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Abstract

The two pioneers in [18] extend dyadic shifts and representation theorem to an operator-valued setting. They
define the boundedness of the operator-valued dyadic shifts, extend the dyadic representation theorem, that
is,every scalar-valued Calder 6 n—Zygmund operator can be represented as a series of dyadic shifis,
paraproducts averaged over randomized dyadic systems, to operator-valued Calderéon—Zygmund operators, a
proof of the operator-valued, global T (1) theorem. Following and showing the validity of the stream of the full
high discussion of their wide usuable integral operators ofR-bounded operator-valued kernels, acting in UMD-
spaces,also in Euclidean space equipped with Lebesgue measureand obtain theorems of Boundedness of the
dyadic paraproduct, a variant of Pythagoras’ theorem for functions of dyadic cubes, and finally a decoupling
inequality for martingale differences.
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I.  Introduction
We extend dyadic shifts and the dyadic representation theorem to an operator-valued setting. We work
with integral operators that have R- bounded operator-valued kernels and act on functions taking values in
UMD-spaces. The domain of the functions is the Euclidean space equipped with the Lebesgue measure.
First, we summarize what is known in the scalar-valued setting. A dyadic shiftS/‘with parameters i and
Jj (and complexitymax{j, i} + 1) is defined by

Sifo= ") DkAKDL f,

K€D r
Whichinvolves the following ingredients:

e the shifted Haar projectionD%associated with a dyadic cube K € D is defined by

Dif= > > D,
IeDICKL(D=2"te(K) T

e The Haar projectionD;associated with a dyadic cube I € Dis defined by
Dfi= Y YUl = )= > > (D],
I'echild(I) T nefo,134\{0} T
Wherechild (I) denotes the dyadic children of I,(f,.); = ifl Y f-dx, and {h?}ne{o e are the Haar

111
functions associated with I,

e the averaging operatorAgis definedby
1 (x) ! ! !
a0 == [ atuxpe ax,
K T

Whereit is assumedthat the kernels satisfy|ag (x,x")| < 1forallK € D,x € K,andx' € K.
The dyadic paraproductassociated with a function b: R* — Ris defined by
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I fr = ZQE‘D X DQb<fr)Q = ZQGD Zne{o,nd\{o} Yr (b, hg)(fr)qhg -

Dyadic shifts are bounded on L'*¢ Indeed, by Pythagoras’ theorem, they are bounded on L?, and, by
using the Calder 6n — Zygmund decomposition, from L! to L¥* . From the Marcinkiewicz interpolation
theorem, it follows that dyadic shifts are bounded on L**¢for 0 < € < oo, and hence, by duality, on L'*¢for
0<e<ow

The weak-L bound with an exponential dependence on the complexity was proven by [12] and with a
linear depence by [9]. It is a classical result that a dyadic paraproduct associated with a function b is bounded
on L'*€if and only if b is a BMO function.

Dyadic shifts are dyadic model operators for Calderon — Zygmund operators: [14, Lemma 2.1] proved
that the Hilbert transform can be represented as a particular dyadic shift averaged over randomized dyadic
systems, and [9 , Theorem 4.2] that every Calderén — Zygmund operator can be represented as a series of
dyadic shifts and paraproducts averaged over randomized dyadic systems. The dyadic representation theorem
for Calderén — Zygmund operators together with the boundedness of dyadic shifts and paraproducts yields
another proof of the global 71 theorem for Calderén — Zygmund operators. For a detailed proof of the dyadic
representation theorem, see the lecture notes on the A,theorem [8].

The operator-valued setting follows the by-now-usual paradigm of doing Banach-space valued
harmonic analysis beyond Hilbert space: Orthogonality of vectors is replaced with unconditionality of
martingale differences, and uniform boundedness of operators with R-boundedness. Pioneering examples of this
are the result by [2] and [1] that the Hilbert transform is bounded on L**¢(E)if and only if the Banach space E
has the UMD property, and the operator-valued Fourier multipliertheorems by [17].

A family of operators T € L(E, F)form a Banach space(E, |. |5) to a Banach space(F, |. |r) is said to be
R-boundedif there exists a constant R, (7 )such that
N 1+e\ 1/1+€ N 1+e\ 1/1+€

Z SnTnen < :R1+E(T) E z Enén

n=1 F n=1 F
for all choices of operators (T,,)N_; € T, and vectors (e,)N_, € E where the expectation is taken over
independent, unbiased random signs . A Banach space (E,|.|g)is said tobea UMD(unconditional martingale

difference) spaceif there exists a constant ;.. (E)such that
N

Z endn

n=1

E

N

S

n=1

< Bi+e(E)
L1+E(R) L1+E(E)
For all E-valued L'*€-martingale difference sequences(e, )N_;and for all choices of signs(e,)N_; € {—1,+1}".
It is well-known that -boundedness andUMD-property are independent (up to the involved constants) of the
exponent 0 < € < oo; for an exposition on Banach-space-valued martingales, UMD spaces,
And R- boundedness, among other things, see [16].
We conclude by precisely fixing the operator-valued setting and stating the results. We define the operator-
valued dyadic shifts and state their boundedness.

Definition 1.1 (see [18])(Operator-valued dyadic shift). Let Ebe a UMD space. An operator-valued dyadic
shiftassociated with parameter j and i is defined by

Sifo= "> DIAKDLS,
K r

For every locally integrable functionf,: R* — E, where, for eachK € D, the averag-ing operator Aassociated
with an operator-valued kernelis ai: R x R* — L(E) defined by

1,
Apfo(x) = llg’lc)f Zax(x,x’)fr(x’)dx.

The family of the operator-valued kernels is assumed to be R-bounded so that there exists a positive constant
R1+e({a})such that

Rive(fax(x,x") € L(E):K €D, x € K,x" €K}) < Ryye ({a]).
Let L1*¢(R*¢; E)denote the Lebesgue—Bochner space, which is equipped with the norm

1/1+€
I llreuivesy = (JaaZr 1 @IEdx)
We prove the following theorem:
Theorem 1.2 (see [18])(Operator-valued dyadic shifts are bounded). Let 0 < € < oo. LetEbe a UMD space.
LetS¥Ube a dyadic shift with parameters i and and associatedwith the operator-valued kernelsay. Then

ISTFl areqgavey < 40max{i 3 + DRy (@D Brre BV N lsseuivess)
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for allf, € L*T¢(R™*€; E)

Next, we define the operator-valued Calde6n—Zygmund r operators and state the dyadic representation
theorem for them. Following the paradigm of replacing orthogonality by unconditionality of martingale
differences and uniform boundedness by R-boundedness, the standard estimates and the weak boundedness
property are replaced by the Rademacher standard estimatesand Rademacher weak boundedness property.

Definition 1.3 (see [18])(Rademacher standard estimates). An operator-valued singular kernel k: R% x R4\
{(x.x):x € R4} - L(E)satisfies the Rademacher standardestimatesif and only if:
() The kernel & satisfies the decay estimate
R({k(x, Y)x —y|%:x € R%,y € Rwith x # y}) < Ry,
for some constant Ry, .
(ii) The kernel & satisfies the Holder-type estimates

1+2€
X —
R ({(k(x,y) k(x',y)) <| y,ll) |x —y|%:x € R, x" € RY, y € REwith 0 < |x — x'

<E|x_Y| < Rez,

And

1+2€
({(k(x y) —k(x,y ))< y,||> lx —y|%:x € RYL,y e RY,y € REwith 0 < |y —y'|

<E|X_Y|D < Rez,

for some Holderexponent o € (0,1] and for some constant R, .

Definition 1.4 (see [18])(Rademacher weak boundedness property). An operator 7 mapping locally integrable
E-valued functions to locally integrable E-valued functions satisfies the Rademacher weak boundedness
propertyif and only if
1
R4

For some constant Ry, gp.

The randomized dyadic systems are defined asfollows.LetD° designate the

Standard dyadic system. For every parameter (a)j) € ({0,13%)% =: Qand Everyl € D°, the translated
dyadic cube I + w is defined by

I+w:=1+ Z 27 w;.
ji2=i<i(D)

For each w € Q, the translated dyadic system D®is defined byD® := {I + w:I € D*}.
We equip the parameter set with the natural probability measure: Each component w; € {0,1}%has an equal
probability 27 of taking any of the 2¢values and all components are stochastically independent.

Theorem 1.5 (see [18])(Operator-valued dyadic representation theorem). LetE be @ Banach space. Let T be a
singular integral operator that satisfies the Rademacher weak boundedness property and whose operator-valued
kernel satisfies the Rademacher standard estimates With the Hélder exponent a. Assume thatT: ['*€(R%, E) -

L'*€ (R4, E)isbounded. Then, for some dyadlcshlftsS wand for the dyadic paraproductsIT?; andl'[?f;, we have

<gr’ Tfr) =E, z Cr Z Z 2(1/€) p—(1-€)(1+2€) max{i,j} (gr,s;;wfr) + (gr, (an + (l—[?:’l ) £)

T i20,j20 r
for all. g, € C3(R% R)QE* and f, € C}(R%, R)®E.Moreover,

Cr Sa1+2¢ Rezy + Rezy + Rwsp-

Remark. Thestatementcontains an auxiliaryparameterewith0 < e < 1. Thefactor2(1/€)2- (- +2€e) max{i,j} cap
be replaced with the facto(1 + max{i, j})y(d+(1+2€))2_(1+26) "D This is achieved by replacing the ‘boundary’
function
t — tYwith the function t — (1 + (1 + 2¢)'log(t™1)) ¥in the definition of a good dyadic cube, which then
results in the decay 2~(1+2€) max{i.}iy the estimates for the matrix elements. For the details, see the lecture notes
on the A, theorem [8]. For simplicity, we use the function t +— tV.
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For a Banach space (, |. |,), the BMO;,.(R%; T)-norm is defined by

1 1+e 1/1+4€
1Bl g0, (it = oo (15 1DGO) = (b)g|." dx)

The following sufficient condition for the boundedness of the paraproductll,associated with an operator-valued

function b was proven by [10] by using interpolation and decoupling of martingale differences. Predecessors of

this operatorvalued result (under stronger assumptions) were obtained by [7], based on unpublished ideas of

Bourgain recorded by [5] in the case of a scalar-valued function b.

Theorem 1.6 (see [18])(Sufficient conditions for the boundedness of a paraproduct). LetE bea UMD space.
Lett € L(E)be a UMD subspace ofL(E). Then

I frll ey < 6.24(1 + €)(1 + €)' Brae(B)?Brse Dbl ppro, ,  (meo) 1l 1+e(met

for allb € BMO,,.(R% t)andf, € L'*¢(R%; E).
[18] give a different proof of Theorem 1.6. This proof is elementary in that neither interpolation nor
decoupling of martingale differences is used.

By combining Theorem 1.2, Theorem 1.5, and Theorem 1.6, we obtain a new proof for the following corollary,
which is a special case of Hytdnens vector-valued, non-homogeneous, global 7b theorem [10, Tb theorem 41].
Earlier results of this type include the first vector-valued 71 theorem by [6], and the first operatorvalued 7'1
theorem by [7].

Corollary 1.7 (see [18])(T1 theorem for operator-valued kernels). Let T be a singular integral operator that
satisfies the Rademacher weak boundedness propertyandwhoseoperator-valued kernel satisfies the Rademacher
standardestimates. Assume thatT1 € BMO,,.(R% 1)andT*1BMO, .. (R%; T*) for someUMD subspacesT c
L(E )andT*L(E*).Then
”T"L1+e(]Rd;E)—>L1+e(]Rd;E)
sr,d,1+e,1+2€ (:RCZO + RCZl+26 + Rwep + ||T1||BM01+E(]Rd;T) + ||T*1||BM01+E(]Rd;T*)) .31+e(E)2~

Here the condition T*1 € BMO,,.(R% ") is interpreted via duality as follows: There exists b €
BMO, . (R%; t*) such that (f]md T (.hy)(x) dx) = fRd b(x)h;(x)dx . This interpretation originates from
extracting the paraproducts
as in the equation (6.1) in Section 6.

We compare our results with [15]. They study the question how the operator norm of a general vector-valued
Calderén — Zygmun doperator depends on the UMD constant. We prove that this dependence is linear for a

large class of Calderén — Zygmun operators. They prove the following estimate for vector-valued dyadic
shifts:

Theorem 1.8 (see [18])(Self-adjoint vector-valued dyadic shifts depend linearly on the UMD constant [15]).
Let 0 < € < coandlet E be a UMD space. Let SYbe a self-adjoint dyadic shift with parameters i and j. Then

1S9 1ol oe ey orirequae) S Z (max{i,j} + 1)2ED/2B, ()l rveuery
T
for all £, € L'*¢(R%; E)
By the fact that an estimate for dyadic shifts can be transferred to an estimate for Calderén — Zygmun
operators by the dyadic representation theorem, their estimate for dyadic shifts then transfers to the following
estimate for vector-valued Calderon — Zygmun operators:

Theorem 1.9 (see [18])(Calderén — Zygmun operators that have even kernel with sufficiently smoothness,
and vanishing paraproduct depend linearly on the UMD constant [15]). Let 0 < € < coandlet E be ¢« UMD
space. Let T be a singularintegral operator that satisfies the weak boundedness property and whose kernel
satisfies the standard estimates with the Holder-exponent™ o. Assume that the kernel is even and has
smoothnessa >1/2. Assume that T satisfies thevanishing paraproduct conditionT (1) = T*(1) = 0. Then
”T||L1+€(Rd;E)—>L1+€(Rd;E) 51_,_26_(1 CrBi+e(E),

where Crdepends only on the constants in the standard estimates and the weakboundedness property.

Now, we compare our estimate for dyadic shifts with Pott and Stoica’s estimate. We note that the dependence
on the complexity dictates whether the series in the dyadic representation theorem converges. On the one hand,
our estimate depends linearly on the complexity, whereas theirs exponentially, which then translates into the

DOI: 10.35629/0743-11114062 www.questjournals.org 43 | Page



A Full Description of the Operator-Valued Dyadic Shifis and TheoremT (1)

smoothness condition @ > 1/2 in their estimate for Calderon — Zygmun operators. On the other hand, their
estimate depends linearly on the UMD constant, whereas ours depends quadratically. We remark that by
interpolating between our estimate and theirs (by multiplying the inequalities ||S ||sze(

k™ By s (E)2O andllISIIiffs(R £)-uite(R ) S 20+k/2R, . (E)'€), we obtain that

R ;E)—>L1+E(1R ;E) 3

”S”L1+€(R iE)-11*¢(R E) S Bre () e207O2,

which then transfers to:

Corollary 1.10 (see [18])(Calderon-Zygmunoperators that have even kernel and vanishing paraproduct depend
subquadratically on the UMD constant). Let 0 < € < co. Let E be a UMDspace. Let T be a singular integral
operator thatsatisfies the weak boundedness property and whose kernel satisfies the standard estimates with the
Holder-exponent™ a. Assume that the kernel is even. Assume that T satisfies the vanishing paraproduct
conditio.T(1) = T*(1) = 0Then
1 E)29 fore< —1/4,
”T”L1+E(R E)ore(r 5) Si+42ed CT{ (—e)cﬂ1+e( ) f <-1/ ’
' ' Brie(E) fore>—1/4,

for every (1 + €) with € > 0. Here Crdepends only on the constants in the standard estimates and the weak
boundedness property.
We prove the estimate for dyadic shifts by using a martingale decoupling equality, whereas Pott and Stoica
prove theirs by using the Bellman function method. At the moment, we do not know how to reproduce their

result by our method nor our result by their method. A more complete understanding of both methods could
yield interesting further results.

II. Preliminaries

2.1.Sum of stochastically independent conditional expectations.
Lemma 2.1 (see [18])(Sum of stochastically independent conditional expectations). Let (X, F,, 4,)be a
probability space for eachn = 1, ..., N. denote the product probability space(TTN_, X, xN_, F,,xN_, u,,). Let
0 < € < . Assume that (f.),, € L**€(X,,, F, u,; E) and that G, is a sup—o —algebra of F, for eachn =
1,...,N.
Then

”Z‘II’Y=1 Xr IE[(fr)nlgn]”L“’e(X,}",;L,E) = Zrllzgzl(fr)n”L“E(X,T,u,E)'
Proof.We prove that E[(f;),,Gn] = E[(f;)n|xY._1 G, ], from which the estimate follows by the linearity and the
LY*€_contractivity ofthe conditional expectation operator,

”Zg=1 ZT]E[(ﬁ‘)nlgn]llL1+€(X‘g:"#:E) :”E[ZTI\{=1 r (fr)n |x771n=1gn]||
Zr ”Z%(fr)n”L“‘E(X,T,u;E)'

ByKolmogorov’s definition of the conditional expectation, we have E[(f,),|Gn] = E[(f)n| XY 21Gx] if

and only if
fG Z E[(£)nlGa] dut = f 2 () di @1)

for all G €xY _, G,,. The collection of sets G €xY._, G, satisfying the condition

(2.1) is a A-system (which means that the collection contains the empty set, is closed under taking complements
and is closed under taking countable disjoint unions).Theo-algebra XN _; G,is generated by the collection of
sets G; X ... X Gy with each, G,, € G,,, which is ar — system (which means that the collection is closed under
taking finite intersections). Dynkin’s m — A1 theorem

(for a proof, see, for example, the appendix of [4]) states that the 1-system and the o-algebra both generated by
the same z-system coalesce. Hence it suffices to check the condition (2.1) for the sets G; X -+ X Gywith each
G, € G, , which is done by using Fubini’s theorem and Kolmogorov’s definition of the conditional
expectation,

LYY (X, F,u;E)

fGlx...xGN Zr IE[(fr)n |gn]d.u = fGn Zr E[(fr)nlgn]d.un Hm:x:n d”m (Gn) =
fGn Yr o (Fn duy [Tmen dum (Gy) = fGlx...xGN Y (fndu.

2.2. Properties of R-bounds. We have collected some properties -bounds. For the proofs, see [16]. Let
(X,F, u)be a o-finite measure space. Let Ebe a Banach space. Assume that x — L, (x) is an L(E) —valued
function defined on X such that the function x + L, (x)e defined on X is strongly measurable for each e € E.

We define the operator [, L, (x) A(x)du(x): E - E by
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(f & L@A@d®)e=[, 5 L@eAwdu@) foraleek.
Proposition 2.2 (see [18])(Averaging preservesR-bounds). Let(X, F, u)be a o-finite measure space. LetSbean
index set. Let{(L,)s}sesbe anindexed family of L(E) - valued functions defined on X such that the E- valued
functionsx +— (L,)s(x)edefined on X is strongly p-measurable for every e € E and every s € S.Let{A,}scs be
an indexed family of integrable real-valued functions. Then

:R(U Z (Lr)s(x)eas(x)du(x)D

< sup { J, 1250 d,u(x)} RA{(L)s(x):s € S and x € X}).
Proposition 2.3 (see [18])(Triangle inequality for R-bounds). Let S and T be index sets.
Let{(L,)s}sesand{M, };crbe indexed families of operators. Then

R{Ms; + (L,);:s €St €T <R({Ms:s €S} +R{(L,):t ETY.
Proposition 2.4 (see [18])(Vector-valued Stein’sinequality). Let £ be a UMDspace. Let(Q, F, P)be a
probability space. Let(G,, )=, be a refining sequence of o- algebras. Then the family
{EL1Gn]: L (G E) = L (4 B}y
is R-bounded.Moreover,
Ryt ({EL1Gn]: L (Q E) - L E(Q E)}zg) < Prye(BD.
2.3.Pythagoras’ theorem for functions adapted to a sparse collection. Let u be a Borel measure on R4, We

use the notation( fr)g = ﬁ fr du. Let S be a collection of dyadic cubes. Foreach S € S, let chy(S) denote the

collection of allmaximalS” € Ssuch thatS" € S and Let Eg(S) denote the set Eg(S) = S\ Usrecng(s)S'- For each
Q € D, let ms(Q)denote the minimal cube such that
S 2 Q. We say that the collection S is sparse if,u(ES (S)) > i,u(S) for every S € S.

Lemma 2.5 (see [18])(Specialcase of the dyadic Carleson embedding theorem). LetEbe

a Banach space. Let 0 < € < oo. Assume that S is a sparse collection Then.
1/2

1+€ 1
S @ kO] <2 Il

Ses r

Proof. For thedyadicHardy-Littlewoodmaximal function MHf, =supQE@1Q(fr)g , wehave (|f.|g)s <

infsM*|f.|g, and, moereover, [|[M|f|g |l 1+e(,) < 163 l1f-1g L1+, These factstogetherwiththeassumptions,

Yield
1/1+€

1/1+€
Z Z ((lﬂlE)g)1+e HS) = 2 (ZSES JEs(S) Z (iglf MHlleE) d”)

SES T

1+e€ 1+e
S I I ) S
r T

T

For each S € S, we define the operator Psby setting

Psf = z Z Der
QeD:m(Q)=S 1
for every locally integrable f,. : R > E.
Lemma 2.6 (see [18])(Properties of the operators Ps). For each S € S, the operator Ps hasthe following
properties:
(1) Psf, = Zs’emg(s) X (fr)s’ls’ + 2, frlES(s) =2 (f)sls
(ii) Psf, = f, if andonlyif f, is supportedon S, constant oneach S’ € chg(S), and satisﬁesfs Yr frdp=
0. .
(iii) PZ = Ps, PgP; = OwheneverT € SwithT € S.

1+e
(iv) fngr Ps frdp = er PSgrfr dufor everyf, € L'*“(E) and g, € L™¢ (E”).

V) X WPshillivesy < 2% 1sfilliivec).-
Proof.We prove the property (i), from which the other properties follow. On the one hand,

frls = Yogocs2r Dofr + 2+ (fi)sls,

on the other hand,
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frls = filpgs) t 2sr 2r frls = fillggs) + Zstecns(s) 2or (ZQ:QQS’ Dofr + (fr)s’ls’)-
Thus, by comparing,

Z Z Der - Z Z Z Der = frlEs(s) + Z Z +(fr)5115r —Z (fr)sls.

Q:QSS r s'echs(S) Q:Qcs’ r S'echs(s) r r
Observing that

Q:QcS’  Ss'echg(S) Q:QcS’ Q:ms(Q)=S
completes the proof.

The following variant of Pythagoras’ theorem in the case E = R was proven by [11, Lemma 7] by using a
multilinear estimate. We next give a different proof of the theorem, which extends it to an arbitrary Banach
space E.

Lemma 2.7 (see [18])(Pythagoras’ theorem for sparsely supported, piecewise constant functions). Let E be a
Banach space. Let 0 < € < oo. Let S be a sparse collectionof dyadic cubes. For each S € S, (assume) that
f.s is a function that is supported on S and constant on each S’ € chg(S). Then

S =saray (Do
s 7 T S

L1+6(E)
Moreover, the reverse estimate
1/1+€
1+e 1+e€
S wie) =Y S
S r N
Holds if, in addition, one of the following conditions is satisfied:

MJg Zr  (fi)sdu=0,0r (i) E = Rand (f;)s 2 0,

But may in general fail otherwise.
Proof. First, we prove the direct estimate. By duality, it is equivalent to the esti-mate

1/1+€
I Zs%r frsgrdu<3(1+e)(ZsZ,  Nfislifees)  lgrll ave .
(E) e &)
Since (f;.)4is supportedon S, sinse f;.sis constant on S’ € chg(S), and since S is partitioned by chg, we have

f ZZ frsgr du
s T
=ZL Z () s, du
= > G [ sau | ZZ Ligts) (F)rsgy di

S S'echg(s) r
We can estimate the second term by Hélder’sinequality and the pairwise disjointness of the sets Eg(S),

fz 155(5)2 (fr) sgrdu| < Z z 155(5)(fr)5
S r r S L1+5(E)
1/1+€
1+e
- <Z||155(5>(ﬁ)s||L1+e(E)> lorl sse .
S

-
We can estimate the first term as follows.

1/1+€

L1+E(E)

L1+E(E)

lg- ”L“E(E*)

(Gshs [ g
s’

S S'echs(s) r

fs’ grdﬂ| , 1+e
<D D D Msleu(sH e e (s e
S S'echg(s) r H
1/1+€ te 1/¥
Sy lgrler dp ) ©
<D > Kselkens) DD S ol D
S S'echg(s) r S S'echg(S) K
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1/1+4€ e
(Zf Z ((fs)sted ) Z Z Z (lgT|5*>s?“(S’)

S S'echg(s) r

=

The proof of the direct estimate is completed by the special case of the dyadic Carleson embedding theorem,
Lemma 2.5.

Next, we prove the reverse estimate under the assumption that fs (fy)s = 0. By duality, this estimate is

equivalent to the estimate
1+€
ars
e Zugrsu
S L € (E)

Z‘IZ (fr)sgrs du < 6%2

1+€
For arbitraryfunctions g,s € L¢ (E*) .Bythepropertiesof the operators P, , Lemma 2.6,we have
that fZT frsgrsdp = IZT Psfrsgrs dp = sz PSZfTSgrS du = er Ps(fr)spsgrs du =
> Ps(f)sXrPr Grpdu = [ fisdr Prg 7 du.. Note that, although the functions(g,)r are arbitrary,

the FunctionsPr(g,)r satisfy the assumptions for the direct estimate: Each Pr(g,)s is supported onT, and
constant on each T' € chg(T). Thus, by Holder’s inequality and the direct estimate,

Z,[z frs(gr)ys du =IZZ frsz Pr(gr)r du
s T s Tes
3

L1+€(E)

Zpr(gr)r

1+€

NGRS L€ (E")
1/2<
1+e
<3 Z Zﬁ (ZMPT(gT)Tn )
L1t€(E) \TES L€ (&)
1/4%€
1+e€ e €
<6 Z z s D1l e
L1t€(g) \TES LeED

Next, we prove the reverse estimate under the assumption that E = R and f,.s = 0. Since f,.s issupportedS on S,
sincef,.s is constanon S’ € chg(S),
since Sis partitioned by chg(S)and Es(S)and since u(E") € 2,u(ES (S’))We can write

sl = D, p Wb u)+ [ D) tagolfsl e du
T

S'echs(S) r

<2 Y D UEG) Y. [ L sl

r S’EChS(S)

T
= ZIZS’EChS(S)ZT 155(5,) sl ed u+ [, Legs) If.s|t+edpu.

Summing over S and taking into account that Eg(S)are pairwise disjoint yields

1+e
S5 sl <305 (Bslegsr lfisl)  du
Using the assumption that f,.s = Ocompletes the proof.
We note that a simpleexample shows that the reverse estimate may in generalfail R.Indeed, let S =
[0,1),S_ = [0,1/2), fys = 15_, andf,.s_ = —1s_. Then ||f,s||;{¥eqpy + Ifis- Il ey = 21S-| but |Ifps +
er—||L1+€(lR;]R) =0

III.  Decoupling of the sum of martingale differences
For(X,F, w)be a o-finite measure space. Let (A, )y=_sbe a refining
Sequence of countable partitions of Xinto measurable sets of finite positive

measure. Let A = Up-_,Ayfor eachlet child ;(K) = {K' € A,,1:K' € K}. For each K € A Let (f,)g be a

function that is supported on K and constant on K’ € child,(A) and such that fK Yr (i) du=0Let

(Yx, Gk, vk) Let be the probability space such that Yy = K, G is the o-algebra generated by{K}Uchild 4 (K),
and vg = u(K) *ulK. Let (Y, G, v)be the product probability space of the spaces (Yy, Gk, Vk ke
We notice that the sequence(dy)g=—c With di(x,Y) = Yxee, () (®)is a
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Martingale difference sequence adaptedtothe filtration(Fy,) ;- _, generated by the refining sequenceof
partitions (A ) p=—o- Conversely,each martingale difference sequence(dy,)y=_o adapted to thefiltrationcan be
written asdy ‘= Y.xea,_, (fr)r» Where for each K € Ay_sthe function (f;.) is defined by (f.)y = 1xdy =
e cr{de)r Ly

A variant of the following decoupling equality was proven by [10, Theorem 6.1] as a corollary of [13,
Theorem 2.2] decoupling inequality for UMD-valued martingale difference sequences.
Theorem 3.1 (see [18])(Decoupling equality for piecewise constant, cancellative functions).
Let 0 < € < o0. Let E be a UMD space. Then

14e 1/1+€
1
Bl D s @U@
1+e KeA™T LI+ (du () xdv (Y);E)
< ”Zl(ec/l Zr (fr)K(x)”L“E(du(x);E)'
1te 1/1+€
< e E| D Y e 1)
KEA r

LM E(du(x)xdv(Y);E)

Here we give another proof of theequality: Roughly speaking, we construct auxiliary martingale differences
ug (x, Yx) such that (f,) (x) = ug(x, Yg) + va(x, Yg)and 1 () (f)x (Yx) = ug  (x, Yx) — vk (x, Yg),from
which the decoupling equality follows by the definition of the UMD property. Let dibe a martingale difference
sequence adapted to the filtration Fy. We write

@Y= D 16 de( 1Y)
K€E€Agk_1
and
dg(x,Y) = ZKeaqk_l 1 (x) dg () 1 (Yp).
Proposition 3.2 (see [18])(Constructingauxiliary martingale differences). There exists a martingale difference
sequence(ug) , .1,0n the product measure space(X X Y, F X G, p X v)such that
2

dg = ug + Ug41/2, and dg = ug — Ug-1/2
Proof.Let di be a martingale difference sequence dy adapted to the filtration Fy generated by a refining
sequence of partitions Agx. The Fy-measurability of dymeans that dgequals to a constant (dg ), on K € A,.
Thus, we can write

dg = ZKeﬂk_l 1gdyg = ZKEc/lk_l 1k 2 K'eAy 1gdg, = ZKeﬂk_l 1k X K'eAy 11('<d1<>1('-
K'ck K'ck

The martingale difference propertyE[d} |Fj_1] = 0 means that for every K € A;_,we have
fK dpd, = % K'eAy, (di)gr u(K") = 0.
K'ck
First, we consider a fixed K € Ay_;. Let vg be the measurevy := u(K) 1u|K resctrictedto the sub-o-
algebra Yy that is generated by the collection {K}U{K' € A;: K" S K}. Note thet the functions

a6 Y) = 1) = D (dida L, 15(Yi0)

And
a8 Y = LWLk Wi) = D (s L, 15(Y0)

ABeAy,
ABCK

Are equally distributed in the measure space (R X K, u X vg, F X Yy ),which is to say that the functions take
the same values in sets of equal measure. We define the functions ug(x, Yg)and vg(x, Yg)by the pair of
equations

die (%, Yie) = ue (X, Yie) + vie (x, Ye),

di (x, Yg) =1ug(x, Yg) — v (x, Yg).

Therefore, the function ug (x, Yg )can be written out as
1 ~
e, Yo) = 5 (G, Yio) + dx (6, Yi)

1
= z E“dk)A + (dk>3)1A(x)1B(yK)
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= Z (dicda Laxa(x, Yy

AeAy,
AcK

+ Z E((dk>A + (di)s) Laxpusxa (X, Yk)
ABEAy,
A,BCSK;A<B

where in the last step we introduced some order among the finite family
(A€ Ag:AcK}={a}"

=1

and defined 4 <B if and only if A = A;, B = A;. And i < j.The function vk (x, Yx)can be written out as
1 -
v (%, Yy) = 2 (dK(x' Yx) — dg (x, yx))

1
— Z 5 (dida = (di)p) 14 (1) 1Y)

ABEAy
ABCK
1
= D7 s (ds) (Laxe (6 Yo) = LpaCh Yi)
ABEA,,
ABSK;A<B
YK Yk YK Yk
) ?
I
B =| B =0
al| B = =
x o x| e @] o | 0 |<@p) «
dg dy up=(dy+ (IK},f'Z vigr=(dg - &K}/z

Figure 1[18].Functions dy, d, uy, and vy.

Next,we define the productmeasure space.For each K € zandK € A, _;let (Y, Gk, vk )be the probability space
such that Yy := K, Giis the azalgebra

generated by{K} € {K' € A,:K' € K}, and vy = u(K) *u|K. Let (Y, Y, v)be the product probability space of
the spaces(Yy, Gk, vk ). We recall that the product space Yis the Cartesian product Y = [[xe.4 Yithe product o-
algebra Gin the case of a countable index set) is the collection

g::{li[GK:GKEgK}

KeA
and the product measure v is the unique measure on (Y, G)that satisfies

o[ o) =T et

KeA KeA
where *in the product indicates thatfor only finitely manyGy we have Gy # Y.

Next, we prove that the sequence(... s gy U1 /25 Uk 1 Up141/2 )deﬁned by

ug(x,Y) = ZKEJlk_l ug (x, Yy),

and
ve(x,Y) = uk+1/2(x,}’) = Z v (x, Yx)

KEAK_1

is a martingale difference sequence in the measure space(X X Y,F X G, u X v). Proving this is based on the
following observations:

(a) Foreach K € A;_4, the function u; (x, Y)depends on xand Yx“in a symmetric way” (seeFigure 1);
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(b) For each K € Aj_4, the function uy (x, Y)depends on x and Yx“in an anti-symmetric way”— (see
Figure 1);

(c) The function ugaverages to zero on the set K X Kbecause dyitself is a martingale difference; Indeed,

fK fK e (0, Y) du(x)dv (Y

1 1
= | D W @r@ D S (da+ () 2u(Au(B)

AeA ABEA,
ASK ABCK,A<B
1
=5 O Wau®) D uB) = Y (ddan) = [ ) dul) = 0
H Aeay, Beay AeAy, K
AcK Bk AcK

(d) The function vy takes equal positive and negative values on two halves of the symmetric sets A X B U B X
Awith A < B, whereas the function u,, takes equal values on both the halves. Moreover, the function vy takes
zero value on the symmetric sets A X A. Thus, for any function @(uy), we have

f e ® () dudvy

KXK

= Z <J ugdudvy +f uKdude> D) e gxa =0
abeA, AXB BxA
ABCK,A<B

Where theaverage(®(ux)),« ok 5«4 denotes the constant value of @(u)on the setA X BUB X A.

We define the filtration(U}) X e%z as follows. For each k € Z, we define the o- algebral, as the o-algebra
generated by the functions {uj}j;jsk and {1g}genq,_,and, similarly, the o-algebra Uy,,/, as the o-algebra
generated by the functions and {1y }xe.,_,- We note that the functions {1x}xe4,_, are

Included for technical reasons: They ensure that each U, with k € iZ, is

o-finite so that taking the conditional expectation with respect to it makes sense. Now, by definition, each u is
measurable with respect to Uy, and,

furthermore,{U;} relgis @ filtration. Next, we check that [E[uk |‘Uk_1 /2] = Owhich is equivalent to checking that
2

f U @ ({ul}l:lsk—l/z' {1K}K€Jl[k_1/2]_1) dudv =0
XXY

for all functions (Z)( JUL ey Ug—1 /25 1, ) =: ({uz}l:zsk—l/z: {1K}Keﬂ[k_1/2]_1)
First, we checkthat IE[uk|‘uk_1/2] = Ofor k € Z. We have

f Uy 0({uz}z:zsk—1/z: {1K}I(€c/lk_2)dﬂdv
XxY

= Z J uKw({ul}l:lsk—b{1K}K6cﬂk_2)d:udv
KETp_, XXV

Each of the functions{u;(x, Y)}1.1<k-1/2, and {1,/ (x)}grcq,_,is constant with respect to x € K € Ay_1; We
denote these constant values by their

Averages. Moreover, ug (x, Y)dependson Yonly by Y. Therefore, by pulling out the constant, and integrating
out the independent variables, we obtain

f Ug Q)({uz}z:zsk—uz' {1K}K€c/lk_2)dﬂ X dv
XxY

=J uyg dudv
XXY

O hzsso (Vi dren, ) | | avk’

K K'eA:
K'#K

Il greq¥

K'#K
The observation (c) states tha{fKXyK

Finally, we check that E[uy4,|U;] = 0 for k € Z. Again, we have

ug dudvg = 0.
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f Ug+1/2 Q({uz}z:zgo {IK}Keﬂk_l)d,udv
XxY

= Z f Ug Q)({ul}l:lsk: {1K}Kec/lk_1) dudv.
ke, KXY
Note that eachof thefunctions{u; (x, Y) }1.1<k—1, and {15 (x)}g7c 4, _,is constant with respect to x € K € Ay_y;
We denote these constant values by
Their averages. furthermore, w,(x,Y) = ug(x,Y) + X xren, g (6 Y) = ug(x,Y) forx € K € Ay .
K'zK
Moreover,ug (x, Y)depends on Y only by Y.
Therefore, again by pulling out the constant, and integrating out the independent variables, we obtain

J. uKQ({ul}l:lsk'{IK}KeJlk_l)d”dv
XXY

:f ug Ok (ug)dudvy,
KXYk
Where
Pylu) = | (st (e ren, ) | | dok
Il krea: Yk K'eA:
K'#K K'#K

The observation (d) states that [ ixvy

uK (I)K(uK)d,ude = 0
IV.  Vector-valued dyadic shifts are bounded
LetL := max{i,j} + 1. By picking every L:thlengthscale,we decompose the collection Dof dyadic cubes to
subcollections D; o4, Withl = 0, ..., L — 1,such that forevery K € D; j0q.  We have that both
D% f,and D} g,are constant on K’ € childy, ., (K) and have zero average on K. More specifically for each

I=1,.,L—11et Dy moqy = UP-_o{K € D: £(K) = 27KL*1} Then
L-1

Sﬁfrzzz D,’;Aﬁp;;fr=z Z z DLATDL f.
KeD r

=0 KEDymodL T
This decomposition is done in orderto decouple by using Theorem3.1. We consider a fixed /. We write ex =

D,{;AﬁD}'{ fr. Let dvg(x) = |K| 11, (x)dxbe the Lebesgue measure restricted and normalized to the dyadic

cube K. Let vdenote the product measure X ¢ 4Vxon the product space.Y = [[xe4 K By Theorem 3.1,
1+€ 1+e€

1e(@) e () <BueEE| ) eclk@enYK)
K€Dimod L ‘ L1*€(dx E) . K€Dimod L L1+E(dx><dv(‘y);E)
We writee (Yx) = X, DLAgDLf(YK) =X, D;(9,)x(YK). By using Lemma 2.1 together with the fact

that D}}is a difference of two conditional expectations, we obtain
1+€

exlg(x) z z D,’;(gr)K(‘yK)
KEDimodL T LY (dv(Y);E)
+e

<zl YD e LG9 )e(YK)

K€DimodL T LY (dxxdv(Y);E)

We write(g, )k (Ux) = 2oy AKDIJ('fr(’yK) =Y, Ax(£)k(Yy). By introducing an independent copy (¥, %)
of the probability space (Y, v),we write

1, (YK
WO [N e W) (e

—[ Y W ad YK TR (),
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By Jensen’s inequality,
1+e

L Z Z ex 1k () ax (YK, UK)(£)x (JK)dv ()
K€DimodL T E

<[] Y Y el@alUk IR ().

Y K€DimodL T E
Since the family of operators {ax(x,x"): K € D,x € K,x" € K}is R-bounded, we have
- - 1+e€
E ||Ekenimoa, Zr e Leax (YK, TE)@ U (TK)|| - <
RN
R re({aD " “E|Sken; moa, Zr  €x eIk (TK)[
Altogether, we have obtained that
1+e
> L@
K€Dimod L L€ (dx;E)
1+e
1+ ; -
< e @)™ [ B[ DY ek L @DLGITK) av(y)
Y

K€DimodL T L*€(dxxdv(T)E)

1+e

> e DL (TK)

KE€DimodL T

1+e
E

= (2ﬁ1+e(E)R1+e ({a}))

L1+€(dxxd v (T ):E)

Since DD = 0 whenever i # m, we cgnwriteD,i( = D} Yt1 DI . By using
Lemma 2.1 together with the fact that D is a difference of two conditional expectations, we obtain

E z z ek 1K(x)D1i( Lz_l D¢ (fr)(gK)
m=0

KEDimodL T L€ (dxxd (T );E)

<o) Y eK1K(x)LZ_12 DR (F)(YK)

K€D mod L m=0 r LY €(axxdv(T);E)

We have that}; 2%, D' f; is constant on K' € childp, ., (K)and has zero average on K. Therefore,
by removing the decoupling using Theorem 3.1, we obtain

E|l ) eK1K<x>§Z D¢ £,(GK)

1+e€

KE€Dimod L m=0 r LY €(dxxd#(F);E)
L-1 1+e 1+€
[ 1+
<| > 2.0, i =122 s =3 M
K€DymodL m=0 1 L1*€(dxE) KED 1 L1+€(RYE) T

The proof is completed.

V.  Sufficient condition for the boundedness of dyadic paraproducts
From the fact that ||(fr)QolQo||L1+€(E) — 0as £(Q,) — o it follows that the functions of the form f, =

200, = ZQO(ﬂ — (fr)Qo) 1¢,, where Q are disjoint dyadic cubes, are dense inL'*€(E). Hence it suffices to
prove the estimate
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Dob(fr)q
QED(Qo) T LR E)

< 6. Zd(l + 6)( )ﬁ1+€(E) ﬁ1+e(T)”b”BM01+e(]Rd T) Z ||fT”L1+€(]Rd E)

Uniformlyforall Q, € D.Now,we ﬁxadyadic Q- LetD(Qy) ={Q € D:Q < QO}. LetS := S(Qy) € D(Qy) be a
sparse collection that contains the cube Qy.For each Q € D, let mg(Q)denote the minimal dyadic cube S €

Ssuch that § 2 Q. We rearrange the summation as}.gep(g,) = Lses 2 ed@p): - By the variant ofPythagoras’
n(Q)=S

theorem, Theorem 2.7, we obtain

DQb(ﬁ”>Q = Z Z Z DQb<ﬂ)Q
Q€D(Qo) T L1+E(R) S€s g(e(l;)(fg): r LiteE)

1/1+€
1+€

<3(1+e€) z Z Z Dob{f)

Ses QeD(Qo): r
n(Q)=S L1+6(E)

It remains to choose the sparse collection Sso that

G |IE esven:Er Dobifile < Copavea Zr (IflRsISIVIE,

(Q)=S

L1+E(E)
Which, by the special case of the dyadic Carleson embedding theorem, Lemma 2.5, completes the proof by the
estimate

1/1+4€
+€ 14e
(Z DD Debifidg j scb,E,1+e,d<ZZ <|fr|E>§+f|S|>“

SES QeD(Qo): 1 SES T
n(Q)=S L1+é(E)

< Copnea? o’ )Z 1fllsseey

Next, we choose the collection S so that the estimate (5.1) is satisfied. For each S € D, let chg(S)be the
collection of all the maximal dyadic subcubes S’ & Ssuch that

(52)  Alfeleds > 2lfrle)s.

By the dyadic nestedness andmaximality, thecollection chg(S)is pairwisedisjoint. We define recursively S, =
{Qo}and S, 41 = Uses, chs(S) . Let S:=U;.(S,. Wedefine the pairwise disjoint sets Eg(S) := S\
Us’ecng(s)S'-By construction,

, 1
' <51sl,
S’echs(S)
which is to say that |Es(S)| = i |S|. Hence the collection Sis sparse.

Next, we chack that fQ Xr frdx= fS Xr  frdxfor (f)s = frlpgs) + Ls'ecns(s) 2r (fr)sr1s
whenever (Q) = S. Firstly, the set Qis partioned by Eg(S) N Qand{S’ € chs(S):S' N Q # @}. Secondly, by
the dyadic nestedness,S' N Q # @implies that either Q € S'orS’ € Q. The alternative Q@ € S'is excluded
because g(S) = Qmeans that S is the minimal S” € Ssuch that Q € S"'. Hence S’ € Q for all S’ € Qwith S’ N

Q # 0. Therefore
LZ frdx=sz Flaw+ D fz f, dx

S'echg(S):s'¢Q

=L Z filegcs) + fz (fr)si 1y dX—J- Z (fr)s dx.

s’ EChS(S)S ZQ

Next, we check that |(f)s]g < 2.2%(|f,|g)salmost everywhere. First,letx € Eg(S). Then, by construction,for
all Q €D such that Q 3x we have (|f;|g)g < 2(|f,|g)s. Therefore, by the Lebesgue differentiation
theorem,|f,-(x)|g < 2(|f;|g)s. for almost every such x. Let S" € child(S) By the maximalityof S’ the
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dyadic parent S’ of S'satisfies the opposite (|f,|z)s' < 2(|f;|g)sof the inequality (5.2). By doubling(|f;|z)s <
2% f; | g)¢r Altogether(|f; |g)gr < 2.2%(|f+|g)sr- Altogether, we have

Y oobl =] DD Db

QeD(Qo): r QeD(Qo): r
n(Q)=S L1+E(E) n(Q)=S L1+€(E)

With||(f:)sll o) < 2.2%f;|g)s. The proof is completed by Lemma 5.1.
Lemma 5.1 (see [18]).Let 0 < € < oo. LetEbeaUMDspace.Assume thatTisaUMD subspace of L(E). LetS be a
dyadic cube and let Q (S)be a collection of dyadic subcubes ofS Then

Dob(fiYg < BrreEYBrvebllamoyer ). IfsllimismlS11+
T

Q€eQ(s) r L1+6(E)
for anyf, € L*(S; E)and b € BMO,,.(R%; T).

Proof without the decoupling equality. By the UMD property and the Kahane con-traction principle, we obtain
1+e 1+e

[Zocow Zr  Dob{fidollrvery < Broe B+ ElZgu0es s €oDob{f)ololl rve s
We expand
— UAYAY)
Dob= D (bhK}.
1€{0,1}4\{0}
where, for each Q =1y X .. X Ig and 1 = (1, ., n4) € {0,134, we have b = h]* ..h]? with h; = h} :=

1 1

0 _
ﬁ(llze(fr)r - 1,n.grht) and h; = ml,. Therefore

D eabobifido 1o
L1+6(E)

QcS r
n n 1+e 1/1+€
< Tnerontvor (EllZoes Zr  €ohy (b, k) f)q 1Q||L1+5(E))

Next,weconsidera fixedn. We observe that, at each point x € R%, we have hg x) = i|hg (x)|and that |hg|is

1te 1/1+€

E

constant on Q. Hence

1+e 1+e
E[Y ) eohl (b hfde 1 =) b BRI 16
QcS r L1+€(E) QcS r L1+€(E)
By the vector-valuedSteininequality, and the observationthat, at each pointx € R%, we have hZ (x) = i|hg (x)|,
we obtain
1+e 1+e
EY Y e bl 1 <Bue®D D eotb kYDA
QES r L1tE(E) QES r L1tE(E)
1+€
= Bue(B) || > eqtb, RIRDS,
QcsS LITE(E)
By assumption, we have b: R — Twith T € L(E). By the pointwise norm estimate,
DD b A <D Wllim || ob R
QSS r L1+e(E) r QES LYTE(T)

We can view (b, hg)hg as a subsequence of a martingale difference sequence

(thanks to Emil Vuorinen for pointing this out!).We spli Qinto two subsets Q" andQ” according to the value
n
oth,
QZ = U grechitaco) Q'andQ” == U Q' echild(Q): Q'
(hh)gr=+laI=1/2 (hd)gr==lai=1/2

The corresponding martingale differences are

Ny . _

Ugh = —(b)g1g + ({b)gnlgn + (b) gnl )
And
b= ((b>0?103 + <b>02102) + Z Z {frlo'le
Q'echild(Q) r
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By construction, Dyb = Ugb + VQ"band Ugb = (b, hg)hg. Hence, for any signs €,, we have

> eqtb, hm = 1> (equgb +0.73'b) < Bue ) || ) (U3h + VD)
Qcs L1+E(T) QcS L1+E(T) QcES L1+E(T)
= i@ || ) Db
Qcs L1+E(7~)
We can expand},ocs Dgb = 1(b — (b)s). By the definition of the BMO space,
I1s(b — (fr)S)”LHE(T) = ||b||BM01+e(T)|S|1/1+E-
Proof with the decoupling equality. By the decoupling equality, Theorem 3.1,
1+e
DD Debifg
QeQ(s) r L1+E(dxdu(’y))
1+e
< ,81+€(E)1+€IE €g DQb(yQ)lQ(x)(fr)Q
Qea(s) r LYTe(dxdu(y))
Now, at each point YQ € Q, we haveDyb(YQ){f,)g = (Dob(YQ)f;)o. By thevector-valued Stein inequality,
1+e
E[| D) eolo@DebY)f)e
Q€D:
QcS L1+e(dX;E)
1+e
<Be®FE( YD e 1D YOS ()
QED:
Q<ss L1 €(dxdu(E);E)
By the pointwise norm estimate,
1+e€
E[| D) € 1000Deb(YQ)f ()
Q€ED: ¢
Q<s LM E(dxdp(Y);T)
1te 1+e€
<% IEIEGRE|S oo €0 16IPebYQ) .
QsS LY+ (dxdu(Y);T)
By the decoupling equality, Theorem 3.1,
1+e€ 1+e€
|£ e cotoCIPEb (Y < BT oo Dob(x) .
QcS L1+E(dxd,u(‘y);fl") QcS L1+5(dx;T)

Remark.In the scalar-valued setting, we obtain the following proof of the boundedness of the dyadic
paraproduct: Let Sbe the collection of dyadic cubes that is iteratively chosen by the condition(|f;|)¢ >
2(If1)s. Hence |(f;)o| < 2(If;1)swheneverms(Q) = S.From the variant of Pythagoras’ theorem (Lemma 2.7),

Burkholder’s inequality, and the special case of the dyadic Carleson embedding theorem (Lemma 2.5) it
follows that

14e 1/1+€
D (lebob <30+ D | D0 > (foDeb
Q r L1+E(RER) S ||ms(@=s r L1+e(RER)
14e 1/1+€
<3042 ®( D D" (RN D Db
s r Q:Q<S L1+E(Rd:]R)

1/1+4+€
< 61+ 1 e ®llbll o, (1t (Z Z(Ifrl)“5|5|>
r N

1+
< 6(1+ s e®bllyyo,, (rtay2—0 . Ifsllsve(aazy

1+e

Note thatB;,.(R) = max {1 + €, T} — 1, which was proven by Burkholder [3].
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VI.  Vector-valued dyadic representation theorem
The proof of the vector-valued dyadic representation theorem follows verbatim the proof of the scalar-valued
one that is given in Hytonen's lecture notes on the 4, theorem [8], except for the estimation of matrix elements:
In the scalar-valued case, the absolute value of the matrix elements (which are real numbers) is estimated,
whereas in the vector-valued case, the R-bound of the matrix elements (which are operators) needs to be
estimated. For readability, we have sketched the whole proof here.

1+€
6.1.Expanding the dual pairing by means of dyadic shifts. By expandingg, € L¢ (R%; E*) as

201
9r = ZZ D;gr = Z Z Z (gr:hy)hn’
JED r JED n=1 r

wherehywith n=1,.., 24 — 1and ] € Dare L*-normalized Haar functions, and similarly, f;, € L1+6(IR‘1; E)the
dual pairing is written as
(9r Tfr) = ZIED,]E‘D Yr {gm h]) (hy, ThyXhy, fr)-
The index nwill be suppressed from now on. To control the relative arrangement of 7/ and J and
whence the size of matrix elements, the notion of a good dyadic cube is introduced.
Definition 6.1 (see [18])(Gooddyadic cube). Fixa boundary exponenty € (0,1)and an ancestor
threshold r € N. A dyadic cube I € Dis goodif we have
dist(/,K€) > LI) y{’(K)
' 2(K)

for every dyadic ancestor K € D of the dyadic cube I such that £(K) = 27¢(1).

To restrict to the good cubes in the dual pairing, the randomized dyadic systems are introduced. Let
D designate the standard dyadic system. For every parameter (w;) ez € ({0,1}%)% =: Qand every I € D°, the
translated dyadic cube I + w is defined by

I+w:=1+ Zj:z—j<l(1) 27 w;.

For eachw € Q, the translated dyadic system D®is defined byD® := {I + w:I € D°}. The parametersetis
equipped with the naturalprobability
Measure: Each component w; € {0,1}% has an equal probability 2-%of taking any of the 2¢ values and all
components are stochastically independent. By construction, the position and the goodness of a dyadic cube I €
w are stochastically independent. Also by construction, the probability P,({I + w € D® is good }) =
i Tgooadoes not depend on [ € D, and, as calculated in [8, Lemma 2.3],

8d
T[good >1- 72_TY

Inparticular, for any boundary exponent y € (0,1) we canmake the probability 74,4 strictly positive by
choosing the ancestor threshold € Nsufficiently large.

The following proposition was proven by [8, Proposition 3.5]. (For an earlier version of the proposition, see
[9, Theorem 3.1].)
Proposition 6.2 (see [18])(Discarding the bad cubes). Assume thatT: [**¢(R%; R) — L**¢(R%; R)is bounded.
Then

(BTA+20)=——F, > (Bh) Tk, 1+2)

IEDW,JeDD:
smaller{l,J}isgood

good

For all. B € C}(R%; R) and a € C{ (R%; R).
Let C(R%; R) ® E denote the set of all finite linear combinations of the form
I
f. = Z a;e; with a; € C}(R% R)and e; € E,
Tgood
set which is dense inL'*¢(R%; E). By linearity, Theorem 6.2 extends to vector-valued functions.
Corollary 6.3 (see [18]). Let E be a Banach space. Assume that T: L**€(R%; E) — L'*¢(R%; E)is bounded.
Then

B, D Y (Gl TR f)

IeDW,JeDD:
smaller{],j}is good

for allg, € C}(R%; R)QE*andf, € C3(R%; R)QE.
Next, the paraproducts are extracted. The dyadic system D®is suppressed in the notation from now on.
Consider the summation

(gr' Tﬁ“) =
good
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D g h Iy TR )

IED@,JeDW: r
smaller{l,J}is good

In the case ‘IZJ, the paraproduct [[7-; is extracted as follows: Let J; denote the dyadic childof J that contains
1. Then

Summing the last term yields

(6.1)

(9o b)Y L TR £ = > (O {gp ) )y (L TR )

LJFIZE] T I 21 r

Q> (g Thmfr = (] [0

Similarly, in the case”J &I’ the paraproduct Il7 is extracted. For the remaining, it is supposed that the
paraproducts are extracted, and hence the convention

(h;,Thy) = (1Jf(hf — (h,),),Th,)wheneverI </,
is used together with the similar convention whenever J 1.

Next, the summation is rearranged according to the minimal common dyadic ancestor of / and J, which is
denoted by IV.]. (if I € J,thenI V] = J.if IN] = ¢, then a common dyadic ancestor exists because one of the
cubes is good.)

By splitting the summation according to which one of the cubes 7 and J has smaller side length (and hence is
good), and by rearranging the summation according to which cube Kis the minimal common dyadic ancestor
I Vv Jand what is the size of 7 and J relative to / VJ, one obtains

PRSI PID)

i i,j:iizj K LJ:IV]=K i,jiizj K LJ:IV]=K

smaller{],j} is good Iis good Iis good
=2k, an=2"4(K),
e(N=2"J¢(K) e(N=2"Je(K)

Note that, for K = [ V J, one can write

(grh) )" b, TRk, ) = D gy, DLAYDIS)
LJ:IVJ=K, r r
Iis good,
e(n=2"te(K),
(=277 ¢(K)

alpon =22 Z a & 0 dx

by defining

with.
al (x',x) = |K| Z hy (x")hy (x)(hy, Thy)

LJiIVJ=K,
smaller{/,J}is good,
e=2"Le(K),
e(N=2"Je(K)

Altogether, it is obtained that

1 C o 1 DY D¢ \*

(gr' Tfr) = E, § § (grr E D1]( Alel(fr> + E, § (grr <| | + (l | > >fr>

Mgood — " Mgood TI T*1
iLj r KeD r

6.2. Estimating the R-bounds of the matrix elements. We may consider the case i > j(which means (1) <
£(])), since, by duality, the case i > jcan be treated similarly. It remains to estimate the R-bound of the

famlly{aK (x,x"):K € D,x € K,x' € K}of the operator-valued kernels defined by
@0 =Kl D b GO Th)

LJ:1V]=K,
Iis good,
L(D=2"te(K),
e(D=2"Je(x)

with i > j(and hence £(/) < {(J)). We divide this into cases according to two criteria. The first criterion is
whether K is much bigger than I. The second criterionis how thecubes/and J intersect:Whether [ &
J (in which case K = J),I =] (in which case K = I =), or I N J=0@. In total, we have five cases:

e {(K)>2"¢(andIN] = @,
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2(J) > 2"¢(I)and I £ J(in this case K = J),
£(K) <2"¢(Dand IN] = @,
2(J) < 2"¢(I)and I £ J(in this case K = J), and

e [ = J(inthis case K =)),
These cases are tackled in Lemmas 6.4 through 6.8, which complete the proof of the representation theorem by
assuring that

R({ag (x",x):K € D,x € K,x' € K}) 31 pa (Rezy + Rezy + Rupp)2” O H2) maxiij},

€(1+2¢)
(1+2e)+d
Lemma 6.4 (see [18]) (Case "¢(I) < £(J),¢(K) > 2"¢(I). andIN] = @") . Suppose that i and j are
nonnegative integers such that i > r and > j. Let

a0 = 1K1y, Th) kGO (),
wherethe summation is over all the dyadic cubes /and ] such that / N J = @,
IV] =K, 2() =27""(K),2(J) = 2774(K), and I is good with threshold r and exponenty Then
R({ag(x’,x): K €D,x € Kandx' €K}) 3 RCZOZ‘i((1+ZE)(1_V)‘Vd)
Proof.We observethat for eachtriplet(K, x, x")either the sum is empty or there is a unique I yand a unique
Jk »satisfying the summation condition. Let Yl , denote the center of the dyadic intervally , By using the

integral representation of the Calderén — Zygmund operator 7, and by using the cancellation of the Haar
functions, we write

all (x', ) (MUJD—k@%y&A)<

RAxR4E

Iy—y&A>
Xmmly—yw L

= b (YY) X Ao (Y Y)Yy
RAxR4

under the choice y = of the boundary exponent y € (0,1).

S
|Y — Yk

hIK_X (‘y)h]K‘x, ({y’)hIK,x (x) h']K’xr (x)dydy’

1+2€
) Y = Y1, (DY, (YD

1+2€e

Under the assumptions, we have|’y - YI K_x| < § |y Y’ |, which is checked in the following paragraph. Hence,

by the Rademacher standard estimates,
R({Lxx'(Y ,Y):x €K, x' €Kand Y € RLY' € R}) < Ry,
Next, we show that

Sup{fﬂgdxﬂgd|/11(,x,x'(’y ’.y,)| dY'dy:x € K,x' € K} 2, 2-i+26)(1-y)-yd)

which, by Theorem 2.2, completes the proof. For the remaining, we suppress the dependence on
thetriplet(K, x, x")in the notation. SinceY € I and Y, € I, we have|Y—-T,| < %{’(I), and since Y € [ andY' €]

we have |y ,y'| > dist(1,]); hence

(W—yAf”f 1 <<|am f”f 1
Yy -yl |y —y|* " \dist@.pl)  dist@, )

) ) 1'D(I) 14+2€ 1
[ @ wlay d'ys||h,||w||h,||m||h,||,||h,||,|K|<£(K)) e

It remains to check that

Therefore

dist(l,]) > 2 (%)y 20K).

In particular, this implies that |Y — YI| < % |Y — Y'|denote the dyadic child of
Kthat contains /. Since £(K) > 2Y£(I), we have £(K;) > 2Y€(I). Therefore, sincel is good, we have that
i c Ly — v (L0

dist(1, Kf) > (755) €)= 27 (35) £(K).
If K;intersected J, then either K; € I(which is not true because we assume that 7 and J are disjoint) or K; 2
I(which is not true because we assume that Kis the minimal dyadic ancestor of [ that contains J).Therefore
K;does not intersect J, and hence

dist(1,]) > dist(I, Kf)
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The proof is completed.
Lemma 6.5 (see [18])(Case ‘¢(I) < #(K) < 2Y¢(I), andIN] = @’). Suppose that iand j are nonnegative
integers such that i < r and > j. Let

ag (x',x) = |K| Z(hp Tha) hi ()R (1),

L]
where the summationis over all the dyadic cubes I and J suchthat INJ = @,1V] = K, £(I) = 2¥¢(K)and I is
good with threshold r and exponent y. Then

R({a (x',x):K €D,x € Kand x' € K}) 3ra Rez,
Proof. Wenote that for eachtriplet(K, x,x")either the sum is empty or there is a unique Iy ,and a unique
Jk ' satisfying the summation condition. By using the integral representation of the Calderén — Zygmund
operator 7, we write

W= [, @, WK YIY - YN
RAxRE '

X IK] Wby, Yy, by, )dYdY’

1
[y - e
[ L YYD X A (U, Y VAYAY
RAXR
By the Rademacher standard estimates,

R({Lyxx'(Y,Y):x €K, x' €Kand Y € R%,Y' € R}) < Ry,
We next check that

sup {J |2k xx' (Y, Y| dY'dY:x € K.x" € K} S
RAxR4

which, by Theorem 2.2, completes the proof.
For the remaining,we suppress the dependence on the triplet (K,x,x")in the notation. Since #(K) <
2Y¢(I) and K 2 I. we have 2"*1] 2 K. and since K 2 J and IN] = @, w have (K\I) 2 J;hence((2"1 1)\
I) 2.Since?(I) < ¢(J),] 2 K(and hence £(J) < #(K)) and?(K) < 27¢(D), we
havel|l| =, |J| =, |K| Therefore

J.. P@YIayay eyl || ay'ay

1Y - ’yl"’

< K|~ 11 || 2] J gty
Kl 1|| " /”oo ; (2r+11)\1|fy_'y'|d Yy'dy

Sa IKIZ || 1 =, 1
Lemma 6.6 (see [18])(Case ‘/=J=K"). Let
ai®(x', x) = |[[{hy, ThyYhy (x) by (x).
Then
R({a;(x",x):1 € D,x € I,and x" € I}) 34 Rcz, + Rwaep-
Proof.Let I;(where i = 1, ...,2%) denote the dyadic children of /. By decomposingl; = 21, 1and using the
integral representation of the Calderén — Zygmund operator T , we write
af®(x',x) = ZIII hl(x)hl(x’)(h1>1i(h1>1j (11i: T11j>
Il
, (1,T1,)
- Zunm A GO G b Sy =
' Z I RGO G, [ 1, L, YOIY =Y I
X

Ii#1j

1 1
X =g WL, Y)Yy’

1,,T1,
=Z_< T J Z jR Lty (YY) X iy, (U, Y )AYY

By the Rademacher standard estimates, we have
R({L, (WYY TE€D L 2 LY €1, Y €1,}) < Reg,

Moreover, we have
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1 1
su A (Y, yHady'd :IeD,I-qtl-}g—f f S
p{fRded| Il,ijy y y i J |[| ; (31)\1|y_y|d d

By the Rademacher weak boundedness property, we have

R <{(1”|IT|1’) = D}) < Rypp-

The proof is completed by using Theorem 2.2 and Proposition 2.3.
Lemma 6.7 (see [18]). (Case "¢(I) < 27"£(J),I € J).Suppose that i is a nonnegative integersuch thati > r.
Let

(') = U1 Y. (Ll = Uy YT by GOy (.

where J; is the dyadic child of J that contains I and the summation is over allthe dyadic cubes I such that! &
J,2(I) = 27%¢())and I is good with threshold r and
Exponent y. Then

R({a]ij(x’,x):] €D,x € Jandx' €]}) 3, Ry 2711+200-D),
Proof.We observe that for each triplet (J, x, x")either the sum is empty or there is a unique /; ,satisfying the
summation condition. Let Y1, ,denote the center of the dyadic interval I; .. By using the integral representation
of the Calderdn — Zygmund operator 7 and by using the cancellation of the Haar functions, we have

. |,y _ ,y,l 1+2€
i0 1 _ 7 _ ! _ rd
a, (X .X) = f]Rded (k(y .y) k(y :y[]_x)) (|,y _ ,y[]‘x|) |y y |

Y — Yl : ,
x || ( T ) =g LYy ) = (y)y)

g, (Ol (XYY’
- f Lyt (YY) X Ayt (Y, YN AYAY..
RExRA

Under the assumptions, we have, which is checked in next paragraph. Hence, by the Rademacher standard
estimates, we have

1+2€

R({L) 20 (Y, YD:x €], x'] and Y € RE, Y’ € R}) < Rz,
Next, we show that

sup {f 1222/ (Y, Y| dY'dY:x € ], x' E]} 3, 272907,
RAxRd

which, by Theorem 2.2, completes the proof.
For the remaining,wesuppressthe dependence on the triplet (J, x,x")in the notation. Since dist(/,]Jf) >
[(I)which follows from thefacts that Iis good and £(JK;) = 2"€(I), since Y € I, and sinceY’ € Jf, we have

that|YI — Y| < §|y,y'|. Hence,by thetriangle inequality,|y — Y'| = §|y’ — YI|.Therefore

1+2¢
|y B yll 1 3(1)1+25 1
Y-yl T [y’ — Y12

T

Therefore

f ACY, Y| dY'dY
RIxRE

1
(62) Sassae Ul = by | Wl Wallalill e | o ay
Jr

) %) 1+2e_ 20, 1+2¢€ 0 1+2€
~ \dist(1,Jf) — \dist(,Jf) tUp)

Since 7 is good and?(J;) = 2"£(I) we have that
dist(1, ) < 1) <m) )y
ist(/, —
! “\eun

which concludes the proof.
Lemma 6.8 (see [18])(Case '"¢(I) = 27"¢(J),I € J"). Suppose that i is a nonnegativeinteger such thatl < i <
r. Let

PG = U1y, (gl = () T By GORy (2.
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where J;is the dyadic child of ] that contains I and the summation is over all the dyadic cubes I such that I €
J,2(I) = 27%¢())and I is good with threshold r and exponent y. Then

R({a](x x):J] € Dandx’ € ]}) Sa142¢ Rezyppne T Rez,

Proof.We observe that for each triplet (J, x, x")either the sum is empty or there is a uniquel; , satisfying the
summationcondition. Let YI, ,denote the center of the dyadic interval I, ,. We split 1 ¢ = Lenan + Lenane:

By using the integral representation of the Calderén — Zygmund operator , and by using the cancellation of the
Haar functions, we have

1
Y-y

al®(x',x)

—(14+2¢) 14+2€

|y_yIK,x|> « |]|(|y_y11,x|>
Y —Y'I 'y -9'l V-7l
h1,x(y)11,n(31)6(y )(h](y ) — (h])h)h,Kx(x)h](x )aydy’

f (kYY) k(Y yl))<
IR ><]R

+f kY, YIY -1
RAxR4E
x Y - y'|dh,],x(y)1,50(3,)(y')(h](y') — (hy)y )y OBy (xNAYAY’
- f L],x,x’ Y,y x A].x,x’(‘y"y’) dydy’
RAxR4E

M UY) X Ay (YY) Yy’
RAxR4

By the Rademacher standard estimates,

And

R({L; 2 (Y, Y):x €], x' €Jand Y € R, Y’ € R}) < Ry,

R({M, .0 (Y, Y ):x €],x' €]and Y € RLY' € R}) < Reg,

The same calculation as in (6.2) yields

o {J W (Y.YD AY' Y = x € ), e/} S
RExR4

Moreover, we have

sup {J |M].x.x’(y:y’)| =x€],x’' E]}

< Ul llo ity [l 1y = R 1A e J Lm,w Y

<4 1.

By Theorem 2.2 and Proposition 2.3, the proof is completed.
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