (W) + 1;(w)e;" (W) 1| @;(w)|™
= SUP iz n2

n =C < oo, (25)
¢i(|o;m)|)(1 — [@;(w)|?)1+2¢

uj+1

:l‘l+

= (e

Sinee f;(2) € H(1+ €), (1 + 2¢), (@) it follows from (16) that
D= w2, () + gy we, )] < 1= W) Y [y w)e,w)|
j j

+Z}_ ”‘D:.;_Jai-f_;—‘f;f||.3|F =C (26)

Using (26) and the fact ¢; is normal we

(1 — w24y (W@, (W) + u;(w)e,;” (W)
sup wjl=)] ZZ . e - ] Sy 1/2+2e+n
5 @;(l; D (1 — |@;(w)?)

= Csup|¢jtw‘||<iz ) (1— |L¢’|2)|2uj(lﬂ)@j'(iu.'i) + uj(l.v)qo}_”('“})l =C <o (27)
N=5 ;

Combining (25) with (27) we get (3}, as desired.

Next, we prove that (4). To see this, for a fixed w € I, put

i |2y2+2€
Uy =y, LW

J ¢'j(|W|)
(a+n)a+n+1) 2Z2(a+n+1)(1—|w|?) (1—|w|?)? -
(a(a + 1)(1 — wz)* - (o + 1)(1 — wz)x+1 (1— u_)z)““’)' (28)

It is easy to see that

(4 — [wIH 2 )"
&, (wD

(RSP (2) =
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It is easy to see that

(?‘tl( ) _ Z (1 - |W|2_)2_2E(:“?)n

¢;(lw))
Eitoe142em _ 2E 2e142eml —w|?) Eivrert2en(l— lw|?)?
(1 — ﬁ;z)a+n {.1 — “}Z.)(( +n+1 (1 — ﬁyz}rr+n+2
() = Z (1 — |w|?)2*2e(w)n+t (29)
J ¢'j(|W|)
(@ +N)Eiioci142en B 2(@+n+1)E ocq42en(1— [w[*)
(1 —wz)asn+t (1 —wz)a+n+2
z (l IWIZ)Z-'-ZE(W)n_ Il-':'-‘-l'”"‘2”—:‘1+261+25n(1 |W|2)2
@;(lwl) (1—wz)esn+3 ' 30)
(h'){ﬂ—ZJ(Z) = Z (l - |W|2)2+2E(]”F)n+2 ((I + n){:ﬂ’ +n+ .l)El+25,1—2e.n
i w s (f?'_;{'“'} (1 — wz)a+n+2

_Z (L—wD*2E) ™2 2(a+n+ (@ +n+ 2)Ey 01400001 — |W|?)

¢;(Iwl) (1 — wz)e+n+3
(1= WP 2 (@ + n+ 2)(a +n + 3)Eriac142en (1 — [W]?)?
*, ¢, (1w (1= wz)ern+d (31

and (see [32,44])

i‘_é%zf 10y ne, = € (32)

where Ey 5c149en = (6 + 2) - (@ + 1+ 1). From (29)-(31), we get

Hyn+2
() =y, Dzl 000 = )5 =0, (33)
I 6, (w1 - ey

where Fyyoc110en = —2(@ + 1+ 1)Ey 1501 520p Hence,

= ||ZJ, Dg (e =
I

Z |Fl+2€l+2-fn — |w|?)
¢;(|@;w)|)(1 = |@sw)]?) ™2 7

(W) (cp;’{ﬁw)) @)y ({PJ(WJ)|

n+2

(34)

2
uy(w) (o) {WJ) I (w)

——+n+2

From this we have that
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From this we have that

) . -2
(1= w2 i (w) (' (w)
sup _ n
)2 (1o, 0]) (1~ gy )
n+2 (35)
(1= w2 [, ) (9, w)) 1 9, w)
< sup 211+2
L)1 i ——+n+2
sl /(12,1 ~ 0,0 27
= <o
Sinee f;(z) {n > € H(1+¢€),(1+ 2€),(¢;). by (16) and (26) we have
|2 . .r,z{-l |2 N2
G- ), [yonle @) =50 - WP gm0
+Z}. (1= w[2) | (W), (w)
+ u(w)e " (w) Il @ (w) |+ Dy 1 f; 1l
Z}_ (W), (W) I 9 (w) ZJ AR -,
l rn h 7 r
EZJ- (1 — [w]?)|u ()] +Zj (1— [w[?) | 2u(w)g, (w)
+Z}. 4y (W), (W) | +Zj 13,51 < .
Using (36) and the fact ¢; is normal we obtain
2
(1= W) [y () (9 W)
T L -
el 7 ¢j(|@}{'w)|)(l — @ (w) 2)1—25 37)

= CZ sup (1 —|wl|%

{.le{

w;(w) (go} u)) |
=(C <o
From (35) and (37) it follows that (4) holds, finishing the proof of the theorem.

Theorem 2 (see [33]). Assume that ¢; is an analytic self-map of D. Then D:;J-,uf H(l+e¢€),(1+

2€),(¢;) — * is compact if and only if Dg_, - H(1 + €), (1 + 2¢),(¢;) — 7 is bounded, and

PiuT
1 — 1212 "
lim lz . ( . 121%) |w] (_z_)|1;1_2€+n 0 (38)
i@ =y ¢ (o)) (1 - |9;(2)]?)
1 2122 (2107 (2) & ()"
—_ (1~ || J_| u)(2)9;'(2) “"f‘ffi’;i_iz” o 39)
i@ di(le(2)D(1 - es(2)[?)
and
_ (1= 12 |y (@) (e @)’
%lclzlﬂ_‘lz 1/3+2e+n 0 (40)

1 (1o (2)D(1 = lg;(2)?)”
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Proof. Assume that Dg_ ., H(1+€),(1+ 2€),(¢;) = 7 is bounded and that conditions (38), (39) and

J;.uj-:
(40) hold. For any bounded sequence {(f;jk} mn H(1+¢€),(1+ 2¢),(¢;) with (f;) = 0 uniformly on

compact subsets of I. To establish the assertion, it suffices. in view of Lemma 2 , to show that

||Z:‘F ng,ﬂff)k

< 1. From (38) — (40) given € > 0, there exists a § € (0,1),

=0 as k — oo,
I

We assume that [|¥; (}3—);{||1_EJ1+26J¢1_

when § < [@;(z)] < 1, we have

n+1l

y o) ( @l @ @) + 4 @e," )
_ 1 1
J ¢'j(|@j(z)|) \(1 _ |(Pj{:z)|z)1+ze n (1 _ M)J_{jz)lz)uze

@ (0/@)]

1
(1~ los(2) )75

(41)

n+2

From the boundedness of D{}}j.uj: H(1+¢€),(1+ 2¢),(¢;) = & by Theorem 1, we see that (2)-(4) hold.

Since X; (f;)x — 0 uniformly on compact subsets of D, Cauchy's estimate gives that (f}-);{n), (}‘}-_)E{H )

: 2) . . ,
and {_}‘}-)EH ) converges to 0 uniformly on compact subsets of I, there exists a Kg € N such that k > K,

mmplies that

D [ @EE @]+ > [ @EP @]+ [15(00, @ FE T (9;(0)
] J ]
+ SUP|g ) <6 Zj_ (1- |2|2)|H}r(:Z:)(ﬂ':);[(ﬂ)(‘ﬂj(z})l + SUP g (z)|26 Z}_ (1—1z*) | (21{;(2)@;{(3)
£ u;(Z)qD;”(ZZﬁ}) BTV @@+ ) w@ ()@Y B o) 1< ce (42)
J J
From (41) and (42) we have
PO RGN
I b
- Z}_ (030,521 ) (O] + Zj_ |(03,.5)i) @)

+supeen ). (1= 10| (05,0000) @)
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4, (0)(f)5 (9,(0)) | + Z;— | () ()5 (9,(0)| + Z;— |45 ()0, () () (0, (0))

£supap Y (1= 2P| () (1) (0,2 +supacp ) (1= 121
I J

| (2u)(2)e;(2)
+1,(2)9;" () )TV (0(2) + 4 (2) (0 (@) () (0(2)) |
=), OO @]+ 3, 5O @, ©)

£ (0)g, T 0,0
1

+Supg s ). (1= 12?)
]

| 220, @) + 4@, " @)K (9,2)

u' @) (2| + Sup|¢pj-(z)|sazj (1-1z%

+u,(2) (9, ()" (F)T? (9;(2))

| +suPscigpymiar ). (1= 2P| () (H)E (@5(2)| + subsciasacconer (1 = 121%)
7

| (2u(2)9;'(2) + 1,(2)0;"(2)) (T (@;(2) +145(2) (9,(2) (DT (0;(2)) |

' )
< Ce + CUPgappanecores Y. (1= 2P| @) (0,(2)] + C5bscig s ). (1= 12)
] ]

| (20(D)e) (2) + w(2e;" (@) (e (0,(2) + w(2) (9, @) (FE (@;(2)) |
(1-1z% ( w/'(2)]
; @02 (1 _ W}_(zjlz)lhnem
. l2uj(2)e;'(2) + uigig;(zﬂ . \uj(z)(@j'(?ijﬁn < 2ce.
(1-los(2)?) (1—-lo;@)P?)

= Ce + CSUP5{|1+2e(zj]|<i1

when k > Ko. It follows that the operator Dg ., H(1 + €), (1 + 2€), (¢;) — I£ is compact. Conversely.

assume that Dg o, H(1 + €), (1 + 2€), (¢;) — Z is compaet. Then it is clear that D o, t H(1 +€), (1 +
2€), (¢;) — % is bounded. Let {2, } be a sequence in I such that X ; |¢J_J.-(zk]| — 1as k — . We can use

the test functions

2, Er@ =2, Been(@. (43)

From (12) and (13) we have

1A
[}

sup
keN

2. U

1+el+2e¢;
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and

n) 1+2el+2emn ( "’ n+1)
2, Wk (%(Z")):Zw(mj )|)(.1—|<E:PE:;|}3)1H—%-WZ R CIIER)
AN A j‘““k

_z 'Uir (n+2| @j[:zk)):O

For [z| = r < 1, using the fact that ¢; is normal, we have

‘Z{mw>

'r')l,.f2+25 Zj (1 - |‘P;‘(Zk)|) —0(ask — )

that is, (f;)) converges to 0 uniformly on compact subsets of I, using the compactness of Drp ay’ H(1+
€), (1 + 2¢),(¢;) — I we obtain
|Bl+251+26'n| (1—- (Zk)|
Z_ 1/1+2e+n - Z " ‘P_J'“;(JG)R” =0 ask - oo
7 i(les(@)]) (1 - |¢?'; z;.)| )
From this, and }’; |{pj-(zk:)| — 1, it follows that
_ [(1 = |zie|*) Iy’ (z) |
Rl.l_,rgc ) ) 24 1/1+2e+n =
7 ¢;(|e(zi)]) (1 — |e;(z)| )
and consequently (38) holds.
In order to prove (39), choose
%m¢=2;wwmw. (44)

It follows from (22) and (23) that

up ) NNy, <

and

)n+1

1) Ditze1+2em (fP (z;)
(e (0;(z) = I
2, 0 () wa%mmﬁﬁ@mn

Z}_ (g ( %(zk) Z (g ( (pj(zk)) =0

2 ) 1/2+2e+n
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and (g;)x converges to 0 uniformly on compact subsets of ). The compactness of Dg;q;: H(1 +€), (1 +

2¢€), (¢;) — J mplies that

m D 195,00, = 0

It follows that

n+l

4 1/24+2e+n

o) o) |
= Z ¢ "'ng»u_j(gj)k”! -0 ask—
J

4 izl Z | Dis2e142em (ZH;(Zk)qajr(Zk) + 1 (zk)@}_u(jz;()) (0,(z0))
i

2; |f,9_,-(zk:l| — 1 implies that

(1 — |ze»)|2u(zi) @, (zi) + ui(z) ;" (zi)| .
i i 1/24+2e+n -
! ¢j(|@j{-zk}|)(1_ |{Pj(2k3|2)

lim

k—oo

(39) holds. (40) can be proved in a similar manner by choosing the test function

(Ww(2) = Z; () gz (2)-
The following result is proved similar to Theorem 1n [32]. hence we omut it.

Theorem 3. Assume that ¢; is an analytic self-map of I. Then ng.uj H(1+€),(1+2€),(p;) = Tp is

bounded if and only ifD”.}u}.: H(1+e€),(1+26e)(¢;) — *t is bounded,

#]
lim Z 1 -1z)(2)| =0, (46)
lim (1 - |z19)|2y (@), (2) + w(2)e;"(2)] = 0 (47)
|z]—1 j ) T
and
. . A2
lim > (1= 121 [iy@) (9 @) | = 0 (48)
J
In the next theorem, we characterize the compactness of ngauj: H(1+e€),(1+26).(¢;) =T

Theorem 4 (see [53]). Assume that @; is an analytic self-map of D). Then ch;)-,uj:H(l +€)(1+

2¢€), (¢;) = Jo is compact if and only if
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. (1= lz1®)|y (2)]
™ AT

7 ¢5(lo;@N(L = les(2)]?)

1/1+2e+n

, (1 - [z1®)|21)(2)p;'(2) + w(2)e;" (2)
|£‘1|r—1'11 Z g | : } : .- JI1,."2+2,}E+:r1 | =0 (50)
I ¢le;(D(1—1e;(2)?)
and
_ (1 - 1213 [y (2) (0, (@)
5 o

)1;’3+2€—n

i ¢;(le;(DD(1 - lg;(2)12

Proof. Assume that conditions (49) — (51) hold. Then it is clear that (2)-(4) hold. Hence ngauj: H(l+

€), (1 + 2¢), (¢;) — I is bounded by theorem 1 . From inequality (5) we see that D

qﬂ;uujf:r' € Jp for each

fi € H(1 +€),(1 + 2€),(¢;). it follows that Dy o, H(1 + €), (1 + 2€), (¢;) = Jo 1s bounded. Taking
the supremum in inequality (5) over all f; € H(1 + €), (1 + 2¢), (¢;) such that | ¥; f; li4e142ep,=1

and letting |z| — 1. yields

lim  sup ZIZJ_ (1—Izlz)\(Dq’S;mﬁ)”{jz)|=o

=1 /1 1 L+2Ed

Hence, by Lemma 3 we see that the operator D;;‘MJ: H(1+€),(1+ 2¢),(¢;) = Jo is compact.
Now assume that DG iujt H(1+€),(1+ 2€),(¢;) = Jg is compact. Then DGy H(1+¢€),(1+2¢),
(¢;) — Jo is bounded, and by taking the function f;(z) = z" it follows that
lim Z (1 - [z (2)] = 0 (52)
lz|—=1 j
By taking the function f;(z) = z"**, we have
i Y (1= 12 (29,(2) + 2@, () + (D0 D] =0 (53
from (52). (53). and the fact that | X; ¢; l.< 1, we get
lim Z 1—|z|?
IEDINCEED

By taking the function f;(z) = z"2, from (52), (54) and the fact that || 2j 9 lo=1, we have

u(2)¢;' (2) + 1 (2) ;" (2)| = 0 (54)

lim }_ (1— |z|2j}|uj(z)(@j’(z))2\ —0 (55)

lz]—1
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By (14). (24), (34), and observe that D$1J1(:ﬁ)¢}.[u__:3, ngﬂj(gj}cpj[wj, Dg_fauj(hf)Q?;’{W) € Ty we know that

S
.11.1:11 Z ) ( |Z| )luf (Z}| 1/1+2e+n 0 (56)
WIBEL =T ¢5(10;(2)D(1 — |0s(2)12)
1 _ 2 2 f R _.l' . + . _H’
|3 A EPRER @)+ 40 @) (57)
@1 b (o, @D = |9 (2)]2)

and

1 2 y 1eoy)2
- (1= 121 |y, (2) (0, @)’ L )

lpjlz)|—1 J qﬁj(l@j (Z}D(l _ |g)j{:z)|2)1;'3+2&+n

We prove that (52) and (56) imply (49). The proof of (50) and (51) is similar, hence it will be omitted.

From (56), it follows that for every € = 0, there exists § € (0,1) such that

2 L) <e (59)
i ¢j(|§9}-{:2)|)(1 — |(Pj(z)|2jl,r1+ze+n

when 6 < X; |@;(2)| < 1. Using (52) we see that there exists T € (0,1) such that

1

R V(1 _ #2 +n
et > HOU-BFE ()

> a-1Py )
i
when 1 < |z| < 1.
Therefore, when 7 < |z| <land § < }; |@;(2)] < 1, by (59) we have

(1 - |z (2)]

. (61)
X . 1/1+2e+n
1 ¢;(e;@D(1 - le;@I2)”
On the other hand, when 7 < [z| < 1 and |@;(2)| = &. by (60) we obtain
(1-1z1H)u(z (1— 1z (z
5 1- 2Py @) Ly aoepel

2)1,I1+2E+}1 -

7 ¢y(19;,@D(1 -~ g, I 0 @01 - )T

From (61) and (62), we obtain (49), as desired. The proof is completed.
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