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Abstract

A Hilbert spacel? version of the celebrated Denjoy-Carleman theorem regarding quasi-analytic functions was
proved by Chernoff on R® using iterates of the Laplacian. Ingham used the classical Denjoy-Carleman theorem
to relate the decay of Fourier transform and quasi-analyticity of an integrable function on R. The pioneers
authors M. Bhowmika, S. Pustia, S. K.Ray [33] prove analogues of the theorems of Chernoff and Ingham for
Riemannian symmetric spaces of noncompact type and show that the theorem of Ingham follows from that of
Chernoff. We show, following the smooth way of [33], an application on their valid context.
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I.  Introduction
M. Bhowmika, S. Pustia, S. K.Ray [33] study the classical problem of determining the relationship
between the rate of decay at infinity of the Fourier transform of an integrable function and the size of the
support of the function of a Riemannian symmetric space X = G//K of noncompact type. Such that G/ is a
connected noncompact semisimple Lie group with finite center and K is a maximal compact subgroup of G/.
They consider the following well-known statement: suppose f; € L*(X) and its Fourier transform satisfies the
estimate

1Y FakIsc) BRMAeakek,
J J

for some t > 0, where (h;), is the sequences of the heat kernel for the Laplace-Beltrami operator on X, and C is
a positive number. If the sequencef; vanishes on a nonempty open subset of X then f; vanishes identically. The
Euclidean version of this statement can be easily proved by showing that the very rapid decay of the Fourier
transform imposes real analyticity on the function. The proof that f;are still a real analytic functions involves a
nontrivial result such as the Kotake-Narasimhan theorem [23] see also [25, p. 237]. For the real line R it is well-
known that under much slower decay of the Fourier transform fj, an integrable functionsf; € L'(R) vanishes
identically if it vanishes on a nonempty open set. There are classical results available and the key idea they
depend on is the notion of quasi-analyticity [20 — 22,24,28]. It is a remarkable fact that most of these results
provide rather sharp conditions on the decay of the Fourier transform which impose quasi-analyticity on the
function. Some of the results cited above have reappeared of the study of the problem of uniqueness of solution
of Schrodinger equation on Euclidean spaces [13]. We see these results and explore the possibility of extending
them beyond Euclidean spaces. [33] could extend the main result of [24] to Riemannian symmetric spaces X of
noncompact type (see [3]) their objective is to do the same with the result of Ingham [21]. In its original
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version, Ingham's theorem concerns functions defined on the real line. A recent extension to R% states the
following (see [33]).

Theorem 1.1 ([5], Theorem 2.2). Let 6;: R% — [0, ) be a radially decreasing functions with ||glilm 0;($)=0

and set
0,
= f Z ’(*? de. (1.1)
HEE <1l
(a) Let f; € L**€(R%),0 < € < 1, be such that its Fourier transform F f; satisfies the estimate
12 FfiOI<CY; e~ 9i®II for almost every & € R (1.2)

If I is infinite and f; vanishes on a nonempty open set in R? then fj is the zero functions on R,

(b) If I is finite then given any positive number L, there exists a nontrivial radial functionsf; € C¢° (RY)
supported in B (0, L), satisfying the estimate (1.2).

Here, the Fourier transform is given by the integral

Ff(E) = fmdz £ (e~ dx
J

with x - £ being the Euclidean inner product of the vectors x and ¢.
It is important to observe that there is no assumption on the functionsf; which implies that the function ¢ —
0;(&)|I€]] is radially increasing and hence the condition (1.2) does not automatically imply pointwise decay of

the Fourier transform. However, the assumption that the integral I diverges would imply that

lim sup ;OS] = oo
j

For d = 1, using certain assumption on the functionsf;, Ingham [21, p. 30] showed that the condition (1.2)
together with the divergence of the integral I implies that

i Z d2+6fj _ﬁ

= 00

dx2+e‘
e=—1 J o

It then follows from the Denjoy-Carleman theorem ([30, Theorem 19.11]) that f; is quasi-analytic and hence

vanishes identically under the assumption that it vanishes on a nonempty open set. The proof for a general §;
can then be reduced to the special case mentioned above. It is fairly natural to anticipate that an extension of
Ingham's result to R? or to a Riemannian symmetric space X will involve a suitable extension of the Denjoy-
Carleman theorem to these spaces. One such result was obtained by [6, Theorem 3] which provides an analogue
of the Denjoy-Carleman theorem for R involving iterates of the Laplace operator. [9, Theorem 6.1] proved the
following important variant of the result of Bochner.

Theorem 1.2 (see [33]). Let f;: R% - C be a smooth functions. Suppose that for all (2 + €) € N U {0}, Aﬁ{,'ffj €

L*(R%) and
1
>0 lasl e = e
(2+e)eN
If f; and all its partial derivatives vanish at the origin then f; is identically zero.
In the above Apa denotes the usual Laplacian on R, It is not hard to show that Theorem 1.2 can be used
suitably to prove Ingham's theorem (Theorem 1.1). It is thus natural to look for an analogue of Chernoff's
theorem on Riemannian symmetric spaces of noncompact type and then try to use it to prove an analogue of
Theorem 1.1. Our first result in this paper is the following weaker version of Theorem 1.2 for a Riemannian
symmetric space X of noncompact type. Here and later, A denotes the Laplace-Beltrami operator on X.
Theorem 1.3 (see [33]). Let f; € C* (G’ /K) be such that A**¢f; € L*(G/ /K), for all (2 + €) € N U {0} and

had 1
DO s e = e (13)

e=—-1 j
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If f; vanishes on any nonempty open set in G’ /K then fj is identically zero.

Though the assumption that f; vanishes on a nonempty open set drastically changes the nature of the theorem it
is still sufficient to help us in proving an analogue of Ingham's theorem on symmetric spaces which is the main
goal. The main idea of the proof is to suitably use the connection between the Carleman type condition (1.3) and
results regarding polynomial approximation proved in [11]. For a discussion on quasianalyticity and polynomial
approximations on Lie groups, see [12].

A Riemannian symmetric space X, the vanishing of G/-invariant differential operators applied to a
function at a point of X is analogous to the vanishing of partial derivatives of a function at a point of R%. For the
rank one symmetric spaces one knows that such differential operators are polynomials in the Laplace-Beltrami
operator A. In [9] Theorem 1.2 is false under the weaker assumption of vanishing of Aﬁ;{f fi(0),(2+e)ENU
{0} instead of vanishing of all partial derivatives of f; at zero. Likewise, we also construct an example to show
the impossibility of proving an exact analogue of Chernoff's theorem on symmetric spaces if we restrict
ourselves only to the class of G/-invariant differential operators on X.

We show the following variant of the theorem of Ingham on a Riemannian symmetric space X of noncompact
type with rank(X) =d > 1.
Theorem 1.4 (see [33]). Let 6;: [0, ©) — [0, ) be a decreasing function with }Lrg 0;(r) = 0 and set

0:(JI4
I= J > 8UAlls) (1.4)
{re@hHiAlpz1} 7 ||/1||B
(a) Suppose f; € L'(X) and its Fourier transform f; satisfies the estimate
j j

f Z I, (A, k) |e®MBIE | ¢ (2)|~2dAdk < oo. (1.5)

a*XK =3

j

If f] vanishes on a nonempty open set in X and [ is infinite then fJ is the =zero function.
(b) If I is finite then given any positive number L, there exists a nontrivial f; € C° (G //K) supported in
B(o, L) satisfying the estimate (1.5).

Theorem 1.4 is then used to prove Theorem 4.2 which is an exact analogue of Ingham's theorem for Riemannian
symmetric spaces of noncompact type.

We will recall the required preliminaries regarding harmonic analysis on Riemannian symmetric spaces of
noncompact type.

II. Riemannian symmetric spaces of noncompact type

We describe the necessary preliminaries regarding semisimple Lie groups and harmonic analysis on Riemannian
symmetric spaces. See [14,17-19]. We shall gather only those results which will be used throughout.

ForG’ be a connected, noncompact, real semisimple Lie group with finite center and g its Lie algebra.
We fix a Cartan involution 6; of g and write g =16 p where [ and p are +1 and -1 eigenspaces of 0;
respectively. Then t is a maximal compact subalgebra of g and p is a linear subspace of g. The Cartan involution
0; induces an automorphism © of the group G/ and K = {g; € G/ | 0(g;) = g;} is a maximal compact
subgroup of G/. For a be a maximal subalgebra in p; then a is abelian. We assume that dima = d, called the real
rank of G/. ForB denote the Cartan Killing form of g. It is known that Bl,xyp is positive definite and hence
induces an inner product and a norm || - ||z on p. The homogeneous space X = G’ /K is a smooth manifold with
rank(X) = d. The tangent space of X at the point 0 = eK can be naturally identified to p and the restriction of
B on p then induces a G’-invariant Riemannian metric d on X. For a given g i € G’ and a positive number L we
define

B(g,;K,L) = {xK | x € G/, d(g;K,xK) < L},
to be the open ball with center g;K and radius L. We shall identify a endowed with the inner product induced
from p with R% and let a* be the real dual of a. The set of restricted roots of the pair ( g, a ) is denoted by . It
consists of all @® € a* such that
8,2 ={XE€gI[Y,X]=a?(Y)X, forallY € a},

DOI: 10.35629/0743-11111432 www.questjournals.org 16 | Page



A show of Ingham and Chernoff Theorems on Riemannian symmetric spaces of noncompact type

is nonzero with m,z = dim(g,2z). We choose a system of positive roots X,and with respect to X, the positive
Weyl chamber aj+ ={Xed | a?(X) >0, forall a? € X, }. For

n =®a262+ 342
Then n is a nilpotent subalgebra of g and we obtain the Iwasawa decomposition g=f@P aPn. If N =exp n
and A = exp a then N is a nilpotent Lie subgroup and A normalizes N. For the group G/, we now have the
Iwasawa decomposition G/ = KAN, that is, every g i € G’ can be uniquely written as

g; = k(g;)exp H(gn(g;), k(9;) € K,H(g;) € a,n(g;) EN

and the map

(k,a/,n) » ka'n
is a global diffeomorphism of K x A x N onto G/. Let p = %Zaz@: N mgza? be the half sum of positive roots

counted with multiplicity. Let M’ and M be the normalizer and centralizer of a in K respectively. Then M is a
normal subgroup of M’ and normalizes N. The quotient group W = M'/M is a finite group, called the Weyl
group of the pair ( g,t ). W acts on a by the adjoint action. It is known that W acts as a group of orthogonal
transformations (preserving the Cartan-Killing form) on a. Each w € W permutes the Weyl chambers and the
action of W on the Weyl chambers is simply transitive. Let A, = exp a,. Since exp: a = A is an isomorphism
we can identify A with R%. Let A, denote the closure of A,in G/. One has the polar decomposition G/ = KAK,
that is, each g; € G’ can be written as

gj = ki(exp Y)k;, ki, k, EK,Y €Ea
In the above decomposition, the A component of g is uniquely determined modulo W. In particular, it is well
defined in A, . The map (k;,a’, k,) = kya’k, of K x A x K into G/ induces a diffeomorphism of K/M x A, X
K onto an open dense subset of G/. It follows that if g K =kyi(exp Y)K € X then

d(o, g;K) = |IY |- 2.1

We extend the inner product on a induced by B to a* by duality, that is, we set

(ALuy=B("1,Y,), AL u€a,Y;,Y, €a
where Y} is the unique element in a such that

A(Y) =B(Y,,Y), forallY €a

This inner product induces a norm, again denoted by || - ||z, on (a/)*,

lly = (4,2)%,2 € a°
The elements of the Weyl group W act on a* by the formula
sY, =Y, seW,1ea”

Let (a’)¢ denote the complexification of (a’/)*, that is, the set of all complex-valued real linear functionals on a.
If A:a = Cis areal linear functional then RA:a - R and JA:a = R, given by

RA(Y) = Real part of A(Y), forallY € g,

JA(Y) = Imaginary part of A(Y), forall Y € q,
are real-valued linear functionals on a and 2 = RA + iSA. Through the identification of A with R%, we use the
Lebesgue measure on R as the Haar measure da on A. As usual on the compact group K, we fix the normalized
Haar measure dk and dn denotes a Haar measure on N. The following integral formulae describe the Haar
measure of G/ corresponding to the Iwasawa and Polar decomposition respectively.

L—Z fj(gj)dgj:f Jf Z f(kexp Yn)e??Mdndydk, f, € C.(6”)
I K JYal /N I

:LLJRZ fi(kyalky)] () dkydal dk,

where dY is the Lebesgue measure on R¢ and
Jexp V) =c¢ 1_[ (sinh a?(Y))™e?, forY € afr
aZez,
¢ being a normalizing constant. If f; is a function on X = G’ /K then fj can be thought of as a function on G/

which is right invariant under the action of K. It follows that on X we have a G/ invariant measure dx such that
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LZ fi(x)dx = fK . fa +Z fi(kexp Y)](exp Y)dYdky

where dky, is the K-invariant measure on K /M. For a sufficiently nice functionsf; on X, its Fourier transform f]
is defined on ag X K by the formula

fiak) = fj E £(g,)e @67 ) ag . 1€ ap k € K, 2.2)
G n
J

whenever the integral exists ([19, P. 199]). As M normalizes N the function k ~ fj(A, k) is right M-invariant. It
is known that if f; € L'(X) then fj(/l, k) is a continuous function of A € a*, for almost every k € K (in fact,
holomorphic in A on a domain containing a*). If in addition f] € L'(a* X K, |c(1)|~2dAdk) then the following

Fourier inversion holds,

fi(g;K) = Wl_lj;f)* > [@ e @) ) 2azd, (2.3)
al)* XK 7

for almost every g;K € X ([19, Chapter III, Theorem 1.8, Theorem 1.9]). Here ¢(4) denotes Harish Chandra's c-
function. Moreover, f; — f; extends to an isometry of L?(X) onto L?(a} x K, |c(1)|"2dAdk) ([19, Chapter III,
Theorem 1.5]).
Remark 2.1 [33]. It is known that [10, P. 117], for 1 € a’ there exists a positive number C such that

(D)2 < CQ + [|Al] )%, 24
If rank(X) = 1, then a similar lower estimate holds ([2], P. 653); there exist two positive numbers C; and C,
such that forall 4 > 1

C A9mR < (D)2 < CpAd0mn, (2.5)
We now specialize to the case of K-biinvariant functions f; on G’. Using the polar decomposition of G/ we may
view an integrable or a continuous K-biinvariant functionsf; on G’ as a function on A, or by using the inverse
exponential map we may also view f; as a function on a solely determined by its values on a . Henceforth, we
shall denote the set of K-biinvariant functions in L'*€(G/) by L**¢(G’//K), for 0 < € < oo; and K-biinvariant
compactly supported smooth functions by C°(G’//K). If f; € L'(G’//K) then the Fourier transform f; can also

be written as
Fa=f®=[ 37 (@)@ (o) @6)
where

((bj)l(gj) — LZ e-(i/1+p)(H(gj_1k)>dk’)L € ag, .7)
J

is Harish Chandra's elementary spherical function. We now list down some well known properties of the
elementary spherical functions which are important for us ([14], Prop 3.1.4 and Chapter 4, §4.6; [19], Lemma
1.18, P. 221).

Theorem 2.2 (see [33]).
(1) (¢)) ,(g)) is K-biinvariant in g; € G/ and W-invariant in 1 € (a/)¢.
) (¢,-)A(gj) is C* in g; € G’ and holomorphic in A € ag.

3) Forall 1 € z and g; € G’ we have

Z CARCH, SZ (0),(9) < 1. (2.8)
j 7

“) ForallY € ayand 1 € o}

0< Z (¢)),,(expY) < e*® Z (), (exp V). (2.9)
J j

5) If A denotes the Laplace-Beltrami operator on X then
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8((¢),) = —UANE +lIpIE)(¢)), 2 € 2"
For K-biinvariant L'*¢ functions on G/, the following Fourier inversion formula is well known ([32], Theorem
3.3 and [26], Theorem 5.4): if f; € L'*¢(G///K),0<e <1 Withfj € L1 (a%, |c(1)|~2dA) then for almost every
g; € G,

Fa)=|wit[ | D0 h).,(a)| el ek (210)
al)* K

The spherical Fourier transform and the Euclidean Fourier transform on a are related by the so-called Abel
transform. For f; € L}(G’//K) its Abel transform A f; is defined by the integral

Afi(exp Y) = ep(y)f Z fi((exp Y)n)dn,Y € a
N

([14, P. 107], [16, p.27]). We will need the following theorem regarding Abel transform ([14, Prop 3.3.1, Prop
3.3.2]), which we will refer to as the slice projection theorem.

Theorem 2.3 (see [33]). The map A: C°(G///K) —» CZ(a)” is a bijection. If f; € C°(G’//K) then
F(Af;)D) =f;(D), 1€ a, (2.11)

where F (A f;) denotes the Euclidean Fourier transform of A f; on a = R4,

Remark 2.4 [33]. It is easy to see that a special case of Theorem 1.4, namely when f; € C° (G7//K), can be

proved simply by using the slice projection theorem (see [4] for a more general result in this direction).

However, this approach cannot be used to proveTheorem 1.4, because if an integrable K-biinvariant functionsf;

vanishes on an open set then it is not necessarily true that A f; also vanishes on an open subset of al.

We end this section with a short discussion on Opdam hypergeometric functions which will play a crucial role

in the next section. Let ar];,/g be the subset of regular elements in a, that is,

a]reg =Up2ex (kemz)c
For ¢ € a, let T; be the Dunkl-Cherednik operator [27, Definition 2.2], defined for f; € C 1(a) and for x € Qreg 5
by
d a’(§)
T = g2+ ) D Mt ()~ f(rex)) ~ @S (0,

1— e @*®
a?exy j
. . . a . . L
where 7,2 is the orthogonal reflection with respect to the hyperplane ker a? and 7% f; is the directional

derivative f; in the direction of ¢. In particular 7,2 is an isometry of ( al, || - llg ). Let {&1,&,,-,&,} be an

orthonormal basis of a with respect to the inner product given by B. Then the Heckman-Opdam Laplacian £ is

defined by
d
L=
i=1

The restriction of £ to the W-invariant functions on a agrees with the K-invariant part of A on X ([15, Theorem
2.2, Remark 2.3]).

Now, suppose that f; is a K-biinvariant, smooth functions on G’ which vanishes on the ball B(o, L) for some
positive number L. Using the polar decomposition of G/ we can view fj as a functions on A and hence on the
Lie algebra a’. Using (2.1) it follows that this latter functions (again denoted by fj ) vanishes on the set {X € a |
[|IX||z < L} which we will continue to denote by the same symbol B(o, L). Since 7,2 is an isometry it follows
from the expression of the Dunkl-Cherednik operator that in this case T¢f; also vanishes on B(o, L) for all £ €
a.

The Opdam hypergeometric functionsG){ , A € ag is defined to be the unique analytic functions on a such that

TeG{ =iA(©)G], ¢€a,  GlO)=1, (2.12)
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(see [27, p. 89]). The elementary spherical functions(¢>j) N and the Opdam hypergeometric functionsG/{ are
related by [27, p. 89]
1 ,
; =— G{(wx), 1€ai, x€Ea. 2.13
(@), =7, D, G, 2¢€a; xea (213)

WEW j
However, there exists an alternative relation between (¢ j) N and Gaj which is important for us [27, (4), p. 119]:

Forall x € a,

1 .
((pj)/l(x) = W Z Z 9;(WwA)G), (x), for almost every A € a*, (2.14)
WEW j
where
m Ma?
a? 2
et E (4, a?)
=] 1-2 e =, 2.15
9;D) 11 A2 a? (a2, a?) ( )
+

and 2% ={a? € Z, | 2a? ¢ Z}. We now list down a few results regarding the ﬁmctionsG){ which will be
needed:
(1) For A € a*

lg;DIe@I™ < € + G, (2.16)
for some Cj, C,, € = —1 (this follows from [27, equation (8.1)]).
(2) For A € a*, the function G/{ is known to be bounded on a ([27, Proposition 6.1]).
(3) More generally, for any polynomial (1 + €) of degree N there exists a constant C;,. such that for all 1 €
a,x Ea

N .
|+ (55) 6] < e + 121 (87), (0, (2.17)

a .j. o . i o ..
where Fw G/{ is the directional derivative of Ga] in the direction x (see [31, Proposition 3.2]).

III.  Chernoff's theorem for symmetric spaces
We prove the theorem of Chernoff (Theorem 1.3). The following lemma is just a restatement of [11, Theorem
2.3] in view of the identification of (a’)* with R%.
Lemma 3.1 (see [33]). Let u be a finite Borel measure on a* such that, for (2 +¢€) €N and 1 < j, < d the
quantity M; (2 + €), defined by

M;, (2 +¢€) = f( . (&) dn@)

is finite, where {&;,¢&,,-+,&,} is a basis of a. If for each j, € {1,-:-,d}, the sequence {Mj0 22+ e))}::_l
satisfies the Carleman's condition
1
M; (2(2 + €)) 2(+0) = o, (3.1
(24+€)eN
then the polynomials in a* are dense in L2 (a*, du).
Given a positive number L we consider the following function space

GZ(a*) = span{)(x: a* > Clx€B(o,L),x,) = G){(x),l € a*}
Lemma 3.2 (see [33]). Let u be a finite Borel measure on (a’)* such that for each j, € {1,--,d} and each (2 +
€) € N the quantity M; (2 + €) (as in Lemma 3.1) is finite. If for each j, € {1, -+, d} the sequence M; (2(2 +
€)) satisfies the Carleman's condition (3.1) then for each L positive, GLj (a*) is dense in L?(a*, du).
Proof. We first note that because of the finiteness of ¢ and boundedness of G J , for 1 € a*, the space GLj (@) isa
subset of L*(a*, du). Let f; € L*(a*, du) be such that

f Z £ (DG ()du(2) = 0, forall x € B(o, L). (3.2)
@ %5
We define a function F; on a by
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F;(x) =f Z £i(DG] (x)du(2), forx € a
a* 7

It follows from (3.2) that F; vanishes on the ball B(o, L). Estimate (2.17) together with dominated convergence
theorem implies that

P(2)E = J,. 2 s (2) 6 Goau)
al)* b

for any polynomial P. Hence, for a? = (a?,-+-,a2) € (N U {0})? we have from the eigenvalue equation (2.12)
that

SR T af | G

T ng Fi(x)= wir L fj(/l)TEl de Gy (x)du(4)

! . i (3:3)

= [ D r@aE)T - (260) 6 codu.
(ad)* j
2
Since F; vanishes on the ball B(o, L) so does Tg% T;;‘iFj. It now follows from (3.3) by taking x = 0, that for
all a? = (a?,--a%) € (NU{0)H?
2 2
[ D7 )™ - () vdun = o
(al)* j

This implies that f; annihilates all polynomials and hence by Lemma 3.1, f; is the zero function.
We will also need the following elementary lemma.

Lemma 3.3 (see [33]). Let {a{l} be a sequence of positive numbers such that the series Y,en X a,j; diverges.

Then given any (2 + €) € N,
143
>y @y e
neN j
Proof. If lim supa;, or lim infa), is nonzero then the result follows trivially. Hence, it suffices to prove the result

for the case lim a{l = (0. Without loss of generality, we can also assume that afl € (0,1), for all n € N. Let us
n—-oco

define

_ < ) g G
A—{nEN.anSP},B—{nEN.an>F}

AS Ynen Xj a,’; diverges, it follows that B is an infinite set. The result now follows by observing that
2+€

L 14+— 2+€ 1
a’ n | 24e ———log—
lim % = lim (@), = lim e " a=1,
n—oo,neB L a] n—oo,neB L n—oo,neB L
j n j j
as forn € B
1 1
1<— <n? and hence 0 < log — < 2log n
al a’
n n
For f; € LY(X), we define the K-biinvariant component S f; of f; by the integral
SFQ) = f Z f(kx)dk, x € X, (3.4)
K =
j

and for g; € G/, we define the left translation operator lg]. on L'(X) by

lgjfj(x) = fi(gjx),x €X
Remark 3.4 [33]. The operator lg]. is usually defined as left translation by gj_l. The reason we have defined lgi
differently because then it follows that § (lgjfj) =S (l(gj)lfj) if g;K = (g K.
For a nonzero integrable functionsf;, its K-biinvariant component §(f;) may be zero. However, the following
lemma  shows that there always exists g; € G/ such that § (lg]. f]) is  nonzero.
Lemma 3.5. ( [3, Lemma 4.6 | ) If f; € L'(X) is nonzero then for every L positive, there exists g;j € G’ with
g;jK € B(o, L) such that § (lg].fj) is nonzero.
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We now present the proof of Theorem 1.3.
Proof of Theorem 1.3 (see [33]). The following steps will lead to the proof of the theorem.
Step 1: Using translation invariance of A, we can assume without loss of generality that f; € C *(G’/K) and
vanishes on the ball B(0, L) for some L positive. We first show that it suffices to prove the result under the
additional assumption that f; is K-biinvariant. To see this, suppose f; € C ®(G’/K) vanishes on B(0,L) and
satisfies the hypothesis (1.3). Since A is left-translation invariant operator and A%+€ fi € L2(G'/K), it is easy to
check that

A?*e(Sf;) = S(A%*ef;), forall 2+ €) EN
Therefore

+e 2 _ +e 2 +e 2 = +e £ ||?
Il = [0 @ naplas < [ [ 3 i ands, = e

Hence

Z Z ||A2+e(5‘fj)||;m2 Z Z ||A2+6f}'”;2(2—+5)=oo

€e=-2 j €=-2 j
If f; is not identically zero but vanishes on B(o, L), then by Lemma 3.5, there exists (g;)oK € B(o,L/2) such

that S (l(gj)o f]) is non zero but vanishes on B(o, L/2). Hence, if the theorem is true for K-biinvariant functions,

then § (l(gj) o f]) must vanishes identically, which is a contradiction.

So, we assume that f; € C*(G///K) is such that A**¢f; € L*(G'//K) for all (2 + €) € N U {0} and satisfies
(1.3). We will show that if f; vanishes on B(o, L) then f; is the zero function.
Step 2: Given such a functionsf; we define a measure u on a* by

kB = [ F@lew]d2
B

for all Borel subsets E of a*. Note that the measure u is W-invariant. We claim that the space G,{ (a*) is dense in
L*(a*, u) for any given positive number L. Since A" f; € L?(a*, |c(1)|72dA) for all n € N U {0} and |c(2)|~? is
of polynomial growth (Remark 2.1) it follows by a simple application of Cauchy-Schwarz inequality that y is a
finite measure and GLj (a*) is contained in L?(a*,u). The same argument also implies that polynomialsare
contained in L?(a*, u). To prove the claim it suffices, in view of Lemma 3.2, to show that

* 1
Z M; (2(2 +€)) 2@%0 = 0

e=—1
where M; (2 + €) are as in Lemma 3.1. Now, for a large enough r € N and for all (2 + €) € N we have

M;,22+e) = z (1213 + elB) > 1M ()] 2da
(ad)* j

1
2

< f Z (12113 + lpIB) CE+OT2DI £ (D) (V)] ~2dA
(al)* j

1
le(D)|? )5
X —————dA
<f(af)* CIANE + NlellE)?
:ATZ ||A2+E+rf}'”2
j

where
1

s (J le(@®)|~2 (M)E
" V@ G + 1Nz

Therefore
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5
|M]0(2(2 + E))|_ﬁ > A;ﬁz ||A(2+€+T)f:]||;ﬁ — A;ﬁz (”A(2+e+r)fj”;m>(l+z+e)
j Jj
1

Since lim 4, *®*9

€00

= 1, it follows from Lemma 3.3 and the hypothesis (1.3) that

d 1

> M2+ ) T = o

e=-1 )
It follows that for each positive number L the space G; (a*) is dense in L(a*, ).
Step 3: Given the relation (2.14) between G/{ and (¢j) , one would expect that the previous step implies
something regarding the completeness of the elementary spherical functions (d) ]-) K In this regard, we consider
the space

®,(a") = span{1 » (¢;),(®) | x € B(o,L), 1 € 2’}

for any given positive number L and claim that &, (a*) is dense in L'(a* u)". Here L*(a*, u)V is the W-
invariant functions in L*(a*, u). To prove this we consider a W invariant functionsh; € L*(a", u) such that

[D) m@@),@dun =0
F:

j
for all x € B(o, L). By (2.14) and the W-invariance of h; it follows that

[D) m@eme6imdum =0 (35)
a* 7

for all x € B(o,L). We will now repeatedly apply the operators T¢ to the integral in (3.5) by viewing this as a

function of the variable x € a. To justify the differentiation under the integral it is necessary to show that for
eachn € N U {0}

[ 2 I@ale ™Gl < e
@) &
By using the estimate (2.16) and the boundedness of Gj, we get that
[D0 @asle@icioldu
a* =
J

SCZ ”hj”ooj A11E19; DIFD ()| 2dA
7 ar

SCZ ”hj”ooj IANE(C, + CAIANE I D Nlc(D)| 1 da
7 a
scz
Jj
1

<, Wl (J Q115 + ||P||§)2M+d+1|ﬁ(/1)|2|(:(/1)|_2d/1)2
J a*

1 z
X da
(fa UANG + llpll) e+ )

<oo
where d = dima. Note that in the last step we have used the assumption A**¢f; € L? (G//K) for all (2 +¢€) €
N U {0}. For each a? € £, we now choose &,z € a in such a way that
A(a?) .
Ag2) = Ay = @ a?) forall A€ a

Applying the composition of the operators Tz ,, for all a? € Z¥to both sides of (3.5) it follows that

hj”oof NG + 1eIDY [ AW dA,M ENM 2 n+ 1 +¢
o
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f | Z h(A)g; ) n ilg2 | GLGO)du(d) =0, (3.6)
@) 7 alest

for all x € B(o,L). From the expression of the functionsg; given in (2.15), it is easy to see that the
functionsg; (1) (Hazezg ilaz) is of polynomial growth. Since h; is a bounded function it follows that the
function h;(2)g;(A) (nazezg maz) is in L2(a", ;). As G/ (a") is dense in [2(a", dy) it follows from (3.6) that

h; = 0 for almost every A.
Step 4: By the Fourier inversion (2.10) we have that for all x € B(o, L)

M@ﬂWPLWZ HD(#5),@le@)|2dA =0
This implies that for all u; € @, (a")
f Z fiw;(Dle(@)|~2dA = 0. 3.7
a* 7

As f] € L} (a*, du)" by the completeness of @, (a*) in L'(a*, du)" we can approximate f}. by the elements of
@, (a"), that is, given € > 0, there exists (u;)o € ®,(a") such that

17, = @o

. <Ee€
L*((al)",au)
Therefore

[>) @ricwira= [ Y Foimicaa
a ] a ]
-2

N Z f . (ﬁ—(uj)o(l)ﬂuj)o(l)) FD|e| drl

I a

2

I a
<E€
It follows that f; is zero and hence so is f;.

-2
D = o dn@ + ) Uﬁwwmm az |
7 a

c(d)

Remark 3.6 [33]. We will like to point out that for rank one symmetric spaces it is possible to prove Theorem
1.3 without appealing to the Dunkl-Cherednik operator T; and the Opdam hypergeometric functions G/{. To see
this, note that if u is an even, finite Borel measure on R and the sequence

MQ2(@2 +¢€)) = fR 2@*9qu),2+€) EN

satisfies the Carleman condition (3.1) then by Lemma 3.1 the polynomials which are even functions form a
dense subspace of L2(R, 1), where

L2(R, W) = {f; € L*(R, 1) | £;(2) = f;(—A), for almost every A € R}
We note that given any such polynomial P there exists a polynomial Q such that

P(A) = Q(A* + p?), forall A € R

The same conclusion is not valid for W-invariant polynomials on R%,d > 1 and this is the main reason why we
needed to use the Dunkl-Cherednik operators and the Opdam hypergeometric functions in the proof of Theorem
1.3. Now, if f; € L*(R, 1), is such that for all n € N U {0}

[ 5@ +pordum = o
R
then it follows that f; annihilates all polynomials which are even functions. Consequently, f; is the zero

function. This can be used to prove that the space ®,(R) is dense in L?(R,u), (and hence in L}(R,u), ).
Precisely, if f; € L*(R, ), is such that

JRZ fiM(¢),(x)du(?) = 0, forall x € B(o, L)
J
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then by defining
=] Y HD@),@dumxed
J

(as in Step 3 of the proof above) and applying the Laplacian A repeatedly to h; and putting x = e, we get that for
alln € NuU {0}

[D0 rme+pranm =0
R

which implies that f; is the zero function. The rest of the proof then goes as it is.

. . .~ d?T€(2+€)
It was noted in [9] that Theorem 1.2 fails for d = 1 if —zre

(2 + €). An analogous phenomenon occurs for symmetric spaces also and shows that an exact analogue of

fj(0) vanishes only for even natural numbers

Theorem 1.2 is not true for X if we restrict ourselves only to the class of G/-invariant differential operators on X.
In the following example, we will illustrate this for the n-dimensional real hyperbolic space H" by constructing
a nonzero square-integrable functionsf; on H™ such that

A**€fi(xo) = 0, forall (2+¢€) € NU {0}
for some x, € H" and satisfies (1.3).
Example 3.7 [33]. We start with some relevant preliminaries on hyperbolic spaces [7]. The real hyperbolic
space H" is defined by

H* ={x e R"? | —x? —x7 — - —x2 4+ x2,, = 1,x,4, > 0}

This is a rank one symmetric space of noncompact type and H" = SO(n, 1)/SO(n). In this particular case, we
have (see [8, p.212]),

m; = dimg,z =n—1,m, = dimg,,2 =0
It is well known that the half sum of positive roots for H" is given by

n—1
pZZpHn=a2+ﬁ+1=T
Similarly, the half sum of positive roots for H"*2!,[ € N, is given by
n+2l—-1
pHn+zl=T=p+l

Let Ayn be the Laplace Beltrami operator on H™. The radial part of the operator Ayn is given by
2

d + (2 1 thtd
dt? (2n Jeo dt

If £ € H", then using the Cartan decomposition of SO(n,1) we can write ¢ = kajt-fo, where &, =
0,--,1),k € K/M = S™ ! and
_ cosh t  0Oqxn_1 sinh t
a]t = <O1xn—1 Ly 1xn-1 01xn—1>
sinh t  Oyxn_1 cosh t

In the following, we shall denote the Fourier transform of a function f; on H™ by (f]) and the spherical

H_Hn
Fourier transform of a radial function g; on H™*2! by (E)Hnnz. We will need the following version of the
Hecke-Bochner identity on H™ [7, Proposition 3.3.3]: if

£ = (e (k)

forx = kajr - &y, where Y, is spherical harmonic of degree [ on K/M = S™ 1 then

(P Gol=dus@@=p)| [ D o9, @)inh 1y2ear | %o
0 -
J

(3.8)

—da@-p| Y 2] ame.
J

yn+z2l

+2

2l . . . .
where ((1)]-) N is the elementary spherical function on H"*?!,d,, ; is some fixed constant depending only on

n,l and Q;(iA — p) is a polynomial in A given by
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-1
a@-p =] @-p-c+en. (39)

€e=—-2
Let (h;); be the sequence of heat kernel on H™*2L See [1] for preliminaries regarding the heat kernel on

symmetric spaces. Since (h;), is a K-biinvariant functions on H™*2!, using polar decomposition it can be

viewed as an even functions on R and hence as a K-biinvariant functions on H"™. We now choose a spherical
harmonic ¥; of degree [ such that ¥;(k,) = 0, for some k, € K/M. We define a function f; on H" by

£;(§) = (sinh )!(h;) (MY, (k), for § = kd. - & (3.10)
It follows from the pointwise estimate of the heat kernel [1, (3.1)] that f; € L*(G'/K) and
fj(koa]r ) '50) =0
for all 7 in [0, ). We now claim that
(8% £) (koak - &) = 0, forall 7 > 0

To prove this claim we will show that
2+€

NEF () = (sinh ) (Agneat +6) (R () Vi (K), (3.11)

forall £ = kajr - &y, where
§=(p+D*—p?=plniar — pim
Taking the Fourier transform of the left-hand sides of (3.11) on H" and using the Hecke-Bochner identity (3.8)
we get
(A2 ) A= (=2 + p) " (P (A, )

= (=2 + p)" "y, QA = p) ((h) 1) Hyynszt DY ().
On the other hand, using (3.8) we get that the Fourier transform of the right-hand side of (3.11) on H" is equal
to

(3.12)

i QuCiA = p) ((Bygnes +8) ()., V()
= Qi = p)(= (A2 + pnsn) + 8)* (1) st DK (R)
=, 02— p) (- +05)) () )

]H]Tl
which proves (3.11). Now, using (3.12) it follows that

s 2= (67

L?(RXK,|c(1)|"2dAdx)

=i [ D100 PG+ 0V () | e e
®5T

Using (2.4) and (3.9) we have
lc(D)|72 < C|A|™, |A| = p, for some n,
|Q,(ir — p)|* < C(|A|* + p?)Po, for some p, > 0 and

((hl\)l)ﬂ_ﬂnnl = e_(/12+P;m+zl)
Therefore

g plis ¢ [ G2+ pryereme ey
R
< C2@+et+po) 4 le (2/12)2(2+6+p°)€_2/121n°dﬂ.
p

< CZ(Z+E+P0) + Clz—(‘r]o+3)/2 j y2(2+e+po)yﬂoz—1e—3’dy
0

= C2@+etpo) 4 ¢ 2-(mo+3)/2 (2(2 + )+ 2pp + 2 b 1)
2
ng + 1)

2

< c2@rerPor (2(2 +€)+2p, +
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Consequently,
1 Z2(2+etpo) ny+1 _4(21+e)
ol Y 0 T (2246 + 2p + 2o
(2+€)eN (2+€)EN
Now, using the fact that ([29, p. 30])
I'(n+ a?)

lim ——~=1, fora? €C
n-oeo ['(n)n%

it follows that
—2(2+€+po) 4po+no+1l

1 1
1835 1], 202 €T30 (N(2(2 + €)) 7E9(2(2 +€)) o+

—2(2+€+po) 4po+no+1

Z2\eTerPo) 1 —
> (4o (22 +€)) 222 +€))  8@re)

Hence, for large (2 + €)
4(2+€)+4po+ng+1

1
82557670 > ca2 + ) seo

and
4(2+€)+4po+no+1 8(2+€)

(22 +€) s@ro < (2(2+€))3@0 = 2(2 +¢€)

N 1
Z ||Ail-"-leff||22(2+e) = Z m =

2+exmy 2+exmy
This shows that the functionsf; satisfies (1.3) and Ai;?ffj (koai.fo) is zero for all (2+¢€) € NU {0} and r in
[0, eo].

Therefore

IV. Ingham's theorem for symmetric spaces
We will prove the proposed analogue of Ingham's theorem (Theorem 1.4), using Theorem 1.3.
Proof of Theorem 1.4 (see [33]). We will first prove part (b) by reducing matters to R with the help of Abel
transform A. Since the integral in (1.4) is finite, we have

sz @dr<oo
1

Since 6; is decreasing by part (b) of Theorem 1.1 for L positive, there exists a nontrivial radial functions(h;), €
€2 (RY) with supp (h;) S B(0, L/2) such that

z F(h)o(®)| < Cz e IE18; SN for all & € RY. (4.1)
j j

Since (h;), is a radial functions on R%, it can be thought of as a W-invariant functions on A4 = R%. Hence by
Theorem 2.3, there exists h; € C¢° (G’ //K) such that A(h;) = (h;)o with supph; < B(o,L/2). For a nontrivial
o; € C&(G’//K) with support contained in B(o, L/2), we consider the functionsf; = h; * ¢; € CE(GI//K). 1t
follows from Paley-Wiener theorem ([17, Theorem 7.1, Chapter IV]) that the support of f; is contained in
B(o, L). Using the slice projection theorem (Theorem 2.3) and the estimate (4.1) it follows that

f Z 152|565 0A12) ¢ (2)|~2dA
a* ;
:f Z |E]-(/1)||¢A>j(/1)||e“/1”39j(|M"3)|c('1) dA
o2 (4.2)

-2

[T Fap@Iig il e aa
a* 7

<c[ D Bl
a* 7

DOI: 10.35629/0743-11111432 www.questjournals.org 27 | Page



A show of Ingham and Chernoff Theorems on Riemannian symmetric spaces of noncompact type

Since ¢ ; is a Schwartz function on a* it follows from the estimate (2.4) of |c(A)| 72 that the integral in (4.2) is
finite and consequently, f] satisfies the condition (1.5). This completes the proof of part (b).

We will prove part (a) under the additional assumptions that f; is continuous, K biinvariant and vanishes on an
open ball centered at 0. The general case then can be deduced from this case by mimicking the arguments given

in the proof of [3, Theorem 1.2, steps 1-2].
So, we assume that f; is K-biinvariant, continuous, integrable functions which vanishes on B(o, L) and satisfies

the hypothesis (1.5)
f Z |fj(l)|e|M”Bef(|M"B)|c(l)|_2d/1 < 0. (4.3)
a* =
J

We observe from (4.3) that f] € L*(a*, |c(1)|72dA). As fj is an integrable functions, f] is a bounded functions
and hence from (4.3) it follows that

f Z |fj(/1)|269j(llllls)llﬂ||3|c(/1)|—2d/1 < oo. (4.4)
a* 7

We now consider the following two cases as in [21].
Case I: Suppose 9; satisfies the inequality

4
0,(r) = —, forr > 1. (4.5)
r
From (4.3) and (4.5), it follows that
[ D0 e siemida <o (46)
@) 5

and hence, in particular
f D DI dA < e
(a5

for all N € N. It follows that f; € C ®(G’//K). To apply Theorem 1.3 we need to verify condition (1.3). In this
regard, an application of (4.4) implies that

2

loe<sll,= [ 2. I+ IR L )P le@)|aa
(a))* j

1
1216 ;(12115) . _ 2 (4.7)
< sup (G +1ol* ) e = (f | m(z)ve“l”ﬁﬂ“l“w|c(A>|-2dA>
Ae(al)* 7 (ahy*
rej(r)
< C sup lpll3 +72)** e 2

and the latter quantity is finite by (4.5). In particular, A**¢f; € L? (G7//K) for all (2 + €) € N U {0}. From now

on we shall consider 2 + € = max{2, ||p||z}. To estimate the L* norm (4.7) let us define
e(r)

(9))z2+e() = (Ipllz +1r*)**¢e™ "2 ,r € [0, ).
Then
12l < 16Dzl + 1Dzl e + 1Dzl
Ifr € ((2 + €)%, ) then by (4.5) we have
(9)24e() < (llpll3 +12)?¥ee 2T < 224ep2@40e=2T: =y, (r) (say).
The function ., attains its maximum at r = 4(2 + €)%. As (2 + €)* > 4(2 + €)? and y,. is decreasing on
(4(2 + €)?, ) we have
—_ 2 _ 2+€

||(gj)2+6||Loo((2+e)4'oo) < ||V2+e||L°o((2+€)4‘oo) = 22+€,,8(2+€) ,—2(2+€)° — (2(2 + 6)86 2(2+6)) ] (4.8)

Also
19D 2vel gy < 1+ IR 49)

Forr € [1,(2 + €)*], as 6; is a decreasing function,
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_Gj((2+s)4)r _9)'((2+E)4)T'
92+ < (lpllE +12)** e 2 < (1 +|lpllp)*+er?@t9e 2 1= 14e(r)
The function 7). attains its maximum at r = 4(2 + €)/6;((2 + €)*). As € = 0 we have
2(2+€)
42 +e) ) o-2(2+6)

” ” w < (1 + 2)2+E (—
N2+ellL[1,246)4] o113 6;((2+e)*)

4(2 2(2+€)
< (1+ Ipl3)?* <ﬁ) . 410)
]

Since the right-hand side of (4.8) goes to zero as (2 + €) goes to infinity and for all large (2 + €) € N
4(2 + 6) 2(2+€) 4(2 + E) 2(2+€)
—— 2| —— >1
<9j((2 + 6)4)) < 6;(1) )
we have for all large (2 +€) €N

) 4(2 + E) 2(2+4¢€)
||(gj)2+e||Lw[o_w] < 3(1+ lpllp)** Z (m)
j

Therefore using inequality (4.7) it follows from above that for all large (2 + €) € N and a positive number C

N C(Z + E) 2(2+€)

Applying the change of variable ||A|| = p* in the integral (1.4) defining I, it follows that

J Z J(p4)d(1+e) =

As 0; is decreasing in [0, o) this, in turn, 1mphes that
0;((2 + e)*Y) B

i 2+e€
(2+€)EN

The inequality (4.11) then implies that
1
D, 2. gl = o
(2+€)eEN
Since f; vanishes on B(o, L), it follows from Theorem 1.3 that f; vanishes identically. This completes the proof
under the assumption (4.5) on the function 6;.
Case II. We now consider the general case, that is, 6; is any nonnegative function decreasing to zero at infinity.

Again, as in [21], we define

0)1(r) = 7 € [0, )

8
NCESS
It is clear that the integral I in (1.4) is finite if 8; is replaced by (6;),. Hence, by case (b) there exists a nontrivial
U € CZ(G’//K) such that supp(f;)1 € B(o,L/2) and satisfies the estimate

1B )| < Cz e 1MBE:0AB) ; e o, (4.12)

We now consider the functionsh; = f; * (fj); € L'(G’//K). Since fj vanishes on B(o,L), the functionsh;
vanishes on the open set B(o,L/2). Indeed, if (g;),K € B(o,L/2) then for all g;K € B(o,L/2) it follows by
using G’-invariance of the Riemannian metric d that
d(o, (9)19,K) < d(o, (9):K) +d((g))1K, (gD19;K) <L,

that is, (g;)19;K € B(o,L). This implies that fj((gj)lgj) is zero for all g;K € B(o,L/2) = supp(fj); and
hence

@)= [ Y Hl@a)h@p g = [ Y e ler ) =0

G supp(fj1 5

We observe that

forr>1

6;(r) + (6).(r) = \/—
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Using the estimate (4.12) and the hypothesis (4.3) it follows that
f |fl]_ MDle I215(6 1215+ D1 (A1) lc(A)|~2dA < oo
(a))

Therefore h; satisfies all the conditions used in case I and hence is the zero function. This implies that
h) = DT =0,

for almost every A € a”. Since ( fj)l is a real analytic functions, it follows that f; vanishes identically.

Remark 4.1 [33].
(1) It is worth pointing out that Ingham's theorem (Theorem 1.4) can also be proved directly using Lemma 3.2,
without appealing to Theorem 1.3. For the sake of completeness, we sketch the line of argument for part (a) of
Theorem 1.4. We assume that f; is K-biinvariant, vanishes on B(o, L), satisfies the hypothesis (1.5) and the
function 6; satisfies the estimate (4.5) with I = co. In this case, one can easily show that the measure p defined
in Step 2 of the proof of Theorem 1.3 is again a finite W-invariant measure on (a’)*. Using (4.3), (4.5) and the
arguments used in verifying (1.3), one can show that
Z M;, (2k) 7 = oo, (4.13)
keN
where M; (k) is as given in Lemma 3.1. By the Fourier inversion (2.3) we get that

fe@ =i > 09, @le@]da =0, ifx € B(o,L).
@iy 5
This implies that for all u; € ®,(a*)

J; \ Z fj(l)uj(l)lc(l)l'zdl= 0. (4.14)
al)* 7

As in Step 3 of the proof of Theorem 1.3, it can be shown that &, (a*) is dense in L' (a*, du)". Therefore we can

approximate E by the elements of ®; (a*) and hence by (4.14), we get that f; is identically zero.
(2) It is easy to see that part (a) of Theorem 1.4 remains true if the integral [ in (1.2) is replaced by the integral

r;
~— "2 |c(1)|72d2,
j{leaillllngzl}z “/1“2 el

j
where n = d + dimn, is the dimension of the symmetric space X. This follows from the estimate (2.4) of

|c(D)| 2 as
o 0;(r) 6;(l12115)
15 {Ae(ah)illAl =1} [12l5

J

o:(J|A )
_ Cj Z ;I |1|IB) A4
{2ea%liAlp=>1} 12115

j
0;(||4
> cj z U 231 2aa = oo,
; 121l

{aeatlizlz=1) B
Moreover, because of the estimate (2.5), part (b) of Theorem 1.4 also remains true in this case if the real rank of
G’ is one.
An L**€ version of Theorem 1.4 can be proved by using Theorem 1.4 itself. To illustrate this we prove an L*
version of the above theorem which can be thought of as an exact analogue of Theorem 1.1.
Theorem 4.2 (see [33]). Let §; and I be as in Theorem 1.4.

(a) Suppose f; € L'(X) and the Fourier transform f] satisfies the estimate
|Z fA k)| < cz e I2159;048)  for all 2 € o, k € K. (4.15)
J J

If f; vanishes on a nonempty open subset of X and I is infinite, then f; = 0.
(b) If I is finite then given any L > 0, there exists a nontrivial f; € C° (G’//K) supported in B(o, L) satisfying
the estimate (4.15).
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Proof. As in Theorem 1.4, it suffices to prove the theorem for f; € L*(G’//K) vanishing on an open ball of the
form B(o, L) such that ﬁ satisfies the estimate

|Z ol < cz e~ WBOUAIR) | for all 2 € o
Jj Jj

We choose a nonzero ¢; € C¢° (G //K) with supp¢; < B(0,L/2) and consider the functionsf; * ¢;. Since f;
vanishes on B(o, L) and the support of the functions¢; is contained in B(o, L/2) it follows as before that f; * ¢;
vanishes on B(o, L/2). Now,

IZ I, ()] H158 0219 | ¢(2)| 24
a* 7

[ D7 BI040 ) 2
a* 7

<[ D Bl < e
a* 7
It now follows from Theorem 1.4 that f; * ¢; is zero almost everywhere. Since ¢ ; is nonzero almost everywhere

we conclude that f] vanishes almost everywhere on a* and so does f;.

To prove part (b) we observe that if I is finite then the functionsh; constructed in the proof of Theorem 1.4, (b)
satisfies the estimate (4.15).

Remark 4.3 [33]. Theorem 1.3 and Theorem 1.4 can be proved in the context of Damek-Ricci spaces [2] by
similar arguments. It will be interesting to see whether both the theorems hold for hypergeometric transforms
associated to root systems [26,31].
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