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Abstract
Following the pioneers authors in [37] we study the concept of density of compactly
supported smooth functions in the Sobolev space W2+€2*+¢ on complete Riemannian
manifolds. The related general results in the Hilbertian case, was extended in the wide
range 0 = € = 1. When € = 0 the density under a quadratic Ricci lower bound was
obtained. And when € > 0 a suitably controlled growth of the derivatives of Riem of
order (¢ — 1) was shown. An independent gradient regularity lemma was proved. Now.
when € > 0 we give the first counterexample to the density property on manifolds whose
sectional curvature is bounded from below by a negative constant. Also when € > 0 the
existence of a counterexample to the validity of the Calderon-Zygmund inequality when
Sec = 0. in compact sefting was getting. We show the improvement of the impossibility
to build a Calderén-Zygmund theory for € > 0 with constants only depending on a bound
on the diameter and a lower bound on the Sectional curvature.
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1. Introduction

A lot of understanding ot Sobolev spaces on noncompact Kiemanman mamtolds are considered, in the
Euchdean spaces one has different equivalent defimtions of Sobolev spaces. Once these definitions are
transposed on a Riemannian manifold, one would like to know if they remain equivalent or not (see [36]).
So, it is useful to know which of the nice properties enjoyed by Sobolev spaces on R?*¢ still hold in the
setting of non-compact manifolds.

Consider a complete, (2 4+ ¢)-dimensional Riemannian manifold without boundary (M,g). For
W2#e2+€( 1) be the Sobolev space of functions on M all of whose covariant derivatives of order j (in the
distributional sense) are tensor fields with finite L?*“_norm, for 0 < j = 2 + . This turns out to be a
Banach space, once endowed with the natural norm

24+¢€ . . 1

4 2+e
P 2+e
ttm llwzteztecnry = Z Z (J‘ |V, )
= Ve y

By a generalised Mevyers-Serrin-type theorem (see [18]), the inclusion of the set C™ (M) N W22 (A1) is
dense in W2*S2¥€(Ar) However, it is not obvious whether the smaller subset C2°(M) of compactly
supported functions 1s still dense. Having defined the space W2 T27¢ (M) € W2+€2+< (M) as the closure
of C;7(M) with respect to the norm || - ||y 2+e2+epp,. We give a contribution to the following problem:
Problem 1.1 (see [37]). Let € = —1 be an integer and let 0 = ¢ <= co. Under which assumptions on
(M, g), (1 + €) 1s it true that

Wy T (M) = wrETE ()2 (1)
Now, we fix a function A: [0, oo] — (0, o0) such that

K

A(r) = rl_[ mUl(r), fort s 1 2)
j=1

where Inl] stands for the j-th iterated logarithm (e g. In Pl{t) = Inlnt, etc.) and K is some positive integer.
Hereafter, all manifolds considered will have no boundary. Moreover, given a Riemannian manifold ( M, g
). we denote with r(x) the Riemannian distance from a fixed origin 0 € M and by B, (x) the geodesic
ball of radius (1 + €) centered at a point x € M. Also, given real-valued functions (f;,, ), and (f;,),, we
write ()1 = (fin)2 to mean that there exists a constant € = 0 such that (f,,); = C(fin)2-

Problem 1.1 has a long history. Tt is a standard fact that W € (M) = WOI*€ (A1) = L1+¢(M), and with a
little effort one can also prove that T.-‘l{)l'“'g{M ) = WLlite(Ar) forall 0 = € < oo on any complete manifold;
[2]. Also. it is obvious that 1-V01+E’1+E(:.-‘Irf) = Witel+terar) forall e = —1 and 0 < € < oo whenever M is
compact (see [23]). Concerning the non-trivial case € = 1, several partial positive results have been proved:
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a non-exhaustive list of contributions include works by |2], [22, 23], [4], [19], |20]. |27, 26]. The most
general and up-to-date result is the following theorem from [26]. which generalizes previously known
achievements and goes far beyond the case of constant bounds on the curvature and the specific second
ordercase (e =0).

Theorem 1.2 [37] (see Theorem 1.5 and Theorem 1.7 in [26]). Let ( M, g ) be a complete Riemanman
manifold. Define A as in (2). Then,

() w2relve(ary = Wit (M) forall 0 < € < o and € = 0, if

. 2+4j
|V/Ric, |[(x) £ A(r(x))TFe,0<j <€
and either
inj(x) = zl(r(x})Tls, or |Riemg|(x) = A(r{:x))ﬁ;
(i) W22 (M) = W32 (M) if
Ricy(x) = —A(r(x))%g
in the sense of quadratic forms, and W52 (M) = W2 5* (M) fore = 0 if

2+j
|VjRie.111g|(x) = J(r(x})l_é.(] =j=e— 1L
Now, for € = 0, the assumptions in (1) and (i1) are skew. A noticeable feature of (i1) is that it requires a
control on derivatives only up to the order € — 1 : for instance,
W32(M) = Wy*>(M) provided that |Riem,|(x) S A(r(x)),
and, in particular, if M has bounded sectional curvature (equivalently, bounded curvature operator). Quite
surprisingly, for a long-time it remained unknown whether W, ***€(M) = W2*¢1+€()1) on any complete
Riemannian manifold or whether any assumption on (M, g) was necessary in order to deduce the result.
So, an example has been found proving that W **€ (M) € W2*%2*€(M) is a proper inclusion on certain
manifolds with a very wild geometry, at least for € = 0; [36].
‘We study the validity of the results in (i1) of Theorem 1.2 in the range 0 < € < 1. For second order Sobolev
spaces, we prove
Theorem 1.3 [37]. Let (M, g) be a complete manifold such that
Ricg(x) = —A(r(x))%g (3)
m the sense of quadratic forms. Then, forall 0 = £ = 1, we have
Wyt (M) = W2H+(M)
Remark 1.4. This result still holds with a slightly more general (yet more involved) choice for the function
A, see [26].
Remark 1.5 [37]. The curvature of the example in [36] decays to —oo as —r(x)*, and it seems difficult to
refine the construction to make 1t decay at rate —r(x)® for @ close enough to 2. Therefore, at present, there
1s a gap between the curvature decays in Theorem 1.3 and in [36]. We anticipate that 1t would be interesting
to produce a counterexample fo Theorem [1.3 in the range 0 =< e =1 when (3) barely fails. A
counterexample for € = 0 will be given below.
The proof in [4, 27] for the case e=0 breaks up into the following steps:
(1) in our assumptions, by [5, Corollary 2.3] there exists a family of Laplacian cut-off functions yi4. €
Ce7 (M) such that
(@) Y14e =1lon Bli—E(:O:J:
() [Vxyel () < CA72(r(x).
© |axy.el = .
for some constant C = 0 independent of 1 + £
(d) the above properties guarantee that || f;, ﬂXl+s||L3(MJ — 0as e — oo, forany f,, € W>%(M);
(2) using the Bochner formula, the latter step implies that || £, |VZx1+el |l 2y — 0 as € — oo for any
fm € W22(M)
(D) this finally yields that fo,x1.c = fn m || - |lw2zqa-
The proof we provide here for the case ¢ < 0 follows the same line of thought. In this case one has to
control || fi |V 146l 12+eay)- Since the Bochner formula is modelled on L?-norms, by a Hélder inequality

we estimate || fin |V2x14¢|llgz+<ap in term of 1221V 114l ||L2(M) and use Bochner formula to control

this latter. The main difficulty consists in estimating the remaining term involving |fp|?*¢/? and its
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derivatives. To this end, the case € = 0 requires an ad hoc procedure, while for 0 < € = 1 we shallneed a
regularity lemma that, seems to be new. We first define the functional space
W2TE(M) = {f, € LM€(M): Afyy, € L7 (M) distributionally }

endowed with the norm

||fm"ﬁ-'3’1+‘(1‘-!} = ||fm||L“E[M) + ||ﬂfm||L‘+E(M)
Observe that W2*€(M) 1s the domain of the maximal self-adjoint extension of A: C°(M) = C2(M) in
LY*¢(M). Indeed, by a result of [21, Appendix A], there is a unique self-adjoint extension of A, equivalently,
CZ (M) is dense in W21 (M),
Lemma 1.6 (see [37]). Let M be a complete manifold, and fix 0 < € < oo. If f,,,, Vf;,, Af5, € L1¥5(M). then

1+e
|fml = € WY2(M), with the bound

1ee)®
D Vil 2
m Lz(ﬂ'fj

Moreover, when 0 < € < 1, if f,,, € W21*€( M) then Vf,, € I}*$(M) and

(1 +e)?
< i D, WhnlEssen 18 mlliveany
9 4

2

1Y, Vinliseon < ez 2 Wl V17l 5
mllpiterny = 72 m 1+e m
— ) 7 (1+¢€) s Lo 2o
1 _ _ .
<D Wmllsenlafmllisseqn Vi € F21(01) )

m
Notably, this lemma in the case 0 < € = 1 refines the L“’E-gradient estimate found by [14], who showed
that, for some constant Cy ..

2 . o .
1D Unliseen < Cuse ). Wmllusseqny18fmllisseny Y € € () (5)

Remark 1.7 [37]. Es pointed out 1 [14, p.?i a minor modification of the argument in [13, Sec. 5] shows
the existence of manifolds (for instance, the connected sum of two copies of R*(1*€) ) for which (5) fails
for € < 0. Indeed, these examples can be generalized to any 0 < € = 2¢ reasoning precisely as for
Corollary 1.12 below. Note that, by Young's inequality, (4) implies the weaker L>*¢-gradient estimate

I Z me"f.”E(M) = CZ (||fm||L2+f(M) + ||f5fm||L2+E(M)) (6)
m

m
Because of [12]. (6) 1s met for each 0 < € =< oo 1f the Ricei curvature 1s bounded from below. A direct proof
of this latter result can be found in [33, Theorem 8 2]. Sufficient conditions for the validity of (5), more
precisely of the stronger

1D Vnllisseny = Cure ) 18" full sve
m m

have been investigated in [3, 14, 13, 10, 9, 11]. With no assumptions besides the completeness of M, the
only L**-gradient estimate that we are aware of is that in Theorem 2 in [21], where the authors prove the
mequality

1) VhlBisey = Crve ), Wnllusvecun (18Fmllsreqn) + max{0,€ = BV flusseun)

m m

for f, € L**€(M) with V*f,, € [**€(M).

‘We can reproduce the same scheme of proof introduced for € = 0 also for higher orders. The main tool will

be a Weitzenbdck formula due to J. H. Sampson applied to the totally symmetrized ( 1 + € )-th covariant

derivative of some special higher order cut-off functions. This point of view has exploited mn [26. Section
5] in the case € = 1, finally leading to the result described in Theorem 1.2(1). Combining this latter
technique with our regularity lemma, we are able to deal with the full range 0 = € = 1 and prove the
following (see [37])
Theorem 1.8. Let (M, g) be a complete manifold such that, for some integer e = 0,

. 24
|[v/Riem, |(x) = A(r(x))i+e,0 < j<e—1
with A as in (2). Then, forall 0 = € = 1, we have
LV2+E-1+E{:.M} — L%2+E'1+E(.M).
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The next step is to understand if one could obtain the equality W;"*™*(M) = W>1*<(M) under a lower
Ricei curvature bound for € = 0. Secondly. we show that the answer 1s negative also if one assumes a lower
bound on the sectional curvature.
The core of the counterexample that we produce 1s a "block" that can be attached to any smooth manifold.
Then, we prove (see [37])
Theorem 1.9. For all € = 0 and all € = 0 there exists a complete (2 + ¢)-dimensional Riemannian
manifold (M, g) with sectional curvature Sec, = —1, with a distinguished relatively compact, open subset
W diffeomorphic to a ball, such that the following holds: for each (2 + ¢)-dimensional smooth manifold
(N, g), and each relatively compact set V' C N that is diffeomorphic to a ball, the connected sum M#N
obtained by gluing along W and V' and keeping the original metric outside of WV, V' satisfies

w2+e2+ e (N = Wyt <29 (MEN) foreache = 0.
In particular, if N has sectional curvature bounded from below the same holds for M#N .
Remark 1.10 [37]. As we shall see, M is topologically a product $2*¢ x R and has finite volume.
If now, given € = 0 and € = 0, we select a surface M#N as in Theorem 1.9 applied in dimension 2 _ and a
compact boundaryless manifold ¥ of dimension (), then it is easy to show the following (see [37])
Corollary 1.11. For all € = 0 and € == 0, the complete, (2 4 €)-dimensional manifold @ = (M#N) x ¥V
satisfies

W2ree(Q) = W2 (Q) foreach e = 0

Moreover, if N has sectional curvature bounded from below the same holds for Q.
Indeed, this observation allows to extend to the range € = 0 two other counterexamples that were previously
known only in the case € = 0. In order to introduce them_ hence there is a tight relation between the density
of compactly supported functions in W22*$(M) and the validity of a global L?*¢-Calderén-Zygmund

mequality

Z V2 fn =C Z (||fm||L2+‘(M) + ||ﬂfm||L2+f[M)}-me € Ce (M) (CZz4e)
m L3+E{M] m
Indeed, as illustrated in [33, Proposition 4.7],
M supports CZ,,, = W, (M) = w22 (m) (7)

while the converse is not always true; see Theorem A and the subsequent discussion in [30]. Therefore,
counterexamples to the density of CZ°(M) in W2**€(M) have to be searched among those manifolds that
do not support (CZ;;.). The existence of such manifolds has first been proved m [20, 29]. However, in
these constructions the curvature i1s not lower bounded. Very recently, the first example of a complete
noncompact manifold with non-negative sectional curvature on which €Z,,, fails for € = 0 has been
presented in [30]. Their example confirms a strong indication suggested by [15, Cor. 1.3], where it is proved
that for € = 0 it 15 not possible to construct a Calderdn-Zygmund theory on compact manifolds with
constants depending only on (a diameter upper bound and) a lower sectional curvature bound. The same
trick that allows us to deduce Corollary 1.11 from Theorem 1.9 also enables us to extend the above
mentioned results in [30, 15] to the full range € = 0 :
Corollary 1.12 [37]. For any € > 0, there exists a complete (2 + ¢)-dimensional manifold @ with Sec = 0
that does not satisfy €Z,, .. Precisely, if M? is a 2-dimensional manifold as constructed in [30], and if V'€
1s a compact manifold with Sec = 0, then one can take Q@ = M? x V<.
Remark 1.13 [37]. Clearly, by (7) the counterexample in Corollary 1.11 15 also a counterexample to
(€Z34¢). The extra information in Corollary 1.12 1s the possibility to construct an example with Sec = 0,
i particular, by the lower volume bound given by Calabi-Yau theorem, each end of ¢ has infinite volume.
Corollary 1.14 (see [37]). Let (24 ¢) € N,D = 2 and € = 0. Then there exist sequences of (2 + €)-
dimensional Riemannian manifolds (Qp,¢, ga4¢) With diamg, . (Q,..) = D, Secy,, = 0 and of smooth

functions (fi;)24¢ € C*(Q24,) such that

|(fin)2eellzterguen + NAfm)2ellizte(g,.n = 1
but

Im IV2 (Fm)2sell 2o =
We now explain the strategy (see [37]) to prove Theorem 1.9. Contradicting (CZ,, ) on M 1s, in principle,

easier than contradicting Wy"* (M) = W>2*(M). Indeed, for the former, it is enough to prove that, for
any given C = 0, there exists at least one compactly supported function f;, for which (CZ,, ) with constant
€ fails. In particular the construction can be localized 1n a given region of M. On the other hand, to disprove
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the density of C°(M) in W2**$(M) one needs to handle with any possible compactly supported
approximation of a given function. A way to overcome this problem has been proposed in [36], which
contains the first (and so far unique) example of Wy ***(M) = W22+¢(M) whenever ¢ = 0. Namely, one
can consider a complete manifold (M, g) with two ends E; and E_and finite volume, so that it is possible
to choose a function f,,, € W%2*¢(M) which attains two different constant values (say 1 and -1 ) on each
end. Accordingly. to check that f, has no compactly supported approximations, it is enough to prove that
the W22+€_norm of any function F,, which is identically -1 and 1 on the two ends cannot be arbitrarily
close to zero. In the presence of a constant lower curvature bound, our strategy can roughly be summarized
as follows (see [37]). First, we construct a suitable Alexandrov space ( M, d,, ) with finite volume, Sec =
—1, and a dense set of sharp singular points. We consider an exhaustion U; of M. On each annulus U;

U;—4. inspired by [15, 30] we prove the existence of a family of metrics [ULHE] . that GH-converge to

2+
de, and then we suitably select a function (2 + €): N — N to produce a global metric g on M that equals
Tj iy on Us % U;—y and has the following property: any function F,, with ||, ||W2.Z+E(UJ_ ) = 1 has to be
C%-close to a constant on U; \ U;_,, in a quantitative way. In particular, if || Fp [lwz2+(aq) 1s small enough,
then F,, cannot attain values —1,1 on the two ends, as required.

We conclude this with a list of related questions (see [37]).

e Isit possible to construct a complete manifold with Sec, = 0 for which W;***(M) = W22+*¢(M)
for some & = 0 ? What about if we weaken the curvature assumption to Ricy = 0 ? In both of the
cases, by Calabi and Yau's theorem all ends have infinite volume, so the construction mn Theorem
1.9 cannot be adapted in a straightforward way.

e The manifolds constructed in Corollaries 1.11 and 1.12 are Riemannian products and, in particular,
they have nontrivial topology. It would still be interesting to produce counterexamples in the range
€ = 0 by generalizing, if possible, the technique in [15]. This may lead, for instance to
counterexamples to {E 2+G} for € = 0 on contractible manifolds.

¢ Referring to Remark 1.5, are the decay rates assumed for the curvatures considered m Theorem 1.3
and Theorem 1.8 sharp? It seems reasonable to conjecture so, up to lower order terms.

* Does a complete manifold with positive injectivity radius and Ric; = —g satisfy Pl{]z'ZH[M) =
W22+€(M) for each 0 <€ < o ? Recall that Theorem 12 answers affirmatively under the
conditions |Ricg| £ 2%(r)andinj = A(r)"LIf |Ric_g = 1, 15 a decay assumption on the injectivity
radius necessary?

2. Density when 0 = e = 1
2.1. The regularity lemma.
Lemma 2.1 (see [37]). Let M be a complete manifold, and fix 0 < € < co. Let 0 € M be some fixed origin,
and let us denote by B,z the geodesic balls of radius (1 + 2¢) centered at 0. If f};; € WIZ'HE{MJ then

1+e 12 e
Ifml 2 € Wi,z (M) and, foreach 0 < €,
2

4(e) l+e . c 1 )
aror D, Vil 2 = D Wlsseqo ey (S mllsteco, ay + 1fmllzsteqs, ) - (8)
m L2(By1+e) m
In particular,
1+¢
fons Vs B € LI¥S(M) = |f 2 € WH2(M) ©
with the bound
2
1te (1+4¢€)? . }
D Vil 2 <5 2 Wnlsecn Il (10)
m LZ(M') . m
Moreover, if 0 < ¢ = 1,
_ ) ) l+e )
fin € W2IE(M) = Vf,, € LY*5(M),|f,| 2 € WYZ(M),
and
DR/ A— . T N T | (1)
1+e = 1+e ]
a MIAL*T5(M) (14—6)2 = ML= (M) m LZCM) .
1 N |
‘—EZ | fon Il oy | A fim [l 242 gy ¥ frm € W2EFE(M), (11)
m
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Remark 2.2. In view of the validity of a local Calderdn-Zygmund inequality, we note that the assumption
fin € W2XFE(M) is equivalent to the assumption fiy, Vi, i }:m € LiZE(M).

Proof. Let us first assume that f;,, € C*™(M). Clearly, | fm [z € L}, (M). Let ¢ be a linear cut-off function
with suppg C B1+29 @ =1on By and |th| = 1/(e).Fore = D we compute

J-Z ‘V"{fm+s) z V"qa} IZ qm!(fm+s}2

=10 [ 3 0+ 9T Ut + i1+ @ 0= D) [ N 00+ T RV
~a+e) | Z oz + T M+ Q40 [ Y o+ TSP

b m

+a +e)(e—1)f > ol + o LIV,
M m

£=1 E-2
2(14+ E+eyz f Af +(1+ ez RV |,
( E)_L m§ o(fF+e)y 2 f af, +i( E)(E)L mE o(fF +2) 2 RIS,
On the one hand,

| fM > (voz+eF vl

=(1+¢)

|2 G+ T a0 V0)

ca+e [ Y @+ RflIvel
Jar -

1

13
1+€ , 1+e\T+e T+e
=— ZU (fu%+s)z) ([ |me|1+€) ,
T B “Bytze

1+2e

on the other hand,
£l ) ) £
‘( Y o+ T fubfu| = [ D 0(F+ FI0fl
M T My
£ 1
. 1+e\Tre Tee
= (( G+ o) g)
m “Bita2e Bi4ze
Summarizing,

=(e)[ Z &+ o) T f2ITm?

1+e
Hence, [{fnf + e}T} is uniformly bou:uded in W?(By,.) and pointwise convergent to |f,|**¢/>. By a

standard result ([16, Lemma 62, p.16]). |fin|*¥/? € WL2(Byy.) and V(fZ + &)1¥e/* — V| fy,|1F4/2
weakly on B, ., thus

N

1te

+
Vv +e) &
1+E[ Z‘Um

“fm

N /e YA MO )

1+£ <

_ 4 2, il
< mhm 111f“ Z ‘ (fa+e)4

<2, Wl (G fnlliseeusans + 1 fmllisresan)-
‘We now claim that (8) holds for f, € L’Lﬁi“g (M). Having chosen such f;;, by the Meyers-Serrin-type
theorem 1n [18 there exists {(f;,);} © C®(M) such that (f;,); — fr m W**¢(B, ) and pomtwise almost
everywhere. Applying (8) to (fin); and to (fi); — (fin): shows that [| (fn) |1+E’r2} 1s uniformly bounded
m W2(B,, ), and that V| (fin)j |1+E’I‘2 is a Cauchy sequence. Hence, by the compactness of W12(B,, ) &
L2(Byeo) | (fin )J| sh‘ongly converges in W2(B;, ) to its pointwise limit | f,,|**+%/?_ Taking limits we
set (8) for f,, € WZ1*€ (M), as claimed.
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Assume that f,, Vf,,, Af,, € L1¥(M). Then, by Remark 2.2f,, € W21 *¥(M) and thus letting 1 + 2¢ =
2(1 4 €) = w in (8) we readily deduce (10).

Next, we examine the case f,, € W21*¢(M). We first consider f,, € C(M), since this latter space 1s dense
in W2+ (M) by [21, Appendix A]. If 0 < ¢ < 1, by Halder's inequality, Stampacchia's theorem and (8)
we get

2 _ 2
10, Tl = HZ me"#“w.ﬂn{lfmpon

o

Z Wl 5, cotmi=on
1-
= mz "fm ||LJ'+EEI:BJ_+E}
- . m

< 4 1-¢
T (L+¢6)2 fmllzi+ez,.000
. ) =

1 1
<2 Wnllestesiian (ZIVFnllite g + 187 llte, 1m0 )

m
If f,, € W2A*5(M), take {(f,),} € CZ(M) With (fy); = fin and A(fy); = Afyy in L'*%(M). Applying
(12) to (f); and to (fi); — (fin)i. letting € — oo and then j — oo we deduce that V(f,); = Vf, €
L”E{:M ). In particular, by (9) the function f;,, satisfies (10). The same computations as in (12) can therefore
be performed with € = oo, leading to (11).
2.2. Density for order 2.
Proof of Theorem 1.3 (see [37]). For € > 0, let y,,, € CZ°(M) be a family of Laplacian cut-off functions
such that
* X1+e = 1 on Bl+£(. J
o |Vixisel(0) = CATH(r(x)) and [|[Viasellw = CA7H(1 4 6),
o bred = C«
for some constant C = 0 independent of (1 + €). Such a family has been constructed in (the proof
of) [26, Corollary 5.2]. As usual, first note that C*= (M) N W2*¢(M) is dense in W21¥5(M) (see
for nstance [18]). Given a smooth f;,;, € Wz’“""(M:), define (fin)1+e = XY1+efin- We get that

((fn)1se — findllp+e = || ((1 - XI+s}fm)||LJ.+s (13)
IV((fm)1re — frdllirve = NfmVixreellprre + 101 — x14)Vimllpate (14)
IV () 1ee = fndllzrte = 201Vx0sellVEm | llzste + 12 = x120e) VP finllgste + lfm Vo h1sellive (15)

Both (1 — yy4.) and V. are uniformly bounded and supported in M \ By..(0). Since f,,, € W>*€(M)
this permits to conclude that all the terms at the RHS of (13), (14) and (15) except the last one tend to 0 as
€ — oo, Concerning || f, V214 || 1+e, first observe that ¢ = 1 and Holder's mequahr} J.I.‘ﬂ]_'ll}

—€

T
[ 3 tiiwnee o<y (] |fm|1+€|v2x1+e|2) U i) (16)
M ]'?1 M

Accordmgly. to conclude 1t 1s enough to show that
j Z " |V 1l = 0 ase = o
M
m

LZ(BJi-en{lfm |}D}J

1+e)2

VIfml 2

(12)
L2 (B14en{|fm]|>0]

1+eq2

Vifml 2

L*(By+e)

Inserting J_uto Bochner formula
—cllv (V|Vim|?) = |Viun,|® + Ricy (Vitm, Vit ) + {(VAUp, Viiy) Vi, € C* (M)
the function u = Y1+, multiplying by |f;,|**€ and integrating over M gives
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1 i
S iedn v
M
m
= [ DTl el [ D il Ric (Vv Vaave)
M p M p—

Dl AR V)
M m
Applying Stokes' theorem to the first and the last ntegral, we get
2 1 .
[ 2 1t = =3 [ 3 U — [ D 1l Ric, (Tt T2
M m M m M ™

H[ D et + [ D O a7)
M ey M m
First, note that

[[3) sxvsdde(if i) vmsd < | » DN UMESIEESY (
o MY E o) T )
Simularly
[ YVl eRicy (Trsse o) < |
M pry M

and

ey lte

11+
[ If,, | ( Ifml’") (18)
M\B1 4 glo) M\B 4 glo)

Z |fm|L+E

Z CAT2(L+ 26)A%(1 + 26) || = C

"Brselo)

[ il < c [ 2.Vl
M4 M\B,4(0)
In particular,

[N R e Vrsd [ D Bt e+ [ Y VU V) 2 0 (19
M M M
ase w wfor fi € Wl'“""(M ). Inserting (19) in (17) we deduce that, in order to prove that

[ D el 0
M m

M\B14el(0)

as € — oo, 1t 15 enough 'ro show that

tmup 3 [ 2, L)) = | D Ul Vel < (20)
E—*C0

for some ¢ < 1 independent of (1 + €). We first suppose that 0 < € < 1. By Kato and Young's mequalities
we have that

——f Z @OF =), x| < JZ fonl 2= 19 3] [Votwse] - [VIVxsse]
<! i T*€10 Vg | |2 + 4 191 [ 12 [Taae 2 (21)
—“2 m .Jn.’1+s m x1+s .
M M\Bi+elo)

1
=» |fm|1+‘|v2x1+5|2+4f Z IVlfn [ 2|
M e M

where the last integral 1s finite and goes to 0 as € — oo due to Lemma 2.1. Hence, (20) holds with ¢ = 1/2.
In order to deal with the case € = 0, we prove that the first addendum in (20) vanishes as € — o, so (20)
holds for every ¢ = 0. First, observe that, for each (1 + €),

| Z O, 9101302 = im[* | Z (72 +2)"). 9] vx.)

V(G +202). W17 210el = 910200 < 0PI ] (22)

so that Lebesgue's dominated convergence theorem applies. Next, for every g € C2(M)

\Biselo)

Indeed,
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f Z V( f2+£)1-"2} Vg J Z &( fm+£)”2}g

1 :
(23)

Afai +2) 1 IV(fa + )17
R Gt il 2 G

h m
_ ( Z ot ( £|Vfoml? ;
y lfz hal G+ o7
and rearranging, we get

f Z lezfﬂw :‘( D, V(G +22).7g) - f Z fszf;mg

<] 2. Vhlvgl+ | Y, 1l 24)

Since |Vf,,| € L1(M), applying (24) w1th g= )f'1+e and lem_ug € — o0, we get

f (fi'?’;‘}m— ] Z 18, (25)

On the other hand, applying (23) with g = |Vy12¢|? and using (25) we infer
- 2. (Ul 9192s0e )= -l s | 2, (0GR +9) 510 )
M

. fmAfm e|Vfml?
:]él—l;%z I:J‘ fz‘l‘ )1;"2' X1+E|2 {‘ f2+ )3’{2| ;{'.’Il+E|2

< 2||v,mg||£of D 18ful
M m

which vanishes as € — oo because of the properties of Vyy .., as claimed.

2.3. Density for higher orders. We shall first recall a few facts about Sampson's Weitzenbéck formula for
symmetric tensors. Given a (2 + €)-dimensional Riemannian manifold ( M, g ). consider a tensor bundle
E — M with (2 + €)-dimensional fibers endowed with an inner product induced by the metric g and a
compatible connection V induced by the Levi-Civita connection on M. A Lichnerowicz Laplacian Ay for E
1s a second order differential operator acting on the space of smooth sections I'(E) of the form

Ay = Ag + cMie,

for ¢ a suitable constant. Here Ag = —try5(V?) = V°V is the Bochner Laplacian (with V* denoting the
formal I7-adjoint of V ) and Ric is a smooth symmetric endomorphism of T'(E) which is called the

Weitzenbock curvature operator. As an example, note that when T 1s a (0,2 + €)-tensor then
2+e

Ric(TY(Xy, ..., Xaye) = Z Z (R(E;, X:)T) (X1, o, Ejy oo Xase),

with {E;1 a local orthonormal frame and

R(X,Y) = Viy — Vig= VxVy — VyVx — Vizpy,

which may act on any tensor field. It 1s important to notice that the Weitzenback curvature term for (0,2 +
€)-tensors can actually be estimated in terms of the curvature operator R of M. Indeed, if R = «, for some
constant @ < 0 then g(Rie(T),T) = aC|T|?, where C depends only on (2 + €); see [32, Corollary 9.3 4].
This key feature of Lichnerowicz Laplacians permits to use geometric assumptions in estimation results.
As in [32, Chapter 9] there are several natural Lichnerowicz Laplacians on Riemannian manifolds. A very
classical one 1s the Hodge-Laplacian Ay acting on exterior differential forms, for which the Weitzenbdck
identity takes the form

Agw = (df + dd)w = Agw + Ric(w). (26)
The Bochner identity which we used in the previous section precisely comes out from this formula
evaluated on the skew-symmetric 1 -form d yy+.. When considermg the higher order case € = 0, one may
be tempted to use (26) applied to the ( 1+ € )-th covariant derivative of suitable cut-off functions.
Unfortunately, this latter 15 not at all skew-symmetric. However, it is at least almost symmetric, meaning
that 1t can be decomposed as a totally symmetric principal part plus other terms involving derivatives of
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order at most (€). This fact led [26] to consider a different Lichnerowicz Laplacian, acting on totally
symmetric covariant tensors of any order, which was originally introduced by [35] and that we now recall.
Let T(®2*€) (M) and §®?*€) (M) be, respectively, the bundle of (2 + £)-covariant tensor and its subbundle
of totally symmetric ones. Consider the operator Ds:TSOI+€)(M) — rSO2+E) (M) acting on h €
Fs(D.l+E] I:M) b}.
(Dsh)(Xgo - X14e) = (24 €)S246(VR) (X, - X14e),

where we are defining by S(24¢ the symmetrization operator, ie. the projection of T2+ (M) onto
§(©2*€)(p1), that we shortly denote with a superscript S. Namely,

o 1 .
T3(X1 - Xarg) = s24e(D Wy Xase) = 5y, Z T(Xa(ay: s Xaa+e)) VT € TOZ*E (M)
) - O€Mz+e

Note that
TS| < |7 ) (27)
The formal I? - adjoint of Dg is DF: TS24 (M) — TS(@1*€) (A1) which acts on h € TSS9 (M) by

(D§R) (K1 Xrse) = = ) (Ve ) (B Ko Kus).

i
We can now define the second order differential operator Agyy, acting on I'S(2%€)(M) via the following
Hodge-type decomposition
Agym = DsDs — DgDg
By [35] (see also [26, Appendix B] for a proof) we have that

Asym = Bp — Ric, (28)
1e. Agypy 15 a Lichnerowicz Laplacian (with the choice c = —1).
Exploiting (28) we readily deduce the validity of the differential identity
1
EMTSF = —(AsymT®, T%) — (Rie(T5),T%) + |VT°|%, vT € T2+ (M) (29)

Remark 2.3. Notice that a totally symmetric 1-tensor w is also a skew-symmetric one-form. In this case,
Agym @ = ZAgw — Ay, so that (26) and (28) are equivalent for 1-tensors, as it has to be. However, when
deducing the Bochner-type formula, the WeitzenbGek curvature term appears with a different sign.
We proof our density result (see [37]).
Proof of Theorem 1.8. In our assumptions, we know by [26, Corollary 5.2] that there exists a sequence of
cut-off functions {2, .} © CZ°(M), and a constant C > 0 independent of (2 + ¢€) such that,
X2+e = 1 on BR3+E(:OJ- with R2+s = CIEL(EJ
|AVExz4e| = C.
These cut-off functions were called in [26] (2 + €)-th order rough Laplacian cut-offs. It 1s important to note
that the fact that we are asking only for a control on the trace of the (2 + ¢)-th covariant derivative of the
cut-offs (which suffices for our scope) reflects on the weakness of the assumptions we are asking for.
Indeed, we are demanding a control on the curvature up to a smaller order than usual (case € = 0 ).
Since smooth functions are dense in W2T1*€(M), to prove the density result it is sufficient to consider
fin € CZ(M) N W2*S1*€(M): see for instance [18]. We want to prove that y,,.f, converges to f,, in
W2*e1+€( A1) The lower order terms

o ) . 1+e
[ Z V' Qasefmn) =V fm| 0=j<s1+e
M
m

(30)

are easily seen to vamsh as € — oo by using the Cauchy-Schwarz mequality, Lebesgue convergence
theorem and the properties of the cut-off functions. Regarding the (2 + €)-th order derivative, we write

24e 2+ 1+e
E - - i
j Z |v2+e(xz+€fm}_q2+£fm|l+s=f Z |[Z i V‘+E—1x:+s®v-ﬁn
o m
2+
=c[ D a-gmowes, |1+E+Z( 1, Z i P il A

m

Taking into account the properties of the cut-off functions, all of the addenda vamsh as € — o with the
possible exception of the one corresponding to i = 0. Applying Hélder inequality as in (16) we deduce that,
m order to conclude, it is enough to show that

[ Ul 172 x0el? 0
)2

— -;.rz +Efm
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as € — o Define hy, . = V**€y,, . and its simmetrization h3, .. Because of (29),

1
Ediv(|fm|1+EV|hg+£|2) = |fm|1+e[ (fﬁSymh2+sJ hz+e} (Ric(h +£) '112+£} + |v'l12+£| ]

1, :
+ 5 VUl ), VU, 2)),
thus integrating and using [32, Corollary 9.3.4] to control the curvature ferm we get

[ D) opmiualfin o) < = [ D7 1l et i) + [ 1ful 4170 I
M p M p <M

12 V(1 fn2), VRS, ) (31

< (-apc | Z |fm|1+5|h2+g|2+f > Ufl eIV
M
m

+§Z (V™). V(IR
m
Suppose first that 0 < e = 1. By Young's inequality, the regularity Lemma 2.1 and the properties of hs. ..

|2 ombielfnrohfs) < e [ D e+ | 2. V1AL
M m

M\Bﬁz+s(a) m

0], D Unl VRS I + -
M

for any = 0. Notice also that

|h3eel < 1horel = [V 00, 0] < CAH(Rou). (33)
By the dominated convergence theorem, the fact that f,,, € W2+51*¢(M) and Lemma 2.1, the first and
fourth term in the RHS of (32) vanish as ¢ — oo, so using Kato's inequality |V|h3, .|| < |Vh3, .| we obtain

limsupz f (Asymh34er
£—co - M

A= | D, (03D VBase= [ D (DD ue o [N )
M
m

so that (34) becomes

lim sup Iﬂ ~Byee— (L+7) f > |fm|1+s|wl§+slz} < 0. (35)
M
m

Z VIfn 22, (32)

“Bryy(0)

fm |l.+€h'§+E ) — (l + ”) ( |fm|1+E|Vh25+s|2:| =0 {34)
<M

Define

E—xCD

By Young's inequality and using (33), for § = 0 we can estimate A,. . as follows:
e = | Y, Oohfec DSl 0)

-] Z [l e IDsh 2 + (24 ) ( 2, Sre 2l [ sre (Al T @ 1)) (36)

-9, Z [ H441D515 o2 — (2+f)2( Z v (1£ur5)|

= (1=8) [ D 1l 1Dkl + 020(1) 35 = o0,
S M

m
where the last line follows by the Regularity Lemma and since h3, . is bounded and supported away from

Bg,..(0).
Regarding the term B, , .. Holder inequality gives

|\."

|h3+el?.
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Bue = | 2, (0ib8sc DE(1hEsc)

f Z |fm|1+E|D*h‘2+E| <1v (1fm |L+E)h2+e:D h2+e)] (37)

<[ 2, Vnl ot + [ IUARS TR TN
1
1+e|pipS 1+e|prps. | e w T 1+
e loshsec + @t (| flreloiis] AN

By the R_u:m identities, a computation (see [26 pp- 31]) shows that
IDSh3,|* = D5 (V€ 00 )|
< C (aVa4el® + [Riemy |’ [V x50 |2 + -+ + |75 Riem, ||V |?)
{C' on M\ Bg,,_(0) by our decay assumptions on Riem and by (30).

0  otherwise
Hence, (37) and f,, € W2FS1*€(A) imply that lim supB,,, < 0. Note that these estimates for B, also
E—00

=

hold for € = 0, and indeed the fourth line of (37) is unnecessary in such case.
Inserting (36) and (37) into (35) gives

lim sup f Z [fin " €1(1 — 6)|Dsh3sc]® — (1 + n)|VRS,P] <0 (38)
E—so0 M -
Moreover, by the same reasoning as above and by Young's inequality (see [26, pp.32-33]),
2
IVh3,el? = ‘mvsnswlﬂhﬂ}
o Cia :
< (14 20500 )|Vhgye|? -l——+s(|Rlemg| |VExppel? + -+ |VE- 1Rlem_g,| IVxzsel? ) (39)

IDsh3+el® = (24 €)?|s24e(Vspse(VHF )c'2+s)J| (2+ €)% ls24e(VE  x2:) |

2 ((2+€) = eCa4¢)|Vhasel? — “*E(lm ||V xzsel? + o [Vo Riemg | |Vazeel2), (40)

for any £ = 0, and some constants Cy 5., Ca,24+¢. Using (39), (40), the decay assumptions on Riem and f,,, €
LY*E(M), we get that

1“151113_“ Z [fml ™ €[(1 = 8)((2 + €)® — eCapae) — (L4 )1 + £Ca4e)]IVR2sel* < 0

E—+00

Hence, we can choose §,n,¢ small enough such that (1—8)((2+€)* —eCa4e) — (L +1)(1+
ECLZ_,_E} = 0, which leads to

[ tnbetohaet 50 ase s
M

m
thus concluding the proof for 0 < € < 1.
We suppose now that £ = 0. We first note that

im 2 [ Z (1ol V(1S 2)) = (41)
Indeed, by Lebesgue convergence theorem,
=1} 2. k91l =iy =3 1) 2, (0 + ). V()

So performing the same computations as in (22), (”3) and (24) we obtain

=1} 2. (0GR + ) Ve < Weells [ D 100

Since the RHS above vamshes as € — co because of (33), this proves the clamled identity (41). From (31)
we therefore deduce

lim sup

€00

"’qz+£ _EZ+£ f Z |fm||vh +s|2] =0 '{:42)
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As the estimate for B, holds also for e = 0. we only have to deal with -4, :
Arve= | 3 (D5l DU fnliEse)
M

m
= [ 3 falinsdgec + 40 [ D DS saee(dlful @ B )
M m M m
By Lebesgue convergence theorem,

[ D7 (0stiesara@iml @ i) =tim [ 3 (D5hfersaen (¢ (VEET2) @ )
M - e—+0 M —

hence we compute
]i_l:l& f Z (h§+f,D§" (5'{3+sp (d (ffrﬁ +z ’ ® -I1§+E)))‘
T =

f D (DS e s2ve (d1fin] @ B
M m
<3l | D) af)
T m

mﬂm m
=ty [ TR L WU P — 1 Y ]
M m

e Tree Y Talpe 3 + o

where for the last inequality we reasoned again as in (22), (23) and (24). Summarizing,
Azpe = [ Z |fm|IDsh3l? + 024£(1) as e — oo,
M

m
and the proof can be concluded as m the case £ = 0.
3. Non-Density when € = 0 : A Counterexample With Curvature Sec = —1
We construct a suitable complete, convex hypersurface (M, go) < H**¢ of finite volume and with two
ends. We consider cartesian coordinates (x,z) = (X, ..., X34, 2) on R3¢ Let By = {|x|? + 22 < 1} be
the unit ball centered at the origin. Let it be the hyperbolic metric on B, induced by the Beltrami-Klein
projective model, i.e.

lldyll® (y - dy)

I-llyl® (1= llyl®)?
where y € B, and || - || 1s the standard Euclidean norm of R**%. Define the noncompact hypersurface M
by

h =

= :
M={lx| =3+ t-z2z€(-L1)} B,
and let g, be the metric on M mnduced by h. Note that M 1s the boundary of a domain which 1s strictly
convex in R**€, hence also in (B, h) since the Beltrami-Klein model is projective. Thus Sec, > —1 by

Gauss equations. So, M 1s invariant by reflection with respect to the plane z = 0, and M N {z = 0} can be
written as the graph of the strictly concave function

R2te

| —
fm:D = B;_ z(0)\ {0} = [0,00), fin(x) = J'l = |x|* — 2v3|x| (43)

where Bf@[jo) is the Euclidean ball of radius 2 — v/3 in {z = 0}. We will shortly say that M is the bigraph
of fy,. Denote with f,, = id x f, the graph map. Note that (M, go) lies in the interior region of the double

cone

K ={1x =%:z e (-1} & (BLh), (44)

and that K has finite volume. This can be easily proved by a direct computation, for instance by noticing
that each of the two cones forming K is 1sometric to the half cylinder {|x| = 1,z = 1} in the Poincaré half-
space model. Since the orthogonal projection on a convex set of H?*¢ is distance decreasing by the
hyperbolic Buseman-Feller theorem [6, I1.2 4], we deduce that ( M, go ) has finite volume. We fix
) RItE . 24
W € bigraph of f,,, over BEP‘_Z:@(_U) Ay B%R (0)
whose closure is diffeomorphic to a closed ball (in particular, V does not disconnect M ) and we define
U = 0,U; = bigraph of f,, over BX 12(0)\ Bi:(joj forj = 1....
]+
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Roughly speaking, M looks like an American football m vertical position with respect to {z = 0}, and U;
corresponds to the open set obtained by removing an upper and a lower cap centered at the two vertices.

We begin by constructing, for fixed j, a sequence of smooth metrics {o:,—lzﬂ]?:_z on M having (2 + ¢)
"approximated spikes" m U; \ I;_, and converging, as € — o0, to an Alexandrov metric that has a dense
set of sharp points on U; \ U;_y. We recall the notion of sharp singular point, and some basic facts of
Alexandrov (more generally, RCD) spaces that will be useful later on. The theory of metric measure spaces
(X, d, m) ( m a Radon measure on X ) that lie in RCD(K, 2 + ¢) hugely developed, with a detailed set in
[1]. Here, we just point out that RCD (K, 2 + ) contains all Alexandrov spaces with dimension (2 + €) and
curvature bounded from below by K /(1 + ¢), with m the (2 + ¢)-dumensional Hausdorff measure, as well
as the pointed measured Gromov-Hausdorff (mGH) limits of smooth manifolds ( M;, g;, o; ) with Ric, =
K, endowed with therr Riemannian measure m; and reference pomts o;. For X € RCD(K, 2 + €), the
Sobolev spaces WI*€(X) can be defined for 0 < € < o, and W1Z(X) is Hilbert. Given (X, d, m) €
RCD(K,2 + €) and xg € X, the density

m(Byy2e(x0))

I(xg) = lim £ (0, ]

e=0 (14 2e)*
does exist. A tangent cone at x; 1s, by definition, the mGH limit of some sequence of rescalings
(K%.%.ID) where J; — 07,

and the set of tangent cones 1s closed under mGH convergence pointed at x;. Under the non-collapsing
condition 9 (xy) < oo, every tangent cone at xg is a metric cone C(Z) over a cross section Z € RCD(1 +
€,2 + €) with diameter < m, that is, it can be written as [0, o) x Z with distance

dezy((t, %), (5,3)) = 2 + 52 — 2tscos( dz(x, ).
The section 15 unique for Alexandrov spaces, but this may not be the case in general. Following [15], we
say that xp € X is sharp if ¥(xp) < co and the cross section of any tangent cone at xp has diameter < .
3.1. Construction of the spike metrics 5, .. It 15 well-known that there exist manifolds ( M, g, ) with
Secg,,. = 0 that converge to an Alexandrov space having a dense set of sharp singular points, [31]. In the
next Lemma we will need to localize such a construction, namely, to approximate the singular points in
U; \ U;j—y without modifying the metric g; outside. We adapt the construction introduced m [30] to a
hyperbolic background. As we shall need more information on the sequence of approximating metrics, the
proof of the next result will be done in full detail.

Lemma 3.1 (see [37]). For j = 1, there exists a sequence of smooth metrics {legﬂ} 2+e)eN on M such that
Tj2+¢ = go outside of a compact subset of U; \ U/;_; (depending on 2 + € ), (45)
Secg,,,, > —1 onM (46)
V(2 + €):N., — N,¥S © M Borel, Z voly . (50 (U \ U;_y)) < volpp(K) < oo (47)
j=1

3C; = 1 such that Cj_l dgo(x,y) = dg . (X, ) = G dg,(x,y) V(2 +e) ENU {0} x,y EM. (48)
Moreover, (M,0;4,.,0) = M; ., = (M, d; ., 0) as € — o in the Gromov-Hausdorff sense, for some (2 +
€) dimensional Alexandrov space M; ., biLipschitz homeomorphic to M, with curvature greater than or
equal to -1 , volume H 2*€(M; o, ) < voly=4(K) < o0, and a dense set of sharp singular points in U; \ Uj_;.
Proof. Define

+e . +e . .
Do = 0,D; = By 2(0)\ BX (0),

. 1+8 _
solU; = fi, (Dj] U(— fm)l:Dj:l 15 the bigraph of f,,, over D;. Note that f,,, satisfies f;,, (x) < 1 — v/ 3|x], since
the graph of this latter function coincides with K on {z = 0}. Let [ym 0} € D; \ D;_; be a dense sequence.
‘We claim that
there exists a sequence of smooth strictly concave functions (f, )2+ D — R, € = 0, such that
@) fm(X) = (fin)jase(X) < 1 —+/3|x| on D;
(11) (fin) 14 converges uniformly, as € — <o, to a concave function (f;, }; ., and the graph of (f;,) ; - has
sharp conical singularities at any (fi,)j,e [:ymo);
(iii) {x: (fin)j1+e(X) # fin {:xj} is compactly contained in D; \ Dj_;.
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Given the claim, let (Mj,ne o}-llﬂ} be the bigraph of (f;,);14¢ With the induced metric. Property (i)
umplies the Hausdorff convergence of M; ;.. to the bigraph M; . of (fin); With the induced intrinsic
metric d; ., and it 15 known that the concavity of (fi;); 1+ guarantees the pomnted Gromov-Hausdorff
convergence (M;.1+s- di14e O14c) = (M}-_m, A cor 0, ), with 0, _ being the image of any fixed point in D, .
Using again the concavity of (fi) j,1+¢, Gauss' equation implies that M; 1, . has sectional curvature bounded
from below by -1, and ( M, d;, ) 1s an Alexandrov space of curvature lower bounded by -1 by Buyalo's
theorem, [7]. Next, for 0 < € = oo, identify M with M; 1, . topologically via the map ( fm Jjise® f,; ! and
still denote with o; 4 the pulled-back metric on M. Note that {g, ;4. # go} is compactly contained in U; \,

E_ The uniform convergence together with the concavity of (fi) 1+ on D guarantee that [( fm) j.1+5}1+5
are uniformly Lipschitz on D;, hence on the entire D by (ii1). In particular, up to identifying the manifolds
by means of {f;n:)j-,prs o f;;l, (48) holds. To conclude, for a given (1 4 €): M.y — N we consider the
concave function (fin)e that equals (fin)j 1+ o0 Dj Y\ Dj—1. By the above construction, the bigraph
(M, ge) of (fin)e 15 the boundary of a convex set in (B, h) contained in K, so by the hyperbolic
Busemann-Feller theorem the nearest point projection from K to ( M, g ) 1s distance decreasing. In
particular, for every Borel set § M it holds vol, (S) = vol;-,(K), proving (47).

It remains to prove the claim. In [30] it is presented a general procedure to construct a sequence of metrics
on a bounded set of a Riemannian mamfold which Gromov-Hausdorff converges to an Alexandrov space
with a sharp conical singularity at each point of a countable set. For completeness, we reproduce here the
construction in our setting. Consider g: R**¢ — R such that

9(x) =1 —|x| — |x° forx € BR,
oo 2+e
gec=(BF "\ ()

suppg < BE
g=0.
Then, for £ = 0 and y € R*** we define Jey R = Ras

\ -y
gf,y(x_) = .9( = )
so that g,y is smooth oufside y, non-positive and strictly concave on B,],_.]ffzzﬂ(y}. Let
0<¢g < distmzhs {yla B(Dj \ Dj—l})

and define
‘:Pl':x] = fm (X) + ]?l.gfl,yl{xj
with 1; > 0 small enough so that ¢, 1s strictly concave and ¢, (x) < 1 — \/3x on D. Observe also that P1
15 smooth on D\ {y;} and its graph has a sharp singular point at ¢, (yy).
Recursively, let 0 < g7 < distgz+e (y(1+5)J é‘(DJ \ Dj_lj U {yy, ...Jyg}) and define
Prae(X) = Pe(X) + Ni4eFerreyise(X). (49)

The function ¢, 1s smooth on D\ {y,,..,V;,.}. strictly concave and satisfies ¢;,.(x) =+/3x—1
provided that n,,. is small enough Moreover, the graph of ¢,,,. has sharp singularities at
Pr2e(V1) oo Prae(Vige ). Furthermore, if 1y, are such that ¥, 1y, converges, then ¢,  converges
uniformly to some ¢, =:(fin)j Whose graph is convex, has sharp singularities at {q)m (ymo)]:ozl‘
comcides with the graph of f;, outside of D; \ D;_; and 1s contained in the double cone K. The sharpness
of the singularity at each ¢, (ymojl can be directly checked, making use of the fact that pomts of an
Alexandrov space have a unique tangent cone.

To define the smooth functions (f;,);14.: D — R approximating (f;,); .. recall that (f;);. = fin +
Ye=0 M+eTe,s.y...- BY @ diagonal argument, 1t 15 enough to show that each g, ,_p . can be umformly

approximated by smooth functions which comeide with g. ., . . outside Bf:;jz (Vite). For 0 =8 <
E14¢/2, let g, _y., s be a smooth function that 1s strictly concave on Bff_:,z{:y“_é) and coincides with

Je,sey,se OULsIde Of Bg‘ﬁs(ylﬂ)“ see for mstance [17, Theorem 2.1]. As § — 0, we havethat g, . _o . _s —
Je,sey,. Uniformly. This concludes the proof.

Let E,, E_be the two connected components of M '\ Uy, respectively contained in {z = 0} and in {z < 0},
and for each j define
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E_;=E \ULE, ; =E.\Uj, (50)
The metric g on the block M will be constructed from the original metric g, by prescribing, foreachi = 1,
a spike metric g; ;) with k(i) approximated spikes on U; \, U;—;. The function k: M~y — N will be chosen
mductively, by identifying, for each j = 1, k(j) depending on k(1), ..., k(j — 1). Correspondingly, to each
Jj we shall associate a smooth metric g; on M that corresponds to the choices of g; ;) on U; \ U;_; for 1 =
i = j. In particular, g; = g;—1 outside of U; \ U;_4. In the followng lemma we summarize the properties
of the metrics g; to be proved.
Lemma 3.2 (see [37]). There exists a sequence of metrics {g j};o: LM with the following properties:

(P1) {x:g;(x) # gj—1(x)} is compactly contained in U; \ E,

(P2) Sec,, = —1

(P3) ¥S © M Borel, volg (S) < volja(K) < +oo,

(P4) 3C; > 1such that G d, (x,y) < dg (x,y) = C; dg,(x,y) Vx,y € M.

where K is the double cone defined in (44), and d_gj 15 the distance induced by g;. Furthermore, having
defined E, ; as in (50), g; and g;,, satisfy
p=—-1+27 ondE_; ]
p=1-2"7  ondE,; = lellwsrejivge) > 1
Remark 3.3. About ( P5 ), we shall see below that g; matches the following stronger property: whenever
@ satisfies the assumptions of ( P5 ), the mequality

||('0||W2'1+E(UJ'H\W,§} =1
will hold for any choice of § that coineides with g; on U; and with a spike metric gj41m, on Uiy \ U;. In
particular, (P5) does not require to have already chosen the integer k(j + 1). but holds a-posteriori for
every possible choice of it.
3.2. Proof of Theorem 1.9 (see [37]). Let us see how Lemma 3.2 allows to conclude the proof of Theorem
1.9
Let g be the smooth Riemannian metric on M defined by g = g; on U; for j = 0.1t is readily seen by (P1),
(P2),(P3) that Secy = —1 and that vol, (M) = volj-,(K) < oo. Furthermore, referring to the proof of
Lemma 3.1, (M, g) can be realized as the bigraph of a concave function that equals () jx¢;y on Dj \ Dj—1.
Such a bigraph 1s properly embedded i (B, h), hence (M, g) 1s complete. Let us glue N to M along V'
and V, by keeping the metric g unchanged outside of V. For convenience, still denote with W the
complement of M Y\ V inside of M#N, and with g the glued metric. Fix a smooth function F,: M#N — R
such that

(P5) Vo € C*(M),

Fn=0onV,F,=—-1onE_;,Fp=1onkE,;.
Since (M, g) has finite volume, it is clear that E,, € W1*S1*€(MEN) for every (1 + €). Foreach € = 0, we
prove that F,, cannot be approximated by compactly supported smooth functions in W>**€(M#N), as the
statement for higher (1 4 ¢) 1s a simple consequence. Suppose by contradiction that there exists a sequence
{(Fm)i}izo © CZ(M#N) such that ||Fy — (Fn)illw2s+epsng) — O as i — oo, In particular, there exists
such that

IFn — (Fn)illwz1tpnv,g) = 1/2.
Choose j = 1 so that (F,); has supportin U;. Then Fy, — (Fp)i = —1onE_jand F,, — (Fy); = lon Ey ;.
hence (P5) enables us to conclude that
|F — {:Fm)EI|W341+E(UJ-+1\W.QJ,—+1] =L
However, since F, — (Fp); 15 constant outside of U; and g = g;41 on Ujyq,

1 . ~ . .
bl = ||Fn — (.Fm)illwz'“e[b{\v.gj 2 ||Fy — {.Fm)fllW:’1+E{Uj+i\w|gj+1) =1 (51)
contradiction.

3.3. Proof of Lemma 3.2 (see [37]). Suppose that g;_, is constructed. Let {'9141+E}(1+s)emu{0} be the

sequence of smooth metrics on M being equal to g;_4 outside of U; \\ U;_; and equal to the spike metric
Tj1+e 00 U; \ Uj_q. Then, g;o = g;-1 on M and, denoting with d; ;. the distance induced by g;,14¢. from
Lemma 3.1 we easily deduce the following properties:
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{x:gj1+e(x) = gj—1(x)} 1s compactly contained in U; \ U;_y,
Secg; ., = —1 foreach 1 +e¢,
¥5 C M Borel, vol_gJ.J”E{S:) = vol;=p(K) < oo,
For each choice of k(j), the metric g; = g« therefore satisfies P1, P2, P3. To prove P4 and (P5), for
any fixed 1 + €, my € N we define the smooth metric g;1.¢ m, such that

Gjatemo = Gjrrmg 0 Upsa \ Uj Gj14emo = )1+ Otherwise. _
The construction of g; 1, o, and (i11) in Lemma 3 1 guarantee that there exists a constant C; = 1 such that

¢t dg,_ (xy)<dg, . (xy) < o dg;_,(X.¥) Vx,y € M, 1+ €,mg €N U {0} (52)

In particular, independently of the possible choice of k(j), g; also satisfies ( 7). Observe that (52) implies
that

3v; > 0 suchthat voly (Bf""”e’m (Zz)) = v;Vz €U, 1+¢€,mg EN. (53)

As antficipated 1n Remark (3.3, we shall prove the following strengthened version of (P5)):
Claim 1: there exists k() depending on j such that g; = g; r(;) satisfies
@=-—1+277 ondE_;
9=1—2"7 ondE,;
Assume, by contradiction, that (P5;) does not hold, so that, for (1 + €) large enough, there exists a
sequence E‘P;‘,lhs} with @; 1, € c=(M, gjllﬂj, and a sequence of mtegers {(mgy),,}. such that
@Pj14e =—1+277 ondE_; o _
P =1—277 on JE, ; but ”cpj'lﬂ"WZ'H'E(U_:‘+1\“9;‘.L+s.(fﬂou+e} =1 (54)

Eont\V_

(P5)) Yo € CP(M), = Ymy, ||cp||WZI1+E(UJ'+l\w‘gf.(l+E)U),m) > 1.

We examine the convergence of the sequence {qof»l*‘}u

Claim 2: as € — oo, the sequence ¢; 14, converges locally uniformly on E—\ﬁ to a function ¢; that is
locally Holder continuous on?j \ V and locally constant on UNUig(onh \ W, ifj=1).
We describe how Claim 2 yields to the proof of Claim 1. First, since the convergence 1s uniform up to the
boundary of U}, passing to the limif we obtain
;=1 ondE, ;,@; =< —1 ondE_ . (55)
The argument goes then by induction on j. If j = 1, U; Y, ¥V 1s connected and thus ¢, is constant. This
contradicts the fact that £, ; UJE_, © d(U; \ V). Having proved Clamm 1 for j = 1, and thus having
constructed g, with property (P5]), we examine the case j = 1. We proceed inductively, that 1s, we assume
to have constructed g;_; in such a way that (P1), ..., (LPE}_I) hold. If j = 1, then U; % U;_; has at least
two connected components, respectively contained in E,and E_. The constancy of ¢; on each component,
coupled with (55), guarantees that
@; =1 ondE;j_q1,9; =—1 ondE_; ;.
Therefore, for (1 + ¢) large enough,
q)j,l.+5 =1 2_j+1 on 3E+J-_1.cpj|1+s =< -1 + 2_‘H—1 01 E_Ij_lJ
and thus, by (P5]_, ),

i = 1L
|| ‘PJ‘-1+E||W3,1+E{UJ\WJQJ,J_+E)
Concludmg, since Jiive(mo)ise = Jj1+e 00U,

1= ||(Pj'1+€||WZ’J+E{Uj+1\"ﬁ"-§_;r.1+e.ml+£] = ||CPj'1+E||W2'I+E(Uj\"a"-§_;,1+e) > 1,

contradicting (54).
It remams to prove Claim 2. The argument is inspired by the recent [15], where the authors study the
behaviour of harmonic functions near sharp points of RCD(K, 2 + €) spaces. Recall that, given a complete
metric § on M with Ric; = —(1 4 €) g, and a geodesic ball B, (o) centered at some fixed origin o, there
exist constants Cp, Cp, depending on (2 + €), (1 + €) such that
"Olg‘(gz(us)(z)} = Cpvolg(B14¢(2)) VBag146)(2) © Brye(0) (56)

and, for every € = 0 such that B.(z)  By+.(0).

\?Olﬁl::Bli_E(Z):] - V_ll:l + E:] - ( 1 + €

volg(Bi4+26(2)) — Voa(1 4 2¢) — ?

. 2+e

1+ 26) (57)
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where V_;(t) 1s the volume of a ball of radius t m the (2 4 £)-dimensional hyperbolic space of curvature
-1 _ It is a simple consequence of the above two inequalities that there exists C = Cp (2 + €,1 + €) such
that

for each BJ,, C B desic balls in Byre(0), 2T P & cney gy '(HE)M 58
or eac c eodesic balls in 9),—————— = €, €

1te 1+42¢ & 1+e(0) voly (Brrze) 2 ( ) 132 (58)
where now Bj, ., By, may not be concentric. On the other hand, Buser's isoperimetric inequality [8] (see
[34. Th. 5.6.5] or [28, Thm. 1.4.1] for alternative proofs) guarantees the existence, for each 0 = € < oo, of

aconstant Py, = P1:.(2 + 6,1+ €, 1+ ¢) such that
1

1

T+e
f |v¢|1“] VY € Lip(Brie(0))  (59)
Bitelx)

— 1+e i+e
[ [y — RUBH.Ecle ] S(1+ )Py
¥ Bitelx)

where l;.'J_B”E(_‘.) 1s the mean value of 1 on By, .(x).
Because of Lemma 3.1, up to subsequences (M, Gj1+e(mo)rse’ o) - M, = (MJ dj'm,o) as € — 0 in the
Gromov-Hausdorff sense, where M, 1s an Alexandrov space of curvature not smaller than -1 with a dense
set of sharp points in I; % U;_;. Fix a smooth open set Uy with V € Uy € Uy, and such that Uy \ U is
connected. Choose

<g< Wmin {dg,_, (U}, 0U;41).dg_, (U5, W)} > 0
i such a way that the tubular neighborhood

v, = Bf‘;"_l@-sj (U; \ U§) has smooth boundary.

Hereafter the index j will be fixed, so for notational convenience we omit fo write 1t unless 1t identifies the
sefs [/;. We also use a superscript or subscript (1 + ¢} to indicate quantities that refer to the metric

Gji1te(my),y.. 50 for instance we write | - |1 4., voly, . to denote the norm and volume, and B;IE(:Z:) nstead

of Bf j’;:e‘(mu}”‘{:z)_ Analogously, balls m M;_, will be denoted with B3 _(z) By (52), we have the
following inclusions between_hlbular neighbourhood_s:

BIE(U; \Ug) €V; € BEZE(V;) €U, \VY(1+e) EN (60)

Again using (52), we can fix R; > 0 such that
Uis1 € Bﬁ;e
-
Because Secgj.l remite = —1foreach j, 1 + ¢, on the balls Bé}r‘(o) we have the validity of (56), (58) and
(59) with constants only depending on 2 + €, 1 + €, R;. By using (60), we can apply Morrey's estimates as
stated in [24, Thm_ 9 2.14] both to ¢4, . and to |V, |1 4e, to deduce that for fixed j there exists a constant

c= C‘(Z +e 146, Rj-) such that for each z € Bfl:rg{lﬁ] it holds

(@V1+eEN

1

2+s 1+e
+elX) — @14 V@iee e — |V @1se e Tre
p 1210 01O ol = Worac sc(2+f,1+&mef+f(f We’“clil;te_'_l‘?z%”hl;te) 0
xyER: " (Z) dJ,f(x,)'?’_lft d“,-_(x,y?’_iﬁ Bag 12}
Using (58), (53) and (54), we get
1
2+€ 1t+e 2+€ 1 1te
1+= 1+e 2 1+# . 1+& 1+¢ 2 1+¢ - gl
£; ¥ + |V = Ce; —J- V. +1V | =C
j J[ Bi}]‘[xu Prielive Prielive j E_?2+Ev{)11+5l:311+é[2]} B::]‘[zu Prrelive Pr+elise
Thus (61) gives
[@14c(x) — @100 Vo (x)ise — V@1 (V)1 4e
- 1+
sup + o <C"(2+e1+eR;)VzEBL(V;) (62)

TVEEGEE dy (xy) THe dyse(x, ) IHe
A simple chain argument vsing (48) then allows to extend the uniform Hdélder estimates m (62) to x,y €
BEIJ.”(:UJ- \ Ug). Briefly, since V; has smooth boundary we can fix a constant C; such that, foreach x, y € V;,

there exists a curve yyy, C V; joining x to y whose length 1s at most C‘} dgj_l{:x, v). Restricting to x, v €

BEIJ_”(jUJ- \ Uy ), choose points {x;}7_; along ¥y, in such a way that xy = x, x; = y and the length of each
subsegment y, ,  with respect to g;_; does not exceed g;/ (2 fjfj:l By (52), there exists C} such that
¥ € 5’51;6(1?:'—1) ViElL(l+e€)€E N’z Ayee(Xp, Xi41) < G dyye(x,y)
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Applying (62) with z = y = x; and x = x;4,, and summing up, we get
[@126(x) — @14 (V)] + ||‘;"¢’1+s(5;)|L+e =1V 14l
+&
=C"(2+e1+ e,Rj)dHe(I,y)ll? vx.y € BHE(U; \ Up) (63)
Next, by (54) and since M \ Uy is connected while M \ U; is not, each curve in M \ Uy joining two points
x € 9E_;,y € dE, ; shall contain a point x4, € U; \ Up for which ¢y, .(x1:¢) = 0. Hence, {@y4.} is
equibounded on B?J.*’E(Uj \ U{.] and subconverges, by Ascoli-Arzeld theorem, pointwise to some
@: B;‘.’ (U; \ Up) — R that, because of (63), 1s uniformly continuous on B:j (U; \ Up). Furthermore, by [25,
Prop. 3.19] and up to subsequences, ¢1,, — @L*-weakly on each ball B};’E(:z) c BEIJ.*'E(UJ- \ Ug). see also
[25, Rem. 3 8] By Holder mequality, (60) and since ( M, g;,11¢,(m,), .. ) has uniformly bounded volume,
Ii
111:+5;LIP le1ell, .z (8242011t
and ¢y, — @L*-strongly on B (z). By [25, Thm. 1.3], ¢ € W*(B{3.(2).d,,) foreach 1 + € < &, @ is
in the domain of the Laplacian D2 (ﬁ, B (:z)) on M; ., and
Awy,. = Ap L* weakly on Bg(2)

J‘::O(}

64
Vo,.. — Vo L? stronglyon B2 (z), foreach 1 + ¢ < g (64)

In particular, by [25, Thm. 3.28], |V, .| — |Ve|L? strongly on B{® .(z), hence pointwise a.e by [25, Prop.
3.32]. Passing to the limit in (63), ¢ and |Ve| are uniformly continuous on U; % Uy. If z is a sharp point we
apply [15, Proposition 2.5] to mfer the existence of §y = §p(2+€,z) and ¢ = e'(2+ez ej) e (o, ej)
such that
f “|vqa|2£(1—5‘,):{; (}|U’qo|?‘+(1+ej2C(2+E,z,sj}j; (Ap)* V(1+e) < gf
Biieyale Bilelz B

oo
1+&l2

Using [25, Thm. 3.29] and (64) we deduce that, forevery 1 + € =< &/,
"A(P"I.zfﬂﬂs(z)) = lilﬂ_i“ﬂ|'5‘P1+s||1.2(}3ﬂ§(zj}
hence by Hoélder inequality and (57) we deduce

2
) -z 1t
1+ Ejzjc‘ [Agyiel® = (1 + E]2V011+s{.3f::(2))1+5 (f |5¢L+e|1+5)
BiIH(=) BIiE

114-5{5)
2(2+e€) 2

2 2 ite I
1te, ) IFE
voly, e (ij“f (z) )

.
= (1+ ol (BiFE(2)) T = (Gp) T2(1 +©)* (72)

=C(2+el+eRugv)(l+ E'Jzi__:s
where, m the last step, we used again (53). Inserting into (65) we eventually obtain

2(-1)
f» Vol = [1—6‘0):'( Vo> +C(2+ 61+ 6R,v,z,5)(1+e) 17 V(1+e) <<
Bl ejal=) Bi%e(s)
Consequently,
lim j: |[Ve]? = 0 for every sharp pont z
%) B%p@

From the uniform continuity of |V¢| and the density of the set of sharp points in U; \ U;_,, we conclude

that |Vg| =0 on U; \ U;j_y (on Uy \ WV, 1f j = 1), as claimed. This concludes the proof of Lemma 3.2.

3.4. Proof of Corollaries 1.11, 1.12 and 1.14 (see [37]). All of them are based on the following simple

observation- let X, ¥ be Riemannian manifolds, with ¥ compact, and consider a (say, smooth) function ¢ €
W2Lte(X % V) Forevery y € Y fixed, define @y X = Rby @, (x) = @(x,y). Denote with V,V, A, A, the
Levi-Civita connections and the Laplace operator of X and X x ¥ respectively. From

Ve (x, )| = |[Veu (x) | [P (x, )] = V2, ()]

it holds
"‘P”if"‘i(xxﬂ + "v_"p”}.fff(xxi') + |I§2§pl|i:—"‘i(,¥x¥) = J; [”‘p}’”::;{x} + ||V¢J}'||::+E£(A-) + ||V2'§0J’”:L++EE(XJ} dy

with equality if @ just depends on v. Hence, by the definition of W21*€ norm, there exists a constant €, , . =
0 only depending on (1 + ) such that

l+e ) . ) )
||‘P||%ﬂ.;rfl+€(xxy) = Cl+£J "%’”WEJHE(X) dy Ve € C¥(X x V) nWIE(X x Y) (66)
Y
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Conversely, let m: X x ¥ — X be the projection onto the first factor and for any 1) € W21*€(X) define ) =
Pom € WHIFE(X x V) Then

L 1 =7l - 1
||¢’||er€(3ij = vol(Y ||¢J||L:f€[Xj' ||v¢||:,:rff(x><y) = VOI{.Y)I|VJ1{}||LI—+EE[X]'
1+e 1 =Tl g 1
||V ¢||LI+E(Xxy] vol( ”Vzlff'”g:fé(x)- |Iﬂ¢I|LT+EE(Xxy) = Vol{_y)l|ﬂ’1{’||15ff€[x]

Regarding Corollary 1.11, for ﬁxed € = 0, and € = 0, consider a surface M#N and the smooth function
E, € Wi*e2*€(MgN) (for each (1 + €) € M ) constructed in Theorem 1.9 for dimension 2 _ In particular,
19m — Fllw>>+<eemy = 1 for every vy, € C(MEN).

Consider a compact, boundaryless manifold ¥V of dimension (), let m: @ = (M#N) x ¥V = V be the
projection onto the second factor, and define £, = F,, e € W22%¢(Q)_Then, from (66), for every u,, €

Ce (@) it holds

= n2 - = n? 2+e - )
ttm = Fnllyiteateqgy = lttm = Fnllyzete gy = cmf |(um)y — m”w”*‘f(mnr) ' = Gy vol(Y)

Hence F, € Wy "5**¢(M) and
I-%1+E Z'I--E ) = WI-I-E Z-I-E(Q)
as claimed.
As for Corollary 1.12, given € = 0, let (M2, g) be a complete surface with Secy = 0 constructed i 30, so

that there exists a sequence {(Fy)i+et © Co (M) with ||(Fy, )1+E”L2+E(M) + ||ﬂ 1+E||L:+e(]._,J =1 but
||V2{ij)1+5||Lz+e{MJ — o Fix a compact manifold ¥* with Sec = 0, and deﬁne as above (Fp)i4e =
(Fa)ise°TECT (M x X). Tt 1s immediate to deduce that

|| F )1+E||LZ+E{MXX) + ||ﬂ 1+G||L3+E{MXX] - VOI(Y 1JI‘2+E but ||V2 1+G||L3+E(M]
Corollary 1.14 can be proved in a very similar way, starting from a sequence of compact 2-dimensional
positively curved manifolds M, . and a sequence of functions ('F Jite € C® (M) which verify

I(Fm)1selliztean, o + I1AF)1eell 2reqa,, ) = VOU(Y) 7, but IV (En)rselliztequy ) =
the existence of these sequences is guaranteed by [15]_
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