Quest Journals

Journal of Research in Applied Mathematics
Volume 11 ~ Issue 11 (November 2025) pp: 139-149
ISSN (Online): 2394-0743 ISSN (Print): 2394-0735

wWWwWw.questjournals.org

Research Paper

Asymptotics Applicatoions of Orthogonal Polynomials
Inside the Unit Circle and Szego—Pade Approximants
Fathi Omran" and Shawgy Hussein®

@ Sudan University of Science and Technology.
2 Sudan University of Science and Technology, College of Science, Department of Mathematics, Sudan.

Abstract
The authors in [9] study the asymptotic behavior of orthogonal polynomials inside the unit

circle for a subclass of measures that satisty Szegd’s condition and skip to a disk. They
give a connection between such behavior and a Montessus de Ballore-type theorem for
Szeg 0 —Pad é rational approximants of the corresponding Szeg 6 function. We insert,
following [9], bit changes and do a valid applications.
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1. Introduction

The authors from [1] of the present paper (see [9]) studied the ratio asymptotics of a
sequence {®,, , .} of monic orthogonal polynomials on the unit circle under the conditions

that
q:'n +e(0.)
lim @ )| = a2 € (0; 1], lim — =27t — p2 e, j
?11+E:}'modk| n*+€(' )l 1 ( ] nL+E:j1nodk(I)ﬂi+E_l(_0_) J » ]
= 1,...k,
where k is a fixed positive integer. We use the case when a.}-z = 0. Notice that the

conditions above imply that if af = 0 for some j then a.f =0, j=1, .., k. Now. usually.
we assume that

o (0
@] = 0, lim nate(0)

lim |@ —_—
n,+e=j mod k ¢3711+E_1(_0_}

T, +e—oo

=DbPEC j=1..k (D

nyte

and k is the least proper value for which (1) takes place. Here. and in the following. the
evaluation of the ratio of two polynomials is that obtained after cancelling out comumon

factors.
From the well-known recurrence relation
q:'nL+e+1 (z,;) = Z?‘ch_1+e (z,) + CD?"!_1+6+1 (0_)‘13;“4_5 (z) (2)

it is easy to verify that lim &, ,.(0) = 0 is equivalent to
n,+e—oo 1 :

Dy, +e+1(20) o

1’1'-111"1‘15 Dy, +e(Zr) - )
unitformly on [|z.| = 1]. As usual. @5 ,.(z.) = 2:1+E¢'n1+6 (1/z,.) denotes the reversed
polynomial of @, ;.. The authors of [9] study what occurs in [|z,]| < 1].
Notice that (1) implies that there exists an integer n, such that either @, ,.(0) = 0,¢ >

0, or
@, +e(0) #* 0; € = 0.In the first case. from (2) we have
¢)111+E(Z]") = Z‘.E(I)‘nl (z:), € >0,
and it is done. Therefore, we assume in the following that @, 4.(0) = 0, = 0. From (1),
we have
. ¢Jnl+e+k (0)
lim

2T — b .- b2, 4
mny te—oo ¢3111+5(0) 1 k ( )
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thus |b12 bﬁl 1 (because l+im @, 4+¢(0) = 0),and
n, +e—co
. 1/n,+e 1/k )
Jim (@ (07T = [bE - B[ (5)
Through out. for each n; +€ = 0,1, .., we denote by @, +.(z;) = ©,; +.Pp +.(2,),

Kn,+e > 0, the (n; + €)-th orthonormal polynomial. The leading coefficient x,, . and the
reflection coefficients are related by
2 1
Kn,+e = T, e, A2y
[T2,°(1 — |2, (0%
If |bf - - - bZ| < 1, then from (5) it follows that

D 12, < +oo ©)
and Szegd’s condition is satisfied. Thus.
2m
lim x, 4 =Kk= exp{ f log y'(ﬁ)dﬂ} < 400 (7)
n,te—mw 0

where u denotes the orthogonality measure (for example, see [3. pp. 14-15]). Moreover, in
[5]. the (exterior) Szegd function

. 1 2w , ei[g + Zr -
Soe) =ew | | o @) g o), lal>1 @
can be extended analytically to all the region {z,: |z,| > |b} --- b} |*/%} and according in
[4]. -
lm R 5 () ©

n,+e—oo (z )n 1TE
uniformly on compact subsets of this region. where S, (2,) also denotes the analytic
extension of the (exterior) Szegd function.
Set
0} if Szegd's condition is not satisfied,
S = {{zr: Sext(z,) = 0}if Szegd's condition is satisfied.
Notice that Sgy:(2,) #= 0,|z,] = 1, whenever it is defined. Thus it follows that if (1) takes
place, then either by (1) or (9). we have that

Dy, tet1(2r) On,+e+1(2r) :
lim —f T oy R (10)
nyte—e (D'n +e(Zr) nyte—eo @nl+e(zr)
uniformly on compact subsets of [|z,| > |bZ --- bZ |*/¥]\ S. Thus our study reduces to
what occurs inside the disk [|z,| > |b? --- b} |1/%].

Before stating the corresponding result. we introduce some needed notation. For j =
1,2, .., set ﬂgj)[zr) = 1and

Zy + bJZ Z?"b}2+1 02
1 zr + bl Zrbjia . .
AP z)=| o 1 Z+bZ, . . (Mg +26)=1,2,...

rYj+ng+2e—1

1 z+ bj+n0+26—1
Denote

A= U{zr a2, (z) = 0},
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We intend to prove
Theorem 1 (see [9]). Assume that (1) holds. Then.

q)n1+e+k (Z‘r) -

lim —— =b - b (11
ny+e=on ®n1+e':.zr') ' ¥ 1)
- 212 2|1/k
uniformly on compact subsets of {zr: |z, | < |b1 by --- bkl } A.

Corollary 1 (see [9]). Assume that (1) holds. Then the accumulation points of the set of
zeros of the polynomials {®,, .} are contained in

{Zr: |Zr| = |b12 b% Il/k]U Su {A n {Zr: |Zr| < |b12 b]% |ljk}}

Of particular interest is the case when k = 1, then Ail_ll =1 thus 4 = 0 and the set of

accumulation points is contained in
{zr: ]2 = |bf|} U S.
See various examples in [5].

It is not easy to calculate the sequence of reflection coefficients. We provide
conditions on the measure which allow us to assert that (1) is satisfied without having an
explicit formula for the reflection coefficients. We restrict our aftention to measures
satisfying Szegd’s condition (see [9]).

We denote by Sjp(Z,) the interior Szegd function: that is. the function which is defined by
the integral in (8) for |z,.| < 1 and its analytic extension across the unit circle. Formula (9)
is equivalent to

[e+]
im0z = Sk(2) =2 ) 7 0ai(z,) (12)
n,te—co K —
uniformly on compact subsets of the largest disk centered at z,. = 0 inside of which S}
can be extended analytically (see [3]. [4]). Under (1) this disk is {z,: |z, | < |bf‘ -
b2|*y.
For any ng + 26 = 0 denote by Dy, 12, = {21 |z, | < Ry 12} the largest disk centered at
z, = 0in which S;{ can be extended to a meromorphic function having at most (ng +
2¢) poles (counting their multiplicities).
We are ready to show Theorem 1 and Corollary 1. And deal with Theorem 2.
Theorem 2 (see [9]). Assume that Ry > 1. The following assertions are equivalent:

(i) S;t has exactly one pole in D;.

(ii) There exists b%,0 < |b?| < 1, such that

lim sup —CDnﬁE(:U) —
n,te ‘I’n.ﬁ—e—l(o)

Either of these two conditions implies that the pole of Si;% in D, lies at point 1/b2.

1/n,+e

h? =6< 1

2. Proof of Theorem 1 (see [9])

We begin by studying pointwise convergence. We can assume that b}-z =0,j=1,..k,
otherwise, we have nothing to prove. At z,. = 0 the result is obviously true (see (4)).
Additionally. as pointed out in the infroduction, we can assume that @, ,.(0) # 0; € =

0.
Set
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©
®,(0) 2z, — @, (0
) 1(. ) z cr:l{_o_) —|®.(0)1%) , cpg(o)(l_Iq} O
o(0) - " 3a(0) 2(0
D(z,) = 1 5 4 220 g (13)
0 " ;Dl{.ﬂ_) ®,(0)

T 0,0)

By D™*2€)(z ) we denote the inﬁmte-man‘ix which is obtained eliminating from D(z,)
the first (ng + 2¢) rows and columns (D®(z,) = D(z,)), and Di?_‘ﬂ;ze] (z,) is the
principal section of order (ny +¢€) of D™*26)(z ). In [1]. it was shown that the
polynomials ¢, ,.(z,) verify the following three-terms relation:

de tD(n1+E+1j( r)d tD{n1+E—k+n( r) ﬁ'nl+e+1detD(ﬂ]‘+E+2)( r)d tD(n1+E—k+l:( )

Pryrernlz) — de tD(n1+f lr+lJ( ) Fn(z)
detD(nl+E+1) 'r') . )

+(an.l+e—k,+1 an1+e)d tD{“ e k+1)( 2) ¢n.l+e—k(_zr) =0, (14)

where
¢no+2e+1(j0) 2
Uno+2e — Zr—(l - |¢n°+26(0)| )
P, +2e(0)

Here D{HDHE)( - Oand D(n°+26) z,) =
Under conditions (1). 1'5 easy to see That the limit of the coefficients of

—Pn,ve(zr) and Py 4o k[z.,,) in (14) exist. Moreover. they equal. respectively.
p(z) = 4.7 () biz 42, (),

zr (bfh3 -+ bg) = . lelim(an +e—k+1 77 an,+e)
1

det D4 (7))
det Dé?ill+e—k+ 1) (:Zr)

Notice that
lim ik detD{n‘Jre)[ s = A(JHJ( ),

n, +e=j mo
thus the points in A = |J jzl{z,, : AU )1(zr) 0} must be excluded. Regarding p(z,.), it
may seem that this coefficient depends on j if we take limit as ny +€ — oo,ny + € =
j mod k, but from Lemma 5 in [1] we have that

Agclj[zr)— bfzrdfj (z,) = A(")(z?.) bzzrd(””(zr) j=1,.. k.
Let us prove that
p(zy) = zF + b7 -+ by,
For k = 1.2 it s straightforward. Let k = 3. We will show that
2P (z)- Pz, 2%, (z,) = zi + B2 --- b2, i= 2,3,..,k
Expanding AE )[z.,,) by its last column. we obtain

(SJ (z;) = (Z'r' + b1+5 I)A(SJ (z;)- ZrbHs 1AESJ2 (z.).
From here it l'eachh follows that

49(z,) = 2,48, (2,) = bisy [42,(2) — 2,4 (z)] =+ = bZ - bE,_y. (15)
Analogously. developing A} )(_z.r) by its first row. we have

) +1 +2
242 (z) = (zp + bDAE(2)- 2214857 (),
therefore.,
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From (3). we know that for all |z,.| = 1

& Z.
lim L‘I‘:(’) — Z?F:'-_ (21)
nyte—=o ¢111+E (zr)
We have also proved that if for a given z,. the limit is z¥, then (see (19))
2 z
lim | PrarersCr) z.| = 0. (22)
n,te—oo ‘:{’ﬂl+E(Z._..) )

Let us show that if |z.] << 1 and (21) takes place then |z.| = |b12 b,ﬂlﬂ(. In fact, on
account of (2) (for the indices (n; + €) and ny + ¢ + k), (21). and (22). it follows that

-1 *
. |¢nk+e+k+1(0) ¢nl+e+k(zr) ¢n1+e(zr)

lim (‘i’nl+e+k+1(zr)) (¢nl+s+1.(zz.rj) — lim :
ny+e—=m qan_+E+k(Zr) ‘i’nﬁs{.zr.] “1+E"°°| ‘Pnl+e+1(o} ‘ibr:l+e(.zr) ¢n;+s+k(zr}
CIbE BE
ozl T

X Uk . ..
Therefore, |z,.| = |b12 b,fl / as indicated.

We have proved (12) in {z,: |z, | < |bi2 bﬂlm} \ 4 pointwisely. In order to prove that
the convergence is uniform on compact subsets of this region it is sufficient to show that
the sequence {®, yeii/Pn, +e} 1s uniformly bounded on each compact subset of this
region. In order to do this. the procedure is the same as for the proof of the analogous
statement in Theorem 2 in [1]).

Proof of Corollary 1 (see [9]). The statement regarding the points in {z,:|z.| =

/K, . - . .
‘blz b;§| 1 is a consequence of (9) and Hurwitz’s Theorem. That the pomts in

{z;:|z] < |b12 bk|llk} \ 4 are not accumulation points of zeros of &, ;. is a
consequence of (12) (recall that ¢, ,. and ¢, ., cannot have common zeros for all
sufficiently large (ny + €)).
Remark 1. Each point of the circle {z,: |z,| = |b? - bZ |**}is in fact a limit point of
zeros of the orthogonal polynomials. This is a consequence of (2:8) [4. Theorem 2:3]. By
Hurwitz’s theorem the points of S are also limit points of such zeros. Regarding the points
in A we cannot say the same. Though it seems that they are accumulation points. the
construction of a sequence of converging zeros may depend on j.
3. Proof of Theorem 2 (see [9])

The main tool in proving Theorem 2 is the use of row sequences of Fourier—Padé
approximants.
Let f be a function which admits a Fourier expansion with respect to the orthonormal
system
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24(z)- b2 0 (2) = 2[4 (2)- b2 aSP )] = = i (16)
From (15) and (16), we have
AP @) biz,42(2) = 47 @) — 242, (2) + 2,472, (2,)- bz 42 (z,)
=b?---bf + 2zl i=2 ..k
and fori = k,wegetp(z,) = zF + bZ--- b
Therefore, the characteristic equation associated with (14) is
2~ (zF + bi- bA A+ ZE(DT - b))
whose roots are z¥ and b7 - - - bZ. Only if [|z,.| = |b?--- bZ |1/%] do these roots have
equal modulus.
Therefore, outside this circle, according to Poincar é ’s Theorem (see [2]). either
P,,4e(z;) =0 for all sufficiently large ny +e=j mod k, or there exists

lim P rern(Z0)/Pn 1e(2,) and the limit equals one of the two roots of the
ny+e=jmodk * LrEs

characteristic equation.
In [1]. it was proved that
dEtD(n +EHJ( r)¢n1+e+k+1(zr) = det DIEHL+E+1)(zr)‘Pn1+E+k[Zr)_ (an1+s+l an1+s+k:}¢,nl+e(zr)' (17)
Since z, € A4 it cannot occur that ¢, ,.(z,) = 0 for all sufficiently large n; + € = j mod
k because then #, ;.1r4+1(2) and ?, 4.44(2,) would have a common zero for all
sufficiently large ny + € = j mod k which is not possible since &, .. ()= 0,e=0
(see (2)).
Therefore, for z, € C\[4 U {z,:]|z,| = |bf - b%‘”k}] and for each j € {1,...,k},
there exists
:'ﬁn +E+k(z‘i'")

im 18
n,+e=j mod k ¢n selzy) (18)
Let us show that the limit does not depend onj € {1, ..., k}.
In fact. from (17). we have that
¢n1+e+k+1{.zr.} 1 |: (n,+e+1) c;,ﬂ +E(Zr)
— = det D, * (z,) — (a - —.
¢n1+f+k(zr) det DjEriJi+E+1){:Z?") r ( ny+e+l 1‘11.+E+k) ¢n1+f+k(zr.)‘
If the limit in (18) is z¥, using this relation and (15). it follows that
¢ﬂl+f+k+l(zrj 1 U+2) 2 2 A;E'Hf]( :] .
n1+5h}‘fllnodk q}n +E+k{zr) (j+2){ r) [ k (Zr)_ bj_ s bk] = l:_]'+2 ( r:] = Z,. {lg‘)
Analogously. if the limit in (18) is bZ .-+ b, from (16). we obtain
+3
lim & l+e+:c+1(2'r) 2 -ﬂ{} J(Zr)
n,+e=jmod k <Pn resr(Zy) ﬁ{}-l-SJE:Zr)
In either cases, the right-hand side is not zero: therefore,
i (¢ﬂ1+f+k+l(zrj/¢}ﬂ1+f+k(z?":)) N . (¢n1+f+k+1 (Zr)/¢ni+f+1{:zr:}) N
ny+e=j mod k (_¢nl+e+1 (Zr)f¢n1+e(zr)} ny+e=j mod k (,¢n1+e+k{:zr)f¢n1+f(zr))
The second equality indicates that
lim {'ﬁn1+e+k(zr) lim qbn1+e+k(.zr)
n,+e=j mod k ¢RL+E (zr) n,+e=(j+1) mod k ‘?m_',e (:z'r) -
Therefore, there exists
P, +etr(Zr) .
lim —rerETe (20)

nyte—o {pn +e(2y)
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From (3). we know that for all |z,.| = 1

& z
i rarers () zk. (21)
nyte—=o ¢n1+e (zr)
We have also proved that if for a given z,. the limit is z¥, then (see (19))
2 z
lim [—”“*E“( ) _ z.,_] = 0. (22)
nyte—oo ¢"r11+e(zf')

Let us show that if |z.] << 1 and (21) takes place then |z.| = |b12 b,ﬂlﬂ(. In fact, on
account of (2) (for the indices (n; + €) and ny + ¢ + k), (21). and (22). it follows that

-1 *
. |¢nk+e+k+1(0) ¢nl+e+k(zr) ¢n1+e(zr)

lim (‘i’nl+e+k+1(zr)) (¢nl+s+1.(zz.rj) — lim :
ny+e—=m qan_+E+k(Zr) ‘i’nﬁs{.zr.] “1+E"°°| ‘Pnl+e+1(o} ‘ibr:l+e(.zr) ¢n;+s+k(zr}
CIbE BE
ozl T

X Uk . ..
Therefore, |z,.| = |b12 b,fl / as indicated.

We have proved (12) in {z,: |z, | < |bi2 bﬂlm} \ 4 pointwisely. In order to prove that
the convergence is uniform on compact subsets of this region it is sufficient to show that
the sequence {®, yeii/Pn, +e} 1s uniformly bounded on each compact subset of this
region. In order to do this. the procedure is the same as for the proof of the analogous
statement in Theorem 2 in [1]).

Proof of Corollary 1 (see [9]). The statement regarding the points in {z,:|z.| =

/K, . - . .
‘blz b;§| 1 is a consequence of (9) and Hurwitz’s Theorem. That the pomts in

{z;:|z] < |b12 bk|llk} \ 4 are not accumulation points of zeros of &, ;. is a
consequence of (12) (recall that ¢, ,. and ¢, ., cannot have common zeros for all
sufficiently large (ny + €)).
Remark 1. Each point of the circle {z,: |z,| = |b? - bZ |**}is in fact a limit point of
zeros of the orthogonal polynomials. This is a consequence of (2:8) [4. Theorem 2:3]. By
Hurwitz’s theorem the points of S are also limit points of such zeros. Regarding the points
in A we cannot say the same. Though it seems that they are accumulation points. the
construction of a sequence of converging zeros may depend on j.
3. Proof of Theorem 2 (see [9])

The main tool in proving Theorem 2 is the use of row sequences of Fourier—Padé
approximants.
Let f be a function which admits a Fourier expansion with respect to the orthonormal
system

{(pni te } ; namely
@)~ Y Aw), A= (fe) = | FEIRGENE).
i=0 r

The Fourier—Padé approximant of type (n; +€,ng + 2¢€),n; +€,n5 + 2 € {0,1,...}, of
f 1s the ratio Ty ten +2e (f) = Pn,+eng+2¢/ On,+emy+2¢ ©f any two polynomuals
pn1+e,ng+25 and Q’n1+e,nu+2€ such that

(i) deg(pn1+e,no+26) =ny te deg(‘?nl+e,na+25) =ng + 2, On,+temy+2e Zz 0.

(ll) (qn1+e.ﬂ.g+2ff_ pn;+e,ng+2t‘)[zr) ™~ An1+s,l.¢’n1+s+ﬂ@+2€+].(zr)+ An1+e,2¢)n1+s+nu+26+2(zr) +

In the sequel. we take gy, 3¢, +2 With leading coefficient equal to 1.
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The existence of such polynomials reduces to solving a homogeneous linear system of
(ng + 2¢€) equations on the (ng + 26 + 1) coefficients of g, 4¢n +2¢- Thus a nontrivial
solution is guaranteed. In general, the rational function T, tcn, +2¢ 15 Dot uniquely
determined, but if for every solution of (i). (ii). the polynomial g, ;¢ n,+2e is of degree
(ng + 2¢), then 1y, 4 426 15 unique.

For (ny + 2¢) fixed. a sequence of type {Irnlﬂmﬁk}, (ny +€) € N, is called an (ng +
2¢)-th row of the Fourier—Padé approximants relative to f. If f is such that Rg(f) = 1 and
has in Dy, 4,.(f) exactly (ny + 2€) poles then for all sufficiently large € = 0,1y, 1cn +2¢
is uniquely determined and so is the sequence {frnﬁe;nﬁge},e = 0. Here Dy, 4,.(f) =
{zp: |zp| < Ry 42¢(f)} 15 the largest disk centered at z, = 0 in which f can be extended
to a meromorphic function with at most (ng + 2€) poles.

This and other results for row sequences of Fourier—Padé approximants may be found in
[7]. [8] for Fourier expansion with respect to measures supported on an interval of the real
line whose absolutely continuous part with respect to Lebesgue’s measure is positive
almost everywhere. Some results were also stated without proof for orthonormal systems
with respect to measures supported in the complex plane. We have checked that in the case
of measures supported on the unit circle the arguments used for an interval of the real line
are still applicable with little modifications. We state in the form of a lemma the result
which we will use. Compare the statement with the Corollary on p. 583 of [8]. For the
proof follow the scheme employed in proving in [7] and [8] (see [9]).

Lemma 1 (see [9]). Let i be such that Ry = Ry(S;t) > 1. The following assertions are
equivalent:

(a) Sipt has exactly (ng + 2€) poles in Dp 12 = DHDHE(S}; .
(b) The sequence {IrnoﬁjnﬁZE(Si;%)]. ng +€ = 0,1, .., for all sufficiently large (ny + €)
has exactly (ng + 2¢) finite poles and there exists a polynomial wy, 4,.(z,) = z,° e 4

--» such that

Hlfno+e

lim sup ||Q71g+e.n°+25 ~ Wny+2e =06 <1,

Ng+e
where || - || denotes (for example) the Euclidean norm on the space of polynomial
coefficient vectors in CMot26+1,
The poles of 5.1 coincide with the zeros (z,)y, ..., (Zr)ng +2¢ 0O Wy 43¢, and

max|(z,),].

R ==
Not2€ O 1=j=ny+2¢

Proof of Theorem 2 (see [9]). We will use Lemuma 1 for ny + 2e = 1. To sumplify the
notation., we Write gn_ye1 = Gn +e A0 Py 41 = P e 1T St has exactly one pole in
Dy, then for all sufficiently large n; + €, g, 4+ has exactly one zero and it can be written in
the form g, +¢(2;) = 2z, — @y +e- On the other hand. if the second case occurs in
Theorem 2. then ¢, ,.(0) #+ 0 for all sufficiently large (n, + €). Notice (see (11)) that
then

- ‘Pn1+e+1(0) . _
(Sint, P, +e+1) = . + 0, e=0. (23)

Since. by definition. {qnﬁESi;%, @n +e+1) = 0, it follows that for € = 0, g, 4 must be of
degree 1 and again g, +¢(2;) = Zr — @p 4¢. In either case. we restrict our attention to
indexes (n, + €) sufficiently large for which g, ;. is of degree 1.
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Our next step 1s to find some connection between a, 4+, and P, 4+.41(0)/ Py +(0). We

have
(in+esi:1% - pnk+e-§9ni+e+1) = <(Zr - CE711+E}S-1;1%, l?Igfrh+e+1} = 0.

Therefore.

z S-1

CleOnsen) ez (24)

(Sim-- @nk+e+1)

Using (11). we find that

_ 1 —_ .

<Zr5'1n%:tpnl+e+1) = E Z @1(0)<Zr§9i-@n1+e+l)- (25)
i=n,te

From (2) and the well-known relation

K'i(p: (z,) = Z @ (0)@} (z,),
j=0

we obtain

Kj Kn, +e )
= = , i=n,+e
_ Kit1  Kn,+et+1
(Zr @i, Pn +er1) = Kn. e+l
_ . .. .
—241(0) Py, 4e41(0) ———, izn +e + L

1

Using this. (23)—(25). it follows that
_— o
Pn,+ 0) .t Z
On, +e — N B #,(0)#;41(0).

O, +e+1(0) Knytet1

i=n;tet+l
On account of the formula 1 - fc%ﬁE/xﬁﬁHl = |qf’m+e+1(0) 2, the last equality can be
rewritten as
nte® =Y B0, (26)
(Pni+e+1(.0) i=n, te
From the Cauchy—Schwarz inequality. we obtain
LE(U)_ an,_+e = Z |¢£(O)|2- (:27)
(Pn1+6+1 (O) i=n,+e
It is well known (see [5]) that
' - 1
RO = 1/n,+e’

lim sup|qf’nk+e(:[])|
Our general assumption is that Ry = 1. This and (27) imply

—(U) l,d'111+E )
lim sup %é— O te =—< 1. (28)
n,te ‘;f“"1'11‘+e+1(0)I Ro
From (28) and the triangular inequality. it follows that
. 1/n,te
lim sup |am+€ — n’l =g, <1
n,te
if and only if
—_— 1/n,+te
] @n]_ﬂe(.o) _
lim sup |————— @ 4 =p; < 1.
n,te Igﬂm-l-f+l([})

Assume that S;} has exactly one pole in D; (and Ry > 1). From Lemma 1. we have that
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. 1/n,+e .
lim sup |.srnl_|.E — n'l = §<1,
n, te
where @, 1 < |a| < o0, is the unique pole which S]-:ltl has in Dy. Therefore.
_ 1/n,+e
. Pn +e (0) .
lim sup — Qp 4e =g, < 1
nyte L?")n.J_+¢:'+1(O:]
Since 1 < |a| < oo, we obtain
Ll/nte
li (p?11+e+1[0) 1 1
im sup |————— = =p; < L.
n,+e (Pni+e(0) 4

Thus the first assertion in Theorem 2 implies the second one with b? = 1/a.
Reciprocally, assume that the second assertion takes place. Since 0 < |b?| < 1, we get

_— 1/n,+
- (Pni+e(0) 1 /rate
]lln sup ——— — — = 6 < 1.
nyte (pn1+e+1[0) b?
Thus,
1 1/n,+e
lim sup |@n 4e— 7z =g < L
n,te

This is equivalent to the second part of Lemma 1 which in tum implies that S; 3 has
exactly one pole in D, at @ = 1/b?.
The following example illustrates that g, and g, (in the notation used in the proof of

Theorem 2) need not be equal. Therefore. we cannot obtain a formula for R, similar to the
one displayed in Lemma 1 in terms of the rate of convergence of the sequence

{Pn,+(0)/Pp 4e-1(0)} to b2.In fact. take P, +e(0) = (a®>)™*€, (n; + €) € N, where
0 < |a®| < 1.In this case, @, 4c41(0)/ Py 4.(0) = a® for all (n; + €); therefore.

1/n,+e
. CPnl+a§+1(0) 2
lim|————— a =0.
n (Pni+e(0)
On the other hand. formula (26) gives us
1 5 Z | 2|21' 2|02|2(n1+EJ
=—a =a a = a"—.
a nyte 1 — |a2|?
i=n,+te
From here, we obtain
1 1/n,+e
. _ 1,212
lim |=— a, s = |la®|*.
n g L
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