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Abstract 

The two pioneers in [18] extend dyadic shifts and representation theorem to an operator-valued setting.They 

define the boundedness of the operator-valued dyadic shifts, extend the dyadic representation theorem, that 

is,every scalar-valued Calder 𝑜́ n–Zygmund operator can be represented as a series of dyadic shifts, 

paraproducts averaged over randomized dyadic systems, to operator-valued Calder𝑜́n–Zygmund  operators, a 

proof of the operator-valued, global 𝑇(1) theorem. Following and showing the validity of the stream of the full 

high discussion of their wide usuable integral operators ofR-bounded operator-valued kernels, acting in UMD-

spaces,also in Euclidean space equipped with Lebesgue measureand obtain theorems of Boundedness of the 

dyadic paraproduct, a variant of Pythagoras’ theorem for functions of dyadic cubes, and finally a decoupling 

inequality for martingale differences. 
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I. Introduction 
We extend dyadic shifts and the dyadic representation theorem to an operator-valued setting. We work 

with integral operators that have R- bounded operator-valued kernels and act on functions taking values in 

UMD-spaces. The domain of the functions is the Euclidean space equipped with the Lebesgue measure. 

First, we summarize what is known in the scalar-valued setting. A dyadic shift𝑆𝑗𝑖with parameters 𝑖 and 

j (and complexitymax{𝑗, 𝑖} + 1) is defined by 

𝑆𝑗𝑖𝑓𝑟 ≔ ∑∑𝐷𝐾
𝑖 𝐴𝐾𝐷𝐾

𝑖

𝑟𝐾∈𝒟

𝑓𝑟 , 

Whichinvolves the following ingredients: 

• the shifted Haar projection𝐷𝐾
𝑖 associated with a dyadic cube K ∈ D is defined by 

𝐷𝐾
𝑖 𝑓𝑟 ≔ ∑ ∑

𝑟𝐼∈𝒟:𝐼⊆𝐾,ℓ(𝐼)=2−𝑖ℓ(𝐾)

𝐷𝐼𝑓𝑟 , 

• The Haar projection𝐷𝐼associated with a dyadic cube 𝐼 ∈ 𝒟is defined by 

𝐷𝐼𝑓𝑟 ≔ ∑ ∑(〈𝑓𝑟〉𝐼′

𝑟𝐼′∈𝑐ℎ𝑖𝑙𝑑(𝐼)

1𝐼′ − 〈𝑓𝑟〉𝐼1𝐼) = ∑ ∑

𝑟

〈𝑓𝑟 , ℎ𝐼
𝜂〉

𝜂∈{0,1}𝑑\{0}

ℎ𝐼
𝜂
, 

Wherechild (𝐼) denotes the dyadic children of  𝐼, 〈𝑓𝑟〉𝐼 ≔
1

|𝐼|
∫ ∑𝑟 𝑓𝑟𝐼

𝑑𝑥 , and {ℎ𝐼
𝜂
}
𝜂∈{0,1}𝑑

 are the Haar 

functions associated with I, 

• the averaging operator𝐴𝐾is definedby    

𝐴𝐾𝑓𝑟(𝑥) ≔
1𝐾(𝑥)

|𝐾|
∫ ∑

𝑟

𝑎𝐾(𝑥, 𝑥
′)𝑓𝑟(𝑥

′)
𝐾

𝑑𝑥′, 

Whereit is assumedthat the kernels satisfy|𝑎𝐾(𝑥, 𝑥
′)| ≤ 1 for all 𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾, and𝑥′ ∈ 𝐾. 

The dyadic paraproductassociated with a function 𝑏:ℝ𝑑 → ℝis defined by 
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II𝑏𝑓𝑟 ≔ ∑ ∑𝑟 𝐷𝑄𝑏〈𝑓𝑟〉𝑄𝑄∈𝒟 = ∑ ∑ ∑𝑟 〈𝑏, ℎ𝑄
𝜂 〉〈𝑓𝑟〉𝑄ℎ𝑄

𝜂
𝜂∈{0,1}𝑑\{0} .𝑄∈𝒟 . 

Dyadic shifts are bounded on 𝐿1+𝜖 .Indeed, by Pythagoras’ theorem, they are bounded on L2, and, by 

using the Calder 𝑜́n − Zygmund  decomposition, from 𝐿1 𝑡𝑜 𝐿1,∞ . From the Marcinkiewicz interpolation 

theorem, it follows that dyadic shifts are bounded on 𝐿1+𝜖for  0 ≤ 𝜖 ≤ ∞, and hence, by duality, on 𝐿1+𝜖for 

 0 ≤ 𝜖 ≤ ∞ 

The weak-L bound with an exponential dependence on the complexity was proven by [12] and with a 

linear depence by [9]. It is a classical result that a dyadic paraproduct associated with a function b is bounded 

on 𝐿1+𝜖if and only if b is a BMO function. 

Dyadic shifts are dyadic model operators for Calder𝑜́n − Zygmund  operators: [14, Lemma 2.1] proved 

that the Hilbert transform can be represented as a particular dyadic shift averaged over randomized dyadic 

systems, and [9 , Theorem 4.2] that every Calder𝑜́n − Zygmund  operator can be represented as a series of 

dyadic shifts and paraproducts averaged over randomized dyadic systems. The dyadic representation theorem 

for Calder𝑜́n − Zygmund  operators together with the boundedness of dyadic shifts and paraproducts yields 

another proof of the global T1 theorem for Calder𝑜́n − Zygmund  operators. For a detailed proof of the dyadic 

representation theorem, see the lecture notes on the 𝐴2theorem [8]. 

The operator-valued setting follows the by-now-usual paradigm of doing Banach-space valued 

harmonic analysis beyond Hilbert space: Orthogonality of vectors is replaced with unconditionality of 

martingale differences, and uniform boundedness of operators with R-boundedness. Pioneering examples of this 

are the result by [2] and [1] that the Hilbert transform is bounded on 𝐿1+𝜖(𝐸)if and only if the Banach space E 

has the UMD property, and the operator-valued Fourier multipliertheorems by [17]. 

A family of operators 𝜏 ⊆ ℒ(𝐸, 𝐹)form a Banach space(𝐸, |. |𝐸) to a Banach space(𝐹, |. |𝐹) is said to be 

R-boundedif there exists a constant ℛ1+𝜖(𝒯)such that 

(𝔼 |∑𝜀𝑛𝑇𝑛𝑒𝑛

𝑁

𝑛=1

|

𝐹

1+𝜖

)

1 1+𝜖⁄

≤ ℛ1+𝜖(𝒯) (𝔼 |∑ 𝜀𝑛𝑒𝑛

𝑁

𝑛=1

|

𝐹

1+𝜖

)

1 1+𝜖⁄

 

for all choices of operators (𝑇𝑛)𝑛=1
𝑁 ∈ 𝒯 , and vectors (𝑒𝑛)𝑛=1

𝑁 ⊆ 𝐸 where the expectation is taken over 

independent, unbiased random signs . A Banach space (𝐸, |. |𝐸)is said tobea UMD(unconditional martingale 

difference) spaceif there exists a constant 𝛽1+𝜖(𝐸)such that 

‖∑𝑒𝑛𝑑𝑛

𝑁

𝑛=1

‖

𝐿1+𝜖(𝐸)

≤ 𝛽1+𝜖(𝐸) ‖∑𝑑𝑛

𝑁

𝑛=1

‖

𝐿1+𝜖(𝐸)

 

For all E-valued 𝐿1+𝜖-martingale difference sequences(𝑒𝑛)𝑛=1
𝑁 and for all choices of signs(𝑒𝑛)𝑛=1

𝑁 ∈ {−1,+1}𝑁. 

It is well-known that -boundedness andUMD-property are independent (up to the involved constants) of the 

exponent 0 ≤ 𝜖 ≤ ∞; for an exposition on Banach-space-valued martingales, UMD spaces, 

And R- boundedness, among other things, see [16]. 

We conclude by precisely fixing the operator-valued setting and stating the results. We define the operator-

valued dyadic shifts and state their boundedness. 

 

Definition 1.1 (see [18])(Operator-valued dyadic shift). Let Ebe a UMD space. An operator-valued dyadic 

shiftassociated with parameter j and i is defined by 

𝑆𝑗𝑖𝑓𝑟 ≔∑∑

𝑟

𝐷𝐾
𝑗
𝐴𝐾𝐷𝐾

𝑖

𝐾

𝑓𝑟 

For every locally integrable function𝑓𝑟: ℝ
𝑑 → 𝐸, where, for each𝐾 ∈ 𝒟, the averag-ing operator 𝐴𝐾associated 

with an operator-valued kernelis 𝑎𝐾: ℝ
𝑑 × ℝ𝑑 → ℒ(𝐸) defined by  

𝐴𝐾𝑓𝑟(𝑥) ≔
1𝐾(𝑥)

|𝐾|
∫ ∑𝑎𝐾(𝑥, 𝑥

′)

𝑟𝐾

𝑓𝑟(𝑥
′)𝑑𝑥. 

The family of the operator-valued kernels is assumed to be R-bounded so that there exists a positive constant 

ℛ1+𝜖({𝑎})such that 

ℛ1+𝜖({𝑎𝐾(𝑥, 𝑥
′) ∈ ℒ(𝐸):𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾}) ≤ ℛ1+𝜖 ({𝑎}). 

Let 𝐿1+𝜖(ℝ1+𝜖; 𝐸)denote the Lebesgue–Bochner space, which is equipped with the norm 

‖𝑓𝑟‖𝐿1+𝜖(ℝ1+𝜖;𝐸) = (∫ ∑𝑟 |𝑓𝑟(𝑥)|𝐸
1+𝜖𝑑𝑥

ℝ𝑑
)
1 1+𝜖⁄

 . 

We prove the following theorem: 

Theorem 1.2 (see [18])(Operator-valued dyadic shifts are bounded). Let 0 < 𝜖 < ∞. Let𝐸be a UMD space. 

Let𝑆𝑖𝑗be a dyadic shift with parameters 𝑖 and and associatedwith the operator-valued kernels𝑎𝐾 . Then 

‖𝑆𝑖𝑗𝑓𝑟‖𝐿1+𝜖(ℝ1+𝜖;𝐸) ≤ 4
(𝑚𝑎𝑥{𝑖, 𝑗} + 1)ℛ1+𝜖({𝑎})𝛽1+𝜖(𝐸)

2‖𝑓𝑟‖𝐿1+𝜖(ℝ1+𝜖;𝐸) 
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for all𝑓𝑟 ∈ 𝐿
1+𝜖(ℝ1+𝜖; 𝐸) 

Next, we define the operator-valued Caldeón–Zygmund r operators and state the dyadic representation 

theorem for them. Following the paradigm of replacing orthogonality by unconditionality of martingale 

differences and uniform boundedness by R-boundedness, the standard estimates and the weak boundedness 

property are replaced by the Rademacher standard estimatesand Rademacher weak boundedness property. 

 

Definition 1.3 (see [18])(Rademacher standard estimates). An operator-valued singular kernel 𝑘:ℝ𝑑 × ℝ𝑑\
{(𝑥. 𝑥): 𝑥 ∈ ℝ𝑑} → ℒ(𝐸)satisfies the Rademacher standardestimatesif and only if: 

(i) The kernel k satisfies the decay estimate 

ℛ({𝑘(𝑥, 𝑦)|𝑥 − 𝑦|𝑑: 𝑥 ∈ ℝ𝑑, 𝑦 ∈ ℝ𝑑with 𝑥 ≠ 𝑦}) ≤ ℛ𝐶𝑍0  

for some constant ℛ𝐶𝑍0. 

(ii) The kernel k satisfies the Hölder-type estimates 

ℛ ({(𝑘(𝑥, 𝑦) − 𝑘(𝑥′, 𝑦)) (
|𝑥 − 𝑦|

|𝑥 − 𝑦′|
)

1+2𝜖

|𝑥 − 𝑦|𝑑: 𝑥 ∈ ℝ𝑑 , 𝑥′ ∈ ℝ𝑑 , 𝑦 ∈ ℝ𝑑  𝑤𝑖𝑡ℎ 0 < |𝑥 − 𝑥′|

<
1

2
|𝑥 − 𝑦|}) ≤ ℛ𝐶𝑍0 

And 

ℛ ({(𝑘(𝑥, 𝑦) − 𝑘(𝑥, 𝑦′)) (
|𝑥 − 𝑦|

|𝑦 − 𝑦′|
)

1+2𝜖

|𝑥 − 𝑦|𝑑: 𝑥 ∈ ℝ𝑑 , 𝑦 ∈ ℝ𝑑 , 𝑦′ ∈ ℝ𝑑  𝑤𝑖𝑡ℎ 0 < |𝑦 − 𝑦′|

<
1

2
|𝑥 − 𝑦|}) ≤ ℛ𝐶𝑍0  

for some H𝑜̈lderexponent α ∈ (0,1] and for some constant ℛ𝐶𝑍0. 

 

Definition 1.4 (see [18])(Rademacher weak boundedness property). An operator T mapping locally integrable 

E-valued functions to locally integrable E-valued functions satisfies the Rademacher weak boundedness 

propertyif and only if 

ℛ ({
1

|𝐼|
∫ 1𝐼(𝑥)𝑇(. 1𝐼)(𝑥)𝑑𝑥 ∈ ℒ(𝐸): 𝐼 ∈ 𝒟
ℝ𝑑

}) ≤ ℛ𝑊𝐵𝑃  

For some constant ℛ𝑊𝐵𝑃 . 

The randomized dyadic systems are defined asfollows.Let𝒟0 designate the 

Standard dyadic system. For every parameter (𝜔𝑗)𝑗∈ℤ ∈
({0,1}𝑑)ℤ =:Ωand Every𝐼 ∈ 𝒟0 , the translated 

dyadic cube 𝐼 + 𝜔 is defined by 

𝐼 + 𝜔 ≔ 𝐼 + ∑ 2−𝑗𝜔𝑗
𝑗:2−𝑗<𝑙(𝐼)

. 

For each 𝜔 ∈ Ω, the translated dyadic system 𝒟𝜔is defined by𝒟𝜔 ≔ {𝐼 + 𝜔: 𝐼 ∈ 𝒟𝜔}. 
We equip the parameter set with the natural probability measure: Each component 𝜔𝑗 ∈ {0,1}

𝑑has an equal 

probability 2−d of taking any of the 2d values and all components are stochastically independent. 

 

Theorem 1.5 (see [18])(Operator-valued dyadic representation theorem). LetE be a Banach space. Let T be a 

singular integral operator that satisfies the Rademacher weak boundedness property and whose operator-valued 

kernel satisfies the Rademacher standard estimates with the H𝑜̈lder exponent α. Assume that𝑇: 𝐿1+𝜖(ℝ𝑑 , 𝐸) →

𝐿1+𝜖(ℝ𝑑, 𝐸)isbounded. Then, for some dyadicshifts𝑆𝒟𝜔
𝑖𝑗

and for the dyadic paraproductsΠ𝑇1
𝒟𝜔andΠ𝑇∗1

𝒟𝜔 , we have 

〈𝑔𝑟 , 𝑇𝑓𝑟〉 = 𝔼𝜔∑

𝑟

(𝐶𝑇 ∑ ∑

𝑟

2(1/𝜖)2−(1−𝜖)(1+2𝜖) 𝑚𝑎𝑥{𝑖,𝑗}

𝑖≥0,𝑗≥0

〈𝑔𝑟 , 𝑆𝒟𝜔
𝑖𝑗
𝑓𝑟〉 + 〈𝑔𝑟 , (Π𝑇1

𝒟𝜔 + (Π𝑇∗1
𝒟𝜔 )

∗
) , 𝑓𝑟〉) 

for all. 𝑔𝑟 ∈ 𝐶0
1(ℝ𝑑 , ℝ)⨂𝐸∗ 𝑎𝑛𝑑 𝑓𝑟 ∈ 𝐶0

1(ℝ𝑑, ℝ)⨂𝐸.Moreover, 

𝐶𝑇 ≾𝑑,1+2𝜖 ℛ𝐶𝑍0 + ℛ𝐶𝑍0 +ℛ𝑊𝐵𝑃. 

Remark.Thestatementcontains an auxiliaryparameter𝜖with0 < 𝜖 < 1. Thefactor2(1/𝜖)2−(1−𝜖)(1+2𝜖) 𝑚𝑎𝑥{𝑖,𝑗}can 

be replaced with the facto(1 + 𝑚𝑎𝑥{𝑖, 𝑗})𝛾
(𝑑+(1+2𝜖))2−(1+2𝜖) 𝑚𝑎𝑥{𝑖,𝑗}. This is achieved by replacing the ‘boundary’ 

function 

𝑡 ⟼ 𝑡𝛾with the function 𝑡 ⟼ (1 + (1 + 2𝜖)−1 log(𝑡−1))−𝛾in the definition of a good dyadic cube,  which then 

results in the decay 2−(1+2𝜖) 𝑚𝑎𝑥{𝑖,𝑗}in the estimates for the matrix elements. For the details, see the lecture notes 

on the A2 theorem [8]. For simplicity, we use the function 𝑡 ⟼ 𝑡𝛾. 
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For a Banach space (𝜏, |. |𝜏), the 𝐵𝑀𝑂1+𝜖(ℝ
𝑑; 𝜏)-norm is defined by 

 

‖𝑏‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;𝜏) ≔ 𝑄∈𝒟
𝑠𝑢𝑝

(
1

|𝑄|
∫ |𝑏(𝑥) − 〈𝑏〉𝑄|𝛾

1+𝜖

𝑄
𝑑𝑥)

1 1+𝜖⁄

. 

The following sufficient condition for the boundedness of the paraproductΠ𝑏associated with an operator-valued 

function b was proven by [10] by using interpolation and decoupling of martingale differences. Predecessors of 

this operatorvalued result (under stronger assumptions) were obtained by [7], based on unpublished ideas of 

Bourgain recorded by [5] in the case of a scalar-valued function b. 

 

Theorem 1.6 (see [18])(Sufficient conditions for the boundedness of a paraproduct). LetE be𝑎 UMD space. 

Let𝜏 ⊆ ℒ(𝐸)be a UMD subspace ofℒ(𝐸). Then 

‖Π𝑏𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;𝐸) ≤ 6. 2
𝑑(1 + 𝜖)(1 + 𝜖)′𝛽1+𝜖(𝐸)

2𝛽1+𝜖(𝜏)‖𝑏‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;𝜏)‖𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;𝐸) 

 

for all𝑏 ∈ 𝐵𝑀𝑂1+𝜖(ℝ
𝑑; 𝜏)and𝑓𝑟 ∈ 𝐿

1+𝜖(ℝ𝑑; 𝐸). 
[18] give a different proof of Theorem 1.6. This proof is elementary in that neither interpolation nor 

decoupling of martingale differences is used. 

 

By combining Theorem 1.2, Theorem 1.5, and Theorem 1.6, we obtain a new proof for the following corollary, 

which is a special case of Hyt𝑜̈nens vector-valued, non-homogeneous, global Tb theorem [10, Tb theorem 4]. 

Earlier results of this type include the first vector-valued T1 theorem by [6], and the first operatorvalued T1 

theorem by [7].  

 

Corollary 1.7 (see [18])(T1 theorem for operator-valued kernels). Let T be a singular integral operator that 

satisfies the Rademacher weak boundedness propertyandwhoseoperator-valued kernel satisfies the Rademacher 

standardestimates. Assume that𝑇1 ∈ 𝐵𝑀𝑂1+𝜖(ℝ
𝑑; 𝜏)and𝑇∗1𝐵𝑀𝑂1+𝜖(ℝ

𝑑; 𝜏∗) for someUMD subspaces𝒯 ⊂

ℒ(𝐸 ) and𝒯∗ℒ(𝐸∗).Then 

‖𝑇‖𝐿1+𝜖(ℝ𝑑;𝐸)→𝐿1+𝜖(ℝ𝑑;𝐸) 

≾𝜏,𝑑,1+𝜖,1+2𝜖 (ℛ𝐶𝑍0 +ℛ𝐶𝑍1+2𝜖 + ℛ𝑊𝐵𝑃 + ‖𝑇1‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;𝜏) + ‖𝑇
∗1‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;𝜏∗)) 𝛽1+𝜖(𝐸)

2. 

Here the condition 𝑇∗1 ∈ 𝐵𝑀𝑂1+𝜖(ℝ
𝑑; 𝜏∗) is interpreted via duality as follows: There exists 𝑏 ∈

𝐵𝑀𝑂1+𝜖(ℝ
𝑑; 𝜏∗) such that (∫ 𝑇

ℝ𝑑
(. ℎ𝐼)(𝑥) 𝑑𝑥)

∗

= ∫ 𝑏(𝑥)ℎ𝐼(𝑥)ℝ𝑑
𝑑𝑥 . This interpretation originates from 

extracting the paraproducts 

as in the equation (6.1) in Section 6. 

We compare our results with [15]. They study the question how the operator norm of a general vector-valued 

Calder𝑜́n − Zygmun doperator depends on the UMD constant. We prove that this dependence is linear for a 

large class of Calder 𝑜́n − Zygmun  operators. They prove the following estimate for vector-valued dyadic 

shifts: 

 

Theorem 1.8 (see [18])(Self-adjoint vector-valued dyadic shifts depend linearly on the UMD constant [15]). 

Let 0 < 𝜖 < ∞andlet 𝐸 be a UMD space. Let 𝑆𝑖𝑗be a self-adjoint dyadic shift with parameters 𝑖 and j. Then 

‖𝑆𝑖𝑗𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;𝐸)→𝐿1+𝜖(ℝ𝑑;𝐸) ≾∑

𝑟

(max{𝑖, 𝑗} + 1)2max{𝑖,𝑗}/2𝛽1+𝜖(𝐸)‖𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;𝐸) 

for all 𝑓𝑟 ∈ 𝐿
1+𝜖(ℝ𝑑; 𝐸) 

By the fact that an estimate for dyadic shifts can be transferred to an estimate for Calder𝑜́n − Zygmun  
operators by the dyadic representation theorem, their estimate for dyadic shifts then transfers to the following 

estimate for vector-valued Calder𝑜́n − Zygmun  operators: 

 

Theorem 1.9 (see [18])(Calder𝑜́n − Zygmun  operators that have even kernel with sufficiently smoothness, 

and vanishing paraproduct depend linearly on the UMD constant [15]). Let 0 < 𝜖 < ∞andlet 𝐸 be a UMD 

space. Let 𝑇 be a singularintegral operator that satisfies the weak boundedness property and whose kernel 

satisfies the standard estimates with the Holder-exponent¨ α. Assume that the kernel is even and has 

smoothnessα >1/2. Assume that T satisfies thevanishing paraproduct condition𝑇(1) = 𝑇∗(1) = 0. Then 

‖𝑇‖𝐿1+𝜖(ℝ𝑑;𝐸)→𝐿1+𝜖(ℝ𝑑;𝐸) ≾1+2𝜖,𝑑 𝐶𝑇𝛽1+𝜖(𝐸), 

where CT depends only on the constants in the standard estimates and the weakboundedness property. 

Now, we compare our estimate for dyadic shifts with Pott and Stoica’s estimate. We note that the dependence 

on the complexity dictates whether the series in the dyadic representation theorem converges. On the one hand, 

our estimate depends linearly on the complexity, whereas theirs exponentially, which then translates into the 
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smoothness condition 𝛼 > 1/2 in their estimate for Calder𝑜́n − Zygmun operators. On the other hand, their 

estimate depends linearly on the UMD constant, whereas ours depends quadratically. We remark that by 

interpolating between our estimate and theirs (by multiplying the inequalities ‖𝑆‖
𝐿1+𝜖(ℝ ;𝐸)→𝐿1+𝜖(ℝ ;𝐸)

1+𝜖 ≾

𝑘−𝜖𝛽1+𝜖(𝐸)
2(−𝜖) and‖𝑆‖

𝐿1+𝜖(ℝ ;𝐸)→𝐿1+𝜖(ℝ ;𝐸)

1+𝜖 ≾ 2(1+𝜖)𝑘/2𝛽1+𝜖(𝐸)
1+𝜖), we obtain that 

‖𝑆‖
𝐿1+𝜖(ℝ ;𝐸)→𝐿1+𝜖(ℝ ;𝐸)

≾ 𝛽1+𝜖(𝐸)
1−𝜖𝑘−𝜖2(1+𝜖)𝑘/2, 

which then transfers to: 

 

Corollary 1.10 (see [18])(Calderón-Zygmunoperators that have even kernel and vanishing paraproduct depend 

subquadratically on the UMD constant). Let 0 < 𝜖 < ∞. Let E be a UMDspace. Let T be a singular integral 

operator thatsatisfies the weak boundedness property and whose kernel satisfies the standard estimates with the 

H ö lder-exponent¨ α. Assume that the kernel is even. Assume that T satisfies the vanishing paraproduct 

conditio.𝑇(1) = 𝑇∗(1) = 0Then 

‖𝑇‖
𝐿1+𝜖(ℝ ;𝐸)→𝐿1+𝜖(ℝ ;𝐸)

≾1+2𝜖,𝑑 𝐶𝑇 {

1

(−𝜖)𝑐
𝛽1+𝜖(𝐸)

2(−𝜖)  𝑓𝑜𝑟 𝜖 ≤ −1/4,

𝛽1+𝜖(𝐸)                        𝑓𝑜𝑟 𝜖 > −1/4,
, 

for every (1 + 𝜖) with 𝜖 ≥ 0. Here CT depends only on the constants in the standard estimates and the weak 

boundedness property. 

We prove the estimate for dyadic shifts by using a martingale decoupling equality, whereas Pott and Stoica 

prove theirs by using the Bellman function method. At the moment, we do not know how to reproduce their 

result by our method nor our result by their method. A more complete understanding of both methods could 

yield interesting further results. 

 

II. Preliminaries 
 

2.1.Sum of stochastically independent conditional expectations. 

Lemma 2.1 (see [18])(Sum of stochastically independent conditional expectations). Let (𝑋𝑛, ℱ𝑛 , 𝜇𝑛)be a 

probability space for each 𝑛 = 1,… ,𝑁. denote the product probability space(Π𝑛=1
𝑁 𝑋𝑛 ,×𝑛=1

𝑁 ℱ𝑛,×𝑛=1
𝑁 𝜇𝑛). Let 

0 ≤ 𝜖 ≤ ∞.Assume that (𝑓𝑟)𝑛 ∈ 𝐿
1+𝜖(𝑋𝑛 , ℱ𝑛, 𝜇𝑛; 𝐸)  and that 𝒢𝑛  is a sup−𝜎 − algebra of ℱ𝑛 for each n =

 1, . . . , 𝑁. 

Then 

‖∑𝑁𝑛=1 ∑𝑟 𝔼[(𝑓𝑟)𝑛|𝒢𝑛]‖𝐿1+𝜖(𝑋,ℱ,𝜇,𝐸) ≤ ∑ ‖∑ (𝑓𝑟)𝑛
𝑁
𝑛=1 ‖𝐿1+𝜖(𝑋,ℱ,𝜇,𝐸)𝑟 . 

Proof.We prove that 𝔼[(𝑓𝑟)𝑛|𝒢𝑛] = 𝔼[(𝑓𝑟)𝑛|×𝑚=1
𝑁 𝒢𝑛], from which the estimate follows by the linearity and the 

𝐿1+𝜖-contractivity ofthe conditional expectation operator, 

‖∑𝑁𝑛=1 ∑ 𝔼𝑟 [(𝑓𝑟)𝑛|𝒢𝑛]‖𝐿1+𝜖(𝑋,ℱ,𝜇;𝐸) = ‖𝔼[∑ ∑𝑟 (𝑓𝑟)𝑛
𝑁
𝑛=1 |×𝑚=1

𝑛 𝒢𝑛]‖𝐿1+𝜖(𝑋,ℱ,𝜇;𝐸)
≤

∑𝑟 ‖∑ (𝑓𝑟)𝑛
𝑁
𝑀 ‖𝐿1+𝜖(𝑋,ℱ,𝜇;𝐸). 

ByKolmogorov’s definition of the conditional expectation, we have 𝔼[(𝑓𝑟)𝑛|𝒢𝑛] = 𝔼[(𝑓𝑟)𝑛|×𝑚=1
𝑁 𝒢𝑛] if 

and only if 

∫ ∑

𝑟

𝔼[(𝑓𝑟)𝑛|𝒢𝑛]
𝐺

𝑑𝜇 = ∫ ∑

𝑟

(𝑓𝑟)𝑛
𝐺

𝑑𝜇                                           (2.1) 

for all 𝐺 ∈×𝑚=1
𝑁 𝒢𝑛. The collection of sets 𝐺 ∈×𝑚=1

𝑁 𝒢𝑛satisfying the condition 

(2.1) is a λ-system (which means that the collection contains the empty set, is closed under taking complements 

and is closed under taking countable disjoint unions).The𝜎-algebra ×𝑚=1
𝑁 𝒢𝑛is generated by the collection of 

sets 𝐺1 × …× 𝐺𝑁 with each, 𝐺𝑛 ∈ 𝒢𝑛, which is a𝜋 − system (which means that the collection is closed under 

taking finite intersections). Dynkin’s 𝜋 − 𝜆  theorem 

(for a proof, see, for example, the appendix of [4]) states that the λ-system and the σ-algebra both generated by 

the same π-system coalesce. Hence it suffices to check the condition (2.1) for the sets 𝐺1 × ⋯ × 𝐺𝑁with each 

 𝐺𝑛 ∈  𝒢𝑛 , which is done by using Fubini’s theorem and Kolmogorov’s definition of the conditional 

expectation, 

∫ ∑𝑟 𝔼[(𝑓𝑟)𝑛|𝒢𝑛]𝑑𝜇𝐺1×…×𝐺𝑁
= ∫ ∑𝑟 𝔼[(𝑓𝑟)𝑛|𝒢𝑛]𝑑𝜇𝑛𝐺𝑛

∏ 𝑑𝜇𝑚𝑚≠𝑛 (𝐺𝑛) =

                                   ∫ ∑𝑟 (𝑓𝑟)𝑛 𝑑𝜇𝑛𝐺𝑛
∏ 𝑑𝜇𝑚𝑚≠𝑛 (𝐺𝑚) = ∫ ∑𝑟 (𝑓𝑟)𝑛𝑑𝜇𝐺1×…×𝐺𝑁

. 

2.2. Properties of R-bounds. We have collected some properties -bounds. For the proofs, see [16]. Let 
(𝑋, ℱ, 𝜇)be a σ-finite measure space. Let Ebe a Banach space. Assume that 𝑥 ⟼ 𝐿𝑟(𝑥) is an ℒ(𝐸) −valued 

function defined on X such that the function 𝑥 ⟼ 𝐿𝑟(𝑥)𝑒 defined on X is strongly measurable for each 𝑒 ∈ 𝐸. 

We define the operator∫ 𝐿𝑟(𝑥)𝑋
𝜆(𝑥)𝑑𝜇(𝑥): 𝐸 → 𝐸 𝑏𝑦 
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(∫ ∑𝑟 𝐿𝑟(𝑥)𝑋
𝜆(𝑥)𝑑𝜇(𝑥)) 𝑒 ≔ ∫ ∑𝑟 𝐿𝑟(𝑥)𝑒𝑋

𝜆(𝑥)𝑑𝜇(𝑥)    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒 ∈ 𝐸. 

Proposition 2.2 (see [18])(Averaging preservesR-bounds). Let(𝑋, ℱ, 𝜇)be 𝑎 σ-finite measure space. LetSbean 

index set. Let{(𝐿𝑟)𝑠}𝑠∈𝑆be anindexed family of ℒ(𝐸) - valued functions defined on X such that the E- valued 

functions𝑥 ⟼ (𝐿𝑟)𝑠(𝑥)𝑒defined on X is strongly µ-measurable for every 𝑒 ∈ 𝐸 and every  𝑠 ∈ 𝑆.Let{𝜆𝑠}𝑠∈𝑆 be 

an indexed family of integrable real-valued functions. Then 

ℛ ({∫ ∑

𝑟

(𝐿𝑟)𝑠(𝑥)𝑒
𝑋

𝜆𝑠(𝑥)𝑑𝜇(𝑥)}) 

                     ≤ sup {∫ |𝜆𝑠(𝑥)|𝑋
𝑑𝜇(𝑥)} . ℛ({(𝐿𝑟)𝑠(𝑥): 𝑠 ∈ 𝑆 and 𝑥 ∈ 𝑋}). 

Proposition 2.3 (see [18])(Triangle inequality for R-bounds). Let S and T be index sets. 

Let{(𝐿𝑟)𝑠}𝑠∈𝑆and{𝑀𝑡}𝑡∈𝑇be indexed families of operators. Then 

 

ℛ({𝑀𝑠 + (𝐿𝑟)𝑡: 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇}) ≤ ℛ({𝑀𝑠: 𝑠 ∈ 𝑆}) + ℛ({(𝐿𝑟)𝑡: 𝑡 ∈ 𝑇}). 
Proposition 2.4 (see [18])(Vector-valued Stein’sinequality). Let E be 𝑎 UMDspace. Let(Ω, ℱ, ℙ)be a 

probability space. Let(𝒢𝑛)𝑛=1
∞ be a refining sequence of σ- algebras. Then the family 

{𝔼[. |𝒢𝑛]: 𝐿
1+𝜖(Ω; 𝐸) → 𝐿1+𝜖(Ω; 𝐸)}𝑛=1

∞  

is R-bounded.Moreover, 
 ℛ1+𝜖({𝔼[. |𝒢𝑛]: 𝐿

1+𝜖(Ω; 𝐸) → 𝐿1+𝜖(Ω; 𝐸)}𝑛=1
∞ ) ≤ 𝛽1+𝜖(𝐸). 

2.3.Pythagoras’ theorem for functions adapted to a sparse collection. Let µ be a Borel measure on ℝ𝑑. We 

use the notation〈𝑓𝑟〉𝑄
𝜇
≔

1

𝜇(𝑄)
𝑓𝑟 𝑑𝜇. Let S be a collection of dyadic cubes. Foreach 𝑆 ∈ 𝑆, let 𝑐ℎ𝑠(𝑆) denote the 

collection of allmaximal𝑆′ ∈ 𝑆such that𝑆′ ⊆ 𝑆 and Let 𝐸𝑆(𝑆) denote the set 𝐸𝑆(𝑆) = 𝑆\⋃ 𝑆′𝑆′∈𝑐ℎ𝑆(𝑆) . For each 

𝑄 ∈ 𝒟, let 𝜋𝑆(𝑄)denote the minimal cube such that 

 𝑆 ⊇ 𝑄. We say that the collection S is sparse if 𝜇(𝐸𝑆(𝑆)) ≥
1

2
𝜇(𝑆) for every 𝑆 ∈ 𝑆. 

Lemma 2.5 (see [18])(Specialcase of the dyadic Carleson embedding theorem). Let𝐸be 

𝑎 Banach space. Let 0 < 𝜖 < ∞. Assume that S is 𝑎 sparse collection Then.  

(∑∑

𝑟

(〈|𝑓𝑟|𝐸〉𝑆
𝜇
)
1+𝜖

𝑆∈𝑆

𝜇(𝑆))

1 2⁄

≤ 2
1 + 𝜖

𝜖
∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(𝜇;𝐸) 

Proof. For thedyadicHardy–Littlewoodmaximal function 𝑀𝜇𝑓𝑟 = 𝑠𝑢𝑝𝑄∈𝒟1𝑄〈𝑓𝑟〉𝑄
𝜇

, wehave 〈|𝑓𝑟|𝐸〉𝑆
𝜇
≤

𝑖𝑛𝑓𝑆𝑀
𝜇|𝑓𝑟|𝐸, and, moereover, ‖𝑀|𝑓𝑟|𝐸‖𝐿1+𝜖(𝜇) ≤

1+𝜖

𝜖
‖|𝑓𝑟|𝐸‖𝐿1+𝜖(𝜇). These factstogetherwiththeassumptions,  

Yield 

(∑∑

𝑟

(〈|𝑓𝑟|𝐸〉𝑆
𝜇
)
1+𝜖

𝑆∈𝑆

𝜇(𝑆))

1 1+𝜖⁄

≤  21 1+𝜖⁄ (∑ ∫ ∑

𝑟

(inf
𝑠

𝑀𝜇|𝑓𝑟|𝐸)
𝐸𝑆(𝑆)𝑆∈𝑆

𝑑𝜇)

1 1+𝜖⁄

 

≤ 21 1+𝜖⁄ ∑

𝑟

‖𝑀𝜇|𝑓𝑟|𝐸‖𝐿1+𝜖(𝜇;𝐸) ≤ 2
1 1+𝜖⁄

1 + 𝜖

𝜖
∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(𝜇;𝐸) = 2
1 1+𝜖⁄

1 + 𝜖

𝜖
∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(𝜇;𝐸). 

 

For each S ∈ S, we define the operator PS by setting 

𝑃𝑆𝑓𝑟 ≔ ∑ ∑

𝑟

𝐷𝑄𝑓𝑟
𝑄∈𝒟:𝜋(𝑄)=𝑆

 

for every locally integrable 𝑓𝑟 ∶  ℝ
𝑑 →  𝐸. 

Lemma 2.6 (see [18])(Properties of the operators PS). For each S ∈ S, the operator PS hasthe following 

properties: 

(i) 𝑃𝑆𝑓𝑟 = ∑ ∑𝑟 〈𝑓𝑟〉𝑆′1𝑆′ + ∑𝑟 𝑓𝑟1𝐸𝑆(𝑆) −∑𝑟 〈𝑓𝑟〉𝑆1𝑆𝑆′∈𝑐ℎ𝑆(𝑆) . 

(ii) 𝑃𝑆𝑓𝑟 = 𝑓𝑟 if andonlyif 𝑓𝑟 is supportedon S, constant oneach 𝑆′ ∈ 𝑐ℎ𝑆(𝑆), and satisfies∫ ∑𝑟 𝑓𝑟𝑆
𝑑𝜇 =

0. . 

(iii) 𝑃𝑆
2 = 𝑃𝑆 , 𝑃𝑆𝑃𝑇 = 0whenever𝑇 ∈ 𝑆with𝑇 ∈ 𝑆. 

(iv) ∫ ∑𝑟 𝑃
𝑔𝑟 𝑆 𝑓𝑟 𝑑𝜇 = ∫∑𝑟 𝑃𝑆𝑔𝑟 𝑓𝑟 𝑑𝜇for every𝑓𝑟 ∈ 𝐿

1+𝜖(𝐸) and 𝑔𝑟 ∈ 𝐿
1+𝜖

𝜖 (𝐸∗). 

(v) ∑𝑟 ‖𝑃𝑆𝑓𝑟‖𝐿1+𝜖(𝐸) ≤ 2∑𝑟 ‖1𝑆𝑓𝑟‖𝐿1+𝜖(𝐸). 

Proof.We prove the property (i), from which the other properties follow. On the one hand,   

𝑓𝑟1𝑆 = ∑ ∑𝑟 𝐷𝑄𝑓𝑟𝑄:𝑄⊆𝑆 + ∑𝑟 〈𝑓𝑟〉𝑆1𝑆, 

on the other hand, 
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𝑓𝑟1𝑆 = 𝑓𝑟1𝐸𝑆(𝑆) + ∑ ∑𝑟 𝑓𝑟1𝑆′𝑆′ = 𝑓𝑟1𝐸𝑆(𝑆) + ∑ ∑𝑟 (∑ 𝐷𝑄𝑓𝑟 + 〈𝑓𝑟〉𝑆′1𝑆′𝑄:𝑄⊆𝑆′ )𝑆′∈𝑐ℎ𝑆(𝑆)
. 

Thus, by comparing, 

∑ ∑

𝑟

𝐷𝑄𝑓𝑟
𝑄:𝑄⊆𝑆

− ∑ ∑ ∑

𝑟

𝐷𝑄𝑓𝑟
𝑄:𝑄⊆𝑆′

= 𝑓𝑟1𝐸𝑆(𝑆) + ∑ ∑

𝑟

+

𝑆′∈𝑐ℎ𝑆(𝑆)

〈𝑓𝑟〉𝑆′1𝑆′ −∑

𝑟

〈𝑓𝑟〉𝑆1𝑆.

𝑆′∈𝑐ℎ𝑆(𝑆)

 

Observing that 

∑ −

𝑄:𝑄⊆𝑆′

∑ ∑

𝑄:𝑄⊆𝑆′

= ∑

𝑄:𝜋𝑆(𝑄)=𝑆𝑆′∈𝑐ℎ𝑆(𝑆)

 

completes the proof.  

The following variant of Pythagoras’ theorem in the case  𝐸 = ℝ was proven by [11, Lemma 7] by using a 

multilinear estimate. We next give a different proof of the theorem, which extends it to an arbitrary Banach 

space E. 

Lemma 2.7 (see [18])(Pythagoras’ theorem for sparsely supported, piecewise constant functions). Let 𝐸 be 𝑎 

Banach space. Let 0 ≤ 𝜖 < ∞. Let 𝑆 be 𝑎 sparse collectionof dyadic cubes. For each  𝑆 ∈ 𝑆, (assume) that 

𝑓𝑟𝑆 is a function that is supported on 𝑆 and constant on each  𝑆′ ∈ 𝑐ℎ𝑆(𝑆). Then 

‖∑∑

𝑟

(𝑓𝑟)𝑠
𝑆

‖

𝐿1+𝜖(𝐸)

≤ 3(1 + 𝜖)∑

𝑟

(∑‖(𝑓𝑟)𝑠‖

𝑆 𝐿1+𝜖(𝐸)

1+𝜖

)

1 1+𝜖⁄

 

Moreover, the reverse estimate 

(∑∑

𝑟

‖𝑓𝑟𝑠‖𝐿1+𝜖(𝐸)
1+𝜖

𝑆

)

1 1+𝜖⁄

≤ 6
1 + 𝜖

𝜖
∑

𝑟

‖∑𝑓𝑟𝑠

𝑆

‖

𝐿1+𝜖(𝐸)

 

Holds if, in addition, one of the following conditions is satisfied: 

(i)∫ ∑𝑟 (𝑓𝑟)𝑆 𝑑𝜇 = 0𝑆
, or (ii) 𝐸 = ℝ and (𝑓𝑟)𝑆 ≥ 0, 

But may in general fail otherwise. 

Proof. First, we prove the direct estimate. By duality, it is equivalent to the esti-mate  

∫ ∑ ∑𝑟 𝑓𝑟𝑠𝑔𝑟 𝑑𝜇𝑆 ≤ 3(1 + 𝜖)(∑ ∑𝑟 ‖𝑓𝑟𝑠‖𝐿1+𝜖(𝐸)
1+𝜖

𝑆 )
1 1+𝜖⁄

‖𝑔𝑟‖
𝐿
1+𝜖
𝜖 (𝐸)

. 

Since (𝑓𝑟)𝑠is supportedon S, sinse 𝑓𝑟𝑠is constant on  𝑆′ ∈ 𝑐ℎ𝑆(𝑆), and since S is partitioned by 𝑐ℎ𝑆, we have 

∫∑∑

𝑟

𝑓𝑟𝑠𝑔𝑟
𝑆

𝑑𝜇

=∑∫ ∑

𝑟

(𝑓𝑟) 𝑠𝑔𝑟  𝑑𝜇
𝑆𝑆

=∑ ∑ ∑

𝑟

〈𝑓𝑟𝑠〉𝑆′

𝑆′∈𝑐ℎ𝑆(𝑆)

∫ 𝑔𝑟
𝑆′

𝑑𝜇 + ∫∑∑

𝑟

1𝐸𝑆(𝑆)
𝑆

(𝑓𝑟)𝑟𝑠𝑔𝑟 𝑑𝜇.

𝑆

 

We can estimate the second term by H𝑜̈lder’sinequality and the pairwise disjointness of the sets 𝐸𝑆(𝑆), 

|∫∑1𝐸𝑆(𝑆)∑

𝑟

(𝑓𝑟) 𝑠𝑔𝑟 𝑑𝜇

𝑆

| ≤ ∑

𝑟

‖∑1𝐸𝑆(𝑆)(𝑓𝑟)𝑠

𝑆

‖

𝐿1+𝜖(𝐸)

‖𝑔𝑟‖𝐿1+𝜖(𝐸∗) 

=∑

𝑟

(∑‖1𝐸𝑆(𝑆)(𝑓𝑟)𝑠‖𝐿1+𝜖(𝐸)
1+𝜖

𝑆

)

1 1+𝜖⁄

‖𝑔𝑟‖
𝐿
1+𝜖
𝜖 (𝐸∗)

. 

We can estimate the first term as follows. 

|∑ ∑ ∑

𝑟

〈(𝑓𝑟)𝑠〉𝑆′

𝑆′∈𝑐ℎ𝑆(𝑆)

∫ 𝑔𝑟
𝑆′

𝑑𝜇

𝑆

| 

≤∑ ∑ ∑

𝑟

|〈(𝑓𝑟)𝑠〉𝑆′|𝐸
𝑆′∈𝑐ℎ𝑆(𝑆)

𝜇(𝑆′)1 1+𝜖⁄
|∫ 𝑔𝑟𝑑𝜇𝑆′

|
𝑆′

𝜇(𝑆′)
𝜇(𝑆′)1

1+𝜖

𝜖
⁄

𝑆

 

≤ (∑ ∑ ∑

𝑟

|〈(𝑓𝑟)𝑠〉𝑆′|𝐸
1+𝜖

𝑆′∈𝑐ℎ𝑆(𝑆)

𝜇(𝑆′)

𝑆

)

1 1+𝜖⁄

(

 ∑ ∑ (
∫ |𝑔𝑟|𝐸∗𝑆′

𝑑𝜇

𝜇(𝑆′)
)

1+𝜖

𝜖

𝑆′∈𝑐ℎ𝑆(𝑆)

𝜇(𝑆′)

𝑆
)

 

1
1+𝜖

𝜖
⁄
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( 

≤ (∑∫ ∑

𝑟

〈(𝑓𝑟)𝑠〉𝐸
1+𝜖

𝑆𝑆

𝑑𝜇)

1 1+𝜖⁄

(∑ ∑ ∑

𝑟

〈|𝑔𝑟|𝐸∗〉𝑆′

1+𝜖

𝜖

𝑆′∈𝑐ℎ𝑆(𝑆)𝑆

𝜇(𝑆′))

1
1+𝜖

𝜖
⁄

 

The proof of the direct estimate is completed by the special case of the dyadic Carleson embedding theorem, 

Lemma 2.5. 

Next, we prove the reverse estimate under the assumption that∫ (𝑓𝑟)𝑠𝑆
= 0. By duality, this estimate is 

equivalent to the estimate 

∑∫∑

𝑟

(𝑓𝑟)𝑠𝑔𝑟𝑠 𝑑𝜇 ≤ 6
1 + 𝜖

𝜖
∑

𝑟

‖∑𝑓𝑟𝑠

𝑆

‖

𝐿1+𝜖(𝐸)

(∑‖𝑔𝑟𝑠‖
𝐿
1+𝜖
𝜖 (𝐸∗)

1+𝜖

𝜖

𝑆

)

1
1+𝜖

𝜖
⁄

𝑆

 

For arbitraryfunctions 𝑔𝑟𝑠 ∈ 𝐿
1+𝜖

𝜖 (𝐸∗) .Bythepropertiesof the operators 𝑃𝑠 , Lemma 2.6,we have 

that ∫∑𝑟 𝑓𝑟𝑠𝑔𝑟𝑠 𝑑𝜇 = ∫∑𝑟 𝑃𝑆𝑓𝑟𝑠𝑔𝑟𝑠 𝑑𝜇 = ∫∑𝑟 𝑃𝑆
2𝑓𝑟𝑠𝑔𝑟𝑠 𝑑𝜇 = ∫∑𝑟 𝑃𝑠(𝑓𝑟)𝑠𝑃𝑠𝑔𝑟𝑠 𝑑𝜇 =

∫∑𝑟 𝑃𝑆(𝑓𝑟)𝑆 ∑ 𝑃𝑇𝑔𝑟𝑇𝑇 𝑑𝜇 = ∫∑𝑟 𝑓𝑟𝑠 ∑ 𝑃𝑇𝑔𝑟𝑇𝑇 𝑑𝜇.. Note that, although the functions(𝑔𝑟)𝑇  are arbitrary, 

the Functions𝑃𝑇(𝑔𝑟)𝑇 satisfy the assumptions for the direct estimate: Each 𝑃𝑇(𝑔𝑟)𝑇 is supported on𝑇 , and 

constant on each 𝑇′ ∈ 𝑐ℎ𝑆(𝑇). Thus, by H𝑜̈lder’s inequality and the direct estimate, 

∑∫∑

𝑟

𝑓𝑟𝑠(𝑔𝑟)𝑟𝑠 𝑑𝜇 = ∫∑∑

𝑟

𝑓𝑟𝑠

𝑆

∑𝑃𝑇(𝑔𝑟)𝑇
𝑇∈𝑆

𝑑𝜇

𝑆

 

≤∑

𝑟

‖∑𝑓𝑟𝑠

𝑆

‖

𝐿1+𝜖(𝐸)

‖∑𝑃𝑇(𝑔𝑟)𝑇
𝑇∈𝑆

‖

𝐿
1+𝜖
𝜖 (𝐸∗)

 

≤ 3
1 + 𝜖

𝜖
∑

𝑟

‖∑𝑓𝑟𝑠

𝑆

‖

𝐿1+𝜖(𝐸)

(∑‖𝑃𝑇(𝑔𝑟)𝑇‖
𝐿
1+𝜖
𝜖 (𝐸∗)

1+𝜖

𝜖

𝑇∈𝑆

)

1
1+𝜖

𝜖
⁄

 

≤ 6
1 + 𝜖

𝜖
∑

𝑟

‖∑𝑓𝑟𝑠

𝑆

‖

𝐿1+𝜖(𝐸)

(∑‖(𝑔𝑟)𝑇‖
𝐿
1+𝜖
𝜖 (𝐸∗)

1+𝜖

𝜖

𝑇∈𝑆

)

1
1+𝜖

𝜖
⁄

 

 

Next, we prove the reverse estimate under the assumption that 𝐸 = ℝ and 𝑓𝑟𝑠 ≥ 0. Since 𝑓𝑟𝑠 issupported𝑆 on S, 

since𝑓𝑟𝑠 is constanon  𝑆′ ∈ 𝑐ℎ𝑆(𝑆), 

since 𝑆is partitioned by 𝑐ℎ𝑆(𝑆)and 𝐸𝑆(𝑆)and since 𝜇(𝐸′) ∈ 2𝜇(𝐸𝑆(𝑆
′))we can write 

‖𝑓𝑟𝑠‖𝐿1+𝜖(ℝ)
1+𝜖 = ∑ ∑

𝑟

|〈𝑓𝑟𝑠〉𝑆′|
1+𝜖

𝑆′∈𝑐ℎ𝑆(𝑆)

𝜇(𝑆′) + ∫∑

𝑟

1𝐸𝑆(𝑆)|𝑓𝑟𝑠|
1+𝜖 𝑑𝜇 

≤ 2∑

𝑟

∑ 〈|𝑓𝑟𝑠|〉𝑆′
1+𝜖𝜇(𝐸𝑆(𝑆

′))

𝑆′∈𝑐ℎ𝑆(𝑆)

+∑

𝑟

∫1𝐸𝑆(𝑆) |𝑓𝑟𝑠|
1+𝜖𝑑𝜇 

= 2∫∑ ∑𝑟 1𝐸𝑆(𝑆′)𝑆′∈𝑐ℎ𝑆(𝑆)
|𝑓𝑟𝑠|

1+𝜖𝑑 𝜇 + ∫∑𝑟 1𝐸𝑆(𝑆) |𝑓𝑟𝑠|
1+𝜖𝑑𝜇. 

 

Summing over S and taking into account that 𝐸𝑆(𝑆)are pairwise disjoint yields 

∑ ∑𝑟 ‖𝑓𝑟𝑠‖𝐿1+𝜖(ℝ)
1+𝜖

𝑆 ≤ 3∫∑𝑟 (∑ 1𝐸𝑆(𝑆′)𝑆 |𝑓𝑟𝑠|)
1+𝜖

𝑑𝜇. 

Using the assumption that 𝑓𝑟𝑠 ≥ 0completes the proof. 

We note that a simpleexample shows that the reverse estimate may in generalfail ℝ. Indeed, let  𝑆 ≔
[0,1), 𝑆− ≔ [0, 1 2⁄ ), 𝑓𝑟𝑠 ≔ 1𝑆− , and𝑓𝑟𝑠− = −1𝑠− . Then ‖𝑓𝑟𝑠‖𝐿1+𝜖(ℝ;ℝ)

1+𝜖 + ‖𝑓𝑟𝑠−‖𝐿1+𝜖(ℝ;ℝ)
1+𝜖 = 2|𝑆−| but ‖𝑓𝑟𝑠 +

𝑓𝑟𝑠−‖𝐿1+𝜖(ℝ;ℝ) = 0 

 

III. Decoupling of the sum of martingale differences 
For(𝑋, ℱ, µ)be a σ-finite measure space. Let (𝒜𝑛)𝑛=−∞

∞ be a refining  

Sequence of countable partitions of 𝑋into measurable sets of finite positive 

measure. Let 𝒜 ≔ ⋃𝑛=−∞
∞ 𝒜𝑛for eachlet child (𝐾)𝒜 ≔ {𝐾′ ∈ 𝒜𝑛+1: 𝐾

′ ⊆ 𝐾}. For each 𝐾 ∈ 𝒜 Let (𝑓𝑟)𝐾 be a 

function that is supported on K and constant on 𝐾′ ∈  child𝒜(𝐴) and such that∫ ∑𝑟 (𝑓𝑟)𝑘  𝑑𝜇
𝐾

= 0 Let 

(𝑌𝐾 , 𝒢𝐾 , 𝑣𝐾) Let be the probability space such that 𝑌𝐾 ≔ 𝐾, 𝒢𝐾  is the σ-algebra generated by{𝐾}⋃child𝒜(𝐾), 
and  𝑣𝐾 = 𝜇(𝐾)

−1𝜇|𝐾. Let (𝑌, 𝒢, 𝑣)be the product probability space of the spaces (𝑌𝐾 , 𝒢𝐾 , 𝑣𝐾)𝐾∈𝒜 , 
We notice that the sequence(𝑑𝐾)𝐾=−∞

∞  with 𝑑𝑘(𝑥, 𝒴) ≔ ∑ (𝑓𝑟)𝑘(𝑥)𝐾∈∈𝐾−1 is a  
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Martingale difference sequence adaptedtothe filtration(ℱ𝑘)𝑘=−∞
∞ generated by the refining sequenceof 

partitions(𝒜𝑘)𝑘=−∞
∞ . Conversely,each martingale difference sequence(𝑑𝑘)𝑘=−∞ 

∞ adapted to thefiltrationcan be 

written as𝑑𝑘 ≔ ∑ (𝑓𝑟)𝑘𝐾∈𝒜𝑛=1 , where for each  𝐾 ∈ 𝒜𝑘−1the function (𝑓𝑟)𝑘 is defined by (𝑓𝑟)𝑘 ≔ 1𝐾𝑑𝑘 =

∑ 〈𝑑𝑥〉𝑘′1𝑘′𝐾′∈𝒜𝑘:𝐾
′⊆𝐾 . 

A variant of the following decoupling equality was proven by [10, Theorem 6.1] as a corollary of  [13, 

Theorem 2.2] decoupling inequality for UMD-valued martingale difference sequences. 

Theorem 3.1 (see [18])(Decoupling equality for piecewise constant, cancellative functions). 

Let 0 < 𝜖 < ∞. Let 𝐸 be 𝑎 UMD space. Then 

1

𝛽1+𝜖(𝐸)
(𝔼‖∑∑

𝑟

∈𝐾
𝐾∈𝒜

1𝐾(𝑥)(𝑓𝑟)𝐾(𝒴𝐾)‖

𝐿1+𝜖(𝑑𝜇(𝑥)×𝑑𝑣(𝒴);𝐸)

1+𝜖

)

1 1+𝜖⁄

 

≤ ‖∑ ∑𝑟 (𝑓𝑟)𝐾(𝑥)𝐾∈𝒜 ‖𝐿1+𝜖(𝑑𝜇(𝑥);𝐸). 

≤ 𝛽1+𝜖(𝐸) (𝔼‖∑∑

𝑟

∈𝐾
𝐾∈𝒜

1𝐾(𝑥)(𝑓𝑟)𝐾(𝒴𝐾)‖

𝐿1+𝜖(𝑑𝜇(𝑥)×𝑑𝑣(𝒴);𝐸)

1+𝜖

)

1 1+𝜖⁄

 

Here we give another proof of theequality: Roughly speaking, we construct auxiliary martingale differences 

𝑢𝐾(𝑥, 𝒴𝐾) such that (𝑓𝑟)𝐾(𝑥) = 𝑢𝐾(𝑥, 𝒴𝐾) + 𝑣𝐴(𝑥, 𝒴𝐴)and 1𝐾(𝑥)(𝑓𝑟)𝐾(𝒴𝐾) = 𝑢𝐾 (𝑥, 𝒴𝐾) − 𝑣𝐾(𝑥, 𝒴𝐾),from 

which the decoupling equality follows by the definition of the UMD property. Let 𝑑𝐾be a martingale difference 

sequence adapted to the filtration ℱ𝐾. We write  

𝑑𝐾(𝑥, 𝒴) = ∑ 1𝐾(𝑥)

𝐾∈𝒜𝑘−1

𝑑𝐾(𝑥)1𝐾(𝒴𝐾) 

and   

𝑑̃𝐾(𝑥, 𝒴) ≔ ∑ 1𝐾(𝑥)𝐾∈𝒜𝑘−1
𝑑𝐾(𝑥)1𝐾(𝒴𝐾). 

Proposition 3.2 (see [18])(Constructingauxiliary martingale differences). There exists 𝑎 martingale difference 

sequence(𝑢𝐾)𝐾∈1
2
ℤ
on the product measure space(𝑋 × 𝑌, ℱ × 𝒢, µ × 𝜈)such that 

𝑑𝐾 = 𝑢𝐾 + 𝑢𝐾+1 2⁄ , and 𝑑̃𝐾 = 𝑢𝐾 − 𝑢𝐾−1 2⁄ . 

Proof.Let 𝑑𝐾 be a martingale difference sequence 𝑑𝐾 adapted to the filtration ℱ𝐾 generated by a refining 

sequence of partitions 𝐴𝐾 . The ℱ𝐾-measurability of 𝑑𝐾means that 𝑑𝐾equals to a constant 〈𝑑𝐾〉𝐾 on 𝐾 ∈ 𝒜𝑘 . 

Thus, we can write 

 

𝑑𝐾 = ∑ 1𝐾𝑑𝐾𝐾∈𝒜𝑘−1
= ∑ 1𝐾𝐾∈𝒜𝑘−1

∑ 1𝐾́𝑑𝐾 ,
𝐾′⊆𝐾

𝐾′∈𝒜𝑘
= ∑ 1𝐾𝐾∈𝒜𝑘−1

∑ 1𝐾′〈𝑑𝐾〉𝐾′
𝐾′⊆𝐾

𝐾′∈𝒜𝑘
. 

 

The martingale difference property𝔼[𝑑𝑘|ℱ𝑘−1] = 0 means that for every 𝐾 ∈ 𝒜𝑘−1we have  

∫ 𝑑𝑘𝑑𝜇𝐾
= ∑ 〈𝑑𝑘〉𝐾′

𝐾′⊆𝐾

𝐾′∈𝒜𝑘
𝜇(𝐾′) = 0. 

First, we consider a fixed 𝐾 ∈ 𝒜𝑘−1.  Let 𝑣𝐾  be the measure𝑣𝐾 ≔ 𝜇(𝐾)−1𝜇|𝐾  resctrictedto the sub-σ-

algebra 𝒴𝐾 that is generated by the collection {𝐾}⋃{𝐾′ ∈ 𝒜𝑘: 𝐾
′ ⊆ 𝐾}. Note thet the functions 

𝑑𝑘(𝑥,𝒴𝐾) ≔ 1𝐾(𝑥)𝑑𝑘(𝑥)1𝐾(𝒴𝐾) = ∑ 〈𝑑𝑘〉𝐴

𝐴,𝐵⊆𝐾

𝐴,𝐵∈𝒜𝑘

1𝐴(𝑥)1𝐵(𝒴𝐾) 

And   

𝑑̃𝐾(𝑥, 𝒴𝐾) ≔ 1𝐾(𝑥)𝑑𝐾(𝒴𝐾)1𝐾(𝒴𝐾) = ∑ 〈𝑑𝑘〉𝐵

𝐴,𝐵⊆𝐾

𝐴,𝐵∈𝒜𝑘

1𝐴(𝑥)1𝐵(𝒴𝐾) 

Are equally distributed in the measure space (ℝ𝑑 × 𝐾, 𝜇 × 𝑣𝐾 , ℱ × 𝒴𝐾),which is to say that the functions take 

the same values in sets of equal measure. We define the functions 𝑢𝐾(𝑥, 𝒴𝐾)and 𝑣𝐾(𝑥, 𝒴𝐾)by the pair of 

equations 

𝑑𝐾(𝑥, 𝒴𝐾) =: 𝑢𝐾(𝑥, 𝒴𝐾) + 𝑣𝐾(𝑥, 𝒴𝐾), 

𝑑̃𝐾(𝑥, 𝒴𝐾) =: 𝑢𝐾(𝑥, 𝒴𝐾) − 𝑣𝐾(𝑥, 𝒴𝐾). 
Therefore, the function 𝑢𝐾(𝑥, 𝒴𝐾)can be written out as 

𝑢𝐾(𝑥, 𝒴𝐾) =
1

2
(𝑑𝐾(𝑥, 𝒴𝐾) + 𝑑̃𝐾(𝑥,𝒴𝐾)) 

= ∑
1

2
𝐴,𝐵⊆𝐾

𝐴,𝐵∈𝒜𝑘

(〈𝑑𝑘〉𝐴 + 〈𝑑𝑘〉𝐵)1𝐴(𝑥)1𝐵(𝒴𝐾) 
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∈ 

= ∑ 〈𝑑𝑘〉𝐴

𝐴⊆𝐾

𝐴∈𝒜𝑘

1𝐴×𝐴(𝑥, 𝒴𝐾) 

+ ∑
1

2
𝐴,𝐵⊆𝐾;𝐴<𝐵

𝐴,𝐵∈𝒜𝑘

(〈𝑑𝑘〉𝐴 + 〈𝑑𝑘〉𝐵)1𝐴×𝐵⋃𝐵×𝐴(𝑥, 𝒴𝐾) 

where in the last step we introduced some order among the finite family 

{𝐴 ∈ 𝒜𝐾: 𝐴 ⊆ 𝐾} = {𝐴𝑖}𝑖=1
𝐼(𝐾)

 

and defined A <B if and only if 𝐴 = 𝐴𝑖 , 𝐵 = 𝐴𝑗.  And 𝑖 < 𝑗.The function 𝑣𝐾(𝑥, 𝒴𝐾)can be written out as 

𝑣𝐾(𝑥, 𝒴𝐾) =
1

2
(𝑑𝐾(𝑥, 𝒴𝐾) − 𝑑̃𝐾(𝑥, 𝒴𝐾)) 

= ∑
1

2
𝐴,𝐵⊆𝐾

𝐴,𝐵∈𝒜𝑘

(〈𝑑𝑘〉𝐴 − 〈𝑑𝑘〉𝐵)1𝐴(𝑥)1𝐵(𝒴𝐾) 

= ∑
1

2
𝐴,𝐵⊆𝐾;𝐴<𝐵

𝐴,𝐵∈𝒜𝑘

(〈𝑑𝑘〉𝐴 − 〈𝑑𝑘〉𝐵)(1𝐴×𝐵(𝑥, 𝒴𝐾) − 1𝐵×𝐴(𝑥, 𝒴𝐾)) 

 

 
Figure 1[18].Functions 𝑑𝐾 , 𝑑̃𝐾 , 𝑢𝐾, and 𝑣𝐾 . 

 

Next,we define the productmeasure space.For each 𝐾 ∈ 𝕫and𝐾 ∈ 𝒜𝑘−1let (𝑌𝐾 , 𝒢𝐾 , 𝑣𝐾)be the probability space 

such that 𝑌𝐾 ≔ 𝐾, 𝒢𝐾is the σ-algebra 

generated by{𝐾} ⊆ {𝐾′ ∈ 𝒜𝑘: 𝐾
′ ⊆ 𝐾}, and 𝑣𝐾 = 𝜇(𝐾)

−1𝜇|𝐾. Let (𝑌, 𝒴, 𝑣)be the product probability space of 

the spaces(𝑌𝐾 , 𝒢𝐾 , 𝑣𝐾). We recall that the product space 𝑌is the Cartesian product 𝑌 = ∏ 𝑌𝐾𝐾∈𝒜 the product σ-

algebra 𝒢in the case of a countable index set) is the collection 

𝒢 ≔ {∏𝐺𝐾

∗

𝐾∈𝒜

: 𝐺𝐾 ∈ 𝒢𝐾} 

and the product measure ν is the unique measure on (𝑌, 𝒢)that satisfies 

𝑣 (∏𝐺𝐾

∗

𝐾∈𝒜

) =∏𝑣𝐾

∗

𝐾∈𝒜

(𝐺𝐾), 

where ∗in the product indicates thatfor only finitely many𝐺𝐾 we have 𝐺𝐾 ≠ 𝑌𝐾 . 

Next, we prove that the sequence(… , 𝑢𝑘, 𝑢𝑘+1 2⁄ , 𝑢𝑘+1, 𝑢𝑘+1+1 2⁄ , … )defined by 

𝑢𝐾(𝑥,𝒴) ≔ ∑ 𝑢𝐾(𝑥,𝒴𝐾)𝐾∈𝒜𝑘−1
, 

and   

𝑣𝑘(𝑥, 𝒴) ≔ 𝑢𝑘+1 2⁄ (𝑥, 𝑦) = ∑ 𝑣𝐾(𝑥, 𝒴𝐾)

𝐾∈𝒜𝑘−1

 

is a martingale difference sequence in the measure space(𝑋 × 𝑌, ℱ × 𝒢, 𝜇 × 𝑣). Proving this is based on the 

following observations: 

(a) For each 𝐾 ∈ 𝒜𝑘−1, the function 𝑢𝑘(𝑥, 𝒴)depends on 𝑥and 𝒴𝐾“in a symmetric way” (seeFigure 1); 
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[ 

(b) For each 𝐾 ∈ 𝒜𝑘−1, the function 𝑢𝑘(𝑥, 𝒴)depends on x and 𝒴𝐾“in an anti-symmetric way”−   (see 

Figure 1); 

(c) The function 𝑢𝐾averages to zero on the set 𝐾 × 𝐾because 𝑑𝑘itself is a martingale difference; Indeed,  

∫ ∫ 𝑢𝐾(𝑥, 𝒴)
𝐾

𝑑𝜇(𝑥)𝑑𝑣𝐾(𝒴𝑘)
𝐾

 

=
1

𝜇(𝐾)
[ ∑ 〈𝑑𝑘〉𝐴

𝐴⊆𝐾

𝐴∈𝒜𝑘

𝜇(𝐴)𝜇(𝐴) + ∑
1

2
𝐴,𝐵⊆𝐾,𝐴<𝐵

𝐴,𝐵∈𝒜𝑘

(〈𝑑𝑘〉𝐴 + 〈𝑑𝑘〉𝐵). 2𝜇(𝐴)𝜇(𝐵)] 

=
1

𝜇(𝐾)
∑ 〈𝑑𝑘〉𝐴

𝐴⊆𝐾

𝐴∈𝒜𝑘

𝜇(𝐴) ∑ 𝜇(𝐵)

𝐵⊆𝐾

𝐵∈𝒜𝑘

= ∑ 〈𝑑𝑘〉𝐴

𝐴⊆𝐾

𝐴∈𝒜𝑘

𝜇(𝐴) = ∫ 𝑑𝑘(𝑥)
𝐾

𝑑𝜇(𝑥) = 0 

(d) The function 𝑣𝐾 takes equal positive and negative values on two halves of the symmetric sets 𝐴 × 𝐵 ∪ 𝐵 ×
𝐴with  𝐴 < 𝐵, whereas the function 𝑢𝑘 takes equal values on both the halves. Moreover, the function 𝑣𝐾 takes 

zero value on the symmetric sets 𝐴 × 𝐴. Thus, for any function ∅(𝑢𝐾), we have  

∫ 𝑢𝐾∅(𝑢𝐾)
𝐾×𝐾

𝑑𝜇𝑑𝑣𝐾 

= ∑ (∫ 𝑢𝐾𝑑𝜇𝑑𝑣𝐾
𝐴×𝐵

+∫ 𝑢𝐾𝑑𝜇𝑑𝑣𝐾
𝐵×𝐴

)

𝐴,𝐵⊆𝐾,𝐴<𝐵

𝐴,𝐵∈𝒜𝑘

〈∅(𝑢𝐾)〉𝐴×𝐵⋃𝐵×𝐴 
𝜇×𝑣𝐾 = 0 

Where theaverage〈∅(𝑢𝐾)〉𝐴×𝐵⋃𝐵×𝐴 
𝜇×𝑣𝐾 denotes the constant value of ∅(𝑢𝐾)on the set𝐴 × 𝐵⋃𝐵 × 𝐴.   

We define the filtration(𝒰𝑘)𝑘∈1
2
ℤ

as follows. For each 𝑘 ∈ ℤ, we define the σ- algebra𝒰𝑘  as the σ-algebra 

generated by the functions {𝑢𝑗}𝑗;𝑗≤𝑘  and {1𝐾}𝐾∈𝒜𝑘−1 and, similarly, the σ-algebra  𝒰𝑘+1 2⁄  as the σ-algebra 

generated by the functions and {1𝐾}𝐾∈𝒜𝑘−1 . We note that the functions {1𝐾}𝐾∈𝒜𝑘−1 are 

 Included for technical reasons: They ensure that each 𝒰𝑘 with 𝑘 ∈
1

2
ℤ, is  

 𝜎-finite so that taking the conditional expectation with respect to it makes sense. Now, by definition, each 𝑢𝑘 is 

measurable with respect to 𝒰𝑘, and, 

furthermore,{𝒰𝑘}𝑘∈1
2
ℤ
is a filtration. Next, we check that 𝔼[𝑢𝑘|𝒰𝑘−1 2⁄ ] = 0which is equivalent to checking that  

∫ 𝑢𝑘
𝑋×𝑌

∅({𝑢𝑙}𝑙:𝑙≤𝑘−1 2⁄ , {1𝐾}𝐾∈𝒜[𝑘−1 2⁄ ]−1
) 𝑑𝜇𝑑𝑣 = 0 

for all functions ∅(… , 𝑢𝑙 , … , 𝑢𝑘−1 2⁄ , 1𝐾 , … ) =: ({𝑢𝑙}𝑙:𝑙≤𝑘−1 2⁄ , {1𝐾}𝐾∈𝒜[𝑘−1 2⁄ ]−1
) 

First, we checkthat 𝔼[𝑢𝑘|𝒰𝑘−1 2⁄ ] = 0for 𝑘 ∈ ℤ. We have 

∫ 𝑢𝑘
𝑋×𝑌

∅({𝑢𝑙}𝑙:𝑙≤𝑘−1 2⁄ , {1𝐾}𝐾∈𝒜𝑘−2)𝑑𝜇𝑑𝑣 

= ∑ ∫ 𝑢𝐾
𝑋×𝑌𝐾∈𝒜𝑘−1

∅({𝑢𝑙}𝑙:𝑙≤𝑘−2, {1𝐾}𝐾∈𝒜𝑘−2)𝑑𝜇𝑑𝑣 

Each of the functions{𝑢𝑙(𝑥, 𝒴)}𝑙:𝑙≤𝑘−1 2⁄ , and {1𝐾′(𝑥)}𝐾′∈𝒜𝑘−2 is constant with respect to 𝑥 ∈ 𝐾 ∈ 𝒜𝑘−1; We 

denote these constant values by their 

Averages. Moreover, 𝑢𝐾(𝑥, 𝒴)dependson 𝒴only by 𝒴𝐾 . Therefore, by pulling out the constant, and integrating 

out the independent variables, we obtain 

∫ 𝑢𝐾
𝑋×𝑌

∅({𝑢𝑙}𝑙:𝑙≤𝑘−1 2⁄ , {1𝐾}𝐾∈𝒜𝑘−2)𝑑𝜇 × 𝑑𝑣 

 

= ∫ 𝑢𝐾
𝑋×𝑌

 𝑑𝜇𝑑𝑣 

. ∫ ∅({〈𝑢𝑙〉𝐾
𝜇}𝑙:𝑙≤𝑘−1 2⁄ , {〈1𝐾′〉𝐾

𝜇 }𝐾′∈𝒜𝑘−2)
∏ 𝑌𝐾′

𝐾′≠𝐾
𝐾′∈𝒜:

∏ 𝑑𝑣𝐾′

𝐾′≠𝐾
𝐾′∈𝒜:

 

The observation (c) states that∫ 𝑢𝐾𝐾×𝑌𝐾
𝑑𝜇𝑑𝑣𝐾 = 0. 

Finally, we check that 𝔼[𝑢𝑘+1|𝒰𝑘] = 0
 for 𝑘 ∈ ℤ. Again, we have 
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∫ 𝑢𝑘+1 2⁄
𝑋×𝑌

∅({𝑢𝑙}𝑙:𝑙≤𝑘, {1𝐾}𝐾∈𝒜𝑘−1)𝑑𝜇𝑑𝑣 

= ∑ ∫ 𝑢𝐾
𝐾×𝑌

∅({𝑢𝑙}𝑙:𝑙≤𝑘, {1𝐾}𝐾∈𝒜𝑘−1)

𝐾∈𝒜𝑘−1

𝑑𝜇𝑑𝑣. 

Note that eachof thefunctions{𝑢𝑙(𝑥, 𝒴)}𝑙:𝑙≤𝑘−1, and {1𝐾(𝑥)}𝐾′∈𝒜𝑘−1is constant with respect to 𝑥 ∈ 𝐾 ∈ 𝒜𝑘−1; 

We denote these constant values by 

Their averages. furthermore, 𝑢𝑘(𝑥, 𝒴) = 𝑢𝐾(𝑥, 𝒴) + ∑ 𝑢𝐾′
𝐾′≠𝐾

𝐾′∈𝒜𝑘−1:
(𝑥, 𝒴) = 𝑢𝐾(𝑥, 𝒴) for 𝑥 ∈ 𝐾 ∈ 𝒜𝑘−1 . 

Moreover,𝑢𝐾(𝑥, 𝒴)depends on 𝒴 only by𝒴𝐾 . 

Therefore, again by pulling out the constant, and integrating out the independent variables, we obtain 

∫ 𝑢𝐾
𝑋×𝑌

∅({𝑢𝑙}𝑙:𝑙≤𝑘, {1𝐾}𝐾∈𝒜𝑘−1)𝑑𝜇𝑑𝑣 

= ∫ 𝑢𝐾
𝐾×𝑌𝐾

Φ𝐾(𝑢𝐾)𝑑𝜇𝑑𝑣𝑘 

 

Where 

Φ𝐾(𝑢𝐾) ≔ ∫ Φ({〈𝑢𝑙〉𝐾
𝜇}𝑙:𝑙≤𝑘−1, {〈1𝐾′〉𝐾

𝜇}𝐾′∈𝒜𝑘−1)
∏ 𝑌𝐾′

𝐾′≠𝐾
𝐾′∈𝒜:

∏ 𝑑𝑣𝐾′

𝐾′≠𝐾
𝐾′∈𝒜:

 

The observation (d) states that∫ 𝑢𝐾𝑋×𝑌𝐾
Φ𝐾(𝑢𝐾)𝑑𝜇𝑑𝑣𝐾 = 0.  

 

IV. Vector-valued dyadic shifts are bounded 
Let𝐿 ∶= max{𝑖, 𝑗} + 1. By picking every L:thlengthscale,we decompose the collection 𝒟of dyadic cubes to 

subcollections 𝒟𝑙 mod 𝐿, with 𝑙 = 0, … , 𝐿 − 1,such that forevery 𝐾 ∈ 𝒟𝑙 mod 𝐿 we have that both 

𝐷𝐾
𝑖 𝑓𝑟and 𝐷𝐾

𝑗
𝑔𝑟are constant on 𝐾′ ∈ 𝑐ℎ𝑖𝑙𝑑𝒟𝑙 mod 𝐿(𝐾) and have zero average on 𝐾. More specifically for each 

𝑙 = 1,… , 𝐿 − 1 let 𝒟𝑙 mod 𝐿 = ⋃ {𝐾 ∈ 𝒟: ℓ(𝐾) = 2−𝐾𝐿+𝑙}∞
𝐾=−∞ .Then 

𝑆𝑗𝑖𝑓𝑟 = ∑∑

𝑟

𝐷𝐾
𝑗

𝐾∈𝒟

𝐴𝑗𝑖𝐷𝐾
𝑖 𝑓𝑟 =∑ ∑ ∑

𝑟

𝐷𝐾
𝑗
𝐴𝑗𝑖𝐷𝐾

𝑖

𝐾∈𝒟𝑙 mod 𝐿

𝑓𝑟

𝐿−1

𝑙=0

 

This decomposition is done in orderto decouple by using Theorem3.1. We consider a fixed l. We write 𝑒𝐾 ≔

𝐷𝐾
𝑗
𝐴𝑗𝑖𝐷𝐾

𝑖 𝑓𝑟 . Let 𝑑𝑣𝐾(𝑥) = |𝐾|
−11𝐾(𝑥)𝑑𝑥be the Lebesgue measure restricted and normalized to the dyadic 

cube 𝐾. Let 𝜈denote the product measure ⨉𝐾∈𝒜𝑣𝐾on the product space.𝑌 ≔ ∏ 𝐾𝐾∈𝒜  By Theorem 3.1, 

‖ ∑ 1𝐾(𝑥)

𝐾∈𝒟𝑙 mod 𝐿

𝑒𝐾(𝑥)‖

𝐿1+𝜖(𝑑𝑥,𝐸)

1+𝜖

≤ 𝛽1+𝜖(𝐸)
1+𝜖𝔼‖ ∑ 𝑒𝐾1𝐾(𝑥)𝑒𝐾(𝒴𝐾)

𝐾∈𝒟𝑙 mod 𝐿

‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣(𝒴);𝐸)

1+𝜖

 

We write𝑒𝐾(𝒴𝐾) = ∑𝑟 𝐷𝐾
𝑗
𝐴𝐾𝐷𝐾

𝑖 𝑓𝑟(𝒴𝐾) =:∑𝑟 𝐷𝐾
𝑗 (𝑔𝑟)𝐾(𝒴𝐾). By using Lemma 2.1 together with the fact 

that 𝐷𝐾
𝑗
is a difference of two conditional expectations, we obtain 

‖𝑒𝐾1𝐾(𝑥) ∑ ∑

𝑟

𝐷𝐾
𝑗 (𝑔𝑟)𝐾(𝒴𝐾)

𝐾∈𝒟𝑙 mod 𝐿

‖

𝐿1+𝜖(𝑑𝑣(𝒴);𝐸)

1+𝜖

≤ 21+𝜖 ‖ ∑ ∑

𝑟

𝑒𝑘 1𝐾(𝑥)(𝑔𝑟)𝐾(𝒴𝐾)

𝐾∈𝒟𝑙 mod 𝐿

‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣(𝒴);𝐸)

1+𝜖

 

 

We write(𝑔𝑟)𝐾(𝒴𝐾) = ∑𝑟 𝐴𝐾𝐷𝐾
𝑗
𝑓𝑟(𝒴𝐾) =:∑𝑟 𝐴𝐾(𝑓𝑟)𝐾(𝒴𝐾). By introducing an independent copy (𝑌̃, 𝑣̃) 

of the probability space (𝑌, 𝑣),we write 

𝐴𝐾(𝑓𝑟)𝐾(𝒴𝐾)
1𝐾(𝒴𝐾)

|𝐾|
∫ ∑

𝑟

𝑎𝐾(𝒴𝐾 , 𝑥
′)

𝐾

(𝑓𝑟)𝐾(𝑥
′)𝑑𝑥′

= ∫ ∑

𝑟

1𝐾(𝒴𝐾)
𝑌̃

𝑎𝐾(𝒴𝐾, 𝒴̃𝐾)(𝑓𝑟)𝐾(𝑥
′)𝑑𝑣̃(𝒴̃). 
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By Jensen’s inequality,  

|∫ ∑ ∑

𝑟

𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥)𝑎𝐾(𝒴𝐾, 𝒴̃𝐾)(𝑓𝑟)𝐾(𝒴̃𝐾)𝑑𝑣̃(𝒴̃)
𝑌̃

|

𝐸

1+𝜖

≤ ∫ | ∑ ∑

𝑟

𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥)𝑎𝐾(𝒴𝐾, 𝒴̃𝐾)(𝑓𝑟)𝐾(𝒴̃𝐾)|

𝐸

1+𝜖

𝑑𝑣̃(𝒴̃)
𝑌̃

. 

Since the family of operators {𝑎𝐾(𝑥, 𝑥
′): 𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾}is R-bounded, we have 

𝔼 ||∑ ∑𝑟 𝑒𝐾𝐾∈𝒟𝑙 mod 𝐿
1𝐾𝑎𝐾(𝒴𝐾, 𝒴̃𝐾)(𝑥)(𝑓𝑟)𝐾(𝒴̃𝐾)||

𝐸

1+𝜖

≤

ℛ1+𝜖({𝑎})
1+𝜖𝔼|∑ ∑𝑟 𝑒𝐾𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥)(𝑓𝑟)𝐾(𝒴̃𝐾)|𝐸
1+𝜖

. 

Altogether, we have obtained that 

‖ ∑ 1𝐾
𝐾∈𝒟𝑙 mod 𝐿

(𝑥)𝑒𝐾(𝑥)‖

𝐿1+𝜖(𝑑𝑥;𝐸)

1+𝜖

 

≤ (2𝛽1+𝜖(𝐸)ℛ1+𝜖({𝑎}))
1+𝜖

∫ 𝔼‖ ∑ ∑

𝑟

𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥)𝐷𝐾
𝑖 (𝑓𝑟)(𝒴̃𝐾)‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣̃(𝒴̃);𝐸)

1+𝜖

𝑌

𝑑𝑣(𝒴) 

= (2𝛽1+𝜖(𝐸)ℛ1+𝜖({𝑎}))
1+𝜖
𝔼‖ ∑ ∑

𝑟

𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥)𝐷𝐾
𝑖 (𝑓𝑟)(𝒴̃𝐾)‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣̃(𝒴̃);𝐸)

1+𝜖

. 

 

Since 𝐷𝐾
𝑖 𝐷𝐾

𝑚 = 0 whenever 𝑖 ≠ 𝑚, we canwrite𝐷𝐾
𝑖 = 𝐷𝐾

𝑖 ∑ 𝐷𝐾
𝑚𝐿−1

𝑚=0  . By using 

Lemma 2.1 together with the fact that 𝐷𝐾
𝑗
is a difference of two conditional expectations, we obtain 

𝔼‖ ∑ ∑

𝑟

𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥)𝐷𝐾
𝑖 ∑𝐷𝐾

𝑚

𝐿−1

𝑚=0

(𝑓𝑟)(𝒴̃𝐾)‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣̃(𝒴̃);𝐸)

1+𝜖

 

≤ 21+𝜖𝔼‖ ∑ 𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥) ∑∑

𝑟

𝐷𝐾
𝑚

𝐿−1

𝑚=0

(𝑓𝑟)(𝒴̃𝐾)‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣̃(𝒴̃);𝐸)

1+𝜖

 

 

 

We have that∑ ∑𝑟 𝐷𝐾
𝑚𝐿−1

𝑚=0 𝑓𝑟 is constant on 𝐾′ ∈ 𝑐ℎ𝑖𝑙𝑑𝒟𝑙 mod 𝐿(𝐾)and has zero average on 𝐾. Therefore, 

by removing the decoupling using Theorem 3.1, we obtain 

𝔼‖ ∑ 𝑒𝐾
𝐾∈𝒟𝑙 mod 𝐿

1𝐾(𝑥) ∑∑

𝑟

𝐷𝐾
𝑚

𝐿−1

𝑚=0

𝑓𝑟(𝒴̃𝐾)‖

𝐿1+𝜖(𝑑𝑥×𝑑𝑣̃(𝒴̃);𝐸)

1+𝜖

 

≤ ‖ ∑ ∑∑

𝑟

𝐷𝐾
𝑖

𝐿−1

𝑚=0

𝑓𝑟(𝑥)

𝐾∈𝒟𝑙 mod 𝐿

‖

𝐿1+𝜖(𝑑𝑥;𝐸)

1+𝜖

= ‖∑∑

𝑟

𝐷𝐾
𝐾∈𝒟

𝑓𝑟‖

𝐿1+𝜖(ℝ𝑑;𝐸)

1+𝜖

=∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;𝐸)
1+𝜖 . 

The proof is completed. 

 

V. Sufficient condition for the boundedness of dyadic paraproducts 

From the fact that ‖〈𝑓𝑟〉𝑄01𝑄0‖𝐿1+𝜖(𝐸)
→ 0 as ℓ(𝑄0) → ∞  it follows that the functions of the form 𝑓𝑟 ≔

∑ (𝑓𝑟)𝑄0𝑄0
≔ ∑ (𝑓𝑟 − 〈𝑓𝑟〉𝑄0)𝑄0

1𝑄0 , where Q are disjoint dyadic cubes, are dense in𝐿1+𝜖(𝐸). Hence it suffices to 

prove the estimate 
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‖ ∑ ∑

𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄
𝑄∈𝒟(𝑄0)

‖

𝐿1+𝜖(ℝ𝑑;𝐸)

≤ 6. 2𝑑(1 + 𝜖)(
1 + 𝜖

𝜖
)𝛽1+𝜖(𝐸)

2𝛽1+𝜖(𝑇)‖𝑏‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;𝑇)∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;𝐸) 

Uniformlyforall 𝑄0 ∈ 𝒟.Now,we fixadyadic 𝑄0. Let 𝒟(𝑄0) ≔ {𝑄 ∈ 𝒟:𝑄 ⊆ 𝑄0}. Let 𝑆 ≔ 𝑆(𝑄0) ⊆ 𝒟(𝑄0) be a 

sparse collection that contains the cube 𝑄0.For each 𝑄 ∈ 𝒟, let 𝜋𝑆(𝑄)denote the minimal dyadic cube 𝑆 ∈
𝑆such that 𝑆 ⊇ 𝑄. We rearrange the summation as∑ = ∑ ∑

𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0):𝑆∈𝑆 .𝑄∈𝒟(𝑄0)  By the variant ofPythagoras’ 

theorem, Theorem 2.7, we obtain  

‖ ∑ ∑

𝑟

𝐷𝑄𝑏

𝑄∈𝒟(𝑄0)

〈𝑓𝑟〉𝑄‖

𝐿1+𝜖(𝐸)

= ‖∑ ∑ ∑

𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄

𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0):𝑆∈𝑆

‖

𝐿1+𝜖(𝐸)

. 

≤ 3(1 + 𝜖)

(

 
 
∑‖ ∑ ∑

𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄

𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0):

‖

𝐿1+𝜖(𝐸)

1+𝜖

𝑆∈𝑆

)

 
 

1 1+𝜖⁄

 

It remains to choose the sparse collection 𝑆so that 

(5.1) ‖∑ ∑𝑟 𝐷𝑄𝑏〈𝑓𝑟〉𝑄
𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0): ‖

𝐿1+𝜖(𝐸)

≤ 𝐶𝑏,𝐸,1+𝜖,𝑑 ∑𝑟 〈|𝑓𝑟|𝐸〉𝑆|𝑆|
1 1+𝜖⁄ , 

Which, by the special case of the dyadic Carleson embedding theorem, Lemma 2.5, completes the proof by the 

estimate 

(

 
 
∑‖ ∑ ∑

𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄

𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0):

‖

𝐿1+𝜖(𝐸)

1+𝜖

𝑆∈𝑆

)

 
 

1 1+𝜖⁄

≤ 𝐶𝑏,𝐸,1+𝜖,𝑑 (∑∑

𝑟

〈|𝑓𝑟|𝐸〉𝑆
1+𝜖|𝑆|

𝑆∈𝑆

)

1 1+𝜖⁄

≤ 𝐶𝑏,𝐸,1+𝜖,𝑑2 (
1 + 𝜖

𝜖
)∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(𝐸). 

Next, we choose the collection S so that the estimate (5.1) is satisfied. For each 𝑆 ∈ 𝒟, let 𝑐ℎ𝑆(𝑆)be the 

collection of all the maximal dyadic subcubes 𝑆′ ⊈ 𝑆such that 

(5.2) 〈|𝑓𝑟|𝐸〉𝑆′ > 2〈|𝑓𝑟|𝐸〉𝑆. 

By the dyadic nestedness andmaximality, thecollection 𝑐ℎ𝑆(𝑆)is pairwisedisjoint. We define recursively 𝑆0 ≔
{𝑄0}and 𝑆𝑛+1 ≔ ⋃ 𝑐ℎ𝑆(𝑆)𝑆∈𝑆𝑛 . Let  𝑆 ≔ ⋃ 𝑆𝑛

∞
𝑛=0 . Wedefine the pairwise disjoint sets 𝐸𝑆(𝑆) ≔ 𝑆\

⋃ 𝑆′𝑆′∈𝑐ℎ𝑆(𝑆) .By construction, 

∑ |𝑆′|

𝑆′∈𝑐ℎ𝑆(𝑆)

≤
1

2
|𝑆|, 

which is to say that |𝐸𝑆(𝑆)| ≥
1

2
|𝑆|. Hence the collection 𝑆is sparse. 

  Next, we chack that ∫ ∑𝑟 𝑓𝑟𝑄
𝑑𝑥 = ∫ ∑𝑟 𝑓𝑟𝑆

𝑑𝑥 for (𝑓𝑟)𝑆 ≔ 𝑓𝑟1𝐸𝑆(𝑆) + ∑ ∑𝑟 〈𝑓𝑟〉𝑆′1𝑆′𝑆′∈𝑐ℎ𝑆(𝑆)  

whenever 𝜋(𝑄) = 𝑆. Firstly, the set 𝑄is partioned by 𝐸𝑆(𝑆) ∩ 𝑄and{𝑆′ ∈ 𝑐ℎ𝑆(𝑆): 𝑆
′ ∩ 𝑄 ≠ ∅}. Secondly, by 

the dyadic nestedness,𝑆′ ∩ 𝑄 ≠ ∅ implies that either 𝑄 ⊆ 𝑆′ or𝑆′ ⊈ 𝑄 . The alternative𝑄 ⊆ 𝑆′ is excluded 

because 𝜋𝑆(𝑆) = 𝑄means that S is the minimal 𝑆′′ ∈ 𝑆such that 𝑄 ⊆ 𝑆′′. Hence 𝑆′ ⊈ 𝑄 for all 𝑆′ ∈ 𝑄with 𝑆′ ∩
𝑄 ≠ ∅. Therefore 

∫ ∑

𝑟

𝑓𝑟
𝑄

𝑑𝑥 = ∫ ∑

𝑟

𝑓𝑟1𝐸𝑆(𝑆)
𝑄

+ ∑ ∫ ∑

𝑟

𝑓𝑟
𝑆′𝑆′∈𝑐ℎ𝑆(𝑆):𝑆

′⊈𝑄

𝑑𝑥 

= ∫ ∑

𝑟

𝑓𝑟1𝐸𝑆(𝑆)
𝑄

+ ∑ ∫ ∑

𝑟

〈𝑓𝑟〉𝑆′1𝑠′
𝑄

𝑑𝑥 = ∫ ∑

𝑟

(𝑓𝑟)𝑆
𝑄

𝑑𝑥.

𝑆′∈𝑐ℎ𝑆(𝑆):𝑆
′⊈𝑄

 

 

Next, we check that |(𝑓𝑟)𝑆|𝐸 ≤ 2. 2
𝑑〈|𝑓𝑟|𝐸〉𝑆almost everywhere. First,let𝑥 ∈ 𝐸𝑆(𝑆). Then, by construction,for 

all 𝑄 ∈ 𝒟  such that 𝑄 ∋ 𝑥 we have 〈|𝑓𝑟|𝐸〉𝑄 ≤ 2〈|𝑓𝑟|𝐸〉𝑆.  Therefore, by the Lebesgue differentiation 

theorem,|𝑓𝑟(𝑥)|𝐸 ≤ 2〈|𝑓𝑟|𝐸〉𝑆. for almost every such 𝑥. Let 𝑆′ ∈ child(𝑆) By the maximalityof 𝑆′,the 
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dyadic parent 𝑆′ of 𝑆′satisfies the opposite 〈|𝑓𝑟|𝐸〉𝑆′ ≤ 2〈|𝑓𝑟|𝐸〉𝑆of the inequality (5.2). By doubling,〈|𝑓𝑟|𝐸〉𝑆′ ≤

2𝑑〈|𝑓𝑟|𝐸〉𝑆̂′Altogether〈|𝑓𝑟|𝐸〉𝑆′ ≤ 2.2
𝑑〈|𝑓𝑟|𝐸〉𝑆′ . Altogether, we have 

‖ ∑ ∑

𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄

𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0):

‖

𝐿1+𝜖(𝐸)

= ‖ ∑ ∑

𝑟

𝐷𝑄𝑏〈(𝑓𝑟)𝑆〉𝑄

𝜋(𝑄)=𝑆
𝑄∈𝒟(𝑄0):

‖

𝐿1+𝜖(𝐸)

 

With‖(𝑓𝑟)𝑆‖𝐿∞(𝐸) ≤ 2. 2
𝑑〈|𝑓𝑟|𝐸〉𝑆. The proof is completed by Lemma 5.1.  

Lemma 5.1 (see [18]).Let 0 < 𝜖 < ∞. Let𝐸be𝑎UMDspace.Assume that𝑇is𝑎UMD subspace ofℒ(𝐸). Let𝑆 be 𝑎 

dyadic cube and let 𝑄(𝑆)be a collection of dyadic subcubes of𝑆 Then 

‖ ∑ ∑

𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄
𝑄∈𝒬(𝑆)

‖

𝐿1+𝜖(𝐸)

≤ 𝛽1+𝜖(𝐸)
2𝛽1+𝜖(𝒯)‖𝑏‖𝐵𝑀𝑂1+𝜖(𝒯)∑

𝑟

‖𝑓𝑟‖𝐿∞(𝑆;𝐸)|𝑆|
1 1+𝜖⁄  

for any𝑓𝑟 ∈ 𝐿
∞(𝑆; 𝐸)and 𝑏 ∈ 𝐵𝑀𝑂1+𝜖(ℝ

𝑑; 𝒯). 
Proof without the decoupling equality. By the UMD property and the Kahane con-traction principle, we obtain 

‖∑ ∑𝑟 𝐷𝑄𝑏〈𝑓𝑟〉𝑄𝑄∈𝒬(𝑆) ‖
𝐿1+𝜖(𝑒)

1+𝜖
≤ 𝛽1+𝜖(𝐸)

1+𝜖𝔼‖∑ ∑𝑟 𝜖𝑄𝐷𝑄𝑏〈𝑓𝑟〉𝑄1𝑄𝑄:𝑄⊆𝑆 ‖
𝐿1+𝜖(𝐸)

1+𝜖
. 

We expand 

𝐷𝑄𝑏 = ∑ 〈𝑏, ℎ𝑄
𝜂 〉ℎ𝑄

𝜂

𝜂∈{0,1}𝑑\{0}

. 

where, for each 𝑄 = 𝐼1 × …× 𝐼𝑑 and 𝜂 = (𝜂1, … , 𝜂𝑑) ∈ {0,1}
𝑑 , we have ℎ𝑄

𝜂
= ℎ𝐼1

𝜂1 …ℎ𝐼𝑑
𝜂𝑑  with ℎ𝐼 ≔ ℎ𝐼

1 ≔
1

√|𝐼|
(1𝐼𝑙𝑒(𝑓𝑟)𝑡

− 1𝐼𝑟𝑖𝑔𝑟ℎ𝑡) and ℎ𝐼
0 =

1

√|𝐼|
1𝐼. Therefore 

(𝔼‖∑∑𝜖𝑄
𝑟

𝐷𝑄𝑏〈𝑓𝑟〉𝑄
𝑄⊆𝑆

1𝑄‖

𝐿1+𝜖(𝐸)

1+𝜖

)

1 1+𝜖⁄

 

≤ ∑ (𝔼‖∑ ∑𝑟 𝜖𝑄ℎ𝑄
𝜂

𝑄⊆𝑆 〈〈𝑏, ℎ𝑄
𝜂 〉𝑓𝑟〉𝑄 1𝑄‖

𝐿1+𝜖(𝐸)

1+𝜖
)
1 1+𝜖⁄

𝜂∈{0,1}𝑑\{0} . 

Next,weconsidera fixed𝜂. We observe that, at each point 𝑥 ∈ ℝ𝑑, we have ℎ𝑄
𝜂(𝑥) = ±|ℎ𝑄

𝜂(𝑥)|and that |ℎ𝑄
𝜂
|is 

constant on 𝑄. Hence 

𝔼‖∑∑

𝑟

𝜖𝑄ℎ𝑄
𝜂

𝑄⊆𝑆

〈〈𝑏, ℎ𝑄
𝜂 〉𝑓𝑟〉𝑄 1𝑄‖

𝐿1+𝜖(𝐸)

1+𝜖

= 𝔼‖∑∑

𝑟

𝜖𝑄
𝑄⊆𝑆

〈〈𝑏, ℎ𝑄
𝜂 〉|ℎ𝑄

𝜂
|𝑓𝑟〉𝑄 1𝑄‖

𝐿1+𝜖(𝐸)

1+𝜖

 

By the vector-valuedSteininequality, and the observationthat, at each point𝑥 ∈ ℝ𝑑, we have ℎ𝑄
𝜂(𝑥) = ±|ℎ𝑄

𝜂(𝑥)|, 

we obtain 

𝔼‖∑∑

𝑟

𝜖𝑄 〈〈𝑏, ℎ𝑄
𝜂 〉|ℎ𝑄

𝜂
|𝑓𝑟〉 1𝑄

𝑄⊆𝑆

‖

𝐿1+𝜖(𝐸)

1+𝜖

≤ 𝛽1+𝜖(𝐸)
𝑑 ‖∑∑

𝑟

𝜖𝑄〈𝑏, ℎ𝑄
𝜂 〉|ℎ𝑄

𝜂
|𝑓𝑟

𝑄⊆𝑆

‖

𝐿1+𝜖(𝐸)

1+𝜖

= 𝛽1+𝜖(𝐸)
1+𝜖 ‖∑ 𝜖𝑄〈𝑏, ℎ𝑄

𝜂 〉ℎ𝑄
𝜂
𝑓𝑟

𝑄⊆𝑆

‖

𝐿1+𝜖(𝐸)

1+𝜖

 

By assumption, we have 𝑏:ℝ𝑑 → 𝒯with 𝒯 ⊆ ℒ(𝐸). By the pointwise norm estimate, 

‖∑∑

𝑟

𝜖𝑄〈𝑏, ℎ𝑄
𝜂 〉ℎ𝑄

𝜂
𝑓𝑟

𝑄⊆𝑆

‖

𝐿1+𝜖(𝐸)

≤∑

𝑟

‖𝑓𝑟‖𝐿∞(𝐸) ‖∑ 𝜖𝑄〈𝑏, ℎ𝑄
𝜂 〉ℎ𝑄

𝜂

𝑄⊆𝑆

‖

𝐿1+𝜖(𝒯)

 

We can view 〈𝑏, ℎ𝑄
𝜂 〉ℎ𝑄

𝜂
as a subsequence of a martingale difference sequence 

(thanks to Emil Vuorinen for pointing this out!).We spli 𝑄into two subsets 𝑄+
𝜂

 and𝑄−
𝜂  according to the value 

ofℎ𝑄
𝜂

, 

  𝑄+
𝜂
≔ ⋃ 𝑄′

〈ℎ𝑄
𝜂
〉
𝑄′
=+|𝑄|−1 2⁄

𝑄′∈𝑐ℎ𝑖𝑙𝑑(𝑄): and𝑄−
𝜂 ≔ ⋃ 𝑄′

〈ℎ𝑄
𝜂
〉
𝑄′
=−|𝑄|−1 2⁄

𝑄′∈𝑐ℎ𝑖𝑙𝑑(𝑄):   

The corresponding martingale differences are 

𝑈𝑄
𝜂
𝑏 ≔ −〈𝑏〉𝑄1𝑄 + (〈𝑏〉𝑄−

𝜂1𝑄−
𝜂 + 〈𝑏〉 𝑄+

𝜂1 𝑄+
𝜂) 

And 

     𝑉𝑄
𝜂
𝑏 ≔ (〈𝑏〉𝑄−

𝜂1𝑄−
𝜂 + 〈𝑏〉 𝑄+

𝜂1 𝑄+
𝜂) + ∑ ∑

𝑟

〈𝑓𝑟〉𝑄′1𝑄
𝑄′𝜖𝑐ℎ𝑖𝑙𝑑(𝑄)
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By construction, 𝐷𝑄𝑏 = 𝑈𝑄
𝜂
𝑏 + 𝑉𝑄

𝜂
𝑏and 𝑈𝑄

𝜂
𝑏 = 〈𝑏, ℎ𝑄

𝜂 〉ℎ𝑄
𝜂

. Hence, for any signs 𝜖𝑄, we have 

‖∑ 𝜖𝑄〈𝑏, ℎ𝑄
𝜂 〉ℎ𝑄

𝜂

𝑄⊆𝑆

‖

𝐿1+𝜖(𝒯)

= ‖∑(𝜖𝑄𝑈𝑄
𝜂
𝑏 + 0. 𝑉𝑄

𝜂
𝑏)

𝑄⊆𝑆

‖

𝐿1+𝜖(𝒯)

≤ 𝛽1+𝜖(𝒯) ‖∑(𝑈𝑄
𝜂
𝑏 + 𝑉𝑄

𝜂
𝑏)

𝑄⊆𝑆

‖

𝐿1+𝜖(𝒯)

= 𝛽1+𝜖(𝒯) ‖∑𝐷𝑄𝑏

𝑄⊆𝑆

‖

𝐿1+𝜖(𝒯)

 

We can expand∑ 𝐷𝑄𝑏 = 1(𝑏 − 〈𝑏〉𝑆)𝑄⊆𝑆 . By the definition of the BMO space, 

‖1𝑆(𝑏 − 〈𝑓𝑟〉𝑆)‖𝐿1+𝜖(𝒯) ≤ ‖𝑏‖𝐵𝑀𝑂1+𝜖(𝒯)|𝑆|
1 1+𝜖⁄ . 

Proof with the decoupling equality. By the decoupling equality, Theorem 3.1, 

 

‖ ∑ ∑

𝑟

𝐷𝑄𝑏

𝑄∈𝒬(𝑆)

〈𝑓𝑟〉𝑄‖

𝐿1+𝜖(𝑑𝑥𝑑𝜇(𝒴))

1+𝜖

≤ 𝛽1+𝜖(𝐸)
1+𝜖𝔼‖ ∑ ∑

𝑟

𝜖𝑄
𝑄∈𝒬(𝑆)

𝐷𝑄𝑏(𝒴𝑄)1𝑄(𝑥)〈𝑓𝑟〉𝑄‖

𝐿1+𝜖(𝑑𝑥𝑑𝜇(𝒴))

1+𝜖

 

Now, at each point 𝒴𝑄 ∈ 𝑄, we have𝐷𝑄𝑏(𝒴𝑄)〈𝑓𝑟〉𝑄 = 〈𝐷𝑄𝑏(𝒴𝑄)𝑓𝑟〉𝑄. By thevector-valued Stein inequality, 

𝔼‖ ∑ ∑

𝑟

𝜖𝑄

𝑄⊆𝑆
𝑄∈𝒟:

1𝑄(𝑥)〈𝐷𝑄𝑏(𝒴𝑄)𝑓𝑟〉𝑄‖

𝐿1+𝜖(𝑑𝑥;𝐸)

1+𝜖

≤ 𝛽1+𝜖(𝐸)
1+𝜖𝔼‖ ∑ ∑

𝑟

𝜖𝑄

𝑄⊆𝑆
𝑄∈𝒟:

1𝑄(𝑥)𝐷𝑄𝑏(𝒴𝑄)𝑓𝑟(𝑥)‖

𝐿1+𝜖(𝑑𝑥𝑑𝜇(𝔼);𝐸)

1+𝜖

 

By the pointwise norm estimate, 

𝔼‖ ∑ ∑

𝑟

𝜖𝑄

𝑄⊆𝑆
𝑄∈𝒟:

1𝑄(𝑥)𝐷𝑄𝑏(𝒴𝑄)𝑓𝑟(𝑥)‖

𝐿1+𝜖(𝑑𝑥𝑑𝜇(𝒴);𝒯)

1+𝜖

 

≤ ∑𝑟 ‖𝑓𝑟‖𝐿∞(𝐸)
1+𝜖 𝔼‖∑ 𝜖𝑄

𝑄⊆𝑆
𝑄∈𝒟: 1𝑄(𝑥)𝐷𝑄𝑏(𝒴𝑄)‖

𝐿1+𝜖(𝑑𝑥𝑑𝜇(𝒴);𝒯)

1+𝜖

. 

By the decoupling equality, Theorem 3.1, 

‖∑ 𝜖𝑄1𝑄(𝑥)𝐷𝑄𝑏(𝒴𝑄)
𝑄⊆𝑆
𝑄∈𝒟: ‖

𝐿1+𝜖(𝑑𝑥𝑑𝜇(𝒴);𝒯)

1+𝜖

≤      𝛽1+𝜖(𝒯)
1+𝜖 ‖∑ 𝐷𝑄𝑏(𝑥)

𝑄⊆𝑆
𝑄∈𝒟: ‖

𝐿1+𝜖(𝑑𝑥;𝒯)

1+𝜖

. 

Remark.In the scalar-valued setting, we obtain the following proof of the boundedness of the dyadic 

paraproduct: Let 𝑆be the collection of dyadic cubes that is iteratively chosen by the condition 〈|𝑓𝑟|〉𝑆′ >

2〈|𝑓𝑟|〉𝑆. Hence |〈𝑓𝑟〉𝑄| ≤ 2〈|𝑓𝑟|〉𝑆whenever𝜋𝑆(𝑄) = 𝑆.From the variant of Pythagoras’ theorem (Lemma 2.7), 

Burkholder’s inequality, and the special case of the dyadic Carleson embedding theorem (Lemma 2.5) it 

follows that  

‖∑∑

𝑟

〈𝑓𝑟〉𝑄𝐷𝑄𝑏

𝑄

‖

𝐿1+𝜖(ℝ𝑑;ℝ)

≤ 3(1 + 𝜖)(∑‖ ∑ ∑

𝑟

〈𝑓𝑟〉𝑄
𝜋𝑆(𝑄)=𝑆

𝐷𝑄𝑏‖

𝐿1+𝜖(ℝ𝑑;ℝ)

1+𝜖

𝑆

)

1 1+𝜖⁄

 

≤ 3(1 + 𝜖)2𝛽1+𝜖(ℝ)(∑∑

𝑟

〈|𝑓𝑟|〉𝑆
1+𝜖

𝑆

‖ ∑ 𝐷𝑄𝑏

𝑄:𝑄⊆𝑆

‖

𝐿1+𝜖(ℝ𝑑;ℝ)

1+𝜖

)

1 1+𝜖⁄

 

≤ 6(1 + 𝜖)𝛽1+𝜖(ℝ)‖𝑏‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;ℝ) (∑

𝑟

∑〈|𝑓𝑟|〉
1+𝜖|𝑆|

𝑆

)

1 1+𝜖⁄

 

≤ 6(1 + 𝜖)𝛽1+𝜖(ℝ)‖𝑏‖𝐵𝑀𝑂1+𝜖(ℝ𝑑;ℝ)2(
1 + 𝜖

𝜖
)∑

𝑟

‖𝑓𝑟‖𝐿1+𝜖(ℝ𝑑;ℝ) 

Note that𝛽1+𝜖(ℝ) = max {1 + 𝜖,
1+𝜖

𝜖
} − 1, which was proven by Burkholder [3]. 
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VI. Vector-valued dyadic representation theorem 
The proof of the vector-valued dyadic representation theorem follows verbatim the proof of the scalar-valued 

one that is given in Hyt𝑜̈nen’s lecture notes on the A2 theorem [8], except for the estimation of matrix elements: 

In the scalar-valued case, the absolute value of the matrix elements (which are real numbers) is estimated, 

whereas in the vector-valued case, the R-bound of the matrix elements (which are operators) needs to be 

estimated. For readability, we have sketched the whole proof here. 

6.1.Expanding the dual pairing by means of dyadic shifts. By expanding𝑔𝑟 ∈ 𝐿
1+𝜖

𝜖 (ℝ𝑑; 𝐸∗) as 

𝑔𝑟 =∑∑

𝑟

𝐷𝐽𝑔𝑟
𝐽∈𝒟

=∑ ∑ ∑

𝑟

〈𝑔𝑟 , ℎ𝐽
𝜂〉ℎ𝐽

𝜂

2𝑑−1

𝜂=1

,

𝐽∈𝒟

 

whereℎ𝐽
𝜂
with 𝜂 = 1,… , 2𝑑 − 1and 𝐽 ∈ 𝒟are L2-normalized Haar functions, and similarly, 𝑓𝑟 ∈ 𝐿

1+𝜖(ℝ𝑑; 𝐸)the 

dual pairing is written as 
〈𝑔𝑟 , 𝑇𝑓𝑟〉 = ∑ ∑𝑟 〈𝑔𝑟 , ℎ𝐽〉𝐼∈𝒟,𝐽∈𝒟 〈ℎ𝐼 , 𝑇ℎ𝐼〉〈ℎ𝐼 , 𝑓𝑟〉. 

The index 𝜂will be suppressed from now on. To control the relative arrangement of I and J and 

whence the size of matrix elements, the notion of a good dyadic cube is introduced. 

Definition 6.1 (see [18])(Gooddyadic cube). Fixa boundary exponent𝛾 ∈ (0,1)and an ancestor 

threshold 𝑟 ∈ ℕ. A dyadic cube 𝐼 ∈ 𝒟is goodif we have 

dist(𝐼, 𝐾𝑐) > (
ℓ(𝐼)

ℓ(𝐾)
)

𝛾

ℓ(𝐾) 

for every dyadic ancestor 𝐾 ∈ 𝒟 of the dyadic cube 𝐼 such that ℓ(𝐾) ≥ 2𝑟ℓ(𝐼). 
To restrict to the good cubes in the dual pairing, the randomized dyadic systems are introduced. Let 

𝒟0designate the standard dyadic system. For every parameter (𝜔𝑖)𝑗∈ℤ ∈ ({0,1}
𝑑)ℤ =:Ωand every 𝐼 ∈ 𝒟0, the 

translated dyadic cube 𝐼 + 𝜔 is defined by   

𝐼 + 𝜔 ≔ 𝐼 + ∑ 2−𝑗𝜔𝑖𝑗:2−𝑗<𝑙(𝐼) . 

For each𝜔 ∈ Ω , the translated dyadic system 𝒟𝜔 is defined by𝒟𝜔 ≔ {𝐼 + 𝜔: 𝐼 ∈ 𝒟0}.  The parametersetis 

equipped with the naturalprobability 

Measure: Each component 𝜔𝑗 ∈ {0,1}
𝑑  has an equal probability 2−𝑑of taking any of the 2𝑑  values and all 

components are stochastically independent. By construction, the position and the goodness of a dyadic cube 𝐼 ∈
𝜔 are stochastically independent. Also by construction, the probability 𝑃𝜔({𝐼 + 𝜔 ∈ 𝒟

𝜔 is good }) =
: 𝜋𝑔𝑜𝑜𝑑does not depend on 𝐼 ∈ 𝒟0, and, as calculated in [8, Lemma 2.3] , 

𝜋𝑔𝑜𝑜𝑑 ≥ 1 −
8𝑑

𝛾
2−𝑟𝛾 

Inparticular, for any boundary exponent 𝛾 ∈ (0,1)we canmake the probability 𝜋𝑔𝑜𝑜𝑑 strictly positive by 

choosing the ancestor threshold 𝑟 ∈ ℕsufficiently large. 

The following proposition was proven by [8, Proposition 3.5]. (For an earlier version of the proposition, see 

[9, Theorem 3.1].) 

Proposition 6.2 (see [18])(Discarding the bad cubes). Assume that𝑇: 𝐿1+𝜖(ℝ𝑑; ℝ) → 𝐿1+𝜖(ℝ𝑑; ℝ)is bounded. 

Then 

〈𝛽, 𝑇(1 + 2𝜖)〉 =
1

𝜋𝑔𝑜𝑜𝑑
𝔼𝜔 ∑ 〈𝛽, ℎ𝐽〉

𝑠𝑚𝑎𝑙𝑙𝑒𝑟{𝐼,𝐽}𝑖𝑠𝑔𝑜𝑜𝑑
𝐼∈𝒟𝜔,𝐽∈𝒟𝜔:

〈ℎ𝐽, 𝑇ℎ𝐼〉〈ℎ𝐼 , 1 + 2𝜖〉 

 For all. 𝛽 ∈ 𝐶0
1(ℝ𝑑; ℝ) and α ∈ 𝐶0

1(ℝ𝑑; ℝ). 
Let 𝐶0

1(ℝ𝑑; ℝ) ⊗ 𝐸 denote the set of all finite linear combinations of the form 

𝑓𝑟 = ∑ 𝛼𝑖𝑒𝑖

𝐼

𝜋𝑔𝑜𝑜𝑑

with 𝛼𝑖 ∈ 𝐶0
1(ℝ𝑑; ℝ)and 𝑒𝑖 ∈ 𝐸, 

set which is dense in𝐿1+𝜖(ℝ𝑑; 𝐸). By linearity, Theorem 6.2 extends to vector-valued functions. 

Corollary 6.3 (see [18]). Let 𝐸 be a Banach space. Assume that 𝑇: 𝐿1+𝜖(ℝ𝑑; 𝐸) → 𝐿1+𝜖(ℝ𝑑; 𝐸)is bounded. 

Then 

〈𝑔𝑟 , 𝑇𝑓𝑟〉 =
1

𝜋𝑔𝑜𝑜𝑑
𝔼𝜔 ∑ ∑

𝑟

〈𝑔𝑟 , ℎ𝐽〉

smaller{𝐼,𝐽}is good
𝐼∈𝒟𝜔,𝐽∈𝒟𝜔:

〈ℎ𝐽, 𝑇ℎ𝐼〉〈ℎ𝐼 , 𝑓𝑟〉 

for all𝑔𝑟 ∈ 𝐶0
1(ℝ𝑑; ℝ)⨂𝐸∗and𝑓𝑟 ∈ 𝐶0

1(ℝ𝑑; ℝ)⨂𝐸. 

Next, the paraproducts are extracted. The dyadic system 𝒟𝜔 is suppressed in the notation from now on. 

Consider the summation 
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∑ ∑

𝑟

〈𝑔𝑟 , ℎ𝐽〉

smaller{𝐼,𝐽}is good
𝐼∈𝒟𝜔,𝐽∈𝒟𝜔:

〈ℎ𝐽, 𝑇ℎ𝐼〉〈ℎ𝐼 , 𝑓𝑟〉 

In the case ‘I⊈J’, the paraproduct ∏∗𝑇∗1 is extracted as follows: Let 𝐽𝐼 denote the dyadic childof J that contains 

I. Then 

〈ℎ𝐽, 𝑇ℎ𝐼〉 = 〈1𝐽𝐼
𝑐ℎ𝐽, 𝑇ℎ𝐼〉 + 〈ℎ𝐼〉𝐼〈1𝐽𝐼 , 𝑇ℎ𝐼〉 = 〈1𝐽𝐼

𝑐(ℎ𝐽 − 〈ℎ𝐼〉𝐼), 𝑇ℎ𝐼〉 + 〈ℎ𝐽〉𝐼〈1𝐽𝐼 + 1𝐽𝐼
𝑐 , 𝑇ℎ𝐼〉 

Summing the last term yields 
(6.1) 

∑ ∑

𝑟

〈𝑔𝑟 , ℎ𝐽〉

𝐼,𝐽:𝐼⊈𝐽

〈ℎ𝐽〉𝐼〈1, 𝑇ℎ𝐼〉〈ℎ𝐼 , 𝑓𝑟〉 =∑〈∑ ∑

𝑟

〈𝑔𝑟 , ℎ𝐽〉

𝐽:𝐽⊉𝐼

ℎ𝐽〉𝐼
𝐼

〈1, 𝑇ℎ𝐼〉〈𝑓𝑟 , ℎ𝐼〉

=   〈∑∑

𝑟

〈𝑔𝑟〉𝐼
𝐼

〈1, 𝑇ℎ𝐼〉ℎ𝐼 , 𝑓𝑟〉 =:∑

𝑟

〈∏𝑔𝑟 , 𝑓𝑟
𝑇∗1

〉. 

Similarly, in the case“J ⊊I’ the paraproduct ΠT1 is extracted. For the remaining, it is supposed that the 

paraproducts are extracted, and hence the convention 

〈ℎ𝐽, 𝑇ℎ𝐼〉 ≔ 〈1𝐽𝐼
𝑐(ℎ𝐽 − 〈ℎ𝐼〉𝐼), 𝑇ℎ𝐼〉whenever 𝐼 ⊈ 𝐽, 

is used together with the similar convention whenever J ⊊I. 

Next, the summation is rearranged according to the minimal common dyadic ancestor of I and 𝐽, which is 

denoted by 𝐼⋁. 𝐽. (if 𝐼 ⊆ 𝐽, then 𝐼 ∨ 𝐽 = 𝐽. if 𝐼⋂𝐽 = 𝜙, then a common dyadic ancestor exists because one of the 

cubes is good.) 

By splitting the summation according to which one of the cubes I and J has smaller side length (and hence is 

good), and by rearranging the summation according to which cube 𝐾is the minimal common dyadic ancestor 

𝐼 ∨ 𝐽and what is the size of I and J relative to I ∨J, one obtains 

∑ =

smaller{𝐼,𝐽} is good
𝐼,𝐽:

∑ ∑ ∑

ℓ(𝐽)=2−𝑗ℓ(𝐾)

ℓ(𝐼)=2−𝑖ℓ(𝐾),

𝐼 is good
𝐼,𝐽:𝐼⋁𝐽=𝐾

+

𝐾

∑ ∑ ∑

ℓ(𝐽)=2−𝑗ℓ(𝐾)

ℓ(𝐼)=2−𝑖ℓ(𝐾),

𝐼 is good
𝐼,𝐽:𝐼⋁𝐽=𝐾𝐾𝑖,𝑗:𝑖≥𝑗𝑖,𝑗:𝑖≥𝑗

 

Note that, for 𝐾 = 𝐼 ∨ 𝐽, one can write  

∑ 〈𝑔𝑟 , ℎ𝐼〉

ℓ(𝐽)=2−𝑗ℓ(𝐾)

ℓ(𝐼)=2−𝑖ℓ(𝐾),

𝐼 is good,
𝐼,𝐽:𝐼⋁𝐽=𝐾,

∑

𝑟

〈ℎ𝐼 , 𝑇ℎ𝐼〉〈ℎ𝐼 , 𝑓𝑟〉 =∑

𝑟

〈𝑔𝑟 , 𝐷𝐾
𝑗
𝐴𝐾
𝑖𝑗
𝐷𝐾
𝑖 𝑓𝑟〉 

by defining 

𝐴𝐾
𝑖𝑗
𝑓𝑟(𝑥

′) =
1𝐾(𝑥

′)

|𝐾|
∫ ∑

𝑟

𝑎𝐾
𝑖𝑗

𝐾

(𝑥′, 𝑥)𝑓𝑟(𝑥)𝑑𝑥 

with. 

𝑎𝐾
𝑖𝑗(𝑥′, 𝑥) ≔ |𝐾| ∑ ℎ𝐼

ℓ(𝐽)=2−𝑗ℓ(𝐾)

ℓ(𝐼)=2−𝑖ℓ(𝐾),

smaller{𝐼,𝐽}is good,
𝐼,𝐽:𝐼⋁𝐽=𝐾,

(𝑥′)ℎ𝐼(𝑥)〈ℎ𝐼 , 𝑇ℎ𝐼〉 

Altogether, it is obtained that 

〈𝑔𝑟 , 𝑇𝑓𝑟〉 =
1

𝜋good
𝔼𝜔∑∑

𝑟

〈𝑔𝑟 , ∑ 𝐷𝐾
𝑗

𝐾∈𝒟𝜔

𝐴𝐾
𝑖𝑗
𝐷𝐾
𝑖 𝑓𝑟〉

𝑖,𝑗

+
1

𝜋good
𝔼𝜔∑

𝑟

〈𝑔𝑟 , (∏
𝒟𝜔

𝑇𝐼
+ (∏

𝒟𝜔

𝑇∗1
)

∗

)𝑓𝑟〉. 

6.2. Estimating the R-bounds of the matrix elements. We may consider the case 𝑖 ≥ 𝑗(which means ℓ(𝐼) ≤
ℓ(𝐽)), since, by duality, the case 𝑖 > 𝑗can be treated similarly. It remains to estimate the R-bound of the 

family{𝑎𝐾
𝑖𝑗(𝑥, 𝑥′): 𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾}of the operator-valued kernels defined by  

𝑎𝐾
𝑖𝑗(𝑥′, 𝑥) ≔ |𝐾| ∑ ℎ𝐼

ℓ(𝐽)=2−𝑗ℓ(𝐾)

ℓ(𝐼)=2−𝑖ℓ(𝐾),

𝐼 is good,
𝐼,𝐽:𝐼⋁𝐽=𝐾,

(𝑥′)ℎ𝐼(𝑥)〈ℎ𝐼 , 𝑇ℎ𝐼〉 

 

with 𝑖 ≥ 𝑗(and hence ℓ(I) ≤ ℓ(J)). We divide this into cases according to two criteria. The first criterion is 

whether 𝐾 is much bigger than 𝐼 . The second criterionis how thecubesIand J intersect:Whether 𝐼 ⊊
𝐽 (in which case 𝐾 = 𝐽), 𝐼 = 𝐽 (in which case 𝐾 = 𝐼 = 𝐽), or I ∩ J=∅. In total, we have five cases: 

● ℓ(𝐾) > 2𝑟ℓ(𝐼)and 𝐼⋂𝐽 = ∅, 
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● ℓ(𝐽) > 2𝑟ℓ(𝐼)and 𝐼 ⊈ 𝐽(in this case 𝐾 = 𝐽), 
● ℓ(𝐾) ≤ 2𝑟ℓ(𝐼)and 𝐼⋂𝐽 = ∅,  
● ℓ(𝐽) ≤ 2𝑟ℓ(𝐼)and 𝐼 ⊈ 𝐽(in this case 𝐾 = 𝐽), and  

● 𝐼 = 𝐽(in this case 𝐾 = 𝐽), 
These cases are tackled in Lemmas 6.4 through 6.8, which complete the proof of the representation theorem by 

assuring that 

  ℛ({𝑎𝐾
𝑖𝑗(𝑥′, 𝑥): 𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾}) ≾𝑟,𝛾,𝑑 (ℛ𝑐𝑧0 + ℛ𝑐𝑧0 + ℛ𝑊𝐵𝑃)2

−(1−𝜖)(1+2𝜖) max{𝑖,𝑗}, 

under the choice 𝛾 ≔
𝜖(1+2𝜖)

(1+2𝜖)+𝑑
of the boundary exponent γ ∈ (0,1). 

Lemma 6.4 (see [18]) (𝐶𝑎𝑠𝑒 ℓ′ (𝐼) ≤ ℓ(𝐽), ℓ(𝐾) > 2𝑟ℓ(𝐼).  and 𝐼⋂𝐽 = ∅′) . Suppose that 𝑖 and j are 

nonnegative integers such that 𝑖 ≥ 𝑟 and ≥ 𝑗. Let 

𝑎𝐾
𝑖𝑗(𝑥′, 𝑥) ≔ |𝐾|∑ 〈ℎ𝐽 , 𝑇ℎ𝐼〉

′

𝐼,𝐽
ℎ𝐼(𝑥)ℎ𝐽(𝑥

′), 

wherethe summation is over all the dyadic cubes 𝐼and 𝐽 such that I ∩ J = ∅, 

𝐼 ∨ 𝐽 = 𝐾, ℓ(𝐼) = 2−𝑖ℓ(𝐾), ℓ(𝐽) = 2−𝑗ℓ(𝐾), and 𝐼 is good with threshold r and exponent𝛾 Then 

ℛ({𝑎𝐾
𝑖𝑗(𝑥′, 𝑥): 𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾 and𝑥′ ∈ 𝐾}) ≾ ℛ𝑐𝑧02

−𝑖((1+2𝜖)(1−𝛾)−𝛾𝑑) 

Proof.We observethat for eachtriplet(𝐾, 𝑥, 𝑥′)either the sum is empty or there is a unique 𝐼𝐾,𝑥and a unique 

𝐽𝐾,𝑥′satisfying the summation condition. Let 𝒴𝐼𝐾,𝑥 denote the center of the dyadic interval𝐼𝐾,𝑥 By using the 

integral representation of the Calder𝑜́n − Zygmund  operator T, and by using the cancellation of the Haar 

functions, we write 

 𝑎𝐾
𝑖𝑗(𝑥′, 𝑥)∫ (𝑘(𝒴′, 𝒴) − 𝑘(𝒴′, 𝒴𝐼𝐾,𝑥))

ℝ𝑑×ℝ𝑑
(
|𝒴 − 𝒴′|

|𝒴 − 𝒴𝐼𝐾,𝑥|
)

1+2𝜖

|𝒴 − 𝒴′|𝑑1𝐼𝐾,𝑥(𝒴)1𝐽𝐾,𝑥′
(𝒴′)

× |𝐾| (
|𝒴 − 𝒴𝐼𝐾,𝑥|

|𝒴 − 𝒴′|
)

1+2𝜖
1

|𝒴 − 𝒴′|𝑑
ℎ𝐼𝐾,𝑥(𝒴)ℎ𝐽𝐾,𝑥′

(𝒴′)ℎ𝐼𝐾,𝑥(𝑥)ℎ𝐽𝐾,𝑥′
(𝑥′)𝑑𝒴𝑑𝒴′ 

=:∫ 𝐿𝐾,𝑥,𝑥′
ℝ𝑑×ℝ𝑑

(𝒴 ,𝒴′) × 𝜆𝐾,𝑥,𝑥′(𝒴 ,𝒴′)𝑑𝒴𝑑𝒴′ 

 

 

Under the assumptions, we have|𝒴 − 𝒴𝐼𝐾,𝑥| <
1

2
|𝒴 ,𝒴′|, which is checked in the following paragraph. Hence, 

by the Rademacher standard estimates, 

ℛ({𝐿𝐾,𝑥,𝑥′(𝒴 ,𝒴′): 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾 𝑎𝑛𝑑 𝒴 ∈ ℝ𝑑, 𝒴′ ∈ ℝ}) ≤ ℛ𝑐𝑧0. 

Next, we show that 

sup{∫ |𝜆𝐾,𝑥,𝑥′(𝒴 ,𝒴′)|
ℝ𝑑×ℝ𝑑

𝑑𝒴′𝑑𝒴: 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾} ≾𝑟 2
−𝑖((1+2𝜖)(1−𝛾)−𝛾𝑑), 

 

which, by Theorem 2.2, completes the proof. For the remaining, we suppress the dependence on 

thetriplet(𝐾, 𝑥, 𝑥′)in the notation. Since𝒴 ∈ 𝐼 and 𝒴𝐼 ∈ 𝐼, we have|𝒴−𝒴𝐼| ≤
1

2
ℓ(𝐼), and since 𝒴 ∈ 𝐼 and𝒴′ ∈ 𝐽 

we have |𝒴 , 𝒴′| ≥ dist(𝐼, 𝐽); hence 

(
|𝒴 − 𝒴𝐼|

|𝒴 − 𝒴′|
)

1+2𝜖
1

|𝒴 − 𝒴′|
𝑑
≤ (

|ℓ(𝐼)|

|dist(𝐼, 𝐽)|
)

1+2𝜖
1

dist(𝐼, 𝐽)𝑑
. 

 

Therefore 

∫ |𝜆(𝒴 ,𝒴′)|
ℝ𝑑×ℝ𝑑

𝑑𝒴′𝑑𝒴 ≤ ‖ℎ𝐼‖∞‖ℎ𝐽‖∞
‖ℎ𝐼‖𝐼‖ℎ𝐽‖𝐼

|𝐾| (
ℓ(𝐼)

ℓ(𝐾)
)

1+2𝜖
1

dist(𝐼, 𝐽)𝑑
. 

It remains to check that 

dist(𝐼, 𝐽) ≥ 2𝛾 (
ℓ(𝐼)

ℓ(𝐾)
)
𝛾

ℓ(𝐾). 

In particular, this implies that |𝒴 − 𝒴𝐼| ≤
1

2
|𝒴 − 𝒴′|denote the dyadic child of 

𝐾that contains I. Since ℓ(𝐾) > 2𝛾ℓ(𝐼), we have ℓ(𝐾𝐼) > 2
𝛾ℓ(𝐼). Therefore, sinceI is good, we have that 

dist(𝐼, 𝐾𝐼
𝑐) > (

ℓ(𝐼)

ℓ(𝐾𝐼)
)
𝛾

ℓ(𝐾𝐼) = 2
𝛾 (

ℓ(𝐼)

ℓ(𝐾)
)
𝛾

ℓ(𝐾). 

If KI intersected J, then either 𝐾𝐼 ⊈ 𝐼(which is not true because we assume that I and J are disjoint) or 𝐾𝐼 ⊇
𝐼(which is not true because we assume that 𝐾is the minimal dyadic ancestor of I that contains 𝐽).Therefore 

𝐾𝐼does not intersect J, and hence 

dist(𝐼, 𝐽) > dist(𝐼, 𝐾𝐼
𝑐) 
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The proof is completed.  

Lemma 6.5 (see [18])(Case ‘ℓ(𝐼) ≤ ℓ(𝐾) ≤ 2𝛾ℓ(𝐼) , and𝐼⋂𝐽 = ∅’). Suppose that 𝑖and j are nonnegative 

integers such that 𝑖 ≤ 𝑟 and ≥ 𝑗. Let 

𝑎𝐾
𝑖𝑗(𝑥′, 𝑥) ≔ |𝐾|∑〈ℎ𝐽, 𝑇ℎ𝐼〉

𝐼,𝐽

ℎ𝐼(𝑥)ℎ𝐼(𝑥
′), 

where the summationis over all the dyadic cubes I and J suchthat 𝐼⋂𝐽 = ∅, 𝐼⋁𝐽 = 𝐾, ℓ(𝐼) = 2𝛾ℓ(𝐾)and I is 

good with threshold r and exponent γ. Then 

ℛ({𝑎𝐾
𝑖𝑗(𝑥′, 𝑥): 𝐾 ∈ 𝒟, 𝑥 ∈ 𝐾 and 𝑥′ ∈ 𝐾}) ≾𝑟,𝑑 ℛ𝑐𝑧0  

Proof.Wenote that for eachtriplet(𝐾, 𝑥, 𝑥′)either the sum is empty or there is a unique 𝐼𝐾,𝑥 and a unique 

𝐽𝐾,𝑥′satisfying the summation condition. By using the integral representation of the Calder𝑜́n − Zygmund  

operator T, we write 

𝑎𝐾
𝑖𝑗(𝑥′, 𝑥) = ∫ 1𝐼𝐾,𝑥

ℝ𝑑×ℝ𝑑
(𝒴)1𝐽

𝐾,𝑥′
(𝒴′)𝑘(𝒴,𝒴′)|𝒴 − 𝒴′|𝑑 

× |𝐾|
1

|𝒴 − 𝒴′|𝑑
ℎ𝐼𝐾,𝑥(𝒴)ℎ𝐽𝐾,𝑥′

(𝒴′)ℎ𝐼𝐾,𝑥(𝑥)ℎ𝐽𝐾,𝑥′
(𝑥′)𝑑𝒴𝑑𝒴′ 

=:∫ 𝐿𝐾,𝑥,𝑥′
ℝ𝑑×ℝ𝑑

(𝒴,𝒴′) × 𝜆𝐾,𝑥,𝑥′(𝒴,𝒴
′)𝑑𝒴𝑑𝒴′ 

By the Rademacher standard estimates, 

ℛ({𝐿𝐾,𝑥,𝑥′(𝒴,𝒴
′): 𝑥 ∈ 𝐾, 𝑥′ ∈ 𝐾 and 𝒴 ∈ ℝ𝑑 , 𝒴′ ∈ ℝ}) ≤ ℛ𝑐𝑧0 . 

We next check that 

sup {∫ |𝜆𝐾,𝑥,𝑥′(𝒴,𝒴
′)|

ℝ𝑑×ℝ𝑑
𝑑𝒴′𝑑𝒴: 𝑥 ∈ 𝐾. 𝑥′ ∈ 𝐾} ≾𝑟,𝑑 1, 

which, by Theorem 2.2, completes the proof.   

For the remaining,we suppress the dependence on the triplet (𝐾, 𝑥, 𝑥′) in the  notation. Since  ℓ(𝐾) ≤

2𝛾ℓ(𝐼) and K ⊇ I. we have 2𝑟+1 𝐼 ⊇ 𝐾. and since 𝐾 ⊇ 𝐽  and 𝐼⋂𝐽 = ∅, w have (𝐾\𝐼) ⊇ 𝐽;hence((2𝑟+1 𝐼)\

𝐼) ⊇ 𝐽.Sinceℓ(𝐼) ≤ ℓ(𝐽), 𝐽 ⊇ 𝐾(and hence ℓ(𝐽) ≤ ℓ(𝐾)) andℓ(𝐾) ≤ 2𝑟ℓ(𝐼), we 

have|𝐼| ≃𝑟 |𝐽| ≃𝑟 |𝐾| Therefore 

∫ |𝜆(𝒴,𝒴′)|
ℝ𝑑×ℝ𝑑

𝑑𝒴′𝑑𝒴 ≤ |𝐾|‖ℎ𝐼‖∞
2 ‖ℎ𝐽‖∞

2
∫ ∫

1

|𝒴 − 𝒴′|𝑑𝐽𝐼

𝑑𝒴′𝑑𝒴 

≤ |𝐾|‖ℎ𝐼‖∞
2 ‖ℎ𝐽‖∞

2
∫ ∫

1

|𝒴 − 𝒴′|𝑑(2𝑟+1𝐼)\𝐼𝐼

𝑑𝒴′𝑑𝒴 

≾𝑟,𝑑 |𝐾|‖ℎ𝐼‖∞
2 ‖ℎ𝐽‖∞

2
|𝐼| ≃𝑟 1. 

Lemma 6.6 (see [18])(Case ‘I = J = K’). Let 

𝑎𝐼
00(𝑥′, 𝑥) ≔ |𝐼|〈ℎ𝐼 , 𝑇ℎ𝐼〉ℎ𝐼(𝑥)ℎ𝐼(𝑥

′). 
Then 

ℛ({𝑎𝐼(𝑥
′, 𝑥): 𝐼 ∈ 𝒟, 𝑥 ∈ 𝐼, 𝑎𝑛𝑑 𝑥′ ∈ 𝐼}) ≾𝑑 ℛ𝐶𝑍0 + ℛ𝑊𝐵𝑃 . 

Proof.Let 𝐼𝑖(where 𝑖 = 1,… , 2
𝑑) denote the dyadic children of I. By decomposing1𝐼 = ∑ 1𝑖𝐼𝑖

,and using the 

integral representation of the Calder𝑜́n − Zygmund operator T , we write 

𝑎𝐼
00(𝑥′, 𝑥) =∑|𝐼|

𝐼𝑖,𝐼𝑗

ℎ𝐼(𝑥)ℎ𝐼(𝑥
′)〈ℎ𝐼〉𝐼𝑖〈ℎ𝐼〉𝐼𝑗 〈1𝐼𝑖 , 𝑇1𝐼𝑗〉

= ∑|𝐼||𝐼𝑖|

𝐼𝑖

ℎ𝐼(𝑥)ℎ𝐼(𝑥
′)〈ℎ𝐼〉𝐼𝑖〈ℎ𝐼〉𝐼𝑖

〈1𝐼𝑖 , 𝑇1𝐼𝑖〉

|𝐼𝑖|
 

+ ∑|𝐼||𝐼𝑖|

𝐼𝑖≠𝐼𝑗

ℎ𝐼(𝑥)ℎ𝐼(𝑥
′)〈ℎ𝐼〉𝐼𝑖〈ℎ𝐼〉𝐼𝑗∫ 1𝐼𝑖

ℝ𝑑×ℝ𝑑
(𝒴)1𝐼𝑗(𝒴

′)𝑘(𝒴,𝒴′)|𝒴 − 𝒴′|𝑑 

×
1

|𝐼𝑖|

1

|𝒴 − 𝒴′|𝑑
1𝐼𝑗(𝒴)1𝐼𝑗(𝒴

′)𝑑𝒴𝑑𝒴′ 

=∑±

𝐼𝑖

〈1𝐼𝑖 , 𝑇1𝐼𝑖〉

|𝐼𝑖|
+ ∑ ±

𝐼𝑖≠𝐼𝑗

∫ 𝐿𝐼𝑖,𝐼𝑗
ℝ𝑑×ℝ𝑑

(𝒴,𝒴′) × 𝜆𝐼𝑖,𝐼𝑗(𝒴,𝒴
′)𝑑𝒴𝑑𝒴′. 

By the Rademacher standard estimates, we have 

ℛ ({𝐿𝐼𝑖,𝐼𝑗(𝒴,𝒴
′): 𝐼 ∈ 𝒟, 𝐼𝑖 ≠ 𝐼𝑗 , 𝒴 ∈ 𝐼𝑖 , 𝒴

′ ∈ 𝐼𝑗 , }) ≤ ℛ𝐶𝑍0  

Moreover, we have  
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sup {∫ |𝜆𝐼𝑖,𝐼𝑗(𝒴,𝒴
′)|

ℝ𝑑×ℝ𝑑
𝑑𝒴′𝑑𝒴: 𝐼 ∈ 𝒟, 𝐼𝑖 ≠ 𝐼𝑗} ≤

1

|𝐼|
∫ ∫

1

|𝒴 − 𝒴′|𝑑(3𝐼)\𝐼𝐼

≾𝑑 1. 

By the Rademacher weak boundedness property, we have 

ℛ ({
〈1𝐼 , 𝑇1𝐼〉

|𝐼|
: 𝐼 ∈ 𝒟}) ≤ ℛ𝑊𝐵𝑃 . 

The proof is completed by using Theorem 2.2 and Proposition 2.3.  

Lemma 6.7 (see [18]). (Case ℓ′ (𝐼) < 2−𝑟ℓ(𝐽), 𝐼 ⊈ 𝐽).Suppose that 𝑖 is a nonnegative integersuch that𝑖 > 𝑟. 
Let 

𝑎𝐽
𝑖0(𝑥′, 𝑥) ≔ |𝐽|∑ 〈1𝐽𝐼

𝑐(ℎ𝐽 − 〈ℎ𝐽〉𝐽𝐼)𝑇ℎ𝐼〉
′

𝐼
ℎ𝐼(𝑥)ℎ𝐽(𝑥

′). 

where 𝐽𝐼 is the dyadic child of 𝐽 that contains 𝐼 and the summation is over allthe dyadic cubes I such that𝐼 ⊈
𝐽, ℓ(𝐼) = 2−𝑖ℓ(𝐽)and 𝐼 is good with threshold r and 

Exponent γ. Then 

ℛ({𝑎𝐽
𝑖𝑗(𝑥′, 𝑥): 𝐽 ∈ 𝒟, 𝑥 ∈ 𝐽 and 𝑥′ ∈ 𝐽}) ≾𝛾 ℛ𝐶𝑍02

−𝑖(1+2𝜖)(1−𝛾). 

Proof.We observe that for each triplet (𝐽, 𝑥, 𝑥′)either the sum is empty or there is a unique 𝐼𝐽,𝑥satisfying the 

summation condition. Let 𝒴1𝐽,𝑥denote the center of the dyadic interval 𝐼𝐽,𝑥. By using the integral representation 

of the Calder𝑜́n − Zygmund operator T and by using the cancellation of the Haar functions, we have 

𝑎𝐽
𝑖0(𝑥′, 𝑥) = ∫ (𝑘(𝒴′, 𝒴) − 𝑘(𝒴′, 𝒴𝐼𝐽,𝑥))

ℝ𝑑×ℝ𝑑
(
|𝒴 − 𝒴′|

|𝒴 − 𝒴𝐼𝐽,𝑥|
)

1+2𝜖

|𝒴 − 𝒴′|𝑑

× |𝐽| (
|𝒴 − 𝒴𝐼𝐽,𝑥|

|𝒴 − 𝒴′|
)

1+2𝜖
1

|𝒴 − 𝒴′|𝑑
ℎ𝐼𝐽,𝑥(𝒴)1𝐽𝐼

𝑐(𝒴′)(ℎ𝐽(𝒴
′) − 〈ℎ𝐽〉𝐽𝐼) 

. ℎ𝐼𝐾,𝑥(𝑥)ℎ𝐽(𝑥
′)𝑑𝒴𝑑𝒴′ 

=:∫ 𝐿𝐽,𝑥,𝑥′
ℝ𝑑×ℝ𝑑

(𝒴,𝒴′) × 𝜆𝐽,𝑥,𝑥′(𝒴,𝒴
′)𝑑𝒴𝑑𝒴′. 

Under the assumptions, we have, which is checked in next paragraph. Hence, by the Rademacher standard 

estimates, we have 

ℛ({𝐿𝐽,𝑥,𝑥′(𝒴,𝒴
′): 𝑥 ∈ 𝐽, 𝑥′𝐽 and 𝒴 ∈ ℝ𝑑 , 𝒴′ ∈ ℝ}) ≤ ℛ𝐶𝑍0 . 

Next, we show that 

sup {∫ |𝜆𝐽,𝑥,𝑥′(𝒴,𝒴
′)|

ℝ𝑑×ℝ𝑑
𝑑𝒴′𝑑𝒴: 𝑥 ∈ 𝐽, 𝑥′ ∈ 𝐽} ≾𝛾 2

−𝑖(1+2𝜖)(1−𝛾), 

which, by Theorem 2.2, completes the proof. 

For the remaining,wesuppressthe dependence on the triplet (𝐽, 𝑥, 𝑥′)in the notation. Since dist(𝐼, 𝐽𝐼
𝑐) >

𝑙(𝐼)which follows from thefacts that 𝐼is good and ℓ(𝐽𝐾𝐼) ≥ 2
𝑟ℓ(𝐼), since 𝒴 ∈ 𝐼, and since𝒴′ ∈ 𝐽𝐼

𝑐, we have 

that|𝒴𝐼 − 𝒴| ≤
1

2
|𝒴, 𝒴′|. Hence,by thetriangle inequality,|𝒴 − 𝒴′| ≥

2

3
|𝒴′ −𝒴𝐼|.Therefore 

(
|𝒴 − 𝒴𝐼|

|𝒴 − 𝒴′|
)

1+2𝜖
1

|𝒴 − 𝒴′|𝑑
≾𝑑,1+2𝜖 ℓ(𝐼)

1+2𝜖
1

|𝒴′ − 𝒴𝐼|(1+2𝜖)+𝑑
. 

Therefore 

∫ |𝜆(𝒴,𝒴′)|
ℝ𝑑×ℝ𝑑

𝑑𝒴′𝑑𝒴 

(6.2) ≾𝑑,1+2𝜖 |𝐽|‖ℎ𝐽 − 〈ℎ𝐽〉𝐽𝑖‖∞
‖ℎ𝐽‖∞

‖ℎ𝐼‖∞‖ℎ𝐼‖𝐼ℓ(𝐼)
1+2𝜖∫

1

|𝒴′ − 𝒴𝐼|(1+2𝜖)+𝑑
𝑑𝒴′

𝐽𝐼
𝑐

 

≾ (
ℓ(𝐼)

dist(𝐼, 𝐽𝐼
𝑐)
)

1+2𝜖

= (
ℓ(𝐽𝐼)

dist(𝐼, 𝐽𝐼
𝑐)
)

1+2𝜖

(
ℓ(𝐼)

ℓ(𝐽𝐼)
)

1+2𝜖

 

Since I is good andℓ(𝐽𝐼) ≥ 2
𝑟ℓ(𝐼) we have that 

dist(𝐼, 𝐽𝐼
𝑐) < 𝑙(𝐽𝐼) (

ℓ(𝐼)

ℓ(𝐽𝐼)
)

𝛾

 

which concludes the proof. 

Lemma 6.8 (see [18])(Case ℓ′ (𝐼) ≥ 2−𝑟ℓ(𝐽), 𝐼 ⊈ 𝐽′). Suppose that 𝑖 is a nonnegativeinteger such that1 ≤ 𝑖 ≤
𝑟. Let 

𝑎𝐽
𝑖0(𝑥′, 𝑥) ≔ |𝐽|∑ 〈1𝐽𝐼

𝑐(ℎ𝐽 − 〈ℎ𝐽〉𝐽𝐼), 𝑇ℎ𝐼〉
′

𝐼
ℎ𝐼(𝑥)ℎ𝐽(𝑥

′). 
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where 𝐽𝐼is the dyadic child of 𝐽 that contains 𝐼 and the summation is over all the dyadic cubes I such that 𝐼 ⊆
𝐽, ℓ(𝐼)  = 2−𝑖ℓ(𝐽)and I is good with threshold r and exponent γ. Then 

ℛ({𝑎𝐽(𝑥
′, 𝑥): 𝐽 ∈ 𝒟 and𝑥′ ∈ 𝐽}) ≾𝑑,1+2𝜖 ℛ𝐶𝑍1+2𝜖 +ℛ𝐶𝑍0  

Proof.We observe that for each triplet (𝐽, 𝑥, 𝑥′)either the sum is empty or there is a unique𝐼𝐽,𝑥 satisfying the 

summationcondition. Let 𝒴𝐼𝐽,𝑥denote the center of the dyadic interval 𝐼𝐽,𝑥. We split 1𝐽𝐼
𝑐 = 1𝐽𝐼

𝑐⋂(3𝐼) + 1𝐽𝐼
𝑐⋂(3𝐼)𝑐. 

By using the integral representation of the Calder𝑜́n − Zygmund operator , and by using the cancellation of the 

Haar functions, we have 

𝑎𝐽
𝑖0(𝑥′, 𝑥) 

= ∫ (𝑘(𝒴,𝒴′) − 𝑘(𝒴′, 𝒴𝐼))
ℝ𝑑×ℝ𝑑

(
|𝒴 − 𝒴𝐼𝐾,𝑥|

|𝒴 − 𝒴′|
)

−(1+2𝜖)
1

|𝒴 − 𝒴′|−𝑑
× |𝐽| (

|𝒴 − 𝒴𝐼𝐼,𝑥|

|𝒴 − 𝒴′|
)

1+2𝜖

 

.
1

|𝒴 − 𝒴′|𝑑
ℎ𝐼𝐽,𝑥(𝒴)1𝐽𝐼

𝑐⋂(3𝐼)𝑐(𝒴
′)(ℎ𝐽(𝒴

′) − 〈ℎ𝐽〉𝐽𝐼)ℎ𝐼𝐾,𝑥(𝑥)ℎ𝐽(𝑥
′)𝑑𝒴𝑑𝒴′ 

+∫ 𝑘(𝒴′, 𝒴)
ℝ𝑑×ℝ𝑑

|𝒴 − 𝒴′|𝑑 

× |𝐽||𝒴 − 𝒴′|𝑑ℎ𝐼𝐽,𝑥(𝒴)1𝐽𝐼
𝑐⋂(3𝐼)(𝒴

′)(ℎ𝐽(𝒴
′) − 〈ℎ𝐽〉𝐽𝐼)ℎ𝐼𝐾,𝑥(𝑥)ℎ𝐽(𝑥

′)𝑑𝒴𝑑𝒴′ 

=:∫ 𝐿𝐽,𝑥,𝑥′
ℝ𝑑×ℝ𝑑

(𝒴,𝒴′) × 𝜆𝐽,𝑥,𝑥′(𝒴,𝒴
′) 𝑑𝒴𝑑𝒴′ 

+∫ 𝑀𝐽,𝑥,𝑥′
ℝ𝑑×ℝ𝑑

(𝒴,𝒴′) × 𝜆𝐽,𝑥,𝑥′(𝒴,𝒴
′) 𝑑𝒴𝑑𝒴′ 

By the Rademacher standard estimates, 

ℛ({𝐿𝐽,𝑥,𝑥′(𝒴,𝒴
′): 𝑥 ∈ 𝐽, 𝑥′ ∈ 𝐽 and 𝒴 ∈ ℝ𝑑, 𝒴′ ∈ ℝ}) ≤ ℛ𝐶𝑍0  

And 

ℛ({𝑀𝐽,𝑥,𝑥′(𝒴,𝒴
′): 𝑥 ∈ 𝐽, 𝑥′ ∈ 𝐽 and 𝒴 ∈ ℝ𝑑 , 𝒴′ ∈ ℝ}) ≤ ℛ𝐶𝑍0  

The same calculation as in (6.2) yields 

sup {∫ |𝜆𝐽,𝑥,𝑥′(𝒴,𝒴
′)|

ℝ𝑑×ℝ𝑑
𝑑𝒴′ 𝑑𝒴 ≔ 𝑥 ∈ 𝐽, 𝑥′ ∈ 𝐽} ≾𝑑 1. 

Moreover, we have 

sup {∫ |𝜇𝐽,𝑥,𝑥′(𝒴,𝒴
′)|

ℝ𝑑×ℝ𝑑
≔ 𝑥 ∈ 𝐽, 𝑥′ ∈ 𝐽} 

≤ |𝐽|‖ℎ𝐼‖∞‖ℎ𝐽‖∞‖ℎ𝐽 −
〈ℎ𝐽〉‖∞

‖ℎ𝐼‖∞∫ ∫
1

|𝒴 − 𝒴′|𝑑
≾𝑑 1.

(3𝐼)\𝐼𝐼

 

By Theorem 2.2 and Proposition 2.3, the proof is completed.  
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