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Abstract 

A Hilbert space𝐿2 version of the celebrated Denjoy-Carleman theorem regarding quasi-analytic functions was 

proved by Chernoff on ℝ𝑑 using iterates of the Laplacian. Ingham used the classical Denjoy-Carleman theorem 

to relate the decay of Fourier transform and quasi-analyticity of an integrable function on ℝ. The pioneers 

authors M. Bhowmika, S. Pustia, S. K.Ray [33] prove analogues of the theorems of Chernoff and Ingham for 

Riemannian symmetric spaces of noncompact type and show that the theorem of Ingham follows from that of 

Chernoff. We show, following the smooth way of [33], an application on their valid context. 

 

Keywords: Riemannian symmetric space, Quasi-analyticity, Ingham’s theorem. 

 

Received 02 Nov., 2025; Revised 09 Nov., 2025; Accepted 11 Nov., 2025 © The author(s) 2025. 

Published with open access at www.questjournas.org 
 

I. Introduction 

M. Bhowmika, S. Pustia, S. K.Ray [33] study the classical problem of determining the relationship 

between the rate of decay at infinity of the Fourier transform of an integrable function and the size of the 

support of the function of a Riemannian symmetric space 𝑋 = 𝐺𝑗/𝐾 of noncompact type. Such that 𝐺𝑗 is a 

connected noncompact semisimple Lie group with finite center and 𝐾 is a maximal compact subgroup of 𝐺𝑗. 

They consider the following well-known statement: suppose 𝑓𝑗 ∈ 𝐿1(𝑋) and its Fourier transform satisfies the 

estimate 

| ∑

𝑗

𝑓j(𝜆, 𝑘)| ≤ 𝐶 ∑

𝑗

(ℎ𝑗)𝑡̂(𝜆), 𝜆 ∈ a∗, 𝑘 ∈ 𝐾, 

for some 𝑡 > 0, where (ℎ𝑗)𝑡 is the sequences of the heat kernel for the Laplace-Beltrami operator on 𝑋, and 𝐶 is 

a positive number. If the sequence𝑓𝑗 vanishes on a nonempty open subset of 𝑋 then 𝑓𝑗 vanishes identically. The 

Euclidean version of this statement can be easily proved by showing that the very rapid decay of the Fourier 

transform imposes real analyticity on the function. The proof that 𝑓𝑗are still a real analytic functions involves a 

nontrivial result such as the Kotake-Narasimhan theorem [23] see also [25, p. 237]. For the real line ℝ it is well-

known that under much slower decay of the Fourier transform 𝑓𝑗, an integrable functions𝑓𝑗 ∈ 𝐿1(ℝ) vanishes 

identically if it vanishes on a nonempty open set. There are classical results available and the key idea they 

depend on is the notion of quasi-analyticity [20 − 22,24,28]. It is a remarkable fact that most of these results 

provide rather sharp conditions on the decay of the Fourier transform which impose quasi-analyticity on the 

function. Some of the results cited above have reappeared of the study of the problem of uniqueness of solution 

of Schrödinger equation on Euclidean spaces [13]. We see these results and explore the possibility of extending 

them beyond Euclidean spaces. [33] could extend the main result of [24] to Riemannian symmetric spaces 𝑋 of 

noncompact type (see [3]) their  objective is to do the same with the result of Ingham [21]. In its original 
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version, Ingham's theorem concerns functions defined on the real line. A recent extension to ℝ𝑑 states the 

following (see [33]). 

 

Theorem 1.1 ([5], Theorem 2.2). Let 𝜃𝑗: ℝ𝑑 → [0, ∞) be a radially decreasing functions with lim
‖𝜉‖→∞

 𝜃𝑗(𝜉) = 0 

and set 

𝐼 = ∫  
‖𝜉‖≥1

∑

𝑗

𝜃𝑗(𝜉)

‖𝜉‖𝑑
𝑑𝜉.                                                        (1.1) 

(a) Let 𝑓𝑗 ∈ 𝐿1+𝜖(ℝ𝑑), 0 ≤ 𝜖 ≤ 1, be such that its Fourier transform ℱ𝑓𝑗 satisfies the estimate 

| ∑𝑗 ℱ𝑓𝑗(𝜉)| ≤ 𝐶 ∑𝑗 𝑒−𝜃𝑗(𝜉)‖𝜉‖,  for almost every 𝜉 ∈ ℝ𝑑 .                                 (1.2) 

If 𝐼 is infinite and 𝑓𝑗 vanishes on a nonempty open set in ℝ𝑑 then 𝑓𝑗 is the zero functions on ℝ𝑑. 

(b) If 𝐼 is finite then given any positive number 𝐿, there exists a nontrivial radial functions𝑓𝑗 ∈ 𝐶𝑐
∞(ℝ𝑑) 

supported in 𝐵(0, 𝐿), satisfying the estimate (1.2). 

Here, the Fourier transform is given by the integral 

ℱ𝑓𝑗(𝜉) = ∫  
ℝ𝑑

∑

𝑗

𝑓𝑗(𝑥)𝑒−2𝜋𝑖𝑥⋅𝜉𝑑𝑥 

with 𝑥 ⋅ 𝜉 being the Euclidean inner product of the vectors 𝑥 and 𝜉. 

It is important to observe that there is no assumption on the functions𝜃𝑗 which implies that the function 𝜉 →

𝜃𝑗(𝜉)‖𝜉‖ is radially increasing and hence the condition (1.2) does not automatically imply pointwise decay of 

the Fourier transform. However, the assumption that the integral 𝐼 diverges would imply that 

lim sup
‖𝜀‖→∞

 ∑

𝑗

𝜃𝑗(𝜉)‖𝜉‖ = ∞ 

For 𝑑 = 1, using certain assumption on the functions𝜃𝑗, Ingham [21, p. 30] showed that the condition (1.2) 

together with the divergence of the integral 𝐼 implies that 

∑  

∞

𝜖=−1

∑

𝑗

‖
𝑑2+𝜖𝑓𝑗

𝑑𝑥2+𝜖
‖

∞

−
1

2+𝜖

= ∞ 

It then follows from the Denjoy-Carleman theorem ([30, Theorem 19.11]) that 𝑓𝑗 is quasi-analytic and hence 

vanishes identically under the assumption that it vanishes on a nonempty open set. The proof for a general 𝜃𝑗 

can then be reduced to the special case mentioned above. It is fairly natural to anticipate that an extension of 

Ingham's result to ℝ𝑑 or to a Riemannian symmetric space 𝑋 will involve a suitable extension of the Denjoy-

Carleman theorem to these spaces. One such result was obtained by [6, Theorem 3] which provides an analogue 

of the Denjoy-Carleman theorem for ℝ𝑑 involving iterates of the Laplace operator. [9, Theorem 6.1] proved the 

following important variant of the result of Bochner. 

 

Theorem 1.2 (see [33]). Let 𝑓𝑗: ℝ𝑑 → ℂ be a smooth functions. Suppose that for all (2 + 𝜖) ∈ ℕ ∪ {0}, Δ
ℝ𝑑
2+𝜖𝑓𝑗 ∈

𝐿2(ℝ𝑑) and 

∑  

(2+𝜖)∈ℕ

∑

𝑗

‖Δ
ℝ𝑑
2+𝜖𝑓𝑗‖

2

−
1

2(2+𝜖) = ∞ 

If 𝑓𝑗 and all its partial derivatives vanish at the origin then 𝑓𝑗 is identically zero. 

In the above Δℝ𝑑  denotes the usual Laplacian on ℝ𝑑. It is not hard to show that Theorem 1.2 can be used 

suitably to prove Ingham's theorem (Theorem 1.1). It is thus natural to look for an analogue of Chernoff's 

theorem on Riemannian symmetric spaces of noncompact type and then try to use it to prove an analogue of 

Theorem 1.1. Our first result in this paper is the following weaker version of Theorem 1.2 for a Riemannian 

symmetric space 𝑋 of noncompact type. Here and later, Δ denotes the Laplace-Beltrami operator on 𝑋. 

Theorem 1.3 (see [33]). Let 𝑓𝑗 ∈ 𝐶∞(𝐺𝑗/𝐾) be such that Δ2+𝜖𝑓𝑗 ∈ 𝐿2(𝐺𝑗/𝐾), for all (2 + 𝜖) ∈ ℕ ∪ {0} and 

∑  

∞

𝜖=−1

∑

𝑗

‖Δ2+𝜖𝑓𝑗‖
2

−
1

2(2+𝜖) = ∞.                                                (1.3) 
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If 𝑓𝑗 vanishes on any nonempty open set in 𝐺𝑗/𝐾 then 𝑓𝑗 is identically zero. 

Though the assumption that 𝑓𝑗 vanishes on a nonempty open set drastically changes the nature of the theorem it 

is still sufficient to help us in proving an analogue of Ingham's theorem on symmetric spaces which is the main 

goal. The main idea of the proof is to suitably use the connection between the Carleman type condition (1.3) and 

results regarding polynomial approximation proved in [11]. For a discussion on quasianalyticity and polynomial 

approximations on Lie groups, see [12]. 

A Riemannian symmetric space 𝑋, the vanishing of 𝐺𝑗-invariant differential operators applied to a 

function at a point of 𝑋 is analogous to the vanishing of partial derivatives of a function at a point of ℝ𝑑. For the 

rank one symmetric spaces one knows that such differential operators are polynomials in the Laplace-Beltrami 

operator Δ. In [9] Theorem 1.2 is false under the weaker assumption of vanishing of Δ
ℝ𝑑
2+𝜖𝑓𝑗(0), (2 + 𝜖) ∈ ℕ ∪

{0} instead of vanishing of all partial derivatives of 𝑓𝑗 at zero. Likewise, we also construct an example to show 

the impossibility of proving an exact analogue of Chernoff's theorem on symmetric spaces if we restrict 

ourselves only to the class of 𝐺𝑗-invariant differential operators on 𝑋. 

We show the following variant of the theorem of Ingham on a Riemannian symmetric space 𝑋 of noncompact 

type with rank(𝑋) = 𝑑 ≥ 1. 

Theorem 1.4 (see [33]). Let 𝜃𝑗: [0, ∞) → [0, ∞) be a decreasing function with lim
𝑟→∞

 𝜃𝑗(𝑟) = 0 and set 

𝐼 = ∫  
{𝜆∈(𝑎𝑗)+

∗ ∣‖𝜆‖𝐵≥1}

∑

𝑗

𝜃𝑗(‖𝜆‖𝐵)

‖𝜆‖𝐵
𝑑

𝑑𝜆.                                                (1.4) 

(a) Suppose 𝑓𝑗 ∈ 𝐿1(𝑋) and its Fourier transform 𝑓𝑗 satisfies the estimate 

∫  
a∗×𝐾

∑

𝑗

|𝑓j(𝜆, 𝑘)|𝑒𝜃𝑗(‖𝜆‖𝐵)‖𝜆‖𝐵|𝐜(𝜆)|−2𝑑𝜆𝑑𝑘 < ∞.                                    (1.5) 

If 𝑓𝑗 vanishes on a nonempty open set in 𝑋 and 𝐼 is infinite then 𝑓𝑗 is the zero function. 

(b) If 𝐼 is finite then given any positive number 𝐿, there exists a nontrivial 𝑓𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) supported in 

ℬ(𝑜, 𝐿) satisfying the estimate (1.5). 

Theorem 1.4 is then used to prove Theorem 4.2 which is an exact analogue of Ingham's theorem for Riemannian 

symmetric spaces of noncompact type.  

We will recall the required preliminaries regarding harmonic analysis on Riemannian symmetric spaces of 

noncompact type.  

 

II. Riemannian symmetric spaces of noncompact type 

We describe the necessary preliminaries regarding semisimple Lie groups and harmonic analysis on Riemannian 

symmetric spaces. See [14,17-19]. We shall gather only those results which will be used throughout. 

For𝐺𝑗 be a connected, noncompact, real semisimple Lie group with finite center and 𝔤 its Lie algebra. 

We fix a Cartan involution 𝜃𝑗 of 𝔤 and write 𝔤 = 𝔩 ⊕ 𝔭 where 𝔩 and 𝔭 are +1 and -1 eigenspaces of 𝜃𝑗 

respectively. Then 𝔱 is a maximal compact subalgebra of 𝔤 and 𝔭 is a linear subspace of 𝔤. The Cartan involution 

𝜃𝑗 induces an automorphism Θ of the group 𝐺𝑗 and 𝐾 = {𝑔𝑗 ∈ 𝐺𝑗 ∣ Θ(𝑔𝑗) = 𝑔𝑗} is a maximal compact 

subgroup of 𝐺𝑗. For a be a maximal subalgebra in 𝔭; then 𝔞 is abelian. We assume that dim𝔞 = 𝑑, called the real 

rank of 𝐺𝑗. For𝐵 denote the Cartan Killing form of 𝔤. It is known that 𝐵|𝔭×𝔭 is positive definite and hence 

induces an inner product and a norm ‖ ⋅ ‖𝐵 on 𝔭. The homogeneous space 𝑋 = 𝐺𝑗/𝐾 is a smooth manifold with 

rank(𝑋) = 𝑑. The tangent space of 𝑋 at the point 𝑜 = 𝑒𝐾 can be naturally identified to 𝔭 and the restriction of 

𝐵 on 𝔭 then induces a 𝐺𝑗-invariant Riemannian metric d on 𝑋. For a given 𝑔𝑗 ∈ 𝐺𝑗 and a positive number 𝐿 we 

define 

ℬ(𝑔𝑗𝐾, 𝐿) = {𝑥𝐾 ∣ 𝑥 ∈ 𝐺𝑗 , d(𝑔𝑗𝐾, 𝑥𝐾) < 𝐿}, 

to be the open ball with center 𝑔𝑗𝐾 and radius 𝐿. We shall identify a endowed with the inner product induced 

from 𝔭 with ℝ𝑑 and let 𝔞∗ be the real dual of 𝔞. The set of restricted roots of the pair ( 𝔤, 𝔞 ) is denoted by Σ. It 

consists of all 𝛼2 ∈ 𝔞∗ such that 

𝔤𝛼2 = {𝑋 ∈ 𝔤 ∣ [𝑌, 𝑋] = 𝛼2(𝑌)𝑋,  for all 𝑌 ∈ 𝔞}, 



A show of Ingham and Chernoff Theorems on Riemannian symmetric spaces of noncompact type 

DOI: 10.35629/0743-11111432                                  www.questjournals.org                                           17 | Page 

is nonzero with 𝑚𝛼2 = dim(𝔤𝛼2). We choose a system of positive roots Σ+and with respect to Σ+, the positive 

Weyl chamber 𝑎+
j

= {𝑋 ∈ 𝑎𝑗 ∣ 𝛼2(𝑋) > 0, for all 𝛼2 ∈ Σ+}. For 

n =⊕𝛼2∈Σ+
𝔤𝛼2 

Then 𝔫 is a nilpotent subalgebra of 𝔤 and we obtain the Iwasawa decomposition 𝔤 = 𝔨 ⊕ 𝔞 ⊕ 𝔫. If 𝑁 = exp 𝔫 

and 𝐴 = exp 𝔞 then 𝑁 is a nilpotent Lie subgroup and 𝐴 normalizes 𝑁. For the group 𝐺𝑗, we now have the 

Iwasawa decomposition 𝐺𝑗 = 𝐾𝐴𝑁, that is, every 𝑔𝑗 ∈ 𝐺𝑗 can be uniquely written as 

𝑔𝑗 = 𝜅(𝑔𝑗)exp 𝐻(𝑔𝑗)𝜂(𝑔𝑗), 𝜅(𝑔𝑗) ∈ 𝐾, 𝐻(𝑔𝑗) ∈ 𝔞, 𝜂(𝑔𝑗) ∈ 𝑁 

and the map 

(𝑘, 𝑎𝑗 , 𝑛) ↦ 𝑘𝑎𝑗𝑛 

is a global diffeomorphism of 𝐾 × 𝐴 × 𝑁 onto 𝐺𝑗. Let 𝜌 =
1

2
∑  𝛼2∈Σ+

𝑚𝛼2𝛼2 be the half sum of positive roots 

counted with multiplicity. Let 𝑀′ and 𝑀 be the normalizer and centralizer of 𝔞 in 𝐾 respectively. Then 𝑀 is a 

normal subgroup of 𝑀′ and normalizes 𝑁. The quotient group 𝑊 = 𝑀′/𝑀 is a finite group, called the Weyl 

group of the pair ( 𝔤, 𝔱 ). 𝑊 acts on 𝔞 by the adjoint action. It is known that 𝑊 acts as a group of orthogonal 

transformations (preserving the Cartan-Killing form) on 𝔞. Each 𝑤 ∈ 𝑊 permutes the Weyl chambers and the 

action of 𝑊 on the Weyl chambers is simply transitive. Let 𝐴+ = exp 𝔞+. Since exp: 𝔞 → 𝐴 is an isomorphism 

we can identify 𝐴 with ℝ𝑑. Let 𝐴+ denote the closure of 𝐴+in 𝐺𝑗. One has the polar decomposition 𝐺𝑗 = 𝐾𝐴𝐾, 

that is, each 𝑔𝑗 ∈ 𝐺𝑗 can be written as 

𝑔𝑗 = 𝑘1(exp 𝑌)𝑘2, 𝑘1, 𝑘2 ∈ 𝐾, 𝑌 ∈ 𝔞 

In the above decomposition, the 𝐴 component of 𝔤 is uniquely determined modulo 𝑊. In particular, it is well 

defined in 𝐴+. The map (𝑘1, 𝑎𝑗 , 𝑘2) ↦ 𝑘1𝑎𝑗𝑘2 of 𝐾 × 𝐴 × 𝐾 into 𝐺𝑗 induces a diffeomorphism of 𝐾/𝑀 × 𝐴+ ×

𝐾 onto an open dense subset of 𝐺𝑗. It follows that if 𝑔𝑗𝐾 = 𝑘1(exp 𝑌)𝐾 ∈ 𝑋 then 

d(𝑜, 𝑔𝑗𝐾) = ‖𝑌‖𝐵 .                                                   (2.1) 

We extend the inner product on 𝔞 induced by 𝐵 to 𝔞∗ by duality, that is, we set 

⟨𝜆, 𝜇⟩ = 𝐵(𝑌𝜆 , 𝑌𝜇), 𝜆, 𝜇 ∈ 𝔞∗, 𝑌𝜆 , 𝑌𝜇 ∈ 𝔞 

where 𝑌𝜆 is the unique element in a such that 

𝜆(𝑌) = 𝐵(𝑌𝜆, 𝑌),  for all 𝑌 ∈ 𝔞 

This inner product induces a norm, again denoted by ‖ ⋅ ‖𝐵, on (𝑎𝑗)∗, 

‖𝜆‖𝐵 = ⟨𝜆, 𝜆⟩
1

2, 𝜆 ∈ 𝐚∗ 

The elements of the Weyl group 𝑊 act on 𝔞∗ by the formula 

𝑠𝑌𝜆 = 𝑌𝑠𝜆 , 𝑠 ∈ 𝑊, 𝜆 ∈ a∗ 

Let (𝑎𝑗)C
∗  denote the complexification of (𝑎𝑗)∗, that is, the set of all complex-valued real linear functionals on 𝔞. 

If 𝜆: 𝔞 → ℂ is a real linear functional then ℜ𝜆: 𝔞 → ℝ and ℑ𝜆: 𝔞 → ℝ, given by 

ℜ𝜆(𝑌) =  Real part of 𝜆(𝑌),  for all 𝑌 ∈ 𝔞,

ℑ𝜆(𝑌) =  Imaginary part of 𝜆(𝑌),  for all 𝑌 ∈ 𝔞,
 

are real-valued linear functionals on 𝔞 and 𝜆 = ℜ𝜆 + 𝑖ℑ𝜆. Through the identification of 𝐴 with ℝ𝑑, we use the 

Lebesgue measure on ℝ𝑑 as the Haar measure da on 𝐴. As usual on the compact group 𝐾, we fix the normalized 

Haar measure 𝑑𝑘 and 𝑑𝑛 denotes a Haar measure on 𝑁. The following integral formulae describe the Haar 

measure of 𝐺𝑗 corresponding to the Iwasawa and Polar decomposition respectively. 

∫  
𝐺𝑗

∑

𝑗

 𝑓𝑗(𝑔𝑗)𝑑𝑔𝑗= ∫  
𝐾

 ∫  
𝑎𝑗

 ∫  
𝑁

∑

𝑗

 𝑓𝑗(𝑘exp 𝑌𝑛)𝑒2𝜌(𝑌)𝑑𝑛𝑑𝑌𝑑𝑘, 𝑓𝑗 ∈ 𝐶𝑐(𝐺𝑗)

= ∫  
𝐾

 ∫  
𝐴+

 ∫  
𝐾

∑

𝑗

 𝑓𝑗(𝑘1𝑎𝑗𝑘2)𝐽(𝑎𝑗)𝑑𝑘1𝑑𝑎𝑗𝑑𝑘2

 

where 𝑑𝑌 is the Lebesgue measure on ℝ𝑑 and 

𝐽(exp 𝑌) = 𝑐 ∏  

𝛼2∈Σ+

(sinh 𝛼2(𝑌))𝑚
𝛼2 ,  for 𝑌 ∈ 𝑎+

𝑗
 

𝑐 being a normalizing constant. If 𝑓𝑗 is a function on 𝑋 = 𝐺𝑗/𝐾 then 𝑓𝑗 can be thought of as a function on 𝐺𝑗 

which is right invariant under the action of 𝐾. It follows that on 𝑋 we have a 𝐺𝑗 invariant measure 𝑑𝑥 such that 
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∫  
𝑋

∑

𝑗

𝑓𝑗(𝑥)𝑑𝑥 = ∫  
𝐾/𝑀

∫  
a+

∑

𝑗

𝑓𝑗(𝑘exp 𝑌)𝐽(exp 𝑌)𝑑𝑌𝑑𝑘𝑀 

where 𝑑𝑘𝑀 is the 𝐾-invariant measure on 𝐾/𝑀. For a sufficiently nice functions𝑓𝑗 on 𝑋, its Fourier transform 𝑓𝑗 

is defined on aC
∗ × 𝐾 by the formula 

𝑓𝑗(𝜆, 𝑘) = ∫  
𝐺𝑗

∑

𝑗

𝑓𝑗(𝑔𝑗)𝑒
(𝑖𝜆−𝜌)𝐻(𝑔𝑗

−1𝑘)
𝑑𝑔𝑗 , 𝜆 ∈ 𝔞𝐂

∗ , 𝑘 ∈ 𝐾,                                  (2.2) 

whenever the integral exists ([19, P. 199]). As 𝑀 normalizes 𝑁 the function 𝑘 ↦ 𝑓j(𝜆, 𝑘) is right 𝑀-invariant. It 

is known that if 𝑓𝑗 ∈ 𝐿1(𝑋) then 𝑓j(𝜆, 𝑘) is a continuous function of 𝜆 ∈ a∗, for almost every 𝑘 ∈ 𝐾 (in fact, 

holomorphic in 𝜆 on a domain containing a∗). If in addition 𝑓j ∈ 𝐿1(a∗ × 𝐾, |𝐜(𝜆)|−2𝑑𝜆𝑑𝑘) then the following 

Fourier inversion holds, 

𝑓𝑗(𝑔𝑗𝐾) = |𝑊|−1 ∫  
(𝑎𝑗)∗×𝐾

∑

𝑗

𝑓𝑗(𝜆, 𝑘)𝑒−(𝑖𝜆+𝜌)𝐻(𝑔𝑗
−1𝑘)

| 𝐜(𝜆)|−2𝑑𝜆𝑑𝑘,                       (2.3) 

for almost every 𝑔𝑗𝐾 ∈ 𝑋 ([19, Chapter III, Theorem 1.8, Theorem 1.9]). Here 𝐜(𝜆) denotes Harish Chandra's 𝑐-

function. Moreover, 𝑓𝑗 ↦ 𝑓𝑗 extends to an isometry of 𝐿2(𝑋) onto 𝐿2(a+
∗ × 𝐾, |𝐜(𝜆)|−2𝑑𝜆𝑑𝑘) ([19, Chapter III, 

Theorem 1.5]). 

Remark 2.1 [33]. It is known that [10, P. 117], for 𝜆 ∈ a+
∗  there exists a positive number 𝐶 such that 

|𝐜(𝜆)|−2 ≤ 𝐶(1 + ‖𝜆‖𝐵)dimn.                                                 (2.4) 

If rank(𝑋) = 1, then a similar lower estimate holds ([2], P. 653); there exist two positive numbers 𝐶1 and 𝐶2 

such that for all 𝜆 ≥ 1 

𝐶1𝜆dimn ≤ |𝐜(𝜆)|−2 ≤ 𝐶2𝜆dimn.                                              (2.5) 

We now specialize to the case of 𝐾-biinvariant functions 𝑓𝑗 on 𝐺𝑗. Using the polar decomposition of 𝐺𝑗 we may 

view an integrable or a continuous 𝐾-biinvariant functions𝑓𝑗 on 𝐺𝑗 as a function on 𝐴+, or by using the inverse 

exponential map we may also view 𝑓𝑗 as a function on a solely determined by its values on 𝔞+. Henceforth, we 

shall denote the set of 𝐾-biinvariant functions in 𝐿1+𝜖(𝐺𝑗) by 𝐿1+𝜖(𝐺𝑗//𝐾), for 0 ≤ 𝜖 ≤ ∞; and 𝐾-biinvariant 

compactly supported smooth functions by 𝐶𝑐
∞(𝐺𝑗//𝐾). If 𝑓𝑗 ∈ 𝐿1(𝐺𝑗//𝐾) then the Fourier transform 𝑓𝑗 can also 

be written as 

𝑓𝑗(𝜆, 𝑘) = 𝑓𝑗(𝜆) = ∫  
𝐺𝑗

∑

𝑗

𝑓𝑗(𝑔𝑗)(𝜙𝑗)
−𝜆

(𝑔𝑗)𝑑𝑔𝑗 ,                                          (2.6) 

where 

(𝜙𝑗)
𝜆

(𝑔𝑗) = ∫  
𝐾

∑

𝑗

𝑒
−(𝑖𝜆+𝜌)(𝐻(𝑔𝑗

−1𝑘))
𝑑𝑘, 𝜆 ∈ 𝐚𝐂

∗ ,                                      (2.7) 

is Harish Chandra's elementary spherical function. We now list down some well known properties of the 

elementary spherical functions which are important for us ([14], Prop 3.1.4 and Chapter 4, §4.6; [19], Lemma 

1.18, P. 221). 

 

Theorem 2.2 (see [33]). 

(1) (𝜙𝑗)
𝜆

(𝑔𝑗) is 𝐾-biinvariant in 𝑔𝑗 ∈ 𝐺𝑗 and 𝑊-invariant in 𝜆 ∈ (𝑎𝑗)C
∗ . 

(2) (𝜙𝑗)
𝜆

(𝑔𝑗) is 𝐶∞ in 𝑔𝑗 ∈ 𝐺𝑗 and holomorphic in 𝜆 ∈ 𝔞ℂ
∗ . 

(3) For all 𝜆 ∈ a+
∗  and 𝑔𝑗 ∈ 𝐺𝑗 we have 

|∑

𝑗

(𝜙𝑗)
𝜆

(𝑔𝑗)| ≤ ∑

𝑗

(𝜙𝑗)
0

(𝑔𝑗) ≤ 1.                                                    (2.8) 

(4) For all 𝑌 ∈ 𝔞+and 𝜆 ∈ 𝔞+
∗  

0 < ∑

𝑗

(𝜙𝑗)
𝑖𝜆

(exp 𝑌) ≤ 𝑒𝜆(𝑌) ∑

𝑗

(𝜙𝑗)
0

(exp 𝑌).                                           (2.9) 

(5) If Δ denotes the Laplace-Beltrami operator on 𝑋 then 
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Δ ((𝜙𝑗)
𝜆

) = −(‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )(𝜙𝑗)
𝜆

, 𝜆 ∈ a∗ 

For 𝐾-biinvariant 𝐿1+𝜖 functions on 𝐺𝑗, the following Fourier inversion formula is well known ([32], Theorem 

3.3 and [26], Theorem 5.4): if 𝑓𝑗 ∈ 𝐿1+𝜖(𝐺𝑗//𝐾),0 ≤ 𝜖 ≤ 1 with 𝑓j ∈ 𝐿1(𝔞+
∗ , |𝐜(𝜆)|−2𝑑𝜆) then for almost every 

𝑔𝑗 ∈ 𝐺𝑗, 

𝑓𝑗(𝑔𝑗) = |𝑊|−1 ∫  
(𝑎𝑗)∗

∑

𝑗

𝑓𝑗(𝜆)(𝜙𝑗)
−𝜆

(𝑔𝑗)| 𝐜(𝜆)|−2𝑑𝜆𝑑𝑘.                               (2.10) 

The spherical Fourier transform and the Euclidean Fourier transform on a are related by the so-called Abel 

transform. For 𝑓𝑗 ∈ 𝐿1(𝐺𝑗//𝐾) its Abel transform 𝒜𝑓𝑗 is defined by the integral 

𝒜𝑓𝑗(exp 𝑌) = 𝑒𝜌(𝑌) ∫  
𝑁

∑

𝑗

𝑓𝑗((exp 𝑌)𝑛)𝑑𝑛, 𝑌 ∈ 𝔞 

([14, P. 107], [16, p.27]). We will need the following theorem regarding Abel transform ([14, Prop 3.3.1, Prop 

3.3.2]), which we will refer to as the slice projection theorem. 

 

Theorem 2.3 (see [33]). The map 𝒜: 𝐶𝑐
∞(𝐺𝑗//𝐾) → 𝐶𝑐

∞(𝔞)𝑊 is a bijection. If 𝑓𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) then 

ℱ(𝒜𝑓𝑗)(𝜆) = 𝑓𝑗(𝜆), 𝜆 ∈ 𝔞∗,                                                (2.11) 

where ℱ(𝒜𝑓𝑗) denotes the Euclidean Fourier transform of 𝒜𝑓𝑗 on 𝔞 ≅ ℝ𝑑. 

Remark 2.4 [33]. It is easy to see that a special case of Theorem 1.4, namely when 𝑓𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾), can be 

proved simply by using the slice projection theorem (see [4] for a more general result in this direction). 

However, this approach cannot be used to proveTheorem 1.4, because if an integrable 𝐾-biinvariant functions𝑓𝑗 

vanishes on an open set then it is not necessarily true that 𝒜𝑓𝑗 also vanishes on an open subset of 𝑎𝑗. 

We end this section with a short discussion on Opdam hypergeometric functions which will play a crucial role 

in the next section. Let 𝑎reg 
𝑗

 be the subset of regular elements in a, that is, 

𝑎reg
j

=∪𝛼2∈Σ (ker𝛼2)C 

For 𝜉 ∈ a, let 𝑇𝜉  be the Dunkl-Cherednik operator [27, Definition 2.2], defined for 𝑓𝑗 ∈ 𝐶1(𝔞) and for 𝑥 ∈ 𝔞reg , 

by 

𝑇𝜉𝑓𝑗(𝑥) =
𝜕

𝜕𝜉
𝑓𝑗(𝑥) + ∑  

𝛼2∈Σ+

∑

𝑗

𝑚𝛼2

𝛼2(𝜉)

1 − 𝑒−𝛼2(𝑥)
(𝑓𝑗(𝑥) − 𝑓𝑗(𝑟𝛼2𝑥)) − 𝜌(𝜉)𝑓𝑗(𝑥), 

where 𝑟𝛼2 is the orthogonal reflection with respect to the hyperplane ker 𝛼2 and 
𝜕

𝜕𝜉
𝑓𝑗 is the directional 

derivative 𝑓𝑗 in the direction of 𝜉. In particular 𝑟𝛼2 is an isometry of ( 𝑎𝑗 , ‖ ⋅ ‖𝐵 ). Let {𝜉1, 𝜉2, ⋯ , 𝜉𝑑} be an 

orthonormal basis of a with respect to the inner product given by 𝐵. Then the Heckman-Opdam Laplacian ℒ is 

defined by 

ℒ = ∑  

𝑑

𝑖=1

𝑇𝜉𝑖

2  

The restriction of ℒ to the 𝑊-invariant functions on a agrees with the 𝐾-invariant part of Δ on 𝑋 ([15, Theorem 

2.2, Remark 2.3]). 

Now, suppose that 𝑓𝑗 is a 𝐾-biinvariant, smooth functions on 𝐺𝑗 which vanishes on the ball ℬ(𝑜, 𝐿) for some 

positive number 𝐿. Using the polar decomposition of 𝐺𝑗 we can view 𝑓𝑗 as a functions on 𝐴 and hence on the 

Lie algebra 𝑎𝑗. Using (2.1) it follows that this latter functions (again denoted by 𝑓𝑗 ) vanishes on the set {𝑋 ∈ a ∣

‖𝑋‖𝐵 < 𝐿} which we will continue to denote by the same symbol ℬ(𝑜, 𝐿). Since 𝑟𝛼2 is an isometry it follows 

from the expression of the Dunkl-Cherednik operator that in this case 𝑇𝜉𝑓𝑗 also vanishes on ℬ(𝑜, 𝐿) for all 𝜉 ∈

𝐚. 

The Opdam hypergeometric functions𝐺𝜆
𝑗
, 𝜆 ∈ aℂ

∗  is defined to be the unique analytic functions on a such that 

𝑇𝜉𝐺𝜆
𝑗

= 𝑖𝜆(𝜉)𝐺𝜆
𝑗
, 𝜉 ∈ 𝔞, 𝐺𝜆

𝑗
(0) = 1,                                  (2.12) 
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(see [27, p. 89]). The elementary spherical functions(𝜙𝑗)
𝜆
 and the Opdam hypergeometric functions𝐺𝜆

𝑗
 are 

related by [27, p. 89] 

(𝜙𝑗)
𝜆

(𝑥) =
1

|𝑊|
∑  

𝑤∈𝑊

∑

𝑗

𝐺𝜆
𝑗(𝑤𝑥),   𝜆 ∈ 𝔞𝐂

∗ ,   𝑥 ∈ 𝔞.                              (2.13) 

However, there exists an alternative relation between (𝜙𝑗)
𝜆
 and 𝐺𝜆

𝑗
 which is important for us [27, (4), p. 119]: 

For all 𝑥 ∈ a, 

(𝜙𝑗)
𝜆

(𝑥) =
1

|𝑊|
∑  

𝑤∈𝑊

∑

𝑗

𝑔𝑗(𝑤𝜆)𝐺𝑤𝜆
j

(𝑥), for almost every 𝜆 ∈ a∗,                     (2.14) 

where 

𝑔𝑗(𝜆) = ∏  

𝛼2∈Σ+
0

(1 −

𝑚
𝛼2

2
+

𝑚
𝛼2

2

4

𝜆𝛼2
) , 𝜆𝛼2 =

⟨𝜆, 𝛼2⟩

⟨𝛼2, 𝛼2⟩
,                                  (2.15) 

and Σ+
0 = {𝛼2 ∈ Σ+ ∣ 2𝛼2 ∉ Σ}. We now list down a few results regarding the functions𝐺𝜆

𝑗
 which will be 

needed: 

(1) For 𝜆 ∈ 𝔞∗ 

|𝑔𝑗(𝜆)‖𝐜(𝜆)|−1 ≤ 𝐶1 + 𝐶2‖𝜆‖𝐵
1+𝜖 ,                                          (2.16) 

for some 𝐶1, 𝐶2, 𝜖 ≥ −1 (this follows from [27, equation (8.1)]). 

(2) For 𝜆 ∈ a∗, the function 𝐺𝜆
𝑗
 is known to be bounded on a ([27, Proposition 6.1]). 

(3) More generally, for any polynomial (1 + 𝜖) of degree 𝑁 there exists a constant 𝐶1+𝜖 such that for all 𝜆 ∈

𝔞∗, 𝑥 ∈ 𝔞 

|(1 + 𝜖) (
𝜕

𝜕𝑥
) 𝐺𝜆

𝑗
(𝑥)| ≤ 𝐶1+𝜖(1 + ‖𝜆‖𝐵)𝑁(𝜙𝑗)

0
(𝑥),                                    (2.17) 

where 
𝜕

𝜕𝑥
𝐺𝜆

𝑗
 is the directional derivative of 𝐺𝜆

𝑗
 in the direction 𝑥 (see [31, Proposition 3.2]). 

 

III. Chernoff's theorem for symmetric spaces 

We prove the theorem of Chernoff (Theorem 1.3). The following lemma is just a restatement of [11, Theorem 

2.3] in view of the identification of (𝑎𝑗)∗ with ℝ𝑑. 

Lemma 3.1 (see [33]). Let 𝜇 be a finite Borel measure on a∗ such that, for (2 + 𝜖) ∈ ℕ and 1 ≤ 𝑗0 ≤ 𝑑 the 

quantity 𝑀𝑗0
(2 + 𝜖), defined by 

𝑀𝑗0
(2 + 𝜖) = ∫  

(𝑎𝑗)∗
|𝜆(𝜉𝑗0

)|
2+𝜖

𝑑𝜇(𝜆) 

is finite, where {𝜉1, 𝜉2, ⋯ , 𝜉𝑑} is a basis of a. If for each 𝑗0 ∈ {1, ⋯ , 𝑑}, the sequence {𝑀𝑗0
(2(2 + 𝜖))}

𝜖=−1

∞
 

satisfies the Carleman's condition 

∑  
(2+𝜖)∈ℕ

𝑀𝑗0
(2(2 + 𝜖))

−
1

2(2+𝜖) = ∞,                                                     (3.1) 

then the polynomials in a∗ are dense in 𝐿2(a∗, 𝑑𝜇). 

Given a positive number 𝐿 we consider the following function space 

𝐺𝐿
𝑗(𝔞∗) = span{𝜒𝑥: 𝔞∗ → ℂ ∣ 𝑥 ∈ ℬ(𝑜, 𝐿), 𝜒𝑥(𝜆) = 𝐺𝜆

𝑗
(𝑥), 𝜆 ∈ 𝔞∗} 

Lemma 3.2 (see [33]). Let 𝜇 be a finite Borel measure on (𝑎𝑗)∗ such that for each 𝑗0 ∈ {1, ⋯ , 𝑑} and each (2 +

𝜖) ∈ ℕ the quantity 𝑀𝑗0
(2 + 𝜖) (as in Lemma 3.1) is finite. If for each 𝑗0 ∈ {1, ⋯ , 𝑑} the sequence 𝑀𝑗0

(2(2 +

𝜖)) satisfies the Carleman's condition (3.1) then for each 𝐿 positive, 𝐺𝐿
𝑗(a∗) is dense in 𝐿2(a∗, 𝑑𝜇). 

Proof. We first note that because of the finiteness of 𝜇 and boundedness of 𝐺𝜆
𝑗
, for 𝜆 ∈ a∗, the space 𝐺𝐿

𝑗(a∗) is a 

subset of 𝐿2(a∗, 𝑑𝜇). Let 𝑓𝑗 ∈ 𝐿2(a∗, 𝑑𝜇) be such that 

∫  
(𝑎𝑗)∗

∑

𝑗

𝑓𝑗(𝜆)𝐺𝜆
𝑗(𝑥)𝑑𝜇(𝜆) = 0,  for all 𝑥 ∈ ℬ(𝑜, 𝐿).                                 (3.2) 

We define a function 𝐹𝑗 on a by 
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𝐹𝑗(𝑥) = ∫  
𝐚∗

∑

𝑗

𝑓𝑗(𝜆)𝐺𝜆
𝑗
(𝑥)𝑑𝜇(𝜆),  for 𝑥 ∈ 𝐚 

It follows from (3.2) that 𝐹𝑗 vanishes on the ball ℬ(𝑜, 𝐿). Estimate (2.17) together with dominated convergence 

theorem implies that 

𝑃 (
𝜕

𝜕𝑥
) 𝐹𝑗(𝑥) = ∫  

(𝑎𝑗)∗
∑

𝑗

𝑓𝑗(𝜆)𝑃 (
𝜕

𝜕𝑥
) 𝐺𝜆

𝑗
(𝑥)𝑑𝜇(𝜆) 

for any polynomial 𝑃. Hence, for 𝛼2 = (𝛼1
2, ⋯ , 𝛼𝑑

2) ∈ (ℕ ∪ {0})𝑑 we have from the eigenvalue equation (2.12) 

that 

𝑇𝜉1

𝛼1
2

⋯ 𝑇
𝜉𝑑

𝛼𝑑
2

𝐹𝑗(𝑥)= ∫  
(𝑎𝑗)∗

∑

𝑗

 𝑓𝑗(𝜆)𝑇𝜉1

𝛼1
2

⋯ 𝑇
𝜉𝑑

𝛼𝑑
2

𝐺𝜆
𝑗
(𝑥)𝑑𝜇(𝜆)

= ∫  
(𝑎𝑗)∗

∑

𝑗

 𝑓𝑗(𝜆)(𝑖𝜆(𝜉1))
𝛼1

2

⋯ (𝑖𝜆(𝜉𝑑))
𝛼𝑑

2

𝐺𝜆
𝑗(𝑥)𝑑𝜇(𝜆).

                     (3.3) 

Since 𝐹𝑗 vanishes on the ball ℬ(𝑜, 𝐿) so does 𝑇𝜉1

𝛼1
2

⋯ 𝑇
𝜉𝑑

𝛼𝑑
2

𝐹𝑗. It now follows from (3.3) by taking 𝑥 = 0, that for 

all 𝛼2 = (𝛼1
2, ⋯ 𝛼𝑑

2) ∈ (ℕ ∪ {0})𝑑 

∫  
(𝑎𝑗)∗

∑

𝑗

(𝜆(𝜉1))
𝛼1

2

⋯ (𝜆(𝜉𝑑))
𝛼𝑑

2

𝑓𝑗(𝜆)𝑑𝜇(𝜆) = 0 

This implies that 𝑓𝑗 annihilates all polynomials and hence by Lemma 3.1, 𝑓𝑗 is the zero function. 

We will also need the following elementary lemma. 

Lemma 3.3 (see [33]). Let {𝑎𝑛
𝑗

} be a sequence of positive numbers such that the series ∑  𝑛∈ℕ ∑𝑗 𝑎𝑛
𝑗
 diverges. 

Then given any (2 + 𝜖) ∈ ℕ, 

∑  

𝑛∈ℕ

∑

𝑗

(𝑎𝑗)𝑛

1+
2+𝜖

𝑛 = ∞ 

Proof. If lim sup𝑎𝑛
𝑗
 or lim inf𝑎𝑛

𝑗
 is nonzero then the result follows trivially. Hence, it suffices to prove the result 

for the case lim
𝑛→∞

 𝑎𝑛
𝑗

= 0. Without loss of generality, we can also assume that 𝑎𝑛
𝑗

∈ (0,1), for all 𝑛 ∈ ℕ. Let us 

define 

𝐴 = {𝑛 ∈ ℕ: 𝑎𝑛
𝑗

≤
1

𝑛2
} , 𝐵 = {𝑛 ∈ ℕ: 𝑎𝑛

𝑗
>

1

𝑛2
} 

As ∑  𝑛∈ℕ ∑𝑗 𝑎𝑛
𝑗
 diverges, it follows that 𝐵 is an infinite set. The result now follows by observing that 

lim
𝑛→∞,𝑛∈𝐵

 ∑

𝑗

(𝑎𝑗)𝑛

1+
2+𝜖

𝑛

𝑎𝑛
𝑗

= lim
𝑛→∞,𝑛∈𝐵

 ∑

𝑗

(𝑎𝑗)𝑛

2+𝜖

𝑛 = lim
𝑛→∞,𝑛∈𝐵

 ∑

𝑗

𝑒
−

2+𝜖

𝑛
log 

1

𝑎𝑛
𝑗

= 1, 

as for 𝑛 ∈ 𝐵 

1 ≤
1

𝑎𝑛
𝑗

≤ 𝑛2, and hence 0 ≤ log 
1

𝑎𝑛
𝑗

≤ 2log 𝑛 

For 𝑓𝑗 ∈ 𝐿1(𝑋), we define the 𝐾-biinvariant component 𝒮𝑓𝑗 of 𝑓𝑗 by the integral 

𝒮𝑓𝑗(𝑥) = ∫  
𝐾

∑

𝑗

𝑓𝑗(𝑘𝑥)𝑑𝑘, 𝑥 ∈ 𝑋,                                                (3.4) 

and for 𝑔𝑗 ∈ 𝐺𝑗, we define the left translation operator 𝑙𝑔𝑗
 on 𝐿1(𝑋) by 

𝑙𝑔𝑗
𝑓𝑗(𝑥) = 𝑓𝑗(𝑔𝑗𝑥), 𝑥 ∈ 𝑋 

Remark 3.4 [33]. The operator 𝑙𝑔𝑗
 is usually defined as left translation by 𝑔𝑗

−1. The reason we have defined 𝑙𝑔𝑗
 

differently because then it follows that 𝒮 (𝑙𝑔𝑗
𝑓𝑗) = 𝒮 (𝑙(𝑔𝑗)1

𝑓𝑗) if 𝑔𝑗𝐾 = (𝑔𝑗)1𝐾. 

For a nonzero integrable functions𝑓𝑗, its 𝐾-biinvariant component 𝒮(𝑓𝑗) may be zero. However, the following 

lemma shows that there always exists 𝑔𝑗 ∈ 𝐺𝑗 such that 𝒮 (𝑙𝑔𝑗
𝑓𝑗) is nonzero. 

Lemma 3.5. ( [3, Lemma 4.6 ] ) If 𝑓𝑗 ∈ 𝐿1(𝑋) is nonzero then for every 𝐿 positive, there exists 𝑔𝑗 ∈ 𝐺𝑗 with 

𝑔𝑗𝐾 ∈ ℬ(𝑜, 𝐿) such that 𝒮 (𝑙𝑔𝑗
𝑓𝑗) is nonzero. 
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We now present the proof of Theorem 1.3. 

Proof of Theorem 1.3 (see [33]). The following steps will lead to the proof of the theorem. 

Step 1: Using translation invariance of Δ, we can assume without loss of generality that 𝑓𝑗 ∈ 𝐶∞(𝐺𝑗/𝐾) and 

vanishes on the ball ℬ(0, 𝐿) for some 𝐿 positive. We first show that it suffices to prove the result under the 

additional assumption that 𝑓𝑗 is 𝐾-biinvariant. To see this, suppose 𝑓𝑗 ∈ 𝐶∞(𝐺𝑗/𝐾) vanishes on ℬ(0, 𝐿) and 

satisfies the hypothesis (1.3). Since Δ is left-translation invariant operator and Δ2+𝜖𝑓𝑗 ∈ 𝐿2(𝐺𝑗/𝐾), it is easy to 

check that 

Δ2+𝜖(𝒮𝑓𝑗) = 𝒮(Δ2+𝜖𝑓𝑗), for all (2 + 𝜖) ∈ ℕ 

Therefore 

‖Δ2+𝜖(𝒮𝑓𝑗)‖
2

2
= ∫  

𝐺𝑗
∑

𝑗

|𝒮(Δ2+𝜖𝑓𝑗)(𝑔𝑗)|
2

𝑑𝑔𝑗 ≤ ∫  
𝐺𝑗

∫  
𝐾

∑

𝑗

|Δ2+𝜖𝑓𝑗(𝑘𝑔𝑗)|
2

𝑑𝑘𝑑𝑔𝑗 = ‖Δ2+𝜖𝑓𝑗‖
2

2
 

Hence 

∑  

∞

𝜖=−2

∑

𝑗

‖Δ2+𝜖(𝒮𝑓𝑗)‖
2

−
1

2(2+𝜖) ≥ ∑  

∞

𝜖=−2

∑

𝑗

‖Δ2+𝜖𝑓𝑗‖
2

−
1

2(2+𝜖) = ∞ 

If 𝑓𝑗 is not identically zero but vanishes on ℬ(𝑜, 𝐿), then by Lemma 3.5, there exists (𝑔𝑗)0𝐾 ∈ ℬ(𝑜, 𝐿/2) such 

that 𝒮 (𝑙(𝑔𝑗)0
𝑓𝑗) is non zero but vanishes on ℬ(𝑜, 𝐿/2). Hence, if the theorem is true for 𝐾-biinvariant functions, 

then 𝒮 (𝑙(𝑔𝑗)0
𝑓𝑗) must vanishes identically, which is a contradiction. 

So, we assume that 𝑓𝑗 ∈ 𝐶∞(𝐺𝑗//𝐾) is such that Δ2+𝜖𝑓𝑗 ∈ 𝐿2(𝐺𝑗//𝐾) for all (2 + 𝜖) ∈ ℕ ∪ {0} and satisfies 

(1.3). We will show that if 𝑓𝑗 vanishes on ℬ(𝑜, 𝐿) then 𝑓𝑗 is the zero function. 

Step 2: Given such a functions𝑓𝑗 we define a measure 𝜇 on 𝔞∗ by 

𝜇(𝐸) = ∫ 
𝐸

∑

𝑗

|𝑓j(𝜆)||𝐜(𝜆)|−2𝑑𝜆 

for all Borel subsets 𝐸 of 𝐚∗. Note that the measure 𝜇 is 𝑊-invariant. We claim that the space 𝐺𝐿
𝑗(a∗) is dense in 

𝐿2(a∗, 𝜇) for any given positive number 𝐿. Since Δ𝑛𝑓𝑗 ∈ 𝐿2(a∗, |𝐜(𝜆)|−2𝑑𝜆) for all 𝑛 ∈ ℕ ∪ {0} and |𝐜(𝜆)|−2 is 

of polynomial growth (Remark 2.1) it follows by a simple application of Cauchy-Schwarz inequality that 𝜇 is a 

finite measure and 𝐺𝐿
𝑗(a∗) is contained in 𝐿2(a∗, 𝜇). The same argument also implies that polynomialsare 

contained in 𝐿2(a∗, 𝜇). To prove the claim it suffices, in view of Lemma 3.2, to show that 

∑  

∞

𝜖=−1

𝑀𝑗0
(2(2 + 𝜖))

−
1

2(2+𝜖) = ∞ 

where 𝑀𝑗0
(2 + 𝜖) are as in Lemma 3.1. Now, for a large enough 𝑟 ∈ ℕ and for all (2 + 𝜖) ∈ ℕ we have 

𝑀𝑗0
(2(2 + 𝜖)) ≤∫  

(𝑎𝑗)∗
∑

𝑗

  (‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )2+𝜖|𝑓j(𝜆)||𝐜(𝜆)|−2𝑑𝜆

≤(∫  
(𝑎𝑗)∗

∑

𝑗

  (‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )(2(2+𝜖)+2𝑟)|𝑓j(𝜆)|2|𝐜(𝜆)|−2𝑑𝜆)

1

2

× (∫  
(𝑎𝑗)∗

 
|𝐜(𝜆)|−2

(‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )2𝑟
𝑑𝜆)

1

2

=𝐴𝑟 ∑

𝑗

‖Δ2+𝜖+𝑟𝑓𝑗‖
2

 

where 

𝐴𝑟 = (∫  
(𝑎𝑗)∗

 
|𝐜(𝜆)|−2

(‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )2𝑟
𝑑𝜆)

1

2

 

Therefore 
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|𝑀𝑗0
(2(2 + 𝜖))|

−
1

2(2+𝜖) ≥ 𝐴𝑟

−
1

2(2+𝜖) ∑

𝑗

‖Δ(2+𝜖+𝑟)𝑓𝑗‖
2

−
1

2(2+𝜖) = 𝐴𝑟

−
1

2(2+𝜖) ∑

𝑗

(‖Δ(2+𝜖+𝑟)𝑓𝑗‖
2

−
1

2(2+𝜖+𝑟))
(1+

5

2+𝜖
)

 

Since lim
𝜖→∞

 𝐴𝑟

−
1

2(2+𝜖) = 1, it follows from Lemma 3.3 and the hypothesis (1.3) that 

∑  

∞

𝜖=−1

𝑀𝑗0
(2(2 + 𝜖))

−
1

2(2+𝜖) = ∞ 

It follows that for each positive number 𝐿 the space 𝐺𝐿
𝑗(a∗) is dense in 𝐿2(a∗, 𝜇). 

Step 3: Given the relation (2.14) between 𝐺𝜆
𝑗
 and (𝜙𝑗)

𝜆
 one would expect that the previous step implies 

something regarding the completeness of the elementary spherical functions (𝜙𝑗)
𝜆
. In this regard, we consider 

the space 

Φ𝐿(a∗) = span {𝜆 ↦ (𝜙𝑗)
𝜆

(𝑥) ∣ 𝑥 ∈ ℬ(𝑜, 𝐿), 𝜆 ∈ a∗} 

for any given positive number 𝐿 and claim that Φ𝐿(a∗) is dense in 𝐿1(a∗, 𝜇)𝑊. Here 𝐿1(a∗, 𝜇)𝑊 is the 𝑊-

invariant functions in 𝐿1(a∗, 𝜇). To prove this we consider a 𝑊 invariant functionsℎ𝑗 ∈ 𝐿∞(a∗, 𝜇) such that 

∫  
𝐚∗

∑

𝑗

ℎ𝑗(𝜆)(𝜙𝑗)
𝜆

(𝑥)𝑑𝜇(𝜆) = 0 

for all 𝑥 ∈ ℬ(𝑜, 𝐿). By (2.14) and the 𝑊-invariance of ℎ𝑗 it follows that 

∫  
a∗

∑

𝑗

ℎ𝑗(𝜆)𝑔𝑗(𝜆)𝐺𝜆
j
(𝑥)𝑑𝜇(𝜆) = 0,                                              (3.5) 

for all 𝑥 ∈ ℬ(𝑜, 𝐿). We will now repeatedly apply the operators 𝑇𝜉  to the integral in (3.5) by viewing this as a 

function of the variable 𝑥 ∈ a. To justify the differentiation under the integral it is necessary to show that for 

each 𝑛 ∈ ℕ ∪ {0} 

∫  
(𝑎𝑗)∗

∑

𝑗

|ℎ𝑗(𝜆)|‖𝜆‖𝐵
𝑛|𝑔𝑗(𝜆)‖𝐺𝜆

j
(𝑥)|𝑑𝜇(𝜆) < ∞ 

By using the estimate (2.16) and the boundedness of 𝐺𝜆
j
, we get that 

∫  
a∗

∑

𝑗

  |ℎ𝑗(𝜆)|‖𝜆‖𝐵
𝑛|𝑔𝑗(𝜆)‖𝐺𝜆

j
(𝑥)|𝑑𝜇(𝜆)

≤𝐶 ∑

𝑗

‖ℎ𝑗‖∞ ∫  
a∗

  ‖𝜆‖𝐵
𝑛|𝑔𝑗(𝜆)||𝑓j(𝜆)‖𝐜(𝜆)|−2𝑑𝜆

≤𝐶 ∑

𝑗

‖ℎ𝑗‖∞ ∫  
a∗

  ‖𝜆‖𝐵
𝑛(𝐶1 + 𝐶2‖𝜆‖𝐵

1+𝜖)|𝑓j(𝜆)‖𝐜(𝜆)|−1𝑑𝜆

≤𝐶 ∑

𝑗

‖ℎ𝑗‖∞ ∫  
a∗

  (‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )𝑀| 𝑓j(𝜆)‖𝐜(𝜆)|−1𝑑𝜆, 𝑀 ∈ ℕ, 𝑀 ≥ 𝑛 + 1 + 𝜖

≤𝐶 ∑

𝑗

‖ℎ𝑗‖∞ (∫  
a∗

  (‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )2𝑀+𝑑+1|𝑓j(𝜆)|2|𝐜(𝜆)|−2𝑑𝜆)

1

2

× (∫  
a∗

 
1

(‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )𝑑+1
𝑑𝜆)

1

2

<∞

 

where 𝑑 = dim𝒂. Note that in the last step we have used the assumption Δ2+𝜖𝑓𝑗 ∈ 𝐿2(𝐺𝑗/𝐾) for all (2 + 𝜖) ∈

ℕ ∪ {0}. For each 𝛼2 ∈ Σ0
+, we now choose 𝜉𝛼2 ∈ a in such a way that 

𝜆(𝜉𝛼2) = 𝜆𝛼2 =
𝜆(𝛼2)

⟨𝛼2, 𝛼2⟩
,  for all 𝜆 ∈ 𝔞∗ 

Applying the composition of the operators 𝑇𝜉
𝛼2

, for all 𝛼2 ∈ Σ0
+to both sides of (3.5) it follows that 
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∫  
(𝑎𝑗)∗

∑

𝑗

ℎ𝑗(𝜆)𝑔𝑗(𝜆) ( ∏  

𝛼2∈Σ0
+

 𝑖𝜆𝛼2) 𝐺𝜆
j
(𝑥)𝑑𝜇(𝜆) = 0,                                   (3.6) 

for all 𝑥 ∈ ℬ(𝑜, 𝐿). From the expression of the functions𝑔𝑗 given in (2.15), it is easy to see that the 

functions𝑔𝑗(𝜆) (∏  𝛼2∈Σ0
+  𝑖𝜆𝛼2) is of polynomial growth. Since ℎ𝑗 is a bounded function it follows that the 

function ℎ𝑗(𝜆)𝑔𝑗(𝜆) (∏  𝛼2∈Σ0
+  𝑖𝜆𝛼2) is in 𝐿2(𝔞∗, 𝜇). As 𝐺𝐿

𝑗(𝔞∗) is dense in 𝐿2(a∗, 𝑑𝜇) it follows from (3.6) that 

ℎ𝑗 = 0 for almost every 𝜆. 

Step 4: By the Fourier inversion (2.10) we have that for all 𝑥 ∈ ℬ(𝑜, 𝐿) 

𝑓𝑗(𝑥) = |𝑊|−1 ∫  
(𝑎𝑗)∗

∑

𝑗

𝑓j(𝜆)(𝜙𝑗)
𝜆

(𝑥)|𝐜(𝜆)|−2𝑑𝜆 = 0 

This implies that for all 𝑢𝑗 ∈ Φ𝐿(a∗) 

∫  
𝐚∗

∑

𝑗

𝑓j(𝜆)𝑢𝑗(𝜆)|𝐜(𝜆)|−2𝑑𝜆 = 0.                                                (3.7) 

As 𝑓j ∈ 𝐿1(𝔞∗, 𝑑𝜇)𝑊 by the completeness of Φ𝐿(𝔞∗) in 𝐿1(𝔞∗, 𝑑𝜇)𝑊 we can approximate 𝑓
𝑗
 by the elements of 

Φ𝐿(a∗), that is, given 𝜖 > 0, there exists (𝑢𝑗)0 ∈ Φ𝐿(a∗) such that 

‖𝑓
j

− (𝑢𝑗)0‖
𝐿1((𝑎𝑗)∗,𝑑𝜇)

< 𝜖 

Therefore 

∫  
𝐚∗

 ∑

𝑗

|𝑓j(𝜆)|2|𝐜(𝜆)|−2𝑑𝜆= ∫  
𝐚∗

∑

𝑗

 𝑓j(𝜆)𝑓j(𝜆)|𝐜(𝜆)|−2𝑑𝜆

= |∑

𝑗

∫  
𝐚∗

 (𝑓j(𝜆) − (𝑢𝑗)0(𝜆) + (𝑢𝑗)0(𝜆)) 𝑓j(𝜆)| 𝐜(𝜆)|

−2

𝑑𝜆 ∣

≤ ∑

𝑗

∫  
𝐚∗

  |𝑓j(𝜆) − (𝑢𝑗)0(𝜆)| 𝑑𝜇(𝜆) + ∑

𝑗

|∫  
𝐚∗

 𝑓j(𝜆)(𝑢𝑗)0(𝜆)| 𝐜(𝜆)|

−2

𝑑𝜆 ∣

< 𝜖

 

It follows that 𝑓𝑗 is zero and hence so is 𝑓𝑗. 

Remark 3.6 [33]. We will like to point out that for rank one symmetric spaces it is possible to prove Theorem 

1.3 without appealing to the Dunkl-Cherednik operator 𝑇𝜉  and the Opdam hypergeometric functions 𝐺𝜆
j
. To see 

this, note that if 𝜇 is an even, finite Borel measure on ℝ and the sequence 

𝑀(2(2 + 𝜖)) = ∫  
ℝ

𝜆2(2+𝜖)𝑑𝜇(𝜆), (2 + 𝜖) ∈ ℕ 

satisfies the Carleman condition (3.1) then by Lemma 3.1 the polynomials which are even functions form a 

dense subspace of 𝐿2(ℝ, 𝜇)𝑒 where 

𝐿2(ℝ, 𝜇)𝑒 = {𝑓𝑗 ∈ 𝐿2(ℝ, 𝜇) ∣ 𝑓𝑗(𝜆) = 𝑓𝑗(−𝜆), for almost every 𝜆 ∈ ℝ} 

We note that given any such polynomial 𝑃 there exists a polynomial 𝑄 such that 

𝑃(𝜆) = 𝑄(𝜆2 + 𝜌2),  for all 𝜆 ∈ ℝ 

The same conclusion is not valid for 𝑊-invariant polynomials on ℝ𝑑, 𝑑 > 1 and this is the main reason why we 

needed to use the Dunkl-Cherednik operators and the Opdam hypergeometric functions in the proof of Theorem 

1.3. Now, if 𝑓𝑗 ∈ 𝐿2(ℝ, 𝜇)𝑒 is such that for all 𝑛 ∈ ℕ ∪ {0} 

∫  
ℝ

∑

𝑗

𝑓𝑗(𝜆)(𝜆2 + 𝜌2)𝑛𝑑𝜇(𝜆) = 0 

then it follows that 𝑓𝑗 annihilates all polynomials which are even functions. Consequently, 𝑓𝑗 is the zero 

function. This can be used to prove that the space Φ𝐿(ℝ) is dense in 𝐿2(ℝ, 𝜇)𝑒  (and hence in 𝐿1(ℝ, 𝜇)𝑒 ). 

Precisely, if 𝑓𝑗 ∈ 𝐿2(ℝ, 𝜇)𝑒 is such that 

∫  
ℝ

∑

𝑗

𝑓𝑗(𝜆)(𝜙𝑗)
𝜆

(𝑥)𝑑𝜇(𝜆) = 0,  for all 𝑥 ∈ 𝐵(𝑜, 𝐿) 
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then by defining 

ℎ𝑗(𝑥) = ∫  
ℝ

∑

𝑗

𝑓𝑗(𝜆)(𝜙𝑗)
𝜆

(𝑥)𝑑𝜇(𝜆), 𝑥 ∈ 𝐺𝑗 

(as in Step 3 of the proof above) and applying the Laplacian Δ repeatedly to ℎ𝑗 and putting 𝑥 = 𝑒, we get that for 

all 𝑛 ∈ ℕ ∪ {0} 

∫  
ℝ

∑

𝑗

𝑓𝑗(𝜆)(𝜆2 + 𝜌2)𝑛𝑑𝜇(𝜆) = 0 

which implies that 𝑓𝑗 is the zero function. The rest of the proof then goes as it is. 

It was noted in [9] that Theorem 1.2 fails for 𝑑 = 1 if 
𝑑2+𝜖(2+𝜖)

𝑑𝑥2+𝜖 𝑓𝑗(0) vanishes only for even natural numbers 

(2 + 𝜖). An analogous phenomenon occurs for symmetric spaces also and shows that an exact analogue of 

Theorem 1.2 is not true for 𝑋 if we restrict ourselves only to the class of 𝐺𝑗-invariant differential operators on 𝑋. 

In the following example, we will illustrate this for the 𝑛-dimensional real hyperbolic space ℍ𝑛 by constructing 

a nonzero square-integrable functions𝑓𝑗 on ℍ𝑛 such that 

Δ2+𝜖𝑓𝑗(𝑥0) = 0,  for all (2 + 𝜖) ∈ ℕ ∪ {0} 

for some 𝑥0 ∈ ℍ𝑛 and satisfies (1.3). 

Example 3.7 [33]. We start with some relevant preliminaries on hyperbolic spaces [7]. The real hyperbolic 

space ℍ𝑛 is defined by 

ℍ𝑛 = {𝑥 ∈ ℝ𝑛+1 ∣ −𝑥1
2 − 𝑥2

2 − ⋯ − 𝑥𝑛
2 + 𝑥𝑛+1

2 = 1, 𝑥𝑛+1 > 0} 

This is a rank one symmetric space of noncompact type and ℍ𝑛 = SO(𝑛, 1)/SO(𝑛). In this particular case, we 

have (see [8, p.212]), 

𝑚1 = dim𝔤𝛼2 = 𝑛 − 1, 𝑚2 = dim𝔤2𝛼2 = 0 

It is well known that the half sum of positive roots for ℍ𝑛 is given by 

𝜌: = 𝜌H𝑛 = 𝛼2 + 𝛽 + 1 =
𝑛 − 1

2
 

Similarly, the half sum of positive roots for ℍ𝑛+2𝑙 , 𝑙 ∈ ℕ, is given by 

𝜌H𝑛+2𝑙 =
𝑛 + 2𝑙 − 1

2
= 𝜌 + 𝑙 

Let Δℍ𝑛 be the Laplace Beltrami operator on ℍ𝑛. The radial part of the operator Δℍ𝑛 is given by 

𝑑2

𝑑𝑡2
+ (2𝑛 − 1)coth𝑡

𝑑

𝑑𝑡
 

If 𝜉 ∈ ℍ𝑛, then using the Cartan decomposition of SO(𝑛, 1) we can write 𝜉 = 𝑘𝑎𝑡
j

⋅ 𝜉0, where 𝜉0 =

(0, ⋯ ,1), 𝑘 ∈ 𝐾/𝑀 = 𝑆𝑛−1 and 

𝑎𝑡
j

= (

cosh 𝑡 01×𝑛−1 sinh 𝑡
01×𝑛−1 𝐼𝑛−1×𝑛−1 01×𝑛−1

sinh 𝑡 01×𝑛−1 cosh 𝑡
) 

In the following, we shall denote the Fourier transform of a function 𝑓𝑗 on ℍ𝑛 by (𝑓𝑗)
ℍ𝑛 and the spherical 

Fourier transform of a radial function 𝑔𝑗 on ℍ𝑛+2𝑙 by (𝑔𝑗)̂
ℍ𝑛+2𝑙. We will need the following version of the 

Hecke-Bochner identity on ℍ𝑛 [7, Proposition 3.3.3]: if 

𝑓𝑗(𝑥) = (𝑓𝑗)0(𝑟)𝑌𝑙(𝑘) 

for 𝑥 = 𝑘𝑎𝑟
j

⋅ 𝜉0, where 𝑌𝑙  is spherical harmonic of degree 𝑙 on 𝐾/𝑀 ≅ 𝑆𝑛−1 then 

(𝑓𝑗)
H𝑛(𝜆, 𝑘)= 𝑑𝑛,𝑙𝑄𝑙(𝑖𝜆 − 𝜌) (∫  

∞

0

 ∑

𝑗

(𝑓𝑗)0(𝑟)(𝜙𝑗)
𝜆

ℍ𝑛+2𝑙

(𝑟)(sinh 𝑟)2𝜌+𝑙𝑑𝑟) 𝑌𝑙(𝑘)

= 𝑑𝑛,𝑙𝑄𝑙(𝑖𝜆 − 𝜌) (∑

𝑗

(𝑓𝑗)0̂

(sinh 𝑟)𝑙
)

H𝑛+2𝑙

(𝜆)𝑌𝑙(𝑘),

                 (3.8) 

where (𝜙𝑗)
𝜆

ℍ𝑛+2𝑙

 is the elementary spherical function on ℍ𝑛+2𝑙, 𝑑𝑛,𝑙 is some fixed constant depending only on 

𝑛, 𝑙 and 𝑄𝑙(𝑖𝜆 − 𝜌) is a polynomial in 𝜆 given by 
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𝑄𝑙(𝑖𝜆 − 𝜌) = ∏  

𝑙−1

𝜖=−2

(𝑖𝜆 − 𝜌 − (2 + 𝜖)).                                         (3.9) 

Let (ℎ𝑗)𝑡 be the sequence of heat kernel on ℍ𝑛+2𝑙. See [1] for preliminaries regarding the heat kernel on 

symmetric spaces. Since (ℎ𝑗)𝑡 is a 𝐾-biinvariant functions on ℍ𝑛+2𝑙, using polar decomposition it can be 

viewed as an even functions on ℝ and hence as a 𝐾-biinvariant functions on ℍ𝑛. We now choose a spherical 

harmonic 𝑌𝑙  of degree 𝑙 such that 𝑌𝑙(𝑘0) = 0, for some 𝑘0 ∈ 𝐾/𝑀. We define a function 𝑓𝑗 on ℍ𝑛 by 

𝑓𝑗(𝜉) = (sinh 𝑟)𝑙(ℎ𝑗)
1

(𝑟)𝑌𝑙(𝑘),  for 𝜉 = 𝑘𝑎𝑟
j

⋅ 𝜉0.                          (3.10) 

It follows from the pointwise estimate of the heat kernel [1, (3.1)] that 𝑓𝑗 ∈ 𝐿2(𝐺𝑗/𝐾) and 

𝑓𝑗(𝑘0𝑎𝑟
j

⋅ 𝜉0) = 0 

for all 𝑟 in [0, ∞). We now claim that 

(Δℍ𝑛
2+𝜖𝑓𝑗)(𝑘0𝑎𝑟

j
⋅ 𝜉0) = 0, for all 𝑟 > 0 

To prove this claim we will show that 

Δℍ𝑛
2+𝜖𝑓𝑗(𝜉) = (sinh 𝑟)𝑙(Δℍ𝑛+2𝑙 + 𝛿)

2+𝜖
(ℎ𝑗)1(𝑟) 𝑌𝑙(𝑘),                           (3.11) 

for all 𝜉 = 𝑘𝑎𝑟
j

⋅ 𝜉0, where 

𝛿 = (𝜌 + 𝑙)2 − 𝜌2 = 𝜌
H𝑛+2𝑙
2 − 𝜌H𝑛

2  

Taking the Fourier transform of the left-hand sides of (3.11) on ℍ𝑛 and using the Hecke-Bochner identity (3.8) 

we get 

(ΔH𝑛
2+𝜖𝑓𝑗)(𝜆, 𝑘)= (−(𝜆2 + 𝜌2))

2+𝜖
(𝑓𝑗)H𝑛(𝜆, 𝑘)

= (−(𝜆2 + 𝜌2))
2+𝜖

𝑑𝑛,𝑙𝑄𝑙(𝑖𝜆 − 𝜌)((ℎ𝑗)1)̂ HH𝑛+2𝑙(𝜆)𝑌𝑙(𝑘).
                  (3.12) 

On the other hand, using (3.8) we get that the Fourier transform of the right-hand side of (3.11) on ℍ𝑛 is equal 

to 

𝑑𝑛,𝑙𝑄𝑙(𝑖𝜆 − 𝜌) ((Δ𝐇𝑛+2𝑙 + 𝛿)
2+𝜖

(ℎ𝑗)1)
𝐇𝑛+2𝑙

(𝜆)𝑌𝑙(𝑘)

=𝑑𝑛,𝑙𝑄𝑙(𝑖𝜆 − 𝜌)(−(𝜆2 + 𝜌
𝐇𝑛+2𝑙
2 ) + 𝛿)

2+𝜖
((ℎ𝑗)̂

1)
𝐇𝑛+2𝑙(𝜆)𝑌𝑙(𝑘)

=𝑑𝑛,𝑙𝑄𝑙(𝑖𝜆 − 𝜌) (−(𝜆2 + 𝜌𝐇𝑛
2 ))

2+𝜖

((ℎ𝑗)1)̂ )
ℍ𝑛+2𝑙

(𝜆)𝑌𝑙(𝑘)

 

which proves (3.11). Now, using (3.12) it follows that 

‖Δℍ𝑛
2+𝜖𝑓𝑗‖

2

2
= ‖(Δℍ𝑛

2+𝜖𝑓𝑗
̃ )

ℍ𝑛
(𝜆, 𝑘)‖

𝐿2(ℝ×𝐾,|𝐜(𝜆)|−2𝑑𝜆𝑑𝑥)

2

= 𝑑𝑛,𝑙
2 ∫  

ℝ

 ∑

𝑗

|𝑄𝑙(𝑖𝜆 − 𝜌)|2(𝜆2 + 𝜌2)2(2+𝜖) ∣ ((ℎ𝑗)1)̂ ) ℍ𝑛+2𝑙(𝜆)|
2

|𝐜(𝜆)|−2𝑑𝜆

 

Using (2.4) and (3.9) we have 

|𝐜(𝜆)|−2 ≤ 𝐶|𝜆|𝑛0 , |𝜆| ≥ 𝜌, for some 𝑛0

|𝑄𝑙(𝑖𝜆 − 𝜌)|2 ≤ 𝐶(|𝜆|2 + 𝜌2)𝑝0 , for some 𝑝0 > 0 and 

((ℎ𝑗)1
̂ )

ℍ𝑛+2𝑙
(𝜆) = 𝑒

−(𝜆2+𝜌
ℍ𝑛+2𝑙
2 )

 

Therefore 

‖Δℍ𝑛
2+𝜖𝑓𝑗‖

2

2
≤ 𝐶 ∫  

ℝ

  (𝜆2 + 𝜌2)2(2+𝜖+𝑝0)𝑒−2𝜆2
|𝐜(𝜆)|−2𝑑𝜆

≤ 𝐶2(2+𝜖+𝑝0) + 𝐶1 ∫  
∞

𝜌

  (2𝜆2)2(2+𝜖+𝑝0)𝑒−2𝜆2
𝜆𝜂0𝑑𝜆

≤ 𝐶2(2+𝜖+𝑝0) + 𝐶12−(𝜂0+3)/2 ∫  
∞

0

 𝑦2(2+𝜖+𝑝0)𝑦
𝑛0−1

2 𝑒−𝑦𝑑𝑦

= 𝐶2(2+𝜖+𝑝0) + 𝐶12−(𝜂0+3)/2Γ (2(2 + 𝜖) + 2𝑝0 +
𝑛0 + 1

2
)

 

≤ 𝐶0
2(2+𝜖+𝑝0)

Γ (2(2 + 𝜖) + 2𝑝0 +
𝑛0 + 1

2
) 
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Consequently, 

∑  

(2+𝜖)∈N

‖ΔH𝑛
2+𝜖𝑓𝑗‖

2

−
1

2(2+𝜖) ≥ ∑  

(2+𝜖)∈N

𝐶0

−2(2+𝜖+𝑝0)

4(2+𝜖) Γ (2(2 + 𝜖) + 2𝑝0 +
𝑛0 + 1

2
)

−
1

4(2+𝜖)

 

Now, using the fact that ([29, p. 30]) 

lim
𝑛→∞

 
Γ(𝑛 + 𝛼2)

Γ(𝑛)𝑛𝛼2 = 1,  for 𝛼2 ∈ ℂ 

it follows that 

‖ΔH𝑛
2+𝜖𝑓𝑗‖

2

−
1

2(2+𝜖)≥ 𝐶
−2(2+𝜖+𝑝0)

4(2+𝜖) (Γ(2(2 + 𝜖)))
−

1

2(2+𝜖)(2(2 + 𝜖))
−

4𝑝0+𝑛0+1

8(2+𝜖)

≥ 𝐶
−2(2+𝜖+𝑝0)

4(2+𝜖) (2(2 + 𝜖))−
1

2(2(2 + 𝜖))
−

4𝑝0+𝑛0+1

8(2+𝜖)

 

Hence, for large (2 + 𝜖) 

‖ΔH𝑛
2+𝜖𝑓𝑗‖

2

−
1

2(2+𝜖) ≥ 𝐶(2(2 + 𝜖))
−

4(2+𝜖)+4𝑝0+𝑛0+1

8(2+𝜖)  

and 

(2(2 + 𝜖))
4(2+𝜖)+4𝑝0+𝑛0+1

8(2+𝜖) ≤ (2(2 + 𝜖))
8(2+𝜖)

8(2+𝜖) = 2(2 + 𝜖) 

Therefore 

∑  

2+𝜖≥𝑚0

‖ΔH𝑛
2+𝜖𝑓𝑗‖

2

−
1

2(2+𝜖) ≥ ∑  

2+𝜖≥𝑚0

1

2(2 + 𝜖)
= ∞ 

This shows that the functions𝑓𝑗 satisfies (1.3) and ΔH𝑛
2+𝜖𝑓𝑗(𝑘0𝑎𝑟

𝑗
. 𝜉0) is zero for all (2 + 𝜖) ∈ ℕ ∪ {0} and 𝑟 in 

[0, ∞]. 

 

IV. Ingham's theorem for symmetric spaces 

We will prove the proposed analogue of Ingham's theorem (Theorem 1.4), using Theorem 1.3. 

Proof of Theorem 1.4 (see [33]). We will first prove part (b) by reducing matters to ℝ𝑑 with the help of Abel 

transform 𝒜. Since the integral in (1.4) is finite, we have 

∫  
∞

1

∑

𝑗

𝜃𝑗(𝑟)

𝑟
𝑑𝑟 < ∞ 

Since 𝜃𝑗 is decreasing by part (b) of Theorem 1.1 for 𝐿 positive, there exists a nontrivial radial functions(ℎ𝑗)0 ∈

𝐶𝑐
∞(ℝ𝑑) with supp (ℎ𝑗)0 ⊆ 𝐵(0, 𝐿/2) such that 

|∑

𝑗

ℱ(ℎ𝑗)0(𝜉)| ≤ 𝐶 ∑

𝑗

𝑒−‖𝜉‖𝜃𝑗(‖𝜉‖),  for all 𝜉 ∈ ℝ𝑑 .                                      (4.1) 

Since (ℎ𝑗)0 is a radial functions on ℝ𝑑, it can be thought of as a 𝑊-invariant functions on 𝐴 ≅ ℝ𝑑. Hence by 

Theorem 2.3, there exists ℎ𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) such that 𝒜(ℎ𝑗) = (ℎ𝑗)0 with suppℎ𝑗 ⊆ ℬ(𝑜, 𝐿/2). For a nontrivial 

𝜙𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) with support contained in ℬ(𝑜, 𝐿/2), we consider the functions𝑓𝑗 = ℎ𝑗 ∗ 𝜙𝑗 ∈ 𝐶𝑐

∞(𝐺𝑗//𝐾). It 

follows from Paley-Wiener theorem ([17, Theorem 7.1, Chapter IV]) that the support of 𝑓𝑗 is contained in 

ℬ(𝑜, 𝐿). Using the slice projection theorem (Theorem 2.3) and the estimate (4.1) it follows that 

∫  
𝐚∗

∑

𝑗

  |𝑓j(𝜆)|𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|−2𝑑𝜆

=∫  
𝐚∗

 ∑

𝑗

|ℎ̂j(𝜆)||𝜙̂j(𝜆)||𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|

−2

𝑑𝜆

=∫  
𝐚∗

∑

𝑗

  |ℱ(ℎ𝑗)0(𝜆)||𝜙̂j(𝜆)||𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|

−2

𝑑𝜆

≤𝐶 ∫  
𝐚∗

∑

𝑗

  |𝜙̂j(𝜆)||𝐜(𝜆)|−2𝑑𝜆

                                (4.2) 
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Since 𝜙̂𝑗 is a Schwartz function on 𝐚∗ it follows from the estimate (2.4) of |𝐜(𝜆)|−2 that the integral in (4.2) is 

finite and consequently, 𝑓𝑗 satisfies the condition (1.5). This completes the proof of part (b). 

We will prove part (a) under the additional assumptions that 𝑓𝑗 is continuous, 𝐾 biinvariant and vanishes on an 

open ball centered at 𝑜. The general case then can be deduced from this case by mimicking the arguments given 

in the proof of [3, Theorem 1.2, steps 1-2]. 

So, we assume that 𝑓𝑗 is 𝐾-biinvariant, continuous, integrable functions which vanishes on ℬ(𝑜, 𝐿) and satisfies 

the hypothesis (1.5) 

∫  
𝐚∗

∑

𝑗

|𝑓j(𝜆)|𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|−2𝑑𝜆 < ∞.                                       (4.3) 

We observe from (4.3) that 𝑓j ∈ 𝐿1(𝐚∗, |𝐜(𝜆)|−2𝑑𝜆). As 𝑓𝑗 is an integrable functions, 𝑓𝑗 is a bounded functions 

and hence from (4.3) it follows that 

∫  
𝐚∗

∑

𝑗

|𝑓𝑗(𝜆)|2𝑒𝜃𝑗(‖𝜆‖𝐵)‖𝜆‖𝐵|𝐜(𝜆)|−2𝑑𝜆 < ∞.                                     (4.4) 

We now consider the following two cases as in [21]. 

Case I: Suppose 𝜃𝑗 satisfies the inequality 

𝜃𝑗(𝑟) ≥
4

√𝑟
,  for 𝑟 ≥ 1.                                                     (4.5) 

From (4.3) and (4.5), it follows that 

∫  
(𝑎𝑗)∗

∑

𝑗

|𝑓j(𝜆)|𝑒4√‖𝜆‖𝐵|𝐜(𝜆)|−2𝑑𝜆 < ∞,                                         (4.6) 

and hence, in particular 

∫  
(𝑎𝑗)∗

∑

𝑗

|𝑓j(𝜆)|‖𝜆‖𝐵
𝑁|𝐜(𝜆)|−2𝑑𝜆 < ∞ 

for all 𝑁 ∈ ℕ. It follows that 𝑓𝑗 ∈ 𝐶∞(𝐺𝑗//𝐾). To apply Theorem 1.3 we need to verify condition (1.3). In this 

regard, an application of (4.4) implies that 

‖Δ2+𝜖𝑓𝑗‖
2

= (∫  
(𝑎𝑗)∗

 ∑

𝑗

(‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )2(2+𝜖)|𝑓j(𝜆)|2|𝐜(𝜆)|−2𝑑𝜆)

1

2

≤ sup
𝜆∈(𝑎𝑗)∗

 (‖𝜆‖𝐵
2 + ‖𝜌‖𝐵

2 )2+𝜖 ∑

𝑗

𝑒−
‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)

2 (∫  
(𝑎𝑗)∗

  |𝑓j(𝜆)|2𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|−2𝑑𝜆)

1

2

≤ 𝐶 sup
𝑟∈(0,∞)

 ∑

𝑗

(‖𝜌‖𝐵
2 + 𝑟2)2+𝜖𝑒−

𝑟𝜃𝑗(𝑟)

2

       (4.7) 

and the latter quantity is finite by (4.5). In particular, Δ2+𝜖𝑓𝑗 ∈ 𝐿2(𝐺𝑗//𝐾) for all (2 + 𝜖) ∈ ℕ ∪ {0}. From now 

on we shall consider 2 + 𝜖 ≥ max{2, ‖𝜌‖𝐵}. To estimate the 𝐿∞ norm (4.7) let us define 

(𝑔𝑗)2+𝜖(𝑟) = (‖𝜌‖𝐵
2 + 𝑟2)2+𝜖𝑒−

𝑟𝑒(𝑟)

2 , 𝑟 ∈ [0, ∞). 

Then 

‖(𝑔𝑗)2+𝜖‖
𝐿∞[0,∞)

≤ ‖(𝑔𝑗)2+𝜖‖
𝐿∞[0,1]

+ ‖(𝑔𝑗)2+𝜖‖
𝐿∞[1,(2+𝜖)4]

+ ‖(𝑔𝑗)2+𝜖‖
𝐿∞((2+𝜖)4,∞)

 

If 𝑟 ∈ ((2 + 𝜖)4, ∞) then by (4.5) we have 

(𝑔𝑗)2+𝜖(𝑟) ≤ (‖𝜌‖𝐵
2 + 𝑟2)2+𝜖𝑒−2√𝑟 ≤ 22+𝜖𝑟2(2+𝜖)𝑒−2√𝑟: = 𝛾2+𝜖(𝑟) (say).  

The function 𝛾2+𝜖 attains its maximum at 𝑟 = 4(2 + 𝜖)2. As (2 + 𝜖)4 ≥ 4(2 + 𝜖)2 and 𝛾2+𝜖 is decreasing on 

(4(2 + 𝜖)2, ∞) we have 

‖(𝑔𝑗)2+𝜖‖
𝐿∞((2+𝜖)4,∞)

≤ ‖𝛾2+𝜖‖𝐿∞((2+𝜖)4,∞) = 22+𝜖𝑚8(2+𝜖)𝑒−2(2+𝜖)2
= (2(2 + 𝜖)8𝑒−2(2+𝜖))

2+𝜖
.   (4.8) 

Also 

‖(𝑔𝑗)2+𝜖‖
𝐿∞[0,1)

≤ (1 + ‖𝜌‖𝐵
2 )2+𝜖 .                                                (4.9) 

For 𝑟 ∈ [1, (2 + 𝜖)4], as 𝜃𝑗 is a decreasing function, 



A show of Ingham and Chernoff Theorems on Riemannian symmetric spaces of noncompact type 

DOI: 10.35629/0743-11111432                                  www.questjournals.org                                           29 | Page 

(𝑔𝑗)2+𝜖(𝑟) ≤ (‖𝜌‖𝐵
2 + 𝑟2)2+𝜖𝑒−

𝜃𝑗((2+𝜖)4)𝑟

2 ≤ (1 + ‖𝜌‖𝐵
2 )2+𝜖𝑟2(2+𝜖)𝑒−

𝜃𝑗((2+𝜖)4)𝑟

2 : = 𝜂2+𝜖(𝑟) 

The function 𝜂2+𝜖 attains its maximum at 𝑟 = 4(2 + 𝜖)/𝜃𝑗((2 + 𝜖)4). As 𝜖 ≥ 0 we have 

‖𝜂2+𝜖‖𝐿∞[1,(2+𝜖)4] ≤ (1 + ‖𝜌‖𝐵
2 )2+𝜖 (

4(2 + 𝜖)

𝜃𝑗((2 + 𝜖)4)
)

2(2+𝜖)

𝑒−2(2+𝜖)

≤ (1 + ‖𝜌‖𝐵
2 )2+𝜖 (

4(2 + 𝜖)

𝜃𝑗((2 + 𝜖)4)
)

2(2+𝜖)

.      (4.10) 

Since the right-hand side of (4.8) goes to zero as (2 + 𝜖) goes to infinity and for all large (2 + 𝜖) ∈ ℕ 

(
4(2 + 𝜖)

𝜃𝑗((2 + 𝜖)4)
)

2(2+𝜖)

≥ (
4(2 + 𝜖)

𝜃𝑗(1)
)

2(2+𝜖)

> 1 

we have for all large (2 + 𝜖) ∈ ℕ 

‖(𝑔𝑗)2+𝜖‖
𝐿∞[0,∞]

≤ 3(1 + ‖𝜌‖𝐵
2 )2+𝜖 ∑

𝑗

(
4(2 + 𝜖)

𝜃𝑗((2 + 𝜖)4)
)

2(2+𝜖)

 

Therefore using inequality (4.7) it follows from above that for all large (2 + 𝜖) ∈ ℕ and a positive number 𝐶 

‖Δ2+𝜖𝑓𝑗‖
2

≤ ∑

𝑗

(
𝐶(2 + 𝜖)

𝜃𝑗((2 + 𝜖)4)
)

2(2+𝜖)

.                                                (4.11) 

Applying the change of variable ‖𝜆‖𝐵 = 𝑝4 in the integral (1.4) defining 𝐼, it follows that 

∫  
∞

1

∑

𝑗

𝜃𝑗(𝑝4)

1 + 𝜖
𝑑(1 + 𝜖) = ∞ 

As 𝜃𝑗 is decreasing in [0, ∞) this, in turn, implies that 

∑  

(2+𝜖)∈ℕ

∑

𝑗

𝜃𝑗((2 + 𝜖)4)

2 + 𝜖
= ∞. 

The inequality (4.11) then implies that 

∑  

(2+𝜖)∈N

∑

𝑗

‖Δ2+𝜖𝑓𝑗‖
2

−
1

2(2+𝜖) = ∞ 

Since 𝑓𝑗 vanishes on ℬ(𝑜, 𝐿), it follows from Theorem 1.3 that 𝑓𝑗 vanishes identically. This completes the proof 

under the assumption (4.5) on the function 𝜃𝑗. 

Case II. We now consider the general case, that is, 𝜃𝑗 is any nonnegative function decreasing to zero at infinity. 

Again, as in [21], we define 

(𝜃𝑗)1(𝑟) =
8

√|𝑟| + 1
, 𝑟 ∈ [0, ∞) 

It is clear that the integral 𝐼 in (1.4) is finite if 𝜃𝑗 is replaced by (𝜃𝑗)1. Hence, by case (b) there exists a nontrivial 

(𝑓𝑗)1 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) such that supp(𝑓𝑗)1 ⊆ ℬ(𝑜, 𝐿/2) and satisfies the estimate 

|(𝑓𝑗)̂1(𝜆)| ≤ 𝐶 ∑

𝑗

𝑒−‖𝜆‖𝐵(𝜃𝑗)1(‖𝜆‖𝐵), 𝜆 ∈ 𝔞∗.                                     (4.12) 

We now consider the functionsℎ𝑗 = 𝑓𝑗 ∗ (𝑓𝑗)1 ∈ 𝐿1(𝐺𝑗//𝐾). Since 𝑓𝑗 vanishes on ℬ(𝑜, 𝐿), the functionsℎ𝑗 

vanishes on the open set ℬ(𝑜, 𝐿/2). Indeed, if (𝑔𝑗)1𝐾 ∈ ℬ(𝑜, 𝐿/2) then for all 𝑔𝑗𝐾 ∈ ℬ(𝑜, 𝐿/2) it follows by 

using 𝐺𝑗-invariance of the Riemannian metric d that 

d(𝑜, (𝑔𝑗)1𝑔𝑗𝐾) ≤ d(𝑜, (𝑔𝑗)1𝐾) + d((𝑔𝑗)1𝐾, (𝑔𝑗)1𝑔𝑗𝐾) < 𝐿, 

that is, (𝑔𝑗)1𝑔𝑗𝐾 ∈ ℬ(𝑜, 𝐿). This implies that 𝑓𝑗((𝑔𝑗)1𝑔𝑗) is zero for all 𝑔𝑗𝐾 ∈ ℬ(𝑜, 𝐿/2) = supp(𝑓𝑗)1 and 

hence 

𝑓𝑗 ∗ (𝑓𝑗)1((𝑔𝑗)1) = ∫  
𝐺𝑗

∑

𝑗

𝑓𝑗((𝑔𝑗)1𝑔𝑗)(𝑓𝑗)1((𝑔𝑗)−1)𝑑𝑔𝑗 = ∫  
supp(𝑓𝑗)1

∑

𝑗

𝑓𝑗((𝑔𝑗)1𝑔𝑗)(𝑓𝑗)1(𝑔𝑗
−1)𝑑𝑔𝑗 = 0 

We observe that 

𝜃𝑗(𝑟) + (𝜃𝑗)1(𝑟) ≥
8

√𝑟 + 1
,  for 𝑟 ≥ 1 
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Using the estimate (4.12) and the hypothesis (4.3) it follows that 

∫  
(𝑎𝑗)∗

|ℎ̂j(𝜆)|𝑒‖𝜆‖𝐵(𝜃𝑗(‖𝜆‖𝐵)+(𝜃𝑗)1(‖𝜆‖𝐵))
|𝐜(𝜆)|−2𝑑𝜆 < ∞ 

Therefore ℎ𝑗 satisfies all the conditions used in case 𝐼 and hence is the zero function. This implies that 

ℎ̂j(𝜆) = 𝑓j(𝜆)(𝑓𝑗)̂1(𝜆) = 0, 

for almost every 𝜆 ∈ 𝐚∗. Since (𝑓𝑗)1 is a real analytic functions, it follows that 𝑓𝑗 vanishes identically. 

 

Remark 4.1 [33]. 

(1) It is worth pointing out that Ingham's theorem (Theorem 1.4) can also be proved directly using Lemma 3.2, 

without appealing to Theorem 1.3. For the sake of completeness, we sketch the line of argument for part (a) of 

Theorem 1.4. We assume that 𝑓𝑗 is 𝐾-biinvariant, vanishes on ℬ(𝑜, 𝐿), satisfies the hypothesis (1.5) and the 

function 𝜃𝑗 satisfies the estimate (4.5) with 𝐼 = ∞. In this case, one can easily show that the measure 𝜇 defined 

in Step 2 of the proof of Theorem 1.3 is again a finite 𝑊-invariant measure on (𝑎𝑗)∗. Using (4.3), (4.5) and the 

arguments used in verifying (1.3), one can show that 

∑  

𝑘∈ℕ

𝑀𝑗0
(2𝑘)−

1

2𝑘 = ∞,                                                       (4.13) 

where 𝑀𝑗0
(𝑘) is as given in Lemma 3.1. By the Fourier inversion (2.3) we get that 

𝑓𝑗(𝑥) = |𝑊|−1 ∫  
(𝑎𝑗)∗

∑

𝑗

𝑓j(𝜆)(𝜙𝑗)
𝜆

(𝑥)|𝐜(𝜆)|−2𝑑𝜆 = 0,  if 𝑥 ∈ ℬ(𝑜, 𝐿). 

This implies that for all 𝑢𝑗 ∈ Φ𝐿(𝐚∗) 

∫  
(𝑎𝑗)∗

∑

𝑗

𝑓j(𝜆)𝑢𝑗(𝜆)|𝐜(𝜆)|−2𝑑𝜆 = 0.                                            (4.14) 

As in Step 3 of the proof of Theorem 1.3, it can be shown that Φ𝐿(a∗) is dense in 𝐿1(a∗, 𝑑𝜇)𝑊. Therefore we can 

approximate 𝑓𝑗 by the elements of Φ𝐿(a∗) and hence by (4.14), we get that 𝑓𝑗 is identically zero. 

(2) It is easy to see that part (a) of Theorem 1.4 remains true if the integral 𝐼 in (1.2) is replaced by the integral 

∫  
{𝜆∈𝔞+

∗ ∣‖𝜆‖𝐵≥1}

∑

𝑗

𝜃𝑗(‖𝜆‖𝐵)

‖𝜆‖𝐵
𝜂 |𝐜(𝜆)|−2𝑑𝜆, 

where 𝜂 = 𝑑 + dimn, is the dimension of the symmetric space 𝑋. This follows from the estimate (2.4) of 

|𝐜(𝜆)|−2 as 

∫  
∞

1

∑

𝑗

𝜃𝑗(𝑟)

𝑟
𝑑𝑟 = 𝐶 ∫  

{𝜆∈(𝑎𝑗)+
∗ ∣‖𝜆‖𝐵≥1}

∑

𝑗

𝜃𝑗(‖𝜆‖𝐵)

‖𝜆‖𝐵
𝑑 𝑑𝜆 

= 𝐶 ∫  
{𝜆∈a+

∗ ∣‖𝜆‖𝐵≥1}

 ∑

𝑗

𝜃𝑗(‖𝜆‖𝐵)

‖𝜆‖𝐵
𝜂 ‖𝜆‖𝐵

dimn𝑑𝜆

≥ 𝐶 ∫  
{𝜆∈a+

∗ ∣‖𝜆‖𝐵≥1}

 ∑

𝑗

𝜃𝑗(‖𝜆‖𝐵)

‖𝜆‖𝐵
𝜂 |𝐜(𝜆)|−2𝑑𝜆 = ∞.

 

Moreover, because of the estimate (2.5), part (b) of Theorem 1.4 also remains true in this case if the real rank of 

𝐺𝑗 is one. 

An 𝐿1+𝜖 version of Theorem 1.4 can be proved by using Theorem 1.4 itself. To illustrate this we prove an 𝐿∞ 

version of the above theorem which can be thought of as an exact analogue of Theorem 1.1. 

Theorem 4.2 (see [33]). Let 𝜃𝑗 and 𝐼 be as in Theorem 1.4. 

(a) Suppose 𝑓𝑗 ∈ 𝐿1(𝑋) and the Fourier transform 𝑓𝑗 satisfies the estimate 

| ∑

𝑗

𝑓j(𝜆, 𝑘)| ≤ 𝐶 ∑

𝑗

𝑒−‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵),  for all 𝜆 ∈ 𝔞∗, 𝑘 ∈ 𝐾.                                (4.15) 

If 𝑓𝑗 vanishes on a nonempty open subset of 𝑋 and 𝐼 is infinite, then 𝑓𝑗 = 0. 

(b) If 𝐼 is finite then given any 𝐿 > 0, there exists a nontrivial 𝑓𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) supported in ℬ(𝑜, 𝐿) satisfying 

the estimate (4.15). 
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Proof. As in Theorem 1.4, it suffices to prove the theorem for 𝑓𝑗 ∈ 𝐿1(𝐺𝑗//𝐾) vanishing on an open ball of the 

form ℬ(𝑜, 𝐿) such that 𝑓𝑗 satisfies the estimate 

| ∑

𝑗

𝑓j(𝜆)| ≤ 𝐶 ∑

𝑗

𝑒−‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵),  for all 𝜆 ∈ 𝔞+
∗ . 

We choose a nonzero 𝜙𝑗 ∈ 𝐶𝑐
∞(𝐺𝑗//𝐾) with supp𝜙𝑗 ⊆ ℬ(𝑜, 𝐿/2) and consider the functions𝑓𝑗 ∗ 𝜙𝑗. Since 𝑓𝑗 

vanishes on ℬ(𝑜, 𝐿) and the support of the functions𝜙𝑗 is contained in ℬ(𝑜, 𝐿/2) it follows as before that 𝑓𝑗 ∗ 𝜙𝑗 

vanishes on ℬ(𝑜, 𝐿/2). Now, 

∫  
𝐚∗

∑

𝑗

  |𝑓𝑗 ∗ 𝜙𝑗
̂ (𝜆)|𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|−2𝑑𝜆

=∫  
𝐚∗

 ∑

𝑗

|𝜙̂j(𝜆)||𝑓j(𝜆)|𝑒‖𝜆‖𝐵𝜃𝑗(‖𝜆‖𝐵)|𝐜(𝜆)|−2𝑑𝜆

≤𝐶 ∫  
𝐚∗

∑

𝑗

  |𝜙̂j(𝜆)||𝐜(𝜆)|−2𝑑𝜆 < ∞

 

It now follows from Theorem 1.4 that 𝑓𝑗 ∗ 𝜙𝑗 is zero almost everywhere. Since 𝜙̂𝑗 is nonzero almost everywhere 

we conclude that 𝑓𝑗 vanishes almost everywhere on 𝔞∗ and so does 𝑓𝑗. 

To prove part (b) we observe that if 𝐼 is finite then the functionsℎ𝑗 constructed in the proof of Theorem 1.4, (b) 

satisfies the estimate (4.15). 

Remark 4.3 [33]. Theorem 1.3 and Theorem 1.4 can be proved in the context of Damek-Ricci spaces [2] by 

similar arguments. It will be interesting to see whether both the theorems hold for hypergeometric transforms 

associated to root systems [26,31]. 
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