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Abstract

In the perfect method of RaffaelHagger [22] we show the characterization of the Toeplitz algebra, that
generated by Toeplitz operators with series of bounded symbols on the Fock space FL}¢ and other spaces. We
show that the Toeplitz algebra coincides with each of the algebras generated by band-dominated, sufficiently
localized and weakly localized operators, respectively. We determine its essential commutant and its essential
bicommutant with respect to Toeplitz operators of series of symbols. For € = 1see Xia. However, Xia's ideas
are mostly connected to Hilbert space theory and methods which are not applicable for € = 1. We completely
use the result of Fulsche to generalize Xia's theorems under the light of [22].
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. Introduction

It is known that the Toeplitz algebras on Bergman and Fock spaces have wide study in operator
algebras, it is a difficult problem to determine whether a given operator actually belongs to the Toeplitz algebra.
Indeed, nearly there were no satisfactory characterizations and several authors came up with (seemingly) larger
algebras that are easier to work with. The most examples dealt with are the algebras of band-dominated
see[1,6,7,8,9,10,18], sufficiently localized [1,11,12,21] and weakly localized operators [1,12,17,18,19,20]. All
of these algebras include the Toeplitz algebra, but it was unknown whether they actually contain operators
outside of the Toeplitz algebra. In [19]Xia proved the surprising result that for ¢ = 1 the C*-algebra generated
by weakly localized operators is equal to the closure of the set of Toeplitz operators. So that every operator in
that C*-algebra can be approximated by Toeplitz operators. As a consequence, all of the above mentioned
algebras are actually the same (see [1]). This result not only provides multiple workable characterizations, but
also allows to switch between different viewpoints when dealing with operators in the Toeplitz algebra.

In [20]Xia showed an additional characterization using essential commutants. Xia was mainly
interested in the Bergman space, but the same arguments also apply to theFock space (see [18]). Following [22]
we generalize all the characterizations of Toeplitz algebra on the Fock space to € # 1. As the arguments in
[18,19,20] mostly depend on Hilbert space and C*-algebra techniques, we have to follow a different way here.
We first prove the essential commutant characterization for band-dominated operators and then show, by using
Fulsche [5], that all the above mentioned algebras again coincide. In particular, the Toeplitz algebra can be
characterized by essential commutants just like in the Hilbert space case.

Nowlet C* denote the usual complex coordinate space of dimension n, with the Euclidean dot product:

zi Wi = (2)1 (W1 + -+ @)W, zili= 2z - Z;
For z;,w; € C" and € = 0 we use B5(z;,1 + €): = {w; € C": |z; — w;| < 1 + €} for the open ball of radius 1 +
€ around z;. The characteristic function of a set S < C™ will be denoted by 1. IfS = C", we write 1: = I¢n.
Fordz; denote the Lesbesgue volume on C™ and givene > 0. The Gaussian measure u, . is defined by

1+e\" 2
Qprse() = () e 0rOlilay,

For 0 < e < ocosetLits: = L'*€(C", pgy4025) for the usual L'*€-space defined by the measure p,e2/,.
Hencef; € L1%€ if and only if
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1+ e)2\" _ive, e T+e
Vilhsei = |(Sar) [ e 5% az
cn -~
L

is finite. Sof; € L1(C™) if f; is integrable with respect to the Lebesgue measure and f; € L*(C") if f; is
measurable and bounded. For f; € L”(C") we will use M, to denote the corresponding multiplication operator
on LY*€. The sets of bounded and compact operators acting on a Banach space X will be denoted by £(X) and
F(X), respectively.

The Fock space FLf¢ is defined as the closed subspace of entire functions in Li%€. The inner product on the
space L2, . and its restriction to F2,. will be extends to a sesquilinear form on F1f¢ x Fl(jf)/e, where € = 0.
The induced map f; = (-, f;) is an (antilinear) isomorphism between Fl(i:f)/e and (FLFE)*. Similarly, we have,

« ~ 71
Lty = [(rore,

The orthogonal projection P: L3, — FZ,. is given by
PRI = [ fim)et O id . (wy). (.
cn -~

L
The integral operator in (1.1) also defines a bounded projection from Li*€ onto FLf¢, which we will again
denote by P. From (1.1) it easily follows that PMy and My, P are compact for all compact sets K < C™ (see

[6, Proposition 7]). For f; € L we define the Toeplitz operator Ty, ;:Fiif§ = Fife by Ty, rngii=
P((X: fDg)- Itisclear that Ty, £, is a bounded operator with ||Tzl.fl.|| < Y lIPIfillo- The Banach algebra

generated by all Toeplitz operators with series of bounded symbols will be denoted by 771 +€.
We define the generators of the algebras that seem to be compare with 71+€. For A5 € L(L1%€) the number

sup {dist(KS, (KoY K5, (6 S € My AWy o} € [0, o]

is called the propagation or band-width of A®. Here, dist(K®, (K*)): = infy ¢xs . exsy [ — ¥i| denotes the
minimal distance between K* and (K*®)’. Operators of finite propagation are called band operators and the set of
such operators is denoted by BO. The closure of BO in the operator norm topology is called BDO*€ and its
elements are called band-dominated. We will write A5 € A'*€ and call A5 € L(FL}E) again band-dominated if
ASP € BDO ™€ [6,9].
An operator A5 € L(FLFE) is called sufficiently localized [21] if there are constants € > 0 such that
s 1+e€

(AU (k) < G yee
for all w;,z; € C*. We write A for the set of sufficiently localized operators and A for its closure in the
operator norm.
If AS € L(FLE) and (49)* € L(Fl(jf)/e) both satisfy the two conditions

sup [ DTG, G e <

L

ZiE(Cn

lim sup j Z|(T(ki)zi: (k)w,;)|dw; = 0
C™\B5(zj,1+€) 7

€20 z;eCn
we call A® weakly localized [12]. The set of weakly localized operators and its closure are denoted by A,,,; and
Ay, Tespectively.
The main results will now be summarized as follows (see Theorem 18 below for details):

Theorem (see [22]).
(I) Tl+e — gl+e — ‘H_sl — C’qwil-
(ii) A5 e T if and only if [Ty £, AS] € H(FE) for all f; € VO, (C™).

Here, [A%, Ty ;,]: = ATy ;, — Ts ;A denotes the commutator of the two operators and VO, (C™) stands for the
set of bounded functions with vanishing oscillation at infinity.

In thisstudy we show some important concepts and provide results. They are then applied, where the essential
commutant and the essential bicommutant of A'*€ are determined. We give a proof of the main theorem and
mention a few consequences. The results are concerned on the Fock space and likely to hold for other spaces.
The characterization of the Toeplitz algebra, that is only be availableon theFock space can be seen byFulsche in

[5].
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Il.  Preliminaries
We introduce and collect some main concepts that are well-known, and are needed later throughthe sequel.

2.1 The BerezinTransform
Equation (1.1) implies that FZ2 . is a reproducing kernel Hilbert space with reproducing kernel K$(z;, w;) =

|Wl

e+9zivi A direct computation shows [|[KS(, w;)|l14e = e 2 il* 0 that the normalized reproducing kernels
(ki)w,, given by
e 2

(e, (20): = €O
satisfy ||(k-)wl|| = 1forall w; € C" and 0 < € < . So that we can define the Berezin transform B(A®) of a
bounded linear operator AS € L(FLE) as

[B(A%)](Wo): = (A* (kD wy (kw,)
Hdolder's inequality implies that B(A4%): C* — C is bounded and continuous. In fact, [4, Theorem 2] shows that
B(A®) is Lipschitz continuous for e = 1,€ = —%. It is probably well known that this generalizes to all 0 < € <

o and € > —1, for the convienes of the reader, we give a quick elementary proof of this fact.
Proposition 1 (see [22]). There is a constant € = 0 (depending only on (1 + ¢€) and n) such that for all A° €
L(FLFE) and z;, w; € C™:

D BN — BUNIwI < (L + AN ) 17— wi

13 13
To simplify the computation a bit, we introduce the so-called Weyl operators, which will also be used again
later. For every z; € C" and f; € L1*€ we define
I/VZ,:fi: = (fl ° TZi) ’ (ki)Zi
where 7, (w;):=w; —z;. W, is a surjective isometry for all z; € C" and 0 < € < co. The inverse and the
adjoint of W, are both equal to W_,,, where we interpret the adjoint as an operator on L(ff:)/ € via the usual
duality pairing as explained above. As P and W, commute, the same is true for W, if restricted to the Fock
space FL}¢. Therefore, the Berezin transform can be written as
[BAD W) = (Wou,, AW, 1, 1) = [B(WL,, 4°W,,)] (0)
Similarly, using the product formula W, W, = e"{0+m@woy, ,_ we obtain
[B(AS)](Zl-) = (As(ki)zi: (ki)z ) <W—WLASW (ki)zi—wi; (ki)zi—wi> = [B(W—wiAs )](ZL l
It therefore suffices to prove Proposition 1 for w; = 0.
3
Proof. By Holder's inequality and the discussion above, it suffices to show that ||(k;),, — ]1||1+E < (1 +€)2|z].
Moreover, since ||(kl-)zi||1+€ =1 for all z; € C*, we only need to consider a neighborhood of 0, say z; €
s 1
B (0—\/1_%) We have

_1+e _ 1+e 1+e

(ki)zi(Wi) —1= e(1+€)Wi'Zi_T|Zi|2 —1= (e(1+6)wi-zi _ 1)e_T|Zi|2 + e——lzll2 1

Ob - | —£|z-|2 1 \/1—| | d —&|z-|2
V|ousy,|e 2 Al — |S + €|z an |e 2 %

||e(1+e)wi~z‘i _ 1" — Z Z (1 +e)w; - Z_i)j
1+e i j!

j=1

< 1 for all z; € C™. Moreover,

1+€

P IR YR L
et L Jj! L L j!
j=1 i j=1 i

1

_J j(1+€) T+e
. 1+e?\z[T|=F5—+n
..~ (&52) (L

for some constant (1 + €) that depends on (1 + €) and n. In particular,

||e(1+6)Wz'fl _ 1+6 Z\/_|Z |Z a1+ 6)2|z |1(1 + €)J+1 (](++1;)

where

. o j+1
F(Tl) S(1+€)J(1+6) ZF(T)
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AN > — j+1r(§+ 1)

< 2.Vl ), A0 Gy
i Jj=0

for z; € BS (0, ﬁ) As this series is convergent, the result follows.

2.2 Band-Dominated Operators

Let 0 < € < oo. For every € = 0 we can choose a family of cutoff functions {(pj_1+€:j € N} that satisfies the

following properties:

(i) Zalepaee(z)] " = 1forevery 7 € C"

(i) sup]-eNdiam(suppq)j,He) < oo,

(i) Forw;z € C" with |z; — w;| < ——we have £, 5|0 14e(@) — @jarew)| < 1+e.

(iv) Forall z; € C" and € > 0 the set {j € N:suppg; ,,. N BS(z;, €) # —1} is finite.

Here, supp denotes the (closed) support of a function and diam denotes the Euclidean diameter of a set. Such

families always exist (see [9, Lemma 3.1]). For C™ these cutoff functions are easily constructed by [2,6] and it is

readily seen that these families can be chosen in such a way that there is a universal constant N (depending only

on the dimension n) satisfying

(v) For every z; € C*, e = 0 the set {j EN:@j14e(z) # 0} has at most N elements.

Despite the constructions in [2,6], where N grows exponentially in n, the best possible constant is actually N =

2n + 1 (see [3, Proposition 2.2.7]). In n = 1, for example, this can be achieved by choosing hexagons instead of

squares for the covering. Here we only need the existence of such a constant and therefore stick with N.

Likewise, the functions ¢; 1, are merely auxiliary and it is completely irrelevant which ones we choose. We

therefore just assume that we chose them here satisfying (i) to (v) and fix them in general. The reason why these

cutoff functions are useful (and also why the choice does not matter) is the following(see [22]).

Proposition 2. ([9, Proposition 3.5])

Let AS € L(L11S). Then AS € BDO*€ if and only if

1+e
lim sup Z Z ||[AS, M<Pj.1+e]fi||1+6 =0. (2.1)
j=1 i

€7 if ll14e=1 4

This characterization is useful in many ways as it allows to commute band-dominated operators with cutoff
functions for a low price. For example, it is easily shown that compact operators satisfy (2.1). Moreover, the
inverse closedness of BDO*¢ is immediate as well. Combining these facts, Proposition 2 can be used to show
the inverse closedness of the corresponding Calkin algebra BDO*€ /3 (L1%€) [9, Theorem 3.7], that is, BDO*¢
is closed with respect to Fredholm inverses.
Recall that A" is the restriction of BDO*€ to F1f¢. To be precise, A € A*€ if and only if ASP € BDO*¢
by definition. A**€ therefore inherits a lot of properties from BDO*¢(see [22]).
Proposition 3. ([9, Theorem 3.10])
A€ is an inverse closed Banach algebra which contains 7€ (FL) and T71*€. The corresponding Calkin algebra
AYYEJIC(FEFE) is inverse closed, too.
From the definition of band-dominated operators, it also easily follows that A5 € A€ if and only if (45)* €
A1+ where 0 < € < oo,
2.3 Limit Operators
Let (2n + €)C™ denote the Stone-Cech compactification of C*. By the universal property of (2n + €)C", every
continuous functionsf;: C* — K* to a compact Hausforff space K; can be uniquely extended to (2n + €)C". In
the following, we will not distinguish between a function and its extension. For A% € A'*€ consider the function
Y. C" - LIFEE),W(z) = W_, A°W,,. As bounded sets are relatively compact in the weak operator topology,
Y has a weakly continuous extension to (2n + €)C™. It turns out that this extension is even strongly
continuous(see [22]).
Proposition 4. ([2, Proposition 5.3], see also [9, Theorem 4.11] and [10, Lemma 4])
Let A% € A€, The map W: C" - L(FLE),¥(z) = W_,, A*W,, extends to a strongly continuous map on (2n +
e)C".
Most of the time, Proposition 4 is used in the following form. Let x; € (2n + €)C™ \ C™ and let ((zi)y) be a net
in C™ that converges to x;. Then the strong limit

Ay, =s—limW_,

(Zp)y—x;

AWz, (2.2)

i)y
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exists and does not depend on the net ((zi)y). The operators Ay, are called the limit operators of A°. We will say
that a net (AS) converges x-strongly to AS, ASAS in short, if both (435) — A% and ((4°);) = (A%)" strongly. In
particular, the convergence in (2.2) is =-strong and (4°);, = ((4°)"),-

A direct computation shows W_, My W, = Mg .4,y = My,.._, for z; € C". Therefore, as the Weyl operators
commute with P, we get l

(TZ fi)xi = %Zi_)yl_l,rETZ Fi(-+z)y)
if we apply (2.2) to a Toeplitz operator Ty, s,. In particular, we can see that the limit operators of Ty, only
depend on the values of f; close to infinity.

The most important feature of limit operators is the following.

Proposition 5. ([2, Theorem 1.1, Lemma 6.1], [6, Theorem 28], see also [9, Corollary 4.24, Theorem 4.38])

Let A5 € A€, Then

@ A* is compact if and only if A3, = 0 for all x; € (2n + €)C™ \ C".

(b) A* is Fredholm if and only if A3, is invertible for all x; € (2n + €)C™ \ C™.

There are two things to note here. First of all, in [2,6] a different compactification (and sign convention) was
used. As already noted in [9, Section 5] and [10, Remark 3], this is not an issue because in any case the closure
of the set {W_ZL.ASWZL.: z; € (C"} in the strong operator topology is considered. We could even replace the nets by
sequences because bounded sets are metrizable in the strong operator topology. We will use this fact in
Proposition 14 and Theorem 15 below. However, as the points in (2n + €)C™ \ C"* cannot be reached by
sequences, this comes with additional (mainly notational) difficulties. We therefore stick to nets and use the
Stone-Cechcompactification for simplicity.

The other thing to note is that [2,6] only consider the Toeplitz algebra 71*€, which could possibly be smaller
than A**€. However, one of the main results of this paper is that actually A**€ = 771+€ for all 0 < € < oo, see
Theorem 18 below. To avoid a possibly circular argument, see [9], where Proposition 5 was shown (in a much
more general context) for A5 € A*€ directly (also using the Stone-Cech compactification for that matter).

We conclude this section with the following well-known fact, which is particularly useful for us because it turns
the strong convergence in (2.2) into norm convergence when multiplied with a compact operator. In [16] this is
proven for sequences, but the same proof also works for bounded nets(see [22]).

Proposition 6. ([16, Theorem 1.1.3])

Let E be a Banach space, A° € L(E) and (435) a bounded net in L(E). If (A3) converges strongly to AS, then
|ASKs — A5K*|| > 0 for all KS € K (E). Similarly, if ((4%);) converges strongly to (4%)*, then ||KSA3 —
KsAS|| - 0 for all KS € K (E).

2.4 P-Theory

When working on the ambient space L€, it will prove useful to generalize the notions of compactness and
strong convergence. The following notions originate from the theory of Banach space valued sequence spaces
(see [13,16]). The P stands for projection and is referring to the projections MﬂBS(OIHE), € = 0. An operator A €

L(I31E) is called P-compact if

lim (|My,, A% —4°|| = tim ||asmy, -0 =0
€—00 B5(0,1+€) €—00 BS(0,1+¢€)
Equivalently, A5 is P-compact if and only if
. s — AS —
;Lrg ||MHBS(0,1+5)A MﬂBS(0,1+e) =0

The connection between compactness and P-compactness is readily seen:

Proposition 7 (see [22]). Every compact operator is P-compact. On the other hand, if A5 € L(Li1E) is P
compact, then A°P and PA® are compact.

Proof. Let A% € K (L11S). M converges *-strongly to the identity for € — oo and therefore the P-

AS

BS(0,1+¢€)

compactness of AS follows from Proposition 6. Conversely, if A% is P-compact, then |

Mll s

BS(0,1+€)
ASP” — 0 as € —» oo, That is, ASP is approximated by the compact operators ASMHBS(0 1+5)P and is therefore
compact itself. Similarly, PAS is compact.
Replacing compact by P-compact operators, we can also define the P-essential norm:

14%1lp: = infllA* + K|l

where we take the infimum over all P-compact operators K*. In the same way we can amend the notion of (x
—) strong convergence. We say that a bounded sequence of operators (A435),.cy COnverges P-strongly to A° €

P
L(LL*), ASSAS in short, if
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rlll_{go ”(AZ B As)MﬂBS(O.He) - 1111_{?0 ”MﬂBS(o,He) (4 — 4%) | =0
for all e = 0. The connection between *-strong and P-strong convergence is as follows:
Proposition 8 (see [22]).P-strong convergence implies -strong convergence. Moreover, if A5—AS%, then
P
PASPSPASP.
Proof. The first statement is clear and the second follows again from Proposition 6.
P
We also note that if A5, —0 and € = 0, then

1 fl 1 - Af‘L M]l
&En\BS((xi)O,1+s) (Cn\Bs((xi)o,1+e) BS((xl-)o,1+e)
asn — oo, The following is a P-theory generalization of [15, Lemma 2.1].

P
Lemma 9 (see [22]). Let ((K*),.)nen b€ a bounded sequence of P-compact operators such that (K*),,—0. Then
there is a strictly increasing sequence ("ki) of positive integers such that B%:= ¥;°_; (K*),, Is a P-

N
n

+ -0

An M]l

(Cn\BS((xi)o,1+s) ﬂBS((xi)0,1+s)

k;EN
strongly convergent series and

187l = timsup || |

Proof. Let € > 0. By P-compactness, we have

: s _ s —
Mo ) My sy~ K =0
for all n € N. Hence, we may choose r; > 0 sufficiently large such that A3:= M; (K5)1 My
BS((x;) 1) BS((x1)y71)
satisfies ||A7 — (K®),]| < § As ((K5),)nen COnverges P-strongly to 0, we have
lim ||M. K%),M. —(K* =
n—oo ncn\Bs((xi)O,rl)( )n ﬂcn\Bs((xi)O,rl) ( )n
Therefore, we can choose n, > n,: = 1 such that
&
M KS),.M — (K <=
ﬂCn\BS((Xi)O,Tl) ( )TLZ ncn\Bs((xi)O.Tj) ( )nz 8
Next, by P-compactness again, we can choose r, > r; such that
&
M. M. K5, M M. -M K),, M <=
‘ UB5((xi)g72) “«:"\BS((xi)on)( n, Tems((x)gra) B ((x)gr2) “c"\sS((mo,rl)( s Temas((x)oma)|| ~ 8

which implies [|45 — (K*),,,|| < = for

A;: = (Ks)nzM]l

M. .

135((";’)0.Tz)\BS((xi)On) BS((x) g2 \BS((x1)g71)
Interating this procedure, we get two strictly increasing sequences (rki)k-eN and (nki)k-eN and a sequence of
operators (43,), _ such that

Al =M,
ki ﬂBs(("i)o'rki)\BS((xl')O’rki_1) B((0)o e\ (i) 71

Ay, — (Ks)nki || < % for all k; € N. Define A% := ¥ _; Ay, As A® has block structure, it is easily seen
that this series converges P-strongly and
14°11 = sup |45, ]| < sup [| (K=, || < o0

kiEN kiEN t

Moreover, [|A%||» < lim supy,. ||, || and

(Ks)nkiM]l

and |

KM
c™\BS(0ry;—1) Il<cn\135(o,rki_1)

for all P-compact operators K. Taking the limit k; — co, we get [|AS + K5|| = lim supy, .. ||43,]|-

4%+ K*|| = ||(AS + K*)M;

> g -

s _
ke

Therefore, the equality ||A%||, = lim supy,_..||43,|| follows. Now define B:= Yo 1 (K. As |

(Ks)nki ” < % for all k; € N, this series also converges P-strongly and ||B¥|| < ||A®|| + €. Moreover
HIB*ll> — 1A°%llp| < |IBS — A%llp < ||B° - A°|| < &
As & was arbitrary, we get
18Il = lim supl|4, | = timsup {| ¢k, |
Let VO, (C™) denote the set of bounded continluous functions f;: C™ — C of vanishing oscillation, that is,
Osc,, (f): = sup{lfi(z) — fiw)l: [w; — 2| <1} - 0
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as |z;| - oo. Obviously, the set of continuous functions with compact support, C.(C™), is contained in VO, (C™).
For 1+ € > 0 and j, € N we define the following sets of functions:
ki
Gitejo: = Z a;@ji1+e:a; €C, |aj| =1,k; e N} c C.(CM)
Jj=jo+1
Note that || g;|l. < N forall g; € Gy, j,,€ > —1and j, € N.
Lemma 10 (see [22]). Let A5 € L(L'*€) and assume that [Mfi,AS] is P-compact for all f; € VO, (C™). Then for
every e > 0, there isa e > —1 and a j, € N such that for all g; € G;, 1. We have ||[M,,, A]|| < e.
Proof. Assume that this is not the case, that is, there is an € > 0 such that for every ¢ > —1 and every j, € N
there is an g; € G, 14+¢ such that ||[M,, A5]|| = e. Set ¢, = % As every ball B5(0,1 + ¢) has a nontrivial

intersection with only finitely many of the sets{supp(pj‘tn:j € N}, we can choose j, € N and (g;), € Gj, ¢,
recursively such that dist(supp(g;)n, supp(gi)m) > 1 for n = m and ||[M,,,,A%]|| = & for all n € N. Let
(K)n:= [Mg,, A%]. AS (gn € Gj1, € Cc(C™) € VO,(C™), (K9),, is P-compact. Let y; € C.(C™). Then
My, (K ) = My, (9, A° = My A Mg, = My, (g, A° = [My A°IMgy, + A My, (g,

By construction, the first and the third term are 0 for sufficiently large n. As [M¢i,A5] is P-compact by
assumption, the second term also tends to 0 as n — oo. Similarly, (K*), My, — 0 asn — .

It follows that ((K*),),en CONverges P-strongly to 0. Lemma 9 thus implies that there is a strictly increasing

sequence (ny,), _ such that
5 S bl v Sl allze e
i~ 7 v

ki=1
Lete = 0,z;, w; € C* with d(z;, w;) < 1 and observe that

ZL Z|(pj.tn(zi) — @, (W)

Jj=jn+1l i

> (@) — G| <
! ki 1/1+4+€
< 1+
<@V DT Y 1050, = 9 w0
j=jn+1 i
by Holder’s mequallty and the fact that at most 2N of the summands can be non-zero. The latter is bounded by

(2N)T+e
n1/1+e !

(2N)1+e(1 + E)HE =
But this means that

which tends to 0 as n — co. It follows that f;: = ¥°_1 Xi(gi)n,, is in VO, (C™).

0= T, = || Y. " [Migon, 4]
ki=1 i
which contradicts (2.3).

We show an elementary but useful lemma.
Lemma 11 (see [22]). Let n € N and IetAS, v, Az, Bf,. B;; be bounded linear operators. Then

n
ZABS Z(J -Zz_jBf
j=1 j=1
where the {; are certain roots of unity.

2mij
Proof. Let; =e » andm € {1 —n,..,n— 1}. Then
n
m n ifm=0
Z Ej = .
“ 0 ifm=+=0
Jj=1
n n n n
} ki _
Z Z Z ASB nz ASB?
j=1

j=1 k=1 I=1

P

Since

thereisan ! € {1, ..., n} such that
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n n n
Z Z AsB &MY > Z A3BS
j=1 k;=1 j=1

i

Defining {;: = Elj yields the result.

I1l.  Essential Commutants

We now return to the Fock space. For a set of operators X € L(FL}¢) we call the set

EssCom(X): = {AS € L(FL{E): [BS, AS] € K (FLIE) for all BS € X}
the essential commutant of X. The set EssCom(EssCom(X)) is called the essential bicommutant of X. Hence,
we always have X € EssCom(EssCom(X)). As we see, equality holds for X = A'*€. We start with a corollary
to Lemma 10. This corollary will be needed in the following.
Corollary 12 (see [22]). Let AS € L(FLE). If [Tzfi,AS] is compact for all f; € VO, (C™), then for every € > 0,
there isa e > —1 and a j, € N such that for all g; € G;, 1+ We have ||[M,,, A*P]|| < .
For the proof, we need the notion of a Hankel operator Hy, = (I — P)My: Fire — L%, where I denotes the

F(1+e)/e N L(1+e)/e

e 1+e » which is

identity operator and f; is a bounded symbol. We will also need the adjoint of H:
given by H; = PM, (I — P): Li}¢ > FifE, where e > 0.
Proof. In view of Lemma 10, we need to check that [M;,, A°P] is P-compact for all f; € VO, (C™):

[M;, ASP]= My, ASP — ASPMy, = PM;, AP + (I — P)M;,ASP — ASPM;,P — ASPM (I — P)

= [T s, A|P + (I = P)M; AP — ASPM; (I — P) = [Ty, A¥|P + H; AP — ASH;,

As H;, and Hy, are compact for f; € VO,(C") (see [14, Theorem 1.1], for example), [My ., ASP] is compact,
hence P-compact (Proposition 7). Therefore, Lemma 10 implies the result.
Theorem 13 (see [22]). Let AS € L(FL}E). If [Ty, AS] is compact for all f; € VO, (C™), then A € A**€.
Proof. Let AS € L(F}E) and € = 0. We decompose AP as

AP = Z M(ﬂjl‘,;ieASP = Z M‘Pj:,1+sASPM<Pj,1+e + Z M<P]e'_1+e [M<Pj,1+e'ASP]
j=1 j=1 j=1
The first summand is clearly a band operator. The second summand can be further decomposed as

o Jjo )

Z M‘p]e‘,1+s [M(pf'1+€'ASP] = z M‘pje‘.1+e [M<pf'1+5'ASP] + Z M‘Pje',1+e [M‘pi,lﬁ'ASP]

j=1 j=1 j=jo+1
for any j, € N. As ¢; 1, has compact support, [M ASP] is compact, hence band-dominated as well. It

Pj1+e’
therefore suffices to show, by choosing (1 + €) and j, appropriately, that 372 fo+1M<Pf-1+e [ijm' Asp] can be

made arbitrarily small. The theorem then follows from the fact that BDO*€ is closed.
Let £ > 0. We have

ke ke ke;
Z M(pje',1+e [M(pf'1+€' ASP] = Z (jM<P]e',1+e Z $i [M(ﬂj,1+e' ASP]
Jj=Jjo+1 j=jo+1 J=Jjo+1

for every k; €N, where the {; are the appropriate roots of unity according to Lemma 11. As {j €
N:@j1e(2) # 0} has at most N elements for each z; € C", the first factor is bounded by the universal constant
N. For the second factor we observe

ki

Z {}' [M<Pj,1+e’ASP] = [Myi’ASP]

. j=jo+1

where g; = f;joﬂij(pj,lﬂ € Gj,1+¢- By choosing 1+ € and j, appropriately, this can be bounded by &
(Corollary 12). As this estimate is independent of g; € G;_ 1., it is also independent of k;. Therefore, using that
the series is strongly convergent, we obtain

[ ki
Z M‘Pje',1+e [M‘Pj,1+e’ASP] = lizgl_,iogf Z M<P]e',1+e [M<Pj,1+s'ASP] < Ne
j=jo+1 j=jo+1
Proposition 14(see [22]).
€)] Let A5 € A and x; € (2n+€)C*\ C". Then there is a sequence ((x;)p)ney N C™ with

lim, o, |(x;)n| = o0 such that W_, ) AW, — A3, in the strong operator topology.
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(b) Let A% € A€ and ((x;))neny @ Sequence in €™ with lim,,_ |(x;),| = . Then there exist a
subsequence ((xi)nki) and an operator BS € A€ such that W—(xi)nkiBSW(x — A° in the strong
operator topology.

Proof. (a) This follows from the fact that the strong operator topology is metrizable on bounded subsets of
L(FLFE) (see Remark 5.2 in [9]).

(b) Choose a subsequence ((x")"ki)k \ of ((x;)n)nen Such that |(xi)nki+1

i€

k;eN D

> |(xi)nki| + 2k; + 1. This ensures

that BS ((xi)nk,,ki) N BS((x)n, 1) = @ for k; # L. Define

Ci:= Wi, ASPW_(ry M,
! HBS((xz)nl.l> @iy iy HBS((xi)nl,l)
and C:= Y12, C;. Considering the block structure of C, it is clear that C is bounded with ||C|| < ||A%P||. By

approximation, this also shows that C € BDO*¢. We will now show that (W—(xonk CWix converges
i

O ) en
i
strongly to ASP. Restricting to F1}¢, BS: = PClpate € ATE, then yields the assertion.

Let j €N and f; € L11€ with suppf; € BS(0,j). For k; >j the support of W(xi)nkﬁ is contained in

BS ((xi)nki,j) C B® ((xi)nki'ki) and therefore, by construction, W_(xi)nki ClW(xi)nkifi = 0 unless [ = k;. For

l = k; we have

Wepm, CWexny, = W-rm, M1 Wiy, A" PW-xpp, M Weson,,

BS<(xi)nki,ki) BS((xi)nki'ki>

j— S
- MﬂBS(o,ki)A PMHBS(O,ki)
It follows
W-tny, CWetimy, fi = W-xidny, CiWeimy, fi = Migs o A" PFi

As MﬂBS(Ok‘) — [ strongly, (W‘(xi)nk.CW(xi)nk.fi) converges to ASPf;. As functions with compact support
1 3 3 k;EN

(Xi)nki

are dense in Li*€, we conclude that (W_(xi)nkiCW )k o converges strongly to A°P.
i

Theorem 15 (see [22]). Let A € L(FLFE). Then the following are equivalent:
(@) AS € EssCom(A"e).
() A® € A€ and A3, € ClI: = {Al: A € C} forall x; € (2n + €)C" \ C".
(c) A° =Ty, ; + K" forsome f; € VO,(C™) and K* € K (F55).
Proof. (a) = (b) : Let A° € L(F{{¢) and assume that [B*, A°] is compact for all B® € A'*€. As Ty, f, € A™¢
for all f; € L*(C™), Theorem 13 implies that AS € A'*€. Let x; € 2n+¢)C"\ C" and C € A'*¢. By
Proposition 14, we can choose a sequence ((x;)n)neny With lim|(x;),| = oo such that

A% =s ;ﬁloiomW_(xi)nASW(xi)nand C=s ;_}LiomW—(xi)nBSW(x
for some BS € A€, As [BS, AS] is compact, it follows

0= s —lim W_[B%,AS]Wy,,, = CA5, — A3,C

—(xj)p—

n

that is, A3, commutes with C. As C € A+ was arbitrary and K (F{;¢) c A<, this means that A}, commutes
with every compact operator. That this can only happen if A3, is a multiple of the identity is a well-known fact.
(b)=(a): Conversely, if every limit operator of A® is a constant multiple of the identity, then

[BY, A°],, = Bi, A3, — AS,BS, = 0
for all x; € (2n + €)C™ \ C* and B® € A*€. The characterization of compact operators (Proposition 5) thus
implies AS € EssCom(A*¢).
(c)=(b): As Toeplitz and compact operators are in A*€ (Proposition 3) and every limit operator of a compact
operator is O (Proposition 5), it suffices to check (TZifi)x. = fi(x;)] for all x; € 2n+€)C*\C", f; €
VO, (C"). Using W_, Ty, s Wy, = Ty, 5,(.+2p, this is easily verifield (as in the proof of [6, Theorem 33]).
(b)=(c): We will first show that B(A%) is in VO,(C™). The argument is similar to [8, Theorem 36]. For
completeness we sketch it here. Assume that B(A%) € VO,(C™). Then we can find an € > 0 and nets
((x),), ((h),) in €™ with |(h),| <1 such that (x;), - x; for some x; € 2n + €)C™ \ C*, (h), - h; for
some h; € C" and

[[BANI((x)y + (h)y) = [BA]I((x)y)| > & (B.D
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for all y. By Proposition 4, the net (W_(xi)yASW(xi)y) converges strongly to A3, = A,,I for some 4,, € C. Since
Wy, (ki)z; = e—i(“f)lm((xz)y'fi)(ki)(xi)yﬂi for z; € C™, we have

[BANI(Gy +2) = |B(Weiep, A Wery, )| 20 = [B(A:,))](z1) = s, (3.2)

as (x;), — x;. It follows
|[BA1((x2)y + (h))y) = [BA]((x2)y )]
< [[BAM((x)y + (h),) — [BANH]((x)y + k)|
+|[BAI(Cxdy + ki) = [BMAN]((x)y)| = 0

because of the Lipschitz continuity of B(A%) (see Proposition 1) and (3.2). This is a contradiction to (3.1).
Hence B(A®) € VO,(C™). It remains to show that A® — Tp,s, is compact. However, the computation (3.2) for
z; = 0 also shows that A5, = [B*(4%)](x;)] = (TB(As))x_ (compare with the third part of this proof) for all x; €
(2n + €)C™ \ C*. Using the compactness characteriza{tion again (Proposition 5), we conclude that A° =
Tgas) + K*° for some compact operator K.

Combining Theorem 13 with Theorem 15, we get the following corollary:
Corollary 16. A™*€ is equal to its essential bicommutant.

4 Characterizations of the Toeplitz algebra
Recall that an operator A5 € L(FLFE) is called sufficiently localized if there are constants € > 0, € > 0 such that

Ak K 1+e
( ( )zl( )W‘)_(1+|Z _W|)2n+6

for all w;, z; € C"*. As

(A (we ™= ™ —(”E) J. Zﬁ(zl)((AS) (kdw ) Gze W d

1
_ ” fzfl(z)w(k)zl k)we™
(Cn

+e)
TR, (a)

Young's inequality implies
IIASfilll+5
oo o, SA 20 (5 s
T riertre 0 Wfillie (1+| Vg .

for every 0 < € < oo. In particular, (4.1) defines a bounded linear operator on every FLr¢. Now, we need one
last proposition.

Proposition 17 (see [22]). Let A° be sufficiently localized. Then the map W: C"* — L(FL}E), ¥(z;) = W_, AW,
is uniformly continuous in the norm topology.

Proof. Let A° be sufficiently localized. Because of the identities W, ,,, = e @M@y, w, and

W_ (g 4xp = €' OFOMETIW. W it suffices to check the continuity at z; = 0. By (4.1), we have

= (L) J. Zﬁ-(z»(AS(ki)zi. (ke = 1) dg,

| D0 =5 () 5 et
Cn

f Z(W fl)(Wl (AS(k )WL_ZL (k )W> —E(Iwilz—Iwi—ziIZ_zwi'z'i+|zi|2)dZL.

Jo 22 G G

)
=)
:<1 E) J Z(W S WA ez (kD) €10+ NMERD d 7,
=)
-(5)

[, Zom e wod
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1+e

Define (g,),,(w;): = (—) [B(ASW_,,)|(w)). By Proposition 1, the functions (g;),, are Lipschitz continuous

with Lipschitz constants bounded by (1 +e)z (HE) [|A%|| for some constant € > 0. Moreover, we have

)zl < (ﬁ) Zlm’ that is, the function z; & ||(gi),,||_ isin L*(C™). It follows that we can write

T
= f Z M(gi)ziw/zi dZi

and the integral makes sense pointwise as either a Rlemann or a Bochner integral on FLFE. Therefore,
||W—xiAsVin - AS"S fn Z ||W—xiM(gi)ziVVZiVin - M(gi)ziVVZi dz;

L" Z || _le(gi)Z W W_leVZlM/xi - M(gi)z Zi
= — I L
B jcn Z ”e A XL)M(gi)zi('+Xi)VVZi - M(gi)ZiVVZi
i

= .[(;n Z ||e_2i(1+6)1m(2i.fi) (M(gi)zi(""xi) - M(gi)zi)
i

+f E ||(e—2i(1+e)lm(zi»3?i) _ 1)M(g-) .

cn 7 vz;

for every x; € C™. By dominated convergence, it suffices to check that the integrands converge pointwise to 0 .
For the first term we have

-2 I ]
Z e 2 (+AMErT) (M(gi)zi(""xi) - M(gi)zi)

i

dZi

| dz;

dZi

< Wsupz |92, + %) = ()2, (W)

€ n
) 1%
i

[sin((1 + €)Im(z; - x;))|

3 /14
<(1+e): (
s
by the Lipschitz continuity of (g;),. For the second term we get

n
HZ(e—Zi(1+e)Im(zi-v) ~ )M, | < (1 + E) 2(1+e)

l n ) L+ |z
Hence, ||W_,,ASW,, — A%|| > 0 as x; - 0.
We can now prove the main result of this paper, which shows that, after taking the closure, all the previously
introduced algebras are actually the same. We use the abbreviation BUC(C™) for the set of bouded and
uniformly continuous functions on C".
Theorem 18 (see [22]). Let A5 € L(FLFE). The following are equivalent:
@ AS is contained in the closure of {TZfi'fl € BUC(C")}.
(b) A% is contained in the closure of {Ty /.: f; € L”(C™)}.
(©) AS € T1+e,
(d) AS € AYE,

(e) A% is contained in the closure of A
U A* is contained in the closure of A, ;
(9) The map W¥: z; » W_, AW, is uniformly continuous in the norm topology.

(h) [Ts, . A%] is compact for all f; € VO,(C™).

Proof. As all the work has been done above or in previous work, we only need to connect the statements by
arrows. "(a) = (b) = ()" is clear. "(c) = (d)" is [6, Theorem 15]. "(d) = (e)" follows as in [1, Theorem
4.20]. "(e) = (f) " is again clear and "(f) = (d)" follows from [12, Proposition 3.5]. "(e) = (g)" is shown in
Proposition 17 above. "(g) = (a)" was shown in [5, Theorem 3.1]. The equivalence "(d) < (h) " follows from
Theorem 13 and Theorem 15.

Of course, Theorem 18 has many direct corollaries as many results have been proven for these classes of
operators. As they turn out to be all the same, many results directly carry over. Let us highlight just one of them
here, which follows from Proposition 3. Alternatively, one can also deduce it directly from Theorem 18 (h). If
€ = 1, the inverse closedness is of course trivial as these algebras are C* in that case.

Corollary 19 [22]. C/Z—Sl,c/lwil and 771*€ are inverse closed Banach algebras.

Theorem 18 can also be used to give a different proof of "(c) implies (a)" in Theorem 15. Indeed, for f;, g; €
L™ (C™) the following algebraic identity holds:
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[TZfz' TZyi] = Hg,Hy, — H;ngi

1+€ 1+€
where H: is the adjoint of Hf: F, 7 — L, as before. Now if f; € VO, (C™), then Hy, and Hp, are compact (see

[14, Theorem 1.1], for example), so that [TZifi'TZigi] is compact as well. Hence, Ty, ¢, essentially commutes
with all Toeplitz operators and therefore, by standard properties of the commutator, Ty, s, € EssCom(T1+€).

In fact, the boundedness of g; is not necessary in the above. We only needed the boundedness of Hy, and Hy;,.
As this is exactly the case when g; € BMO(C™) (see [14, Theorem 1.1], for example), we get the following
corollary of Theorem 13 and Theorem 18.

Corollary 20 [22]. If g; € BMO(C™") and Ty 4, € L(FLFE), then Ty, 4, Is contained in the Toeplitz algebra.

We note that it can also be verified directly that Ty, ;. is sufficiently localized (similarly as it was done for e = 1
in[1, Lemma 4.11]).
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