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ABSTRACT: Tricomplex numbers, as natural extensions of complex and bicomplex systems [cf. 1-10], provide
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study focuses on three main aspects. the representation of tricomplex numbers, the structure and classification
of their subalgebras, and the idempotent decomposition which simplifies calculations and clarifies algebraic
behavior. By employing these representations, intricate operations become more tractable, providing insights
into the interplay between subalgebras and their idempotent components. The results establish a coherent
framework for tricomplex analysis, paving the way for both theoretical exploration and practical applications in
advanced mathematical contexts.
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I. INTRODUCTION

The set of Tricomplex numbers is defined as
C3 = C(iy, iz, i3) = {x1 + i1xy + iyxs + igx, + iqipxs + UyizXg + i5i3X; + i1izi3Xg: X1, X, X3, X4, X5, X6, X7, Xg
€ Co}
where the imaginary units iy, i,, i3 are mutually commuting elements satisfying
i2=i2=i2=-1,

and are mutually distinct.

II. SUBALGEBRAS OF (C(l.l, iz, i3)
To facilitate computations and analysis, we introduce several subalgebrasof C(iy,i,,i3), categorized by their

dimension and algebraic type.
2.11D Subalgebras
Cy, = R = The set of Real Numbers

2.22D Subalgebras of C(iy, i3, i3)
(i) Complex-type (unit squares —1):
o C(iy)={u+ijv:u,veCy}
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o C(ip) ={u+iv:iu,vecCy
o C(iz) ={u+izv:u,v e Cy}
o C(igiyiz) = {u+ijiyizviu,v € Cy}
(ii) Hyperbolic-type (unit squares +1):
o H(iyiy) = {u+iyiv:u,v € Cy}
o  MH(iyi3) ={u+ijisviu,v € Cy}
o H(iyis) = {u+iyizviu,v € Cy}
2.34D Subalgebras (Bicomplex- type, Mixed-type or Hyperbolic-pair type )
(i) Bicomplex-type(both generators square -1):
o C(iy,iy) ={xg +iyxy +iyxg + igipxs: Xq, X5, X3, %4 € Co}
o C(iy, i) ={xg +i1xy +izxg + i1izx4: Xq, X5, X3, %4 € Co}
o C(iyiz) = {xg +iyxy + izxs + izigx,: Xq, X5, X3, X%, € Co}
(ii) Mixed-type (one generator squares —1, the other +1):
o C(iy, izgiz) = {0 + iyxy + iyigxg + i1ipigxy: Xq, X5, X3, X, € Co}
o C(iy iqiz) = {xy + iyxy + igigxg + i1ii3X,: X1, Xo, X3, %, € Cp}
o C(is, iqiy) = {xq + izxy + iqiyxg + i1ipigx,: Xq, X5, X3, X%, € Co}
(iii) Hyperbolic-pair type (both generators square +1):

° H(iyiy, i103) = {01 + i1izx, + i1i3x3 + ipi3Xs: Xq, X3, X3, X4 € Co}

2.48D Algebra:
The full tricomplex algebra
(C(ill i2' 1'3)

={x1 +i1xy + iyxs + igx, + iqipxs + iyizXg + yi3X, + i1i5i3Xg: X1, Xy, X3, X4, X5, X6, X7, Xg € Co}

itself is the full 8D algebra. It contains all the above subalgebras as natural subsystems.

III.  Classification of Subalgebras and Subspaces of the Tricomplex Algebra C(i, i,, i3):

In the previous sections, we presented the detailed descriptions of the various subalgebras and subspaces of the
tricomplex algebra. For clarity and ease of reference, we now summarize this classification in tabular form,

highlighting the main structural types, their generators, and their characteristic properties.
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SN |[Subalgebra / Subspace Dimension ||Algebraic Type Generators / Squares
1 C, =R 1D Real 1
2 C(iy) 2D Complex-type iZ-1
3 C(ip) 2D Complex-type i2=-1
4 C(i3) 2D Complex-type i2=-1
5 C(iyizis) 2D Complex-type (iyipiz)? = —1
6 H (i iy) 2D Hyperbolic-type (ihi)? = +1
7 H(iyis) 2D Hyperbolic-type (iyig)? = +1
8 H(iyis) 2D Hyperbolic-type (ipig)? = +1
9 C(iy, i3) 4D Bicomplex-type i2=-1i=-1
10 C(iy, i3) 4D Bicomplex-type iZ2=-1if=-1
11 C(iy, i3) 4D Bicomplex-type i2=-1i¢2=-1
12 C(iy, ipi3) 4D Mixed-type i2 =—1,(iis)? = +1
13 C(iy, iyi3) 4D Mixed-type 2 =-1,(i;i3)? = +1
14 C(iz, i10y) 4D Mixed-type i2=-1,(i;i)? = +1
15 My iy, iqi3) 4D Hyperbolic-pair (i1i5)? = +1, (ii5)? = +1
16 C(iy, iy, i3) 8D Full Tricomplex i2=-1,i2=-1,i!=-1

IV.  CLASSIFICATION OF REPRESENTATIONS

A tricomplex number
{ =x1 +i1Xy + IxXg + izxy + i1iX5 + i1i3Xg + iyi3X7 + i1i5i3Xg,
where x4, X, X3, X4, X5, X¢, X7, Xg € Cq
can be expressed in several equivalent forms depending on the choice of subalgebra.

(R1) Representation over the Real
(=% +i1Xy +iyXg +i3Xy + iqlpXs + 1i3Xg + i5izX; + i1i513Xg,
where x4, x5, X3, X4, X5, Xg, X7, Xg € Cg
(R2) Representation in terms of C(i;)
¢ = (x1 +iyxz) + i (%3 + iyxs) + i3(xy + iy%6) + Loi3(x7 + i1xg)
=2z; + 1,7, + i323 + ii324, Wwherezy, z,, 25,2, € C(i;)

(R3) Representation in terms of C(i,)

{=x1 +i1xy +ixXz +i3xy + i1iyXs + 113X + I5l3Xy + i1i50i3Xg

= (g + ipx3) + i3 (g + I5%5) + i3(xy + Ip%7) + i113(x6 + izxg)

=wy + iyw, + 3wy + i;isw,, wherew,, w,, ws, w, € C(i,)

(R4) Representation in terms of C(i3)

(=% +i1%Xy +ipXg + i3Xy + i1lpXs + I1i3Xg + ixizXy + i1i503Xg
= (%1 +i3x4) + i1 (X3 +i3%6) + I(x3 + i3%7) + {1l (x5 + i3Xg)

= w; +i;w, +isw; + ijisw,, Wherew,, w,, ws, w, € C(i3)
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(R5) Representation in terms of C(i;i,i3)
(=% +i1xy +iyxg +i3Xy + iqipXs + i1izXg + ixizXy + i1izi3Xg
= (1 + iylpigxg) + iy (xg — iylpisxy) + ip (x5 — iyizisxe) + i3(xs — iyizi3Xs5)
=1 + 1P, + iP5 + i3hy, where Py, Y5, Y3,y € C(iyizi3)
(R6) Representation in terms of H(i;i,)
(=21 +i1%y +ipxXg + i3Xy + i1lpXs + i1i3Xg + I5izX; + i1i5i3Xg
= (xy + iylpxs) + iy (g — iyipxs) + i3 (g + iyipxg) + i1i3(x6 — i1iz%x7)
= ¢y +i1P, + isPs + i1izPy, Wheredy, ¢y, Ps, Py € H(iyis)
(R7) Representation in terms of H(i;i;)
{ =x1 +i1Xy +IyX3 +izxy + i1i3X5 + i1i3Xg + iyi3X7 + i1i5i3Xg
= (X1 + iyisXe) + 3 (X — iyl3x,) + i (x5 + i1isXg) + i1ia (X5 — i3i3X7)
= @1+ L1 P2 + I3 + i11,¢4, where@y, 93, 03, ¢4 € H(iyi3)
(R8) Representation in terms of H (i,i3)
{ =x1 +i1Xy + IxX3 + izxy + i1iX5 + i1i3Xg + iyi3X7; + i1i5i3Xg
= (g + ipizx7) + 13 (g + Loizxg) + i3 (X3 — lpl3%xy) + L1z (x5 — l2i3%6)
= X1+ X2 + X3 + iyl xa, where x4, X2, X3, X4 € H(iz13)
(R9) Representation in terms ofC(i;,i,)
() = x1 +i1xy + iyx3 + i3x, + iy Xs + i1l3Xg + inizX; + i1izi3Xg
= (%1 + igxy +iyx3 + i1iyxs) + i3(x, + I1xg + iX7 + i1i5Xg)
= & + izn,whereé,n € C(iy, i,)
(i) = x1 +i1xy + iyX3 + i3X4 + I1iyXs + I1i3Xg + i5i3X; + i1iyi3Xg
= (%1 + iyxy + ixxg +iqiyxs) +i1i3(xg — i1%4 + ixXg — I1ipX7)
= & + i;i3n, whereé,n € C(iy, i,)
(i) = xq + i1xy +irX3 + i3x, + i1iyXs + I1i3Xg + 03X, + i11i3Xg
= (xq + i1xy + ixx3 + iqiyxs) + iyis (X7 + igxg — ixxy — igizXe)
=& + i,iyn, where&, n € C(iy, iy)
(V) = xq +i1xy + ixxXg +i3Xy + iqixXs + 1i3Xg + ixizX; + i1iy0i3Xg
= (%1 + iyxy + iyxg + iqiyxs) + iqiyis(xg — i1x7 — ixxe + iqizXxy)
=& + iyiyisn, whereé,n € C(iy, i)
(R10) Representation in terms ofC(i;,i3)
() { = x1 +i1xy + ixxz +igxy + i1iyXg + i1i3Xe + Ipi3Xy + i1i5i3Xg
= (xq + iyxy +izxy + iqizxg) + (x5 + igx5 + izx; + iqi3xg)
=& + i,n, whereé,n € C(iy, i3)
(i) { = xq +igxy + iyx3 +izxy + i1l X5 + I1i3Xg + Upi3Xy + i1ini3Xg
= (xq + i1xy + izxy + igizxg) + i1iy (X5 — i1X3 + izXg — i1i3%7)
=& + iyiyn, whereé,n € C(iy, i)
(i) = x1 + 12 + iyx3 + i3X, + i1lxXs + i1i3Xg + ipi3X7 + i11z0i3Xg
= (%1 + igxy + izxy + iqizxg) + iyiz(x7 + igxg — i3X3 — i1i3Xs5)

=& + iyiyn, whereé, n € C(iy, i3)
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(V) = xq +i1xy + iyX3 +i3Xy + I1ipX5 + I1i3Xg + IlzX; + iglyi3Xg
= (x1 + i1x2 + i3x4 + i1i3x6) + i1i2i3(X8 - i1X7 - i3x5 + i1i3X3)
= & + iyiyizn, whereé,n € C(iy, i3)
(R11) Representation in terms ofC(i,, i3)
(1) { = xy +i1xy +iyx3 +i3xy + iqipXs + I1i3Xg + IxlzX; + iqiyizXg
= (xq + iyx3 + i3x4 + iyizxy) + i1y + ixxs + iz3xg + i5i3Xg)
=& + iyn, whereé,n € C(iy, i3)
(1) = x1 +i1xy + iyX3 + i3Xy + i1ipX5 + i1i3Xe + IplzX7 + i1lyi3Xg
= (x1 + i2x3 + i3x4 + i2i3x7) + iliz (xs - i2X2 + i3x8 - i2i3x6)
= ¢ + i,i,n, whereé,n € C(i,, i3)
(i) ¢ = xq + 1%y +ipx3 +i3Xy + i1lpXs + I1izXg + IplzX; + iqlpi3Xg
= (X1 + izX3 + i3x4 + i2i3x7) + i1i3(X6 + i2X8 - i3X2 - izi3X5)
= & + i;i3n, whereé,n € C(i,, i3)
(V) = x; +i1xy + ipyXx3 +izXy + I1ipXs5 + I1i3Xg + IlzXy + i1lpizXg
= (x1 + i2X3 + i3X4 + i2i3x7) + i1i2i3(x8 - i2x6 - i3X5 + i2i3X2)
= & + iyi,i3n, whereé, n € C(iy, i3)
(R12) Representation in terms ofC(i, i5i3)
() =x1 +i1xy +iyx3 + i3xy + i1ipXs + i1igXg + Ixizx; + i1i5i3Xg
= (x1 + ile + i2i3x7 + i1i2i3x8) + iz (X3 + ile - i2i3X4_ - i1i2i3x6 )
=& + i,n, whereé,n € C(iy,iyi3)
(i) ¢ = xy +iyxy +iyx3 +i3xy + i1iyX5 + i1i3Xg + Ipi3Xy + I1ii3Xg
= (x1 + ilxz + i2i3x7 + i1i2i3x8) + i3 (x4 + i1x6 - i2i3X3 - i1i2i3x5)
=& + ign, whereé,n € C(iy,i,i3)
(i) = x1 +i1x, + ix3 +i3x, + i1iX5 + U1i3Xg + Upi3Xy + I1i5i3Xg
= (x1 + ilxz + i2i3x'7 + i1i2i3x8) + iliz(xS - i1X3 - i2i3x6 + i1i2i3X4_)
= & + i;i,n, whereé,n € C(iy, iyi3)
(V)] = x1 + i1xy + QX3 +i3Xy + I1iyX5 + I1i3Xg + Ipi3Xy + I115i3Xg
= (x1 + ile + i2i3x7 + i1i2i3x8) + i1i3(x6 - i1x4_ - izi3X5 + i1i3i2x3)
= 6 + i1i377, Wheref,l’] € (C(il, i2i3)
(R13) Representation in terms ofC(i,, i;i3)
() { = xq + igxy +iyx3 +i3xy + i1l X5 + i1i3Xg + Ipi3X7 + iii3Xg
= (x1 + i2x3 + i1i3x6 + i1i2i3x8) + il(xz + izxs - i1i3x4 - i1i2i3x7)
=& + i,n, whereé,n € C(iy, i;i3)
(i) { = xy + 11Xy +iyx3 +i3Xy + I1ipXs5 + I1i3Xg + IplzX; + i1lzi3Xg
= (x1 + i2x3 + i1i3x6 + i1i2i3x8) + i3 (x4 + i2x7 - i1i3x2 - i1i2i3x5)
= & + ign, whereé,n € C(iy, i;i3)
(i) = x1 +iyx, +iyx3 +i3x, + i1iyX5 + U1i3Xg + U5i3Xy + I1i5i3Xg
= (x1 + i2x3 + i1i3x6 + i1i2i3x8) + iliZ (xs - izxz - i1i3x7 + i1i2i3x4)
= & + i;i,n, whereé,n € C(iy, i;i3)
(V) = xq +i1xy + iyX3 +i3Xy + I1ipXs5 + I1i3Xg + IplzX; + i1lpizXg
= (x1 + i2x3 + i1i3x6 + i1i2i3x8) + i2i3(X7 - izX4 - i1i3x5 + i1i2i3xZ)
= & 4+ iyi3n, whereé, n € C(iy, iyi3)
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(R14) Representation in terms ofC(i3, i;i,)
() =x; +i1xy +iyxg +igxy + i1ipxs + i1igxg + Iyigxy + i1iyizxXg
= (g + i3xy + igipxs + iqipigxg) + i1 (Xp + i3xg — i1iyX5 — i1i5i3%7)
= ¢ + i;n, whereé,n € C(i3,i,i,)
(i) = x) +i1xy +iyxg +igxy + igiyXs + i1izXe + iyizxy + i1iyi3Xg
= (xg + i3xy + i1iyxs + iqiyisxg) + ip(Xg + i3X; — 113X, — i1i5i3X6)
= ¢ + iyn,whereé,n € C(i5, i1i,)
(i) = xq + i1xy + iyx3 + izx, + igiyxs + i1i3Xg + ipi3Xy + i115i3Xg
= () +igxy +igixs + iqizigxg) + i1i5(xg — izxy — i1iyx; + i1iyi3X3)
= ¢ + i;i3n, whereé,n € C(is, i;i3)
(V) = xq +i1xy + ixxg + i3Xy + i1ixXs + i1i3Xg + IyizX; + i1iy0i3Xg
= (xq +i3xy + iglpxs + iylaisxg) + ipi3(xX; — i3x3 — i1izXe — i1izi3X;)
= & + i,i3n, whereé,n € C(is, i1i,)

(R15) Representation in terms ofH (i;i,, i;i3)
() =x1 +i1xy +iyx3 + i3xy + i1ipXs + i1i3Xg + Ixizx; + i1i5izXg
= (%1 + iyiyxs + I1izxg + inizxy) + iy (0y — i1iyX3 — i1i3X, + I3i3Xg)
= & + iyn,whereé, n € H(i,i,,i;i3)
(i) { = xq +i1xy +ixx3 + i3Xy + iqixXs + i1izXg + ixizX; + i1iyi3Xg
= (xq + iqiyXg + iqi3Xg + Ii3%7) + i,(xg — i11px, + i1i3xg — i5i3X,)
= ¢ + i,n,whereé,n € H(iyi,, i;i3)
(iii) { = xq + 1%y + Ixxg +i3xy + [1iyXs + U11i3Xg + I3l3Xy + i1izi3Xg
= (xq + igiyXg + i1i3Xg + Ipi3X7) + i3(xy + i1lyxg — i1i3Xy — i5i3X3)
= ¢ + i3n, whereé,n € H(iyi,, i;i3)
(V) { = xq +i1xy + ipX3 + izxy + igiyXs + I1i3Xe + iniz3Xy + i1izi3Xg
= (xq + iiyxg + igi3xg + ipi3Xy) + i1i513(Xg + i1iyx, + {1i3x5 + izi3x;)
=& + iyiyi3n, whereé, n € H(iyiy, i;i3)

V. IDEMPOTENT ELEMENT IN TRICOMPLEX NUMBER C(iy, i3, i3)[CF.9]:
In C(iy, i3, i3) there are exactly 16 idempotent elements. The complete set is
{0,1, ey, e;r, e, e;r, e, e;r, €y eI, es, eg, €, eg, ey, e;}.

For clarity, we now present the explicit expressions of all idempotent elements in tabular form.

SN Notation of idempotent element Value of idempotent element
L] 0 | 0 |
2] ! | ! |
3 el 1 + il iz
2
4 ef 1—1i0,
2
5 e, 14 i;iq
2
6 e; 1—iyi;5
2
7 e 14 iy,
2
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8 e; 1—1i,i3
2
1
? €a 7 (L iy + iy = L)
10 t_q_ 1
64 1 64 Z(g - iliz - i1i3 + i2i3)
11 1
€s 7 (L il = iais + i)
12 t_q_ 1
es 1 65 Z(g - iliz + i1i3 - i2i3)
13 1
e6 Z(l - iliz + i1i3 + i2i3)
14 t_q_ 1
=1 7 G+ iy = his = igis)
15
¢ ~(1 = iyiy — iyis — ipis)
4
16 t_q_ 1
e7=1-¢ 7 G+ ik + iais + bpis)

(i) Product relations among idempotent elements

elef = 6166 = ee; = 6164 = e]._res = eze; = 6265 = eye; = 62‘6‘4 == e;eé == 636; = €36, = €e3e; = 6;65
—ofy — t— — — — t_ — — T — — T _ —

= @38 = €48, = €485 = €,8g = €,€; = €58y = €565 = €5y = €58y = e¢; = €,e; = eje,e3 =0

(ii) Addition relations among idempotent elements

ertel=e,+el =e;tel =e,+ef =es+el =es+el=e,+el =e,+es+eg+e, =1

VI. IDEMPOTENT REPRESENTATIONS OF SUBALGEBRAS OF C(i4, i3, i3):
In this section, we examine the idempotent representations of all subalgebras of the algebra C(iy, iy, i3) [cf. 10].
By substituting appropriate values into the general idempotent representation of C(iy, i, i3), we derive the
complete set of idempotent representations for each subalgebra. The exposition is organized hierarchically:
beginning with the scalar and two-dimensional subalgebras, proceeding to the intermediate four-dimensional
structures, and culminating with the full eight-dimensional algebra. This systematic progression underscores the
fundamental role of idempotent elements in decomposing the algebra into direct summands and demonstrates
how more intricate subalgebras inherit and extend the decomposition patterns of the simpler ones. The
subsequent subsections detail these cases, presenting explicit forms of the idempotents and highlighting their

significance for the internal structure of each subalgebra.

6.1Scalar Subalgebra (Dimension 1)
The trivial subalgebraspan {1} contains only the elements of the coefficient field.
e Idempotents: The only idempotents are Oand 1.

e Representation: No nontrivial decomposition is possible.
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6.2Two-Dimensional Subalgebras
Each two-dimensional subalgebra has the form span {1, g}, whereg is the one of the following

{in, 12, 13, U1 0p, 14 B3, L5, [y D515}

6.2.1 Idempotent Representation of Complex-type (unit squares —1):
(a) Different idempotent representations of { = u + i; v € C(i;) are given as follows
(I) C(iy)-idempotent representation: { = u + i;v
(I1) C(i,)-idempotent representation: { = (u — i,v)e; + (u + izv)e;r
(IIT) C(i3)-idempotent representation: { = (u — i;v)e, + (u + i3v)e;
(IV) Mixed C(i;)andC(i,)-idempotent representations:

(i) {=u+iv)e, + (u—iv)es + (u+ive,

(i) ¢=@+iv)e;+ w—iv)e,+@w+ive,

(i) ¢ =@+ iv)el + w—iv)e, + (u+iv)es

(iv) (= @+iv)el + u—iv)es + (u+iv)es
(V) Mixed C(i;)andC(i3)-idempotent representations:

(i) {=W+iv)e; + (u—izv)eg + (u+izv)e,

(ii) {=@+iv)es+ (u—izv)e, + (u+izv)e,

Gii) ¢(=@+ ilv)e;r + (u—izv)e, + (u+izv)es

iv) (=@w+ ilv)e_;r + (u+izv)es + (u—izv)eg
(VI) Mixed C(i,)andC(i3)-idempotent representations:

(i) {=W—iv)e + u—izv)e, + (u+izv)e,

(ii) =W+ 1'317)e;r + (u—iv)e, + (u+iv)eg

Gii) (=@w+ izv)ef + (u—izv)e, + (u+izv)es

(iv) {(=@w—-izv)e,+u—iv)es+ (u+iv)e,
(b) Different idempotent representations of { = u + i,v € C(i,) are given as follows
(I) C(iy)-idempotent representation: { = (u —i;v)e; + (u + ilv)e;r
(Il) C(i,)-idempotent representation: { = u + i,v
(IITI) C(iz)-idempotent representation: { = (u — izv)e; + (u + i3v)e;
(IV) Mixed C(i;)andC(i,)-idempotent representations:

(i) (= @+ip)el +(w—iv)e, + (u+ijv)eg

(i) =W+ izv)e;r + (u—iv)es + (u+i;v)eg

(iii) ¢=@+iv)e, + (w—iv)es + (u+ijv)e,

(iv) (=@W+ive;+ w—ijv)e, +u+iv)e,
(V) Mixed C(i;)andC(i;)-idempotent representations:

(i) {=W—i1v)e; + (u—izv)eg + (u+izv)e;

(ii) {=+ L'3v)e;r + (u—ijv)es + (u+i;v)eg

(i) ¢=@+ ilv)ef + (u+izv)e, + (u—izv)es
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(iv) (=@—izv)es+ w—iv)e,+ u+i;v)e,
(VI) Mixed C(i,)andC(i3)-idempotent representations:

(i) {=+iv)e + (u—izv)e, + (u+izv)e,

(ii) {=+iv)e, +u—izv)es + (u+izv)e,

Gii) =@+ izv)e'Ir + (u+izv)e, + (u—izv)es

iv) {(=w+ izv)e';r + (u+izv)e, + (u—izv)e,
(c¢) Different idempotent representations of { = u + i;v € C(i3) are given as follows
() C(i,)-idempotent representation: { = (u — i;v)e, + (u + ilv)e;r
(I1) C(i,)-idempotent representation: { = (u — i,v)e; + (u + i, 17)(3;r
(IIT) C(i3)-idempotent representation: { = u + izv
(IV) Mixed C(i;)andC(i,)-idempotent representations:

(i) {=u—iv)e, + (u—iv)es + (u+iv)e,

() ¢=@u+ivel +w+iv)es+ u—iv)es

(i) ¢ =@+ iv)el + W+ iv)e, + (u—iv)es

(iv) (=@—-iv)e;+ (w—ijv)e, + (u+ijv)e,
(V) Mixed C(i;)andC(i3)-idempotent representations:

(i) {=+ i3v)ef + (u—ijv)e, + (u+i;v)es

(ii) =W+ i3v)e;r + (u+ijv)es + (u—ijv)eg

(i) (=@+izv)e;+Ww—ijv)es+ u+iv)e,

iv) {=@+izv)es+ U—iv)e,+u+iv)e,
(VI) Mixed C(i,)andC(i3)-idempotent representations:

(i) =+ 1'317)e;r + (u+iv)e, + (u—iv)es

(ii) {=w+ igv)e; + (u+iv)e, + (u—iyv)e,

(i) (=@+izv)e;+ u—iv)es+ (u+iv)e,

(iv) (=@+izv)e;+u—iv)es+ (u+iyv)e,
(d) Different idempotent representations of { = u + i;i,i;v € C(i;i,i3) are given as follows
(I) C(iy)-idempotent representation: { = (u + i;v)e; + (u — ilv)e;r
(II) C(i,)-idempotent representation: { = (u + i,v)e, + (u — izv)e;r
(IIT) C(iz)-idempotent representation: { = (u + izv)e; + (u — i3v)ef
(IV) Mixed C(i;)andC(i,)-idempotent representations:

(i) (= —ip)el +(w—ijv)e, + (u+ijv)es

(i) ¢=@+iv)es+ w+iv)e, +w—ive,

(iii) ¢= @+ iv)e, + (w+ijv)es + (u—i;sy)e;

(iv. (=@w- ilv)e;r + (u—iv)es + (u+iv)eg
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(V) Mixed C(i;)andC(i3)-idempotent representations:
(i) {=W- 1'317)(5{r + (u—iv)e, + (u+ijv)es
(ii) =W+ iv)es+ (u+izv)e, + (u—izv)e;
(i) (=@+izv)e; +Ww+ijv)eg+ (w—iv)e,
iv) {(=w- ilv)e;r + (u+izv)es + (u—izv)e,
(VI) Mixed C(i,)andC(i3)-idempotent representations:
@) {=W- igv)ef + (w+ive, + (u—ives
(i) {=Ww+ive,+ u+izv)es + (u—izv)e,
(i) ¢=@W+izv)e;+ WU+iv)es+ u—ive,

iv) (=@W- izv)e; + (u+izv)e, + (u—izv)eg

6.2.2 Hyperbolic-type (unit squares +1)

(a)The idempotent representation of { = u + i,i,v € H(i;i,)is given by
(=@w+v)e +(u-— v)ef

(b)The idempotent representation of { = u + i,izv € H(i;i3)is given by
(=w+v)e,+ (u-— v)e;

(¢)The idempotent representation of { = u + i,izv € H(i,i3)is given by
(=w+v)es+ (u-— v)e;

6.3 Four Dimensional Subalgebras
6.3.1 Bicomplex-type(both generators square -1):
{ =%+ iyxy +iyxs + iyiyx, € C(iq, i)
(I) C(iy)-idempotent representation:
C={(x1 +x) +i100—x3)}e; + {1 —x4) + il(x2+x3)}ef
(I) C(i,)-idempotent representation:
0 = {(g +x4) — ip(xa—x3)}eq + {0y — x4) + ip(x2+x3)}e)
(IIT) C(i3)-idempotent representation:
¢ ={(x1 +x3) = i3(xz=x3)}eq + {(x1 + x4) + i3(x2—x3)}e5
H{(0; — x,) — i3 +x3)} e + {(xg — x4) + i5(x5+x3)}e;
(IV) Mixed C(i;)andC(i,)-idempotent representations:
(D T={0q +x4) + ia(x2—x3)}es + {(x1 + x4) — i2(x2—x3)}es
+{(0; — x4) + i1 (X 4x3) e + {(x1 — x4) + ix(x2+%x3) }e;
(i)  ¢={(x +x4) — ip(x,—x3)}es + {(x1 + x4) + i1 (x,—x3)}e5
+{(0; — x4) + i1 (X 4x3)} e + {(x1 — x4) + ix(x2+%x3) }e;
(iil) ¢ ={(xy + x4) — ip(x,—x3)}ey + {(xy + x4) + i1 (x,—x3)}e5
H{(; —x4) + i, (O +x3) eg + {0 — x4) + i (X2 +x3)}e;
(iv) ¢ ={(x + x4) + i1(xy—x3)} e, + {(x1 + x4) — i (x,—x3)}e5
H{(0; — x4) + i (0 +x3) e + {0 — x4) + i1 (x2+%x3) }e;
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(V) Mixed C(i;)andC(i3)-idempotent representations:
@) C={0 +x4) +i1(x3—x3)}e; + {(x1 — x,) — i3(x2+x3)}eg + {(xy — x4) + i5(x+x3)}e;
(i) = {0 +x4) — is(xa—xz)}es + {(x1 + x4) + i3 (x3—x3)}e5
{0 — x4) + i3 (2 +x3)}e6 + {(x1 — x0) + i5(xz+x3) ey
(i) ¢ ={0r —x) + i (ptan)}ef + {0 + x4) — i3(rz—x3)}ey + {(0y + x4) + i3(x,—x3) Jes
(v) T ={0g +x) +i1(x3—x3)}es + {(xy + x4) + i3(x,—x3)}es5
+{0x — x4) — 13002 +x3)}es + {00y — x4) + i1 (X2 +x3) €7
(VD) Mixed C(i,)andC(i3)-idempotent representations:
@) C={(; +x4) —i(x3—x3) ey + {(xg — x4) — i3(x+x3)}eg + {(x1 — x4) + i5(x+x3)} ey
(i) ¢ ={0r +x4) — a(xa—x3)}es + {(x1 + x4) + i3(x3—x3)}e5
{01 — x4) + 12 (2 +x3)}es + {0 — x4) + i3(x2+x3)}e7
(i) ¢ = {0t —x) + i (x3)}e] + {0 +x,) — i3(—x3)}ey + {0y + x4) + i3(0—x3)}es
(iv) ¢ ={(rs +x4) — is(xa—x3)}es + {(x1 + x4) — ir(x—x3)}e5
+{0e1r — x4) — i3(x2+x3)}es + {01 — x4) + 2 (x2+x3)}e7
Similarly, we can determine the idempotent representation of C(i,, i3)and C(i,, i3).
6.3.2Mixed-type (one generator squares —1, the other +1):
The idempotent representation of { = x; + i;x, + iyisx5 + i1i5i3x, € C(iy, ii3) is given by
(D) C(iy)-idempotent representation: { = {(x; + x3) + i1, + x4)}es + {(x; — x3) + i1 (x5 — x4)}e;
(I) C(iy)-idempotent representation:
¢ ={(x1 —x3) —i2(xz — x4)}eq + {01 + x3) — i3 (x2 + x4)}es5
+{0e1 + x3) + 1202 + x4)}es + {() — x3) + i, (x2 — x4)}e7
(III) C(iz)-idempotent representation:
¢ ={(x1 —x3) —i3(xz — xg)}eq + {(xg + x3) + i5(x2 + x4)}es5
+{0r1 + x3) — 13002 + x4)}es + {00 — x3) + i3(x; — x4)}e7
(IV) Mixed C(i;)andC(i,)-idempotent representations:
() ¢ ={0c —x3) +i1(x; — xa)}eq + {(x1 + x3) — Io(x2 + x4)}e5
H{O +x3) +i1(xp +x4)}eg + {(x7 — x3) + i(x, — x4)}e7
(i) = {0 +x3) +is(xz + x4)}es + {(xg — x3) — (002 — x4)}ey + {(x — x3) + ix(x2 — x4)}e;
(iil) ¢ ={(x;y —x3) — ip(x; — x4)}es + {(x1 + x3) + i1 (%, + x4)}es5
H{Oc +x3) + iy (0 +x4)}eg + {0 — x3) + i1 (x, — x4)}e5
(V) ¢ ={(x; — x3) + ix(xp — x)}ed + {( + x3) — 150, + x4)Yes + {(q + x3) + ip(x, + x4)}es
(V) Mixed C(i;)andC(i3)-idempotent representations:
() §={(e1 —x3) + i1 (%2 — xg)}eq + {(x + x3) + i3(xz + x4)}e5
{01 + x3) —i3(x2 + x4)}es + {0y — x3) + i3(x2 — x4)}ey
(ii) C={(xy +x3) + iy +x)}es +{(xy — x3) — is(xy — xg)}es + {(x1 — x3) + i3(x; — x4)}e;
(i) ¢ ={Cry —x3) —i3(xz —xs)}eq + {(x1 + x3) + i5(x2 + x4) }es
H{(0g +x3) + iy +x)}es + {(x; — x3) + 0100, — x4)3e;

iv)  {={(x; —x3) +iy(xx — x4)}e; + {(xy +x3) + i3(x; + x4)}es + {(x1 + x3) — i3(x; + x4)}e4
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(VD) Mixed C(i,)andC(i3)-idempotent representations:

(@ ¢ ={(x1 —x3) — ip(xz — xg)}eq + {(x1 + x3) — i, (%2 + x4) }es5

+{0c1 + x3) — 13002 + x4)}e6 + {(x) — x3) + i3(x; — x4)}e7
(i) ¢ ={(rs —x3) = ia(xg —xa)}es + {(x1 + x3) +i3(x2 + x4)}e5

H{(ey + x3) + i, (0 +x4)}eg + {(x1 — x3) + i3(x; — x4)}e;
(i) ¢ = {0 —x3) = is(xy —xa)}es + {(x1 + x3) +i3(x2 + x4)}e5

+{0c1 + x3) + 12002 + x4)}e6 + {001 — x3) + i (x; — x4)}e7
(iv) T ={0 —x3) —i3(xy —x4)}es + {(x1 + x3) — i (x; + x4)}e5

H{(; + x3) = i3(xy + x4)}eg + {(x1 — x3) + i,(xy — x4)}e;

Similarly, we can determine idempotent representations of C(i,, i;i3)andC(is, i;i,).

6.3.3Hyperbolic-pair type (both generators square +1):

Every element { = x; + i1i,Xx, + iyi3X3 + iyi3x, € H(iyi,,1;i3) can be uniquely expressed in the idempotent
decomposition
=01 +x;+x3—x4)es+ (O +x; —x3+x5)es + (0] — x5 + x5 +x4)e6 + (X; — X3 — X3 —X4)e7
Equivalently, by introducing scalar coefficients
=X+ X+ X3 — Xy,
Ty =X, + Xy — X3+ Xy,
3 =X — Xy + X3+ Xy,
Ty = X1 — X3 — X3 — Xy,
We obtain the compact representation

{ =1ey tes +1365 + 1467 T,7,73,17, € C.

6.3.3.1 Important Observation:

In the bicomplex—type algebra C(iy, i5), C(iy, i3), C(i,, i3) the associated hyperbolic subalgebras H(i;i,),
H(ii5), H(i,, i3), whose idempotent decomposition involves coefficients that are always real.
Analogously, in the tricomplex algebra, the hyperbolic-pair type subalgebrasH(i;i,,i;i3) exhibit the same
property: their idempotent representation

{ =Tie, + yes + 1380 + 147 Ty, 1,173,174 € Cp,
always features purely real coefficients.
Thus, the tricomplex algebra naturally extends the bicomplex case by preserving the real-coefficient idempotent
decomposition within its hyperbolic structures.

6.4Note on the Existence and Nature of Idempotent Representations in TricomplexSubalgebras

From the results presented in Sections 6.2 and 6.3, the following observations can be made regarding the

existence and naturality of idempotent representations within various subalgebras of the tricomplex algebra:

DOI: 10.35629/0743-11101427 www.questjournals.org 25 | Page



A study of Tricomplex Numbers:Representation, Subalgebras,Idempotent Forms

1. Complex-type algebras:
For the elements

{=u+iv € C(iy), { =u+iv e C(,), { =u+izv € C(iz)and { = u + iyiyizv € C(iyiyi3),
theidempotent representations are not naturally possible within their respective algebras.
This is because the required idempotent elementsey, e; do not belong to these algebras.
Such representations become possible only within the tricomplex algebra, where these idempotent elements

are defined and operate.

2. Hyperbolic-type algebras:
For the elements

{=u+i1i,v € H(iyiy),{ = u + iyisv € H(iyi3),{ = u + iyizv € H(iyiz)
theidempotent representations exist naturally within their respective algebras, since the corresponding

idempotent elements are intrinsic toH (i,i,), H (i,i3),andH(i,i3) themselves.

3. Bicomplex-type algebras:
For the bicomplexsubalgebras
{ € C(iy, i), ¢ € C(iy, i3), { € C(iz, i3)
onlytwo idempotent representations are naturally possible in each case:
e For C(iy, i,): the C(i;)- and C(i,)-idempotent representations.
e  For C(iy, i3): the C(i,)- and C(i3)-idempotent representations.
e  For C(iy, i3): the C(i,)- and C(i3)-idempotent representations.

No other idempotent forms exist naturally within these algebras.

4. Mixed-type algebras:
For the mixed subalgebras
{ =x +iyxy +iyigxg + iqlyizx, € C(iy, iyi3),
only theC(i;)-idempotent representation is naturally possible.
Similarly,
{ € C(iz, iyl3)
admits only theC(i,)-idempotent representation, and
¢ € C(iz, iyiy)

admits only the C(i3)-idempotent representation as natural.

5. Hyperbolic-pair type algebra:

For

{ =21 +i1laXp + iyizxs + ipizxy € H(iyiy, iyi3),
only one natural idempotent representation exists, which can be expressed as

C=(x;+x;+x3—x4)es + (X, + x5 —x3+x5)es + (] — x5 + X3 +x5)e5 + (] — X5 — X3 — X4)e7.
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From the above analysis, it is evident that:

Some subalgebras of the tricomplex system admit natural idempotent representations, while others do not.
The existence of a natural idempotent representation depends on whether the required idempotent elements are
contained within the algebra itself.

When such elements are absent, the idempotent representation becomes possible only within the tricomplex

algebra, which encompasses all these subalgebras and their corresponding idempotent structures.

VII. CONCLUSION

Tricomplex numbers offer a versatile extension of complex and bicomplex systems, characterized by
rich algebraic structures and diverse subalgebras. Through this study, we have explored their standard and
component-wise representations, examined the structure and classification of subalgebras, and highlighted the
utility of idempotent decomposition in simplifying computations. The idempotent framework not only provides
clarity in algebraic manipulations but also facilitates a deeper understanding of the interactions between
subalgebras. These insights underscore the theoretical significance of tricomplex numbers and open avenues for
their application in advanced mathematical analysis and related fields.
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