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Abstract

The applications of the fractional differentiation for the mathematical modelling of real-world physical
problems such as the earthquake modelling, and allometric scaling laws in biology, etc., have been widespread
in this modern era. Fractional differential theory has gained much more attention as the fractional order system
response ultimately converges to the integer order equations. Differential equations of fractional order have
been successfully employed for modelling the so-called anomalous phenomena during last two decades. One of
these nonlinear partial differential equations, the linear space-fractional telegraph equation. That applied into
signal analysis for transmission, propagation of electrical signals, and so on. The aim of this article is to
compare were the fractional Sumudu decomposition method (SDM), a double Sumudu matching transformation
method, a finite difference scheme, a finite difference scheme based on a combination of the extended cubic B-
splines (ExCuBs) method, and a quadratic spline functions with the solution of the linear space-fractional
telegraph equation. We will conduct a comparison of the stability of the methods and convergence. In addition,
numerical examples will be presented to illustrate the accuracy of these methods.
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I.  Introduction

The fractional derivative which simultaneously possesses memory and nonlocal property can describe
different nonlinear phenomena more accurately and efficiently in comparison with the integer-order derivative.
This makes fractional calculus a powerful tool for modelling the complex dynamical systems. Nowadays,
Fractional calculus (FC) is an appropriate tool to describe the physical properties of materials [1-5]. Fractional
order differential equations (FDEs) have been established for modelling of real phenomena in various fields
such as physics, engineering, mechanics, control theory, economics, medical science, finance and etc. Many
methods have been developed to solve the linear space-fractional telegraph equation including the fractional
Sumudu decomposition method (SDM), a double Sumudu matching transformation method, a finite difference
scheme, a finite difference scheme based on a combination of the extended cubic B-splines (ExCuBs) method,
and a quadratic spline functions. Researchers who have used the Sumudu decomposition method (SDM) include
Khan et al (2018), established a new and efficient analytical scheme for space fractional telegraph equation. The
technique they have produced can be used for many classes of fractional order models including linear as well
nonlinear [1]. The next year, A finite difference scheme based on a combination of the extended cubic B-splines
(ExCuBs) method and Caputo’s fractional derivative for the numerical solution of time fractional telegraph
equation (TFTE) has been presented by Akram et al. The proposed method is investigated and good
compatibility was found with the exact solution. Also, the proposed scheme is convergent of order O(t 2—a +
h2) and unconditionally stable [2]. In the same year, finite difference scheme is presented for the Generalized
Time-Fractional Telegraph Equation (GTFTE) defined using Generalized Fractional Derivative (GFD) by
Kumara et al. The generalization of fractional derivatives is done by introducing scale and weight functions, and
for their particular choices, GFD reduces to Caputo and Riemann-Liouville derivatives. The proposed scheme is
stable and convergent. The simulation results showed that numerical scheme is of At"(2-2a) order of
convergence [3].Intends to obtain accurate and convergent numerical solutions of linear space-time matching
telegraph fractional equations by means of a double Sumudu matching transformation methodby Hamza et al. in
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2021. Them suggested method is applied successfully for obtaining the general solutions of several linear and on
homogeneousconformable fractional telegraph equations. The effects show that them resolved method is
efficient and can be applied for finding the general solutions of all cases related to the conformable fractional
differential equations [4]. Recently, in 2022 Zaki et al. proposed a general framework that can be used to guide
quadratic spline functions in order to create a numerical method for obtaining an approximation solution using
the linear space-fractional telegraph equation. The numerical scheme is effective and reliable for the time—space
fractional order telegraph equation. The obtained approximate numerical solutions are in good agreement with
the approximate solutions [5].As the previous five methods have been used many times in recent years, we
wanted to present a comparison between them to assist future researchers.

Section one outlines some previous studies on the linear space-fractional telegraph equation. Section
two offers basic methods of solutions for the linear space-fractional telegraph equation. The third section
showed the local truncation errors. In the fourth section will describe the stability analysis and the convergence.
Section five addresses numerical illustration. In this section, we offer an example from each author as well as
their results. In the final section, we offer some conclusions and highlight some areas for further development.

The generalised of the time—space fractional order telegraph equation of the form [5]:
a%u  9%u | du

ﬁ.=§+5 +u X>”0, 1<a<? (1)

subject to boundary conditions

u(a, t) = p(0), u(b,t) =p,(t), t>0.2)

and the initial conditions

u(x,0) = fi(0), PE2=f,(x), asx< b )

Il.  The Methods of solution
In this section, we will illustrate the linear space-fractional telegraph equation including the fractional
Sumudu decomposition method (SDM), a double Sumudu matching transformation method, a finite difference
scheme, a finite difference scheme based on a combination of the extended cubic B-splines (ExCuBs) method,
and a quadratic spline function.

2.1 The fractional Sumudu decomposition method [1]
Khan et al.consider the following fractional telegraph equationand hence illustrate the basic idea for the mention
method,
DMy (x,t) = A(x, t) 0?U(x,t) + B(x,t) 0, U(x,t) + C(x,t)U(x,t) + g(x,t)(4)
where0 <x <a,0<a<1 ac€R andA(xt),B(xt)and C(x,t) are continuous functions.
Applying the Sumudu transform (ST) to both sides of Equation (4), they get the components of the
approximation solution as the following, respectively:
Up(x,t) = o(x,1)
Uy (x, t) = STHuS[A(x, t) 02Uy (x, t) + B(x, ) 8. Uy (x, t) + C(x, )Up (x, D)]],
U,(x,t) = STHuS[A(x, £) 02U, (x, ) + B(x, £) 0, Uy (x, ) + C(x, ) U, (x, £)]], 5)
Us(x, t) = ST uS[A(x, t) 02U, (x, ) + B(x, 1) 8, U, (x, t) + C(x, YU, (x, £)]],
Upir(x, ) = S'l[u"“S[A(x, £) 02U, (x,t) + B(x,t) 8, U, (x,t) + C(x, ) U, (x, t)]].
Thus, in view of relations given by (5), the components U, (x, t), U, (x, t), U, (x, t), U3 (x, t), ..., are completely
determined. As a result, the solution U(x, t) of FTE (4) in a series form can be easily obtained

2.2 A finite difference scheme based on a combination of the extended cubic B-splines method [2]
Akram et al. considerd the following one-dimensional time fractional telegraph equation with reaction term:

T + 22750 (e, 1) = v 2SS 4 £, 0), (x,8) € [a,b] X [0, T(6)
with initial and boundary conditions
u(x,0) = fi(x)
ue(x,0) = fo(x)
u(a,t) = g, (t)
u(b, t) = g,(t)
where 0<a <1, and A,pu,v are arbitrary positive constants. f(x) is the forcing term and
f1(x0), fo(x), g1(x), g, (x) are sufficiently smooth prescribed functions. If « =1 Eq. (6) becomes the one-
dimensional hyperbolic telegraph equation. Time fractional derivatives
2% (x,t)
atza

O

a
and 2 gg‘t) denote the Caputo fractional derivative of order 2a and «, respectively.
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The approximated solution U (x, t) of given model using ExCuBs to the exact solution u(x, t) is described in the
following form:

U(x,t) = X2 di(DEi(x, ) ®)

where d;(t) are the time dependent unknown coefficients which are to be required by some particular
restrictions. Each subinterval [x;, x;,,] of basis function covers only three nonzero elements E;_,, E;, E;,. The
approximated solution ;" at the grid point (xj, tn) at the nth time level to the exact solution is defined as

u' =Xt A (OE(x, ), 9)
where i = 0,1, ...,N. Using the above approximation and basis functions, the values u;" and their necessary
derivatives up to second order as given below:

n __ n n n
up = disg +cpdi + o diyyg,

n __ n n
(w)i = c3dify — c3di-y, (10)
n __ n n n
(Uit = C4diy — csd! + €adyq,
h _4-A  _8+A _ _ 1 241 242
wnere ¢; = Z'CZ = ?,C?, = E,C‘} = W'CS =z

After simplification they obtain the recurrence relation in the following form:
((By+ B, + )y — VC4)d}1—+11 + ((By + B, + 1), — ch)d}lﬂ + (B + B2 + 1)y — VC4)d}l++11
2By + Bo)(ardly + codl + ¢dly) — Bu(crdf T + df + o d T

n
_B, Z b2%[cy (d117% — 2dIF + A + oy (AP IK — 241K
k=1

=< n

+d}1_1_k) +0 (d}l++11_k - 2d}l+_1k + d}l+_11_k)] — B2 z bi [C1 (d}I—Jrll_k
k=1
_d]n—_lk) + Cz(d}l+1—k _ d}l—k) + Cl(d]n:ll—k _ d}l+_1k ] + f}n+1-

11
The above system carries (N + 1) X (N + 3) dimensions. To solve the above system for unique solution we
need two additional equations which will come from boundary conditions. Thus, the system has (N + 3) X
(N + 3) dimensions.

2.3 A finite difference scheme method [3]
They present the FDS of the following partial differential equation called fractional telegraph equation (FTE),

«92a «9Q 2
IO 422 0 (2 TMED 4 (,1),(12)
where a € (0,1/2], and ¢, 4 > 0 are real numbers. We confine the above Eq. (12) in a bounded domain € such
that (x,t) € Q =[a,b] X [0,T] and under the initial condition u(x,0) = ¢(x) and boundary conditions
u(a, t) = g,(t) and u(b,t) = g,(t) for all >> 0. The notion (x d%/* dat“)u(x,t) represents the generalized
fractional partial derivative of order a with respect to t and the definition will be given in Eq. (14).
The definition of left/ forward GFD of order & € R*of type 2 of a function u(t) is as follows
(D w1 (©) = (I D) () (13)
provided the right-side of the Eq. (13) is finite, where m—-1<a<m, and m € N*,
In the above definition, GFD of type 2 is also the generalized form of the Caputo fractional derivative, so we
will now call it generalized Caputo type fractional derivative. The above definitions are only given for the
left/forward sense of generalized fractional integral and GFD. Those can also be defined in the right/backward
sense.
They considered left Caputo type GFD in upcoming work because Caputo derivative is always depicting the
real-world models. For the special case, 0 < @ < 1, GFD in Eq. (2) will be given as
_ w1 ot w@u@)'

(Dg‘H[ZJW;Z]u)(t) - F(l—a) fO (Z(t)—Z(T))u dT (14)

To get the numerical scheme for solving FTE, we divide space and time interval into N and M
equal sub-intervals, respectively, in a way such that Ry, = {x;: 0 < i < N} is a uniform mesh of the interval

[a, b], where x; = a 4+ i(Ax),0 < i < N with Ax = b%a, and Ry, = {tj: 0<j< M} is a uniform mesh in time

direction where t; = j(At),j = 0,1, ..., M, with t, = 0 is the initial time, and x, and x, denote the boundary

points. For simplification, we write u(x;, t;) = u}, w(t;) = w;, and z(t;) = z;. For the numerical solution, we

firstly approximate the first term of Eq. (1) as follows

[*62“u(x,t) _ [w(tj+1)]_1 ftj+1 %[w(r)u(xi.‘r)]
02 Iyy) T2 70 ()2 @]

we can be written (15) as

dr(15)
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Rt = 2ufyy +ufi]) = > (efuths = blu) + 24 ) (s — vf) = fia,

for0<j<M-1land1<i<N-1,

(16)
where, the coefficients are given as
-1
i Wj+1Wk+1 o N2a o 1-2a
I T T car | (i O CR Ik SRt
-1
j — Wj+1wk 1-2a 1-2a
I R T (R DN CE R SV
j Wi Wit 1—a
Sk B F(Z - a)(zk+1 - Zk) [(Zj+1 - Zk) - (Zj+1 - Zk+1) ])
-1
i _ Wj+1Wk 1-a _
Ve = I'2—a)(zgs1 — ) [(Zjﬂ —a) = (g~ 2en) ]‘
C2
fTor

7
2.4 Conformable Double Sumudu Transform method [4]
The methodology of team of Hamza is as follows. they present a double definition of Sumudu transformation,
its properties, a description of conformable fractional, and fractional space-time telegraph equations. After that,
they obtained the exact solutions of the conformable fractional space-time telegraph equations.

The following general time-space conformable fractional telegraph equation:

xB t L xB t® 14 xB t®
0xlff( a)— Aoz (7';)”’5 (?;)

e M
having initial condition:
)b (o (o) -k() o
and boundary:
F0.5)=n(S) i (05) =n (%) @0

where h(x? /B, t*/a) is the given function and a, b, c are constants.
By taking conformable double Sumudu transform for bout aids of Equation (18),

e )_p(ow 15{1[ xDﬁf(0:§)]
[ Fuv) =2 =2 sf | tDaf(ﬁ.O)]] (21)

F(u,v)
v

+b [ - @] + cF (u,v) + h(w,v).

2.5 The quadratic spline functions method [5]

The space fractional partial derivative of order « in Eq. (1) is considered in the Caputo sense

L 1 x 0™u(s,ty) o

Tault) = P fg Tn’(x —s5)" % 1ds, n—1 <a<n. (22

To set up the quadratic polynomial spline method, select an integer N > 0 and time-step size k > 0. With h =
(xi,t;) are x; = a + ih, foreach i = 0,1, ..., N,

and t; = jk, k= Atforeach j=0,1,.

Let Z/ be an approximation to u(xl,t) obtained by the segment  P;(x,t;) of the spline function passing

through the points (xL,Z’) and  (x;41, z+1) Each segment has the form

Pi(x,t)) = a(t)(x—xl)2+b(t)(x x;) + ¢ (¢). (23)

foreach i=0,1,. — 1. To obtain expressions for the coefficients of (23) in terms of Zi+1/2f, D;’, and
Sm/z, we first deflne

P (xL+1/21 tj) = Zi+1/2 (24)
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i all .
Pi(l)(xi' t) =D/  (25) Pi(a)(xi+1/2'tj) = sz PiXiva2 t)) = Si]+1/2' 1<a<2, x<Xy12 < Xigqe
(26)
where ai = q;(t), by = bi(t)), ¢; = ci(t)), d; = d;(t;) and 8 = wh. Egs. (23), (24) and (25), give
hZ .
Tt b +¢ =210 (27)
bl = Di’. (28)
Using Egs. (22), (23), and (26), we obtain
% 1 Xi 3%Pi(s,tj) 1- a
ax“u(xl“/z’t) r(z—a)f +1/237](’6”1/2 S) Szj+1/2 . (29)
This equatlon can be simplified as:
(30)

Ha;= Sl+1/2

2 h 2—a
where u = o) (—) .
Then Eq. (23) becomes

Zlsyy = 2Zh1 )y + 201 = 6(Shiayy + 68k )y +SLay), =12, ,N=2. (31)
where § = 18- (5) . As a — 2, system (31) reduces to
Zi]+3/2 - ZZL+1/Z + Zl.] 1/2 = (Sl+3/2 + 6Sij+1/2 + Sij—l/z)’ i=12,..,N-2(32)

I11.  Truncation error and a class of methods [5]
Expanding (31) in a Taylor series in terms of y(xj, tm) and its derivatives and using (1) respectively, they obtain
the truncation error as follows:

«J _ (] j
T = (ui-1/2 +ui+3/2) 2u1+1/2 5(D uz 12 + Dx u1+3/2) 65D% u1+1/2 (33)
can be obtained by expanding this equation in Taylor series in terms of w(x;,1/,,t;) and its derivatives as
follows

* j h6
T/ = (h? - 86)D2ul,, (— = 8h?) Diul,, ), + (=2 )06 Lot (34)
Since § = 8= ( ) then the last expression can be simplified as

hz—a
T = h*(h*~* — 80)D2u/,, , + h**® (— - e) Diul,, , +

12
h4+a h2~% D6 Jj 3
(360 12) Uirjp T (35)
where 6 = F(i+f) From this expression of the local truncation error, our scheme is 0(h%), 1<a <2.
. B“Z] aZZ] BZ]
5 = e~ T l+Z] (36)
. 9%z) ZJ+1_ZZJ Z] 1 gi+l_ Z] 1 .
Sl=-dtrt———+T1—+7 (37)
which can be discretized as follows:
J j+1 j-1 j+1 j-1
Sj 9% ZL 1/2 ~Zl 1/2 ZZL 1/2 Zl 1/2 Zl 1/2 Zl 1/2 Z
i-1/2 = dx« ~ kz + 2k + i-1/2
a%z) SRy ) e Z* g
j i+1/2 __ “i+1/2 i+1/27 “i+1/2 i+1/27 L+1/2
Sz+1/2 axa k2 + 2k +Zl+1/2 (38)
j j+1 J j-1 j+1 j-1
S] _ 9* Zl+3/2 Z1+3/2 2Zi+3/2 + Z1+3/2 Zl.+3/2 Zl+3/2 Z]
i+3/2 7 gya ~ k2 + 2k + i+3/2

Using formulas (38) in (31) gives the following useful systems
Azl +BZ v AZ, =Az] 4

i+1/2 i+3/2
1 1 1
B* ZL]+1/2 + A ZL+3/2 +4 Zi]—1/2 +B ZLJ+1/2 +C ZLJ+3/2 (39)
where
a=240 po1 B 5420420
_kz 2k - k25 T 2 k(s s
B—— 2B =-2+-2—68,and B ="+ (40)

System (39) consists of N-2equations in N unknowns. To get a solution to this system, we need 2-additional
equations. Using the boundary conditions (2), that are Z’ B (1), ZI{,+1 B, (t), we can obtain the following
equations: Suppose that Zl/2 is linearly interpolated between ZJ and Z;/Z
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—32],, + 7}, = —22{ = =2B;, j=0 (41)
In a similar manner,
Zy_spy = 3Zy_q)y = —2Z}y = —2B, j=20 (42)

Eq. (39) implies that the (j+1)st time step requires values from the (j)st and (j-1)st time steps. This produces a
minor starting problem, since values for j=0are given by the first part in Eq. (3)

Z? =u(x;,0)=fi(x)), i=1,...,N. (43)

but values for j=0, which are needed in Eq. (40) to computeZ;, must be obtained from the first part in (3)

az? )
T u(x;,0) = fo(x), i=1,...,N.
0
One approach is to replace aaiti by a forward-difference approximation
0z)  z}-z{
fo(x) =2 ==—"+o0(k) (44)
which gives us
Z} =70 + kfy(x;), i=1,....,N. (45)

IV.  Stability analysis and convergence
In this section, we will illustrate the stability by different methods and the convergence:

4.1 The Method of [1]

They produced the stability of our numerical scheme based on the SDM. For this, they considered a Banach
space (B,Il. II) and F:B — B. Let ¢Y,,, = f(F,¥,) be a recursive technique and H(F) be the set of fixed
points of F at least containing one point, say p € H(F). They assume that iy, € B and define err, =
lWper — FE YOIl If lim, L™ =p, then Y., =f(F,Y,) is said to be H-stable.
Theorem 4.1.

Let (B, II. II) be a Banach space and F: B — B satisfy the following condition

1By =Byl < Cllx =Byl +cllx =y (46)

forall x,y € B,C = 0,0 < c < 1. Then B is picard B — stable.

Our Picard B-stability result is now given by the following result.

Theorem 4.2.

Let F: B — B be an operator defined as bellow

FWn(x,y)) = STHU"S[A(x, t) 07 + B(x,t) 8, + C(x, )[]Un (x, )], (47)
where

Il A, t) IS ky, 11 B(x,t) ISk, and |l C(x,t) IS k3. (48)

Then, B is Picard B-stable provided that A; > 0, (i = 1,2), and the following relations hold:
(i) 10Fn (2, ) = 07 o, M < Agllpn (3, ) — Y (2, I,
(i) 10¢¥n (X, ¥) = 0cthin (6, VI < 2211900 (%, ¥) — Y (2, ) I,
(iil) ki Ay + kydy + k3 < 1.
Proof:
In order to prove the existence of a fixed point of the operator F, we consider n,m € N, and
I Fpy  (x,¥) = Fpm(x, ¥) |l
= I ST [u™*S[A(x,t) 02 + B(x,t) 3; + C(x, )I1U, (x, )],
S Hu™*S[A(x, t) 82 + B(x,t) 8, + C(x, O)I]U, (x, )ty |l
< MA@ 1103 (%, y) — 0Fm (6, I+ BCx, £) 111035 (x,¥) — 0¢tpn (x, ) I

1 CEE) Iy — Pll < (kady + kA + k) llPn — Yl < 1y — Pl
Consequently, with the help of Theorem 4.1, we can conclude that the operator F is Picard F — Stable.

4.2 The Method of [2, 5]

Akram et al. used the Von Neumann stability analysis to investigate the stability of proposed scheme. Consider
the growth factor in the form of a one Fourier mode as

Uit = Eneiwhi(49)

with no forcing term. Here i = v—1, w and h are the mode number and the element size, respectively. They
have
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[(B1 + B2 + ey — ve, JUPE + [(By + B, + 1)c, — ves U
+[(By + B, + 1)cy — ve JUIH!
= 2By + B Uity + 2By + Bo)c Ut + (2B + B2)erUfyy — 31[01111?1—_11
+ UM+ UM = By Xkey bR (U — 2003 + U Y) + (U
=207 + U ) 4 o (U = 2005 + URE)] = Be Bl B en (U
= UI) + (Up 7 = U7 7) + e (U7 - U]
The above equation shows a round off error equation. Consider Eq. (49) to be the solution, then the above
equation becomes

7 = L1+ a)§" - " — @y Doy BRUIETTH - 28n K 4 gkl

(50)

n aren—-k+1 n—-k (51)
—a, Yk=1 bg[€ —¢ ]]
_ B _ B
wherea; = AT Iy and 2
12v(2 + A)sin“ wh/2
w=1+ s + ( ) /

B+ B2 h*(By+ P2 +1)(6 + (A — 4)sin® wh/2)
Obviously w = 1, forall A > —2.

Proposition 4.1. Let {",n = 0,1, ..., T X M, be the solution of Eq. (49), we have

" <A+ a)|E’, n=01,..,TXM (52)

where a; is a positive constant.

Thus [§™*1] = [U]*Y < (1 + a)8° = (1 + ap)|UP], so that U] < (1 + ap)IE°ll,. (53)
Thus, one concludes that the proposed numerical scheme is unconditionally stable.

The convergence of proposed technique using the LopezMarcos method, which plays a significant role in the
theory of convergence analysis of fractional type equation.Assume that Q, = {xj; 0<j< N} and Q; =
{t,; 0 <n < M} be the equidistant partitioning of intervals [a,b] and [0,T] with the step size h and t,
respectively. Consider u* be the approximated solution at the grid point (xj, tn) and V = {vj; 0<sj< N}, W =
{w;; 0 < j < N} be the two functions defined on Q... We define difference notation as follows:

8%V =i — 205+ vj_y, OV =vy —

IV IZ= W, V), V.w)=3Y; hvw;, (54)

Ve V) = =V V), (VW) = —=(V, W).
We also suppose that u;,, U, are continuous over the intervals [a, b] and [0, T], and that there is a positive
constant F, such that
|utt| < F’ |uxxxx| <F (55)
The above values are different at different locations and independent of j,n, h, T and for (x, t) € Q, X Q;
Proposition 5.1.Let {zy, z{, ..., Zy,, ... } be a monotonically decreasing sequence with the properties z, = 0 and

Zps1 + Zn_1 = 2z,. Then, for any positive integer S and for each vector (vq, v, ..., vs) with S real entries, we
have

fl;%) (Z?n:O ZmVn+1—m)Vn+1 =0 (56)
So for the proposed scheme, we have
B1 =0 b}?“ (u(x, tn_j+1) — Zu(x, tn_]-) + u(x, tn—j—l)) + B2 X0 bj“(u(x, tn_j+1)(57)

2 n+1
- u(x, tn—j)) + pu(x, t"+1) = v% + f(x, tn+1) + 0(‘[2_“ + hz)
and
B Xioo bPC @M — 20 + Ut + By By b T — u ) gt
_ 8 enen (58)
- dx?

where u}* and u(x;, t,,) are an approximated and the exact solution at point (x;, t,,), respectively.

Theorem 5.1. Suppose that u(x, t) and u;}* be the solutions of given model and Eqg. (57), respectively, and
u(x, t) satisfies the smoothness condition (55), then we have

IE™ | < 0(x?% + h?) (59)

where E"*! = u(x;, tpyq) — ul*?, for every t > 0 and suitably small h and 7.

Using the Cauchy-Schwarz inequality, we get
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IETH? < 2 (L, B4 < 2 pFH B (60)

From the above inequality, we can get the desired result,

IEM < 0(t%7% + h?). (61)

But Zaki et al. used of Egs. (15) and (39) gives us the characteristic equation in the form
(}'+1{ Ael-Dagh) L p olaph) L 4 e((i+1)q®h)} =

JI{A* e(G-Dagh) 4 g+ pliadh) 4 gre(+Daoh)) 4
P YA e-Dadh) 4 f liadh) 4 4 o((+Daom}, (62)
This equation can be rewritten in the simple form

al®> +bl{+c=0 (63)
where
a= (A e(-a%M) L B 4+ A e(q¢h))’ b= —(A* e(-a%h) 4 p* 4 A*e(q¢h)),
andc = —(AeCIM + B + A (@)

For the stability, they must have |{4| < 1. So they have three cases
Case 1: The discriminant of the Quadratic equation (63) is zero, that is
P2 —1=0,inthat case ¢, = i\/% =+ f% 0 < k < 1 and the stability condition,|¢,| < 1, is satisfied.

Case 2: Discriminant is less than zero, that is )2 — 1 < 0, in this case

§i=\[:(¢+Q\/1_—¢2) r( —p £ q/T-y?) =

the stability condition, || < 1, is satisfied.

Case3: The discriminant is greater than zero. This means that one of ¢, and
¢_ does not satisfy the stability condition.

Thus, for stability we must have ¥? —1 <0

-

P <
b

-1<
-1< <
2vac

Since \/_>0=> —2+vac < b < 2vac
——(3+c05(p)\/4 kz<2(1—cos<p)—26(3+cos<p)<——1)_k2(3+cosgo)\/4 k?

The right above inequality takes the form:
26
2(1 — cos @) Sk—2(3 +cos<p)( 4—k2+2 —k2)

Which is satisfied for k<< §wherehissmall enough.
But the left above inequality takes the form:

26
—2(1 — cos @) SF(3+cos<p)(\/4—k2 —2+k2)

Which is satisfied for k<< dwherehissmall enough, then the method is conditionally stable.

4.3 The Method of [3]

They can easily check the properties of coefficients a;, b}, s} and v, in the following lemma, which is useful to
prove the stability of the finite difference scheme:

Lemma4.l. If 0 < a < 1/2, the weight function w(t) is positive and increasing, the scale function z(t) is non-
negatlve and strictly i mcreasmg Under these conditions, the following results hold:

(i) ak > bl > 0, and Wkak = Wk+1bk,

(i) s{ > v! > 0,and w;s] = wk+1v,]€], and

(iiii) if w(¢) is a nonzero constant, then a) = b/, s} = v/ forall k = 0,1,2, ..., ;.

Theorem 4.3 (Lax-Richertmyer Theorem).
For consistent numerical methods to approximate the solution of a well-posed linear differential equation,
stability and convergence are equivalent.
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Theorem 4.4. If the scale function z(t) is positive and increasing and, weight function w(t) is positive and non-
decreasing, then the numerical scheme (16) is stable.
Proof. Here, we need to prove only the stability of the homogeneous part of the iteration scheme (16). So, let the

numerical solution of Eq. (12) is of the form w; = i+1€9™, where, i =+/—1 (unit of complex numbers),
6 e Rand, 1 <m < N — 1. So, we can write the homogeneous part of Eq. (16) as,

u5j+1ei9(m_1)y + (_2# — a].! — 2/15]/)6j+1ei6my + u5j+1ei9(m+1)y = _bjf(gjeiemy — 2/1q]].5jei9my +
j-1 j-1
z (a,8j4,€"™ — b, 5;e0™) + ZAZ (578j1,€"0™Y — v} 5;et0mY).
k=0 k=0
(64)
This implies

U8 1e” % + (—2p — al — 215])8j41 + n6j410'%Y = —b/5; — 21q76; +

J j-1
D (@l = i) +22 ) (18— vl
k=0 k=0

—8p1e” + (2u + af +215])841 — u8j1e"% = b/ 5; + 22q]6; —

j-1 j-1
Z (@841 — bic6)) = 2/12 (5841 = vi8)),
k=0 k=0
' | by, (—e v +2 - ei"y) +(af +22s])81 = (b] +240/) 844
=0 (al8j1 — bl8;) — 2230 (s,ﬁ +1 = V8;)(65)
From Lemma 4.1, we have a,’{ > b’ J > vl forallk =0,1,2,..,jand j = 0,1,2, ..., M — 1. Hence, from Eq.
(65), we get
(b +240))6; — 2425 (al8jen — bl6)) — 222425 (51671 — i)

S = - - :
ah (2u — 2ucos 0y) + (aj] + 2/15].’)
S = (b +20))5 B0 (@& —big)  2A%cy (i — ) _
’ [2u —-2ucos(9y)]+—(a; +-Zlgf) [2u-—-2ucos(9y)]+—(a; +-Zl§;) [2u-—-2ucos(9y)]+—(a; +-ZA§;)
(66)
Since 2u = 0 and 1 — cos(8y) = 0 this implies 2u — 2ucos(8y) = 0 and from Eq. (66) we get
(b +22v))8  Fio (a48j41 = bid)) 2o (Si6m —wE) 5
ji+1 = - . - ) - ~N — Oj-
(a} + ZASJ.J) [2u — 2ucos(0y)] + (a} + ZASJ.’) [2u — 2ucos(8y)] + (a} + 2/151.1)
(67)
Since, each term in summation is nonnegative which implies that §;,; < §; < -+ < §, < §; < §,, therefore,
841 = |ut1| < 8o = lug'l = luol. Hence, [lujy4 |l » < lluoll,2 and the stability of numerical scheme (16)is
proved.

The consistency of the numerical scheme (16) is easy to prove, and so the numerical scheme (16) is convergent
(from Theorem 4.3).

V.  Numerical Examples
In this section, we obtain numerical solutions of equations(1,...... ) for a numerical example.

5.1 The Results of [1]:
Example 5.1.
Consider the one-dimensional space-time FTE
§D2%U(x,t) = D?U(x,t) + D U(x,t) + U(x, t),
0<x<10<a<10<p<1 t>0,
with the initial and boundary conditions
Up(0,t) =et, t>0
U,0,t)=e’t, t=0
Ulx,0)=¢* 0<x<1,
U(x,0) =0, 0<x<1.

(68)

(69)
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Ui
20F
—exp(x—1t)
160 —_—a=0.7
—a=0.8
a =09
T =095

Dé Dg DE Dé 1b *
Figure 5.1. Plot of approximate solutions U (x, t) at different values of a at t = 0. 5 and compression with exact
solution et

Example 5.2.

Consider the following nonlinear space-fractional telegraph equation

0u _ Puy g0y 2 grrat y gx-2t (70)

0x2% 9%t at

subjected to the following initial and boundary conditions
0<a<1t>00<x<1,

u(0,t) = 0,u,(0,t) =e*, u(x,0)=0,u/(x0)= —2ex.(71)

——exp(x — 2t)
—_—a=0.7
—a=0.8
a=09
_— =095

Db Dh Db Dé 1b *
Figure 5.2Plot of approximate solutions u(x, t) at different value of ¢ at t =0.1

5.2 The results of [2]

some numerical experiments are discussed to demonstrate the feasibility of the proposed method. The calculated
error norms are established by absolute L and Euclidean L? norms

Example5.3 Consider the TFTE of the form
2a a 2
ot St = T+ [ 0)(12)
where f (x, t) is suitable with the exact solution u(x, t) = t2*%sin(2mx) , for all (x,t) € [0,1] X [0,1], where

the initial and boundary conditions are

£i(x) =0,
£,(x) =0,
a:(t) =0, ()
g2(t) = 0.

In Table 5.1, we calculate the L2-norm for different spatial and temporal step size h = 5,7 = i M =

20,40,80). In Table 5.2, we determine the order of convergence from the computed data and present maximum
absolute errors at different space-time step sizes. We give L?-norm and maximum errors for « = 0.6,0.7,0.8,0.9.
Table 5.3 shows the maximum absolute error, the Euclidean norm, the order of convergence and the CPU time

fora =0.75and t = ﬁ In additional, the compatibility of the exact and approximated solution for
example5.3 can be viewed in Fig. 5.3
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Table 5.1 comparison of L2 norm with h = 57 = %at T = 1 for example 5.3

o L2-norm[2] L2-normproposedmethod
M;=20 M,=40 M;=80 M;=20 M,=40 M;=80

0.6 4.7812E- 1.0955E-03 2.2623E-04 1.8893E-03 9.1390E- 1.6673E-04
03 04

0.7 4.5879E- 1.0289E-03 2.0119E-04 8.0515E-04 2.1220E- 5.2584E-05
03 04

0.8 4.3196E- 9.3157E-04 1.6304E-04 6.0531E-04 5.1956E- 3.4099E-06
03 05

0.9 3.9411E- 7.8419E-04 2.1547E-04 2.0000E-05 3.2034E- 2.4375E-07
03 06

Table 5.2 comparison of maximum error with h = 5t = % at T =1 for example 5.3

a L=-normproposedmethod
M;=20 My=40 M;=80 Order= (#1) Order=(#2)
M2

0.6 2.6719E-03 1.2925E-03  2.3579E-04 1.04776 2.45455
0.7 1.1387E-03 3.0010E-04  7.4366E-05 1.92380 2.01273
0.8 8.5604E-04 7.3478E-05  4.8224E-06 3.54230 3.92949
0.9 2.8285E-05 4.5303E-06  3.4471E-07 2.64239 3.71615

Table5.3Maximum absolute errors and Euclidean norm L? for example 5.3
N Proposedmethod

L®-norm L%-norm Orderofconvergence CPUtime

05 4.5584E-04  3.3892E-04 0.234002
10 9.1361E-05 6.7926E-05 2.31889 0.249602
20 1.5847E-05 1.1206E-05 2.52731 0.265202
40 9.2497E-07  6.5406E-07 4.09870 0.624004

— Agproimaied Schifon

& Eeacl Soduioe

Figure 5.3 Comparison plots of exact solutions and approximated solutions for example5.3.

M3
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Figure 5.43D plot for the exact and approximated solution of example 5.3

5.3 The results of [3]
. . _ 2= Mdx-1E*T 5 o L.
Example 5.4. Consider Eq. (12) with force term f(x,t) = G20 o 2c*t*, and initial and

boundary conditions as u(x,0) =0,x € [0,1],u(0,t) =u(1,t) =0,t > 0.
With z(t) =t,w(t) =1, the exact solution of the Eg. (12) will be wu(x,t)=x(x— 1)t
We solve Eq. (12) by the numerical finite difference scheme is given in Eq. (16) with step size Ax = 0.01, At =
0.001. The analytical and the numerical solutions taking @« = 0.2,0.3,0.4 are shown in Figs. 5.5 and 5.6: F-1 to
F-6. The maximum absolute errors (MAE) and the order of convergence (CO) are calculated for different step
sizes and the obtained results for « = 0.2 and @ = 0.4 are given in Table 5.4 and Table 5.5, respectively. From
Table 5.4 and Table 5.5, we can assume that the numerical scheme is stable, and CO is (At)2~2%.
Table 5.4. MAE and CO for example5.4. withy = 0.5,¢? = 1,a = 0.2.

At Ax MAE Convergence order (CO)
1 1 0.00026 -

10 10

1 1 0.000085 1.6130

20 20

1 1 0.000028 1.6020

40 40

1 1 0.0000092 1.6057

80 80

Table 5.5. MAE and CO for example 5.4. withy = 0.5,¢? = 1,a = 0.4.

At Ax MAE Convergence order (CO)
1 1 0.0013 -

10 10

1 1 0.00056 1.2150

20 20

1 1 0.00024 1.2224

40 40

1 1 0.0001 1.2630

80 80

Figure5.5. The analytical solution of example 5.4.
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F-1 F-2

-0.05

numerical

0.2

X 0 o t X 0 o : t
A=05,c2=05,a =02 1=05,c=1,¢ =02
F-3 F-4

numerical

0.2

X 0 o t X 0 o Ty
A=05,e*=05,a =103 A=05,*=1,a=03
F-5 F-6

0~
-0.05 -0.05
3 01 § 01
8 g
£ g
2 -0.15 2 -0.15
> E)
02 02
-0.25 . -0.25 .

0.2 0.2
X 0 o t X 0 o t

A =105 6% =05 ,00= 04 A=05c=1,a=04
Figures5.6. The numerical solutions of Example 5.4 for different parameters.
5.4 The results of [4]

Example 5.5. Consider the homogenous fractional telegraph equation:

DR (5. 2) = 0P (5.5~ o (5.5) -1 (5. 5)=0. 09
with the conditions
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r(05)=eter (",TBO) = oxP/p

a
xDp’f (O,%) — e—td/cx' Dof (§’0) _ _exﬁ/g

where xDbEZ) and tDéz) mean two times conformable fractional derivative of function f(xﬁ/ﬁ’, t"‘/a).

(75)

t
3.5 -
3.0
2.5
2.0 -
1.5
: T T T T T T T T T T T T T T T T T T T T A
0.2 0.4 0.6 0.8 1.0
— f=a=08
f=a=09
'8=[:;'=1

Figure 5.7: The figure shows the solution of (74), whent=0:01,0 <x < 1.

Example 5.6. Regard nonhomogenous space-time fractional telegraph equation:

o) - 01D 0 ()

T N—— o
B a
with the constraints
a a B
f (O’t_) . /a’f(x_’o) — exﬁ/ﬁ
¢ d (77)

Def (0,.5) = etre, D f (5,0) = /8|

where XD[SZ) and tDéz) mean two times conformable fractional derivative of function f (xﬁ /B, t% /a).
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t
12 - /
4 e
10 /
] #
g ]
64
4]
T~ T 1 T T T T T T T *r T [ T T T T
0.2 0.4 0.6 0.8 1.0
—— B=a=08
f=a=09
f=a=1

Figure 5.8: The figure shows the solution of (76), whent=0:01, 0<x < 1.

5.5 The results of [5]

Example 5.7.

Consider the following linear space-fractional telegraph equation [22]
atSu  9%u | ou

6x_1-5=F+E +u x>0, (78)

Subject to the initial condition
u(x,0) = 0. (79)
and boundary conditions
0.0125%5 = 0.0125%5 = 0.0125% = 0.0125%

1(0.0125,t) = exp(—t) (1 + 0.0125) + G/D D D o) +..., (80)
and
1.0125%%  1.0125%5 = 1.01253 | 1.0125%
u(1.0125,¢t) = exp(—t) (1 + 1.0125) + G0 D o ) +....(82)
Then the exact solution is
x15 %25 x3 x4
~ — 1 A
u(x, t) = exp( t)( +x+r(5/2) +F(7/2) +F(4) +F(5)+ )

Table 5.6: Our numerical method for the time—space fractional order telegraph equation when k=0.000005, and
h=0.025and @ = 1.5

X t=0.1 t=0.15

0.1 1.0139125288963764 0.9596371905024942
0.2 1.1480559941970572 1.0862170007301811
0.3 1.3004476445553682 1.2302168726205736
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0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.4710342588062175

1.6607354930479643

1.8709521529921287

2.1034072173406435

2.3600811054248516

2.6431880681647740

2.9649893224621964

1.3914776194134673

1.5708357143835627

1.7696035239597443

1.9894042815310826

2.2321069494266474

2.4998194340024652

2.8167740246016137

u(x,t)

3.0

2.5

2.0

15

1.0

0.5

- m Exact Solution

s __— m Numerical Solution

I I I I 0.025

the

10 20 30 40

Figure. 5.9. Our numerical method for the time—space fractional order telegraph equation when t=0.1,
k=0.000005, and h=0.025 and a = 1.5

u(x,t)

8 L

6 m Exact Solution

i m Numerical Solution

4 -

o[

Figure5.10. Our
w ‘ ‘ L 0.025

numerical method for
time—space fractional
order telegraph equationwhen t=0.15, k=0.000005, and h=0.025 and « = 1.5

10 20 30 40

It is clear in Figure 5.9 the blue curve does not appear here and in the figure 5.10 the yellow curve does not
appear also because the numerical results are very close to the exact results.
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25
Numerical Solutions 2.0

—_
(6]

—_
-
2%
e
2525

25

40

Figure 5.11. The 3-D behavior of the numerical solutions for the time—space fractional order telegraph equation
from t=0.0005 to t=0.05, k=0.0005, and h=0.025, a = 1.75

VI.  Conclusion

Nowadays, the fractional derivative and fractional differential equation have many applications in
various fields in physics, chemistry and other science. The fractional telegraph equation especially is applied
into physics and engineering, and so on. In this article, we compare were the fractional Sumudu decomposition
method (SDM), a double Sumudu matching transformation method, a finite difference scheme, a finite
difference scheme based on a combination of the extended cubic B-splines (ExCuBs) method, and a quadratic
spline functions with the solution of the linear space-fractional telegraph equation. We discussed the solutions
and truncation error methods. In addition, the stability analysis of these methods was shown to be conditionally
stable. Also, the numerical solutions are convergent. Furthermore, the obtained approximate numerical solutions
maintain good accuracy compared with the exact solutions. Finally, we presented a large set of examples for
these methods.
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