Quest Journals

Journal of Research in Applied Mathematics
Volume 11 ~ Issue 11 (November 2025) pp: 67-80
ISSN (Online): 2394-0743 ISSN (Print): 2394-0735
www.questjournals.org

Research Paper

An Application on Chernoff Theorem on Riemannian
Symmetric Spaces of Rank One
Muslim Elrayh (U and Shawgy Hussein®

@ Sudan University of Science and Technology, Sudan.
) Sudan University of Science and Technology, College of Science, Department of Mathematics, Sudan.

Abstract

P.R. Chernoff used iterates of the Laplacian on R™ to prove an L? version of the Denjoy-Carleman theorem which
provides a sufficient condition for a smooth function on R™ to be quasi-analytic. The pioneer authors in [29]
prove and improved an exact analogue of Chernoff theorem for all rank one Riemannian symmetric spaces (of
noncompact and compact types) using iterates of the associated Laplace-Beltrami operators. Following, with a
little touch, the perfect study of [29] an application for considerability.
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I.  Introduction and the main results
We know that the property of an analytic function it is completely determined by its value and the values
of all its derivatives at a single point. Borel first perceived that there is a more larger class of smooth functions
than that of analytic functions which has this property. He coined the term quasi-analytic for such class of
functions. In exact terms a subset of smooth functions on an interval (a, a + €) is called a quasi-analytic class if

n
for any function f,; from that set and x, € (a,a + 6),;—71 (X5 f5(x0)) =0 for all n € N implies f, = 0. Now
recall that a smooth function on an interval [ is analytic provided its Taylor series converges to the function on [

Lol o s cuar
dxn’9 L) - '

for some constant A depending on f; then the Taylor series of f; converges to f; uniformly and the converse is
also true. This drives an analytic mind to investigate whether relaxing growth condition on the derivatives

generates quasi-analytic class. In 1912 Hadamard proposed the problem of finding sequence {M,,},, of positive
ar n
_— fg||Lw(1) < A7 M, forall f, € C{M,}

which naturally restricts the growth of derivatives of that function. In fact, if for every n,

numbers such that the class C{M,, } of smooth functions on I satisfying

is a quasi-analytic class. A solution to this problem is provided by a theorem of Denjoy and Carleman where they

showed that C{M,,} is quasianalytic if and only if Y- M, UM = o, As a matter of fact [11] first proved a
sufficient condition and later [7] completed the theorem giving a necessary and sufficient condition. A short proof
of this theorem based on complex analytic ideas can be found in [26]. A several variable analogue of this theorem
has been obtained by [4].

Instead of using all partial derivatives, Bochner used iterates of the Laplacian A and proved an analogue

of Denjoy-Carleman theorem which reads as follows: if f;; € C®(R") satisfies Y.pn=1 Yo ||Amfa||°_o1/m = oo, then

the condition A™f;(x) = 0 forall m > 0 and for all x in a set U of analytic determination implies f; = 0. Building

upon the works of [24] and [25], [8] used operator theoretic arguments to study quasi-analytic vectors. As an

application he improved the above mentioned result of Bochner by proving the following very interesting result

(see [29)).

Theorem 1.1. [9, Chernoff] Let f,; be a smooth function on R™. Assume that A™f € L?(R") for all m € N and
1

Y1 2o 1A fallgm = oo, If f,; and all its partial derivatives vanish at a point a € R", then f; is identically
Zero.
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P. Ganguly, R. Manna and S. Thangavelu [29] prove an analogue of Chernoff's theorem for the Laplace-
Beltrami operator on rank one symmetric spaces of both compact and noncompact types. For G be a connected,
noncompact semisimple Lie group with finite centre and K a maximal compact subgroup of G. Let X = G/K be
the associated symmetric space which is assumed to have rank one. The origin o in the symmetric space is given
by the identity coset eK where e is the identity element in G. We know that X is a Riemannian manifold equipped
with a G invariant metric on it. We denote by Ay the Laplace-Beltrami operator associated to X.

Iwasawa decomposition of G reads as G = KAN where A is abelian and N is a nilpotent Lie group. Let
g and a stand for the Lie algebras corresponding to G and A respectively. Here a is one dimensional since X is of
rank one. Then every element of g gives rise to a left invariant vector field on G. Let H be the left invariant vector
field corresponding to a fixed basis element of a. As an exact analogue of Chernoff's theorem for X we prove the
following:

Theorem 1.2 (see [29]). Let X = G /K be a rank one symmetric space of noncompact type. Suppose f,; € C*(X)
1

satisfies AR f, € L*(X) forallm > 0 and Y-y X5 AR f5l,2™ = co. If H'f,(eK) = 0 for all [ > 0 then f; is
identically zero.
So we obtain an analogue of the L? version of the classical Denjoy-Carleman theorem using iterates of
the Laplace-Beltrami operator on X = G /K.
Corollary 1.3 [29]. Let X = G /K be a rank one symmetric space of noncompact type. Let {M,}, be a log convex
sequence. Define C({M,,}x, Ay, X) to be the class of all smooth functions f; on X satisfying A} f,, € L?(X) for all
1

m € Nand ||, A?{fanz <%, MA(f,)¥ for some constant A(f,) depending on f,. Suppose that Y, M, 2* =

co. Then every member of that class is quasi-analytic.

As Chernoff's theorem is a useful tool in establishing uncertainty principles of Ingham's type, proving
analogues of Theorem 1.1 in contexts other than Euclidean spaces have received considerable attention. Recently,
an analogue of Chernoff's theorem for the sublaplacian on the Heisenberg group has been proved in [1]. For
noncompact Riemannian symmetric spaces X = G /K, without any restriction on the rank, the following weaker
version of Theorem 1.2 has been proved in [2].

Theorem 1.4 [29] (Bhowmik-Pusti-Ray). Let X = G /K be a noncompact Riemannian symmetric space and let
Ay be the associated Laplace-Beltrami operator. Suppose f, € C®(X) satisfies A% f,. € L?(X) for all m > 0 and
1

Ym=1 20 |A¥ fsl,>™ = oo If f; vanishes on a non empty open set, then f;; is identically zero.

In proving the above theorem, we use a result of [15]. In the case of rank one symmetric spaces, a
different proof was given by making use of spherical means and an analogue of Chernoff's theorem
for the Jacobi transform proved in [13]. Then, we only need to use the one dimensional version of de Jeu's theorem
which is equivalent to the Denjoy-Carleman theorem. The proof of Theorem 1.2 see [13]. Bhowmik-Pust-Ray
have proved the following improvement of their Theorem 1.4. So let D(G/K) denote the algebra of differential
operators on G /K which are invariant under the (left) action of G.

Theorem 1.5 [29] (Bhowmik-Pusti-Ray). Let X = G /K be a noncompact Riemannian symmetric space and let
Ay be the associated Laplace-Beltrami operator. Suppose f; € C*(G/K) be a left K-invariant function on X which
1

satisfies AR f; € L>(X) forallm >0 and ¥o0_; ¥, ||A’,?f(,||2_m = oo, If there is an x, € X such that Df, (x,)
vanishes for all D € D(G/K) then f; is identically zero.

Remark 1.6 [29]. Observe that in the above theorem the function f;; is assumed to be K-biinvariant. The problem
of proving the same for all functions on X is still open. However, in the case of rank one symmetric spaces we
have proved Theorem 1.2 for all functions f,. Moreover, we only require that H'f,,(eK) = 0 for all [ > 0. Here
we can also take any x, € X in place of eK using translation invariance of Laplacian and H.

k
firg) F@+O®)| =0
where x = (1 + €)w, e > —1,w € S™ 1 is the polar decomposition of x € R™. Indeed, as can be easily checked

d k
(Gaas) 2 At =) > 2%+ wo
a lal=k o
K
) fo((1+ e)w) = 0 for all k if and only if 3% f,(0) = 0 for all a. This observation plays
e=—1

an important role in formulating the right analogue Chernoff's theorem for compact Riemannian symmetric
spaces. Hence, Chernoff's theorem for the Laplacian on R™ can be stated in the following form.

We remark that the condition H'f, (eK) = 0 is the counterpart of (

_¢
d(1+e€)

and hence (
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Theorem 1.7 (see [29]). Let f, be a smooth function on R". Assume that A™f, € L?(R") for all m € N and
-1 k
Ym=1 2o A" f5],°™ = oo, If ( d ) Yo f-((1+e)w) =0 for all k and w € S, then f, is
e=—1

d(1+€)

identically zero.

We can give a proof of the above theorem by reducing it to a theorem for Bessel operators. Recall that
written in polar coordinates the Laplacian takes the form

92 n—1 ] 1

STl TUxoad+e (drepts 1D
where Agn-1 is the spherical Laplacian on the unit sphere S™'. By expanding the function F,(1 + €, w) =
f>((1 + €)w) in terms of spherical harmonics on $"~! and making use of Hecke-Bochner formula, we can easily
reduce Theorem 1.7 to a sequence of theorems for the Bessel operator 6(2“6) +(+2m+ 1)1+ €)1 for
various values of m € N. This idea has been used in [13]. A similar expansion in the case of noncompact
Riemannian symmetric spaces leads to Jacobi operators see [13] which will be used in proving Theorem 1.2.

A

Remark 1.8 [29]. We remark in passing that the above theorem can also be proved in the context of Dunkl
Laplacian on R"™ associated to root systems. We would also like to mention that
analogues of Chernoff's theorem can be proved for the Hermite operator H on R™ and the special Hermite operator
L on C". Again the idea is to make use of Hecke-Bochner formula for the Hermite and special Hermite projections
(associated to their spectral decompositions).

We considered non compact Riemannian symmteric spaces, and proving an analogue of Theorem 1.2 for
compact, rank one symmetric spaces. We formulating and proving a Chernoff theorem for the Laplace-Beltrami
operator. We only need to prove such a result for the spherical Laplacian on spheres in Euclidean spaces.

Let (U, K) be a compact symmetric pair and S = U/K be the associated symmetric space. Here U is a
compact semisimple Lie group and K is a connected subgroup of U. We assume that S has rank one. Being a
compact Riemannian manifold, S admits a Laplace-Beltrami operator Ag. It is customary to add a suitable constant
ps and work with A; = —Ag + p2. This way we can arrange that Ag = p2 > 0. [28] has completely classified all
rank one compact symmetric spaces. S is one of the followings: The unit sphere S = SO(q + 1)/S0(q), the real
projective space F;(R) = SO(q + 1)/0(q), the complex projective space P;(C), the quaternion projective space
P;(H) and the Cayley projective space P, (Cay) = (F;),/Spin(9). In each case, S comes up with an appropriate
polar form (0,7) X Sk where ks depends on the symmetric space S. As a consequence, functions on S can be
identified with functions on the product space Y = (0,7) X S¥. We prove the following analogue of Chernoff's
theorem (see [29]):

Theorem 1.9. Let S be a rank one Riemannian symmetric space of compact type. Suppose f; € C*(S) satisfies
1

ATf. € L?(S) forallm>0and Yoo, Y, ||Agnfg||;ﬁ = oo, If the function F, on (0,) X $*$ associated to £,

on S satisfies aae_m o F.(6,&) = 0 for all m > 0, then f; is identically zero.
=0

In the context of Theorem 1.7 , by identifying R™ with (0, c0) X $* every function f, on R™ gives rise
to a function F, (1 + €, w) on (0,0) X $"~1 and in view of 1.1, the action of A on f, takes the form,

2 n—1 i) 1
datepcdten g ragargldtemtaray
There is a similar decomposition of Ag as a sum of a Jacobi operator on (0, ) and the spherical Laplacian A
and this justifies our formulation of Theorem 1.9.

We state the preliminaries on noncompact Riemannian symmetric spaces and prove Chernoff's theorem
for the Laplace-Beltrami operator. After recalling necessary results from the theory of compact symmetric spaces,
we prove Theorem 1.9. See [12] and [13] for related ideas.

Af;(1+€w) = Agn-1F; (1 + €, w).

sks

II.  Preliminaries on Riemannian symmetric spaces of non-compact type

We describe the relevant theory regrading the harmonic analysis on rank one Riemannian symmetric
spaces of noncompact type. We can see [18] and [19].

For G be a connected, noncompact semisimple Lie group with finite centre. Suppose g denotes its Lie
algebra.  With  respect to a fixed Cartan involution 6 on g we have the
decomposition g = D p. Here f and p are the +1 and -1 eigenspaces of 6 respectively. Let a be the maximal
abelian subspace of p. Also assume that the dimension of a is one. Now we know that the involution 6 induces an
automorphism © on G and K = {g € G:0(g) = g} is a maximal compact subgroup of G. We consider the
homogeneous space X = G /K which a is a smooth manifold endowed with a G-Riemannian metric induced by

DOI: 10.35629/0743-11116780 www.questjournals.org 69 | Page



An Application on Chernoff Theorem on Riemannian Symmetric Spaces of Rank One

the restriction of the Killing form B of g on p. This turns X into a rank one Riemannian symmetric space of
noncompact type and every such space can be realised this way.
Let a* denote the dual of a. Given a € a* we define
g ={X€Eq[l,X] =al)X, VY € a}.

Now X: = {a € a*: g, # {0}} is the set of all resticted roots of the pair ( g, a ). Let X, denote the set of all positive
roots with respect to a fixed Weyl chamber. It is known that n: =@ 4ez, 8, is a nilpotent subalgebra of g and we
have the Iwasawa decomposition g = @ a @ n. Now writing N = exp n and A = exp a we obtain G = KAN
where A is abelian and N is a nilpotent subgroup of G. Moreover, A normalizes N. In view of this decomposition
every g € G can be uniquely written as g = k(g)exp H(g)n(g) where H(g) belongs to a. Also we have G =
NAK and with respect to this decomposition we write g € Nexp A(g)K where the functions A and H are related
via A(g) = —H(g™'). Now in the rank one case when dimension of a is one, I is given by either {+y} or
{xv, £2y} where y belongs to X,. Let p: = (my + mzy) /2 where m,, and m,,, denote the multiplicities of the
roots ¥ and 2y respectively. The Haar measure dg on G is given by

LZ fo(9)dg = fK fA fNZ fo(ka,n)e?  dledtdn.

The measure dx on X is induced from the Haar measure dg by the relation

|2 fardg = | 3 fds

Suppose M denotes the centralizer of A in K. The polar decomposition of G reads as G = KAK in view of which
we can write each g € G as g = kya,,.k, with ki, k, € K. Actually the map (kq, @14¢, k3) = kyaq4ck, of
K X A X K into G induces a diffeomorphism of K/M X A, X K onto an open dense subset of G where A, =
exp a;and a,is the fixed positive Weyl chamber which basically can be identified with (0, o) in our case.

It is also well-known that each X € g gives rise to a left invariant vector field on G by the prescription

Xf,(9) = Z fo(g - exp (X)), 9 € G

Since a is one dimensional, we fix a basis {H} of a. We denote the left invariant vector field corresponding to this
basis element by H. Infact, we can write A={a;;.=exp((1+e)H):(1+¢)€ER].

t=0

2.1. Helgason Fourier transform. Define the function A: X X K/M — a by A(gK, kM) = A(k™1g). Note that A
is right K-invariant in g and right M-invariant in K. We denote the elements of X and K/M by x and (a + €)
respectively. Let a* denote the dual of a and ag be its complexification. Here in our case a* and ag can be identified
with R and C respectively. For each A € af and (a + €) € K/M, the function x — e(AFPIAXA+E) js 5 joint
eigenfunction of all invariant differential operators on X. For f; € C°(X), its Helgason Fourier transform is a
function £, on a X K/M defined by

f(ha+e) = f Z £ (x)eCHHPAa+ gy ) € af, (a + €) € K /M.
X

Moreover, we know that if f, € L*(X) then f;(.,a +€) is a continuous function on a* which extends
holomorphically to a domain containing a*. The inversion formula for f; € CZ°(X) says that

fo(x) = cx f fK Z fo, a + €)eM+PIAxarO (1) ~2d (a + €)dA
®M o

where dA stands for usual Lebesgue measure on R (i.e., a* ), d(a + €) is the normalised measure on K/M and
c(A) is the Harish-Chandra c-function. The constant cy appearing in the above formula is explicit and depends on
the symmetric space X (See e.g., [19]). Also for f, € L*(X) with f; € L'(a* X K/M, |c(1)|"2d(a + €)dA), the
above inversion formula holds for a.e. x € X. Furthermore, the mapping f, — f, extends as an isometry of L?(X)
onto L?(a’ x K/M,|c(A)|"2dAd(a + €)) which is known as the Plancherel theorem for the Helgason Fourier
transform.

We also need to use certain irreducible representations of K with M-fixed vectors. Suppose K, denotes
the set of all irreducible unitary representations of K with M fixed vectors. Let § € K, and Vs be the finite
dimensional vectors space on which & is realised. We know that Vg contains a unique normalised M-fixed vector
v; (See [23]). Consider an orthonormal basis {vl, Uy, een) Vas} for Vs. For § € Ky and 1 < j < dg, we define

Ys (kM) = (v}, 8(k)v,), kM € K /M.
It can be easily checked that Y5 ; (eK) = 1 and moreover, Y5 ; is M-invariant.
Proposition 2.1 ([19]). The set {Y(;_j: 1<j<dsd€ I/(B} forms an orthonormal basis for L2 (K /M).
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We can get an explicit realisation of K, by identifying K /M with the unit sphere in p. By letting 7™ to
stand for the space of homogeneous harmonic polynomials of degree m restricted to the unit sphere, we have the
following spherical harmonic decomposition

L2(K/M) =@ H™
Thus the functions Y; ; can be identified with the spherical harmonics.
Given & € K, and A € af. (i.e., C in our case) we consider the spherical functions of type § defined by
B, 5 (x): = f CA+PACSRM)Y, (M) dlk.

K
These are eigenfunctions of the Laplace-Beltrami operator Ay with eigenvalue —(A2 + p?). When § is the trivial

representation for which Y5 ; = 1, the function @, s is called the elementary spherical function, denoted by ®,.
More precisely,
q)l(x) — J- e(iﬂ+p)A(x,kM)dk

K

Note that these functions are K-biinvariant. The spherical functions can be expressed in terms of Jacobi functions.
In fact, if x =gk and g =kay k' (polar decomposition), D, s(x) =
@ 5(as+¢). Suppose
1 1
a= E(my +m,, — 1),,8 = E(mzy - 1). (2.1)
For each § € K, there exists a pair of integers (1 + €, q) such that
®,,5(x) = Qs(id + p)(a + D7l (sinh 1+ €)'*€(cosh 1 + €)™ *F*D (1 4 ¢) (2.2)
where (p/(1a+1+e.ﬁ *9 are the Jacobi functions of type (¢ + 1 + €, 5 + q) and Qg are the Kostant polynomials given

by

1 1
Q(g(i/1+p)=(—(a+ﬁ+1+i/1)) (—(a—ﬁ+1+i/1)) .
2 (1+et+q)/2 \2 (1+e—q)/2

In the above we have used the notation (z),, = z(z + 1)(z + 2) ... (z + m — 1). The following result proved in
[19]:
Proposition 2.2. Let § € K, and 1 < j < dg. Then we have

f e(HPAK M)y, (k' M)dK' = Y5 ;(kM)®y5(ar4e), X = kay, € X. (2.4)

(2.3)

K
See [16] and [17] for all the results recalled.

2.2. Spherical Fourier transform. We say that a function f; on G is K-biinvariant if f;(k,gk,) = f,(g) for all
ky,k, € K. It can be checked that if f is a K-biinvariant integrable function then its Helgason Fourier transform
f>(A, a + €) is independent of (a + €) € K/M and we write this as

P = Y H@0-@x

This is called the spherical Fourier transform. Now since f;; is K biinvarinat, using the polar decomposition g =
kia,4ck,, we can view f,; as a function on A alone: f;(g) = f;(a;+c). So the above integral takes the following
polar form:

= [ h@iden + w1+ ad(1+e)
0 a

where w, p(1 4+ €) = (2sinh 1+ €)?***(2cosh 1 + €)?f*! and ®_;(a;4¢) = ¢;(1 + €) are given by Jacobi

function (pj{"ﬁ (1 +€) of type (, B). Here a and S are associated to the symmetric space as mentioned above. So
it is clear that the spherical Fourier transform is basically Jacobi transform of type (a, ). We describe certain
results from the theory of Jacobi analysis.
Leta, 8,4 € Cand —a & N. The Jacobi functions qo)(la'ﬁ )(1 + €) of type (a, 3) are solutions of the initial
value problem
(Lop+22+0%)0l P 1+ =0,01"P0)=1

where L, g is the Jacobi operator defined by
2

d
= 2 1 h1 2 1 h1 _—
Lop d(1+6)2+(( a + 1)cothl + € + (28 + 1)tan +6)d(1+€)
(a.B)

and ¢ = a + f + 1. Thus Jacobi functions ¢, "~ are eigenfunctions of L, ; with eigenvalues —(4* + 0?%). These
are even functions on R and are expressible in terms of hypergeometric functions. For certain values of the
parameters (a, ) these functions arise naturally as spherical functions on Riemannian symmetric spaces of
noncompact type. The Jacobi transform of a suitable function f,, on R*is defined by
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Japfe (D) = f Z fo(1+)pi™P (1 + e)wg (1 + €)d(1+€)
0
g
This is also called the Fourier-Jacobi transform of type (@,f). It can be checked that the operator L,z is

selfadjoint on L? (]R+, Wep(l+e)d(1+ 6)) and that

Lopfs(D) == + 0D fs(D).
Under certain assumptions on @ and £ the inversion and Plancherel formula for this transform take a nice form as
described below (see [29]).

Theorem 2.3 ([22]). Let e — 1,8 € R,e > 0 and |B| < €. Suppose c¢._; 3(4) denotes the Harish-Chandra c-

function defined by
2071 (e)I(i)

(3@ +0)r (3G +e—p))

(1) (Inversion) For f; € C5°(R) which is even we have
1 [ . —2
frl+e) = f D Jeapfs @A+ e s 0| 2
0 [
(2) (Plancherel) For f,, g € C°(R) which are even, the following holds
[ o _— -2
[ D ra+og@raw sa+adara=[ D JeipfuWicpg®lecasd di
0 P 0 a

Ce—l,ﬁ (ﬂ') =

The mapping f, ~ f, extends as an isometry from LZ(]R", We_ljﬁ(1+6)d(1+6)) onto
-2
12 (R*, |y, s )] " d2).

We will make use of this theorem in proving an analogue of Chernoff's theorem for the Laplace-Beltrami
operator Ay.

III.  Chernoff's theorem on noncompact symmetric spaces of rank one
We prove our main theorem i.e., an analogue of Chernoff's theorem for Ay. The main idea of the proof
is to reduce the result for Ay to a result for Jacobi operator. So, first we indicate a proof of Chernoff's theorem for
Jacobi operator. It has already been discussed in the work of [13] (see [29]).
Theorem 3.1. Let e — 1,8 € R,e > 0 and |B| < €. Suppose f; € LZ(R+, We_1p(1+e)d(1+ e)) is such that
L;"_lyﬁfa S LZ(]R‘L,WG_LB(l +e)d(1+ e)) for all meN and satisfies the Carleman condition

Sios £ pfoll 7™ = 0016 L7 5, (0) = 0 for all m > O then £, is identically zero.

In [13] the above result was proved under the assumption that f; vanishes near 0 but a close examination
of the proof reveals that the assumption is superfluous and the same is true as stated above. In order to prove our
main result, the following estimate for the ratio of Harish-Chandra c-functions is also needed.

Lemma 3.2 (see [29]). Let € — 1,5 be as in 2.1 and (1 + €, q) be the pair of integers associated to § € K. Then
for any 4 > 0 we have
2
Ce—
Jecrp DLy, 4+ o312 < ¢
|c2e p+q (D]
where C is a constant independent of A depending only on the parameters (¢ — 1, 8) and (1 + €, q).

Proof. First note that from the definition 2.3 of Kostant polynomials we have
1+€e+q ) 1+e—q 1
2 2

1 2 1 2
0@ +pl= [ | (@+iz+72) [ (@ +02+52)
j=0 j=0
where B; = %(E +f) and B, = %(6 — ). From the above expression, it can be easily checked that
Qs (il + p)|/(271A)1*€ > 1 as 1 - o so that

|Qs (i + p)| ~ 27O, 1 oo, (3.1)
Moreover, we also have
1+€+q 1+e—q
2 2
Qs (id + p)| = 1_[ |B; +jl 1_[ |B, + j| = constant
Jj=0 j=0

Now using [6, Lemma 2.4] we have
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lcecrs )|

|Ce—1+1+e,ﬁ+q (A)|2

~ 2049 3 - (3.2)

which together with 3.1 implies that
2
|ce-1,5(D)]

|Ce—1+1+e,ﬁ+q (/1 |
Also the ratio in 3.2 being a continuous function of 4 is bounded near the origin. Hence the result follows.
Proof of Theorem 1.2 (see [29]): Let f;; be as in the statement of the theorem 1.2. We complete the proof in the
following steps.
Step 1: Using Proposition 2.1 we write

71052+ p)| 72~ 1,A >

ds

f =" 3" (B)s Y00 (33)

8€Ky j=1 o
where (F,)s,j(4) are the spherical harmonic coefficients of f>(A,") defined by

(Fs s = [ D" Folh s (k)ak
M o
Fix § € K, and 1 < j < d. From the definition of the Helgason Fourier transform we have
FssW = [ [N fetiontiny, omaxdk
K/M JG/K =
Now using Fubini's theorem, in view of the Proposition 2.2 the integral on the right hand side of above is equal to
[ 3 5 G 5@, (3.4
G/K =
The function g; ;(x) defined by
95,;(0) = f D S0, G M)Ak x € X
K
g
is clearly K-biinvariant, and hence by abuse of notation we write
951+ = [ Y f e ar s, (kMK
K
o
Now performing the integral in 3.4 using polar coordinates we obtain
(Fs)s,j(A) = J 95,j(1 + €)P) 5(a14e)We—1,5(1 + €)d(1 +€) (3.5)
0

Now recall that for each § € K, there exist a pair of integers (1 + €, q) such that
®;,5(x) = Qs(id + p)(€)iLe(sinh 1+ €)'*¢(cosh 1+ €)1pP V(1 + ¢)

By defining
—(1+€+q)
(fsj(1+€) = B gs,j(1+ €)(sinh 1+ €)~(*(cosh 1+ €)™ (3.6)
1+e
and recalling the definition of Jacobi transforms we obtain
(F)5,j(A) = Qs(i + p)aeprq((f)s;) (D) (3.7)

Step 2: In this step we estimate the L? norm of powers of Jacobi operator applied to (f,)s, ; in terms of the L?

norm of corresponding powers of Ay applied to f;. Let m € N. Note that the Plancherel formula 2.3 for the Jacobi
transform yields

Z Lgé,ﬁﬂ;((fa)&j)

L2(R* Wy gyq(1+€)d(1+6))
1
2

=< f Z (AZ+pé)m|126,ﬁ+q((fg)5,j)(z)|2|c2€,ﬁ+q@)|‘2dﬁ>
0 g

where where ps = 2e€ + 8 + q + 1. In view of 3.7 the above integral reduces to

N| =

-2

[ D G2+ o8| 0s, 1050+ D) Prepra@)| - 2

which after recalling the definition of (Fj)s ;(4) reads as
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1

|Cae pea D d2

2

[ @+ mprmiesia+ Il [ fuGuiots ok
0o & K
By an application of Minkowski's integral inequality, the above integral is dominated by
1

) 2
| ( [ (AZ+p§)2m|Qs<m+p)|-2|fcca,k)|2|c25,ﬁ+q@)|‘2d1> ¥, () ak

Now using Cauchy-Schwarz inequality along with the fact that ||Y5‘ j || = 1, we see that the above integral

L?(K/M)
is bounded by
[e9) ' o 2 2
( [ [ 0+ pprmiasa+ oI G P lesepra D] d/ldk)
k/mJo S

. 22+p2 2p2 . . . . 22+d? .
Since AZ+£§ =1+ Z§+£2 is a decreasing function of A it follows that ey <C(e—1,B) with C(e —1,B8) =
(2e+B+q+1)?

B This together with the Lemma 3.2 yields the following estimate for the integral under consideration:

for some constant C; = C;(e — 1,8)

" ( f f wz (lz+pz)zmlfa(/l,k)|2|ce_1,3(l)|_2d/1dk>
k/mJo &=

Finally, from the series of inequalities above, we obtain

Z LZG /?+q((fo‘)6,j)
LA(RYwpe pq(1+e)d(1+6))

Hence from the hypothesis of the theorem it follows that

Z z ||L§’;B+q((fa)51)||Lz(R+W263+q(1+e)d(1+6))

Step 3: Finally in this step we prove that L% B+q((fg)5_])(0) = 0 for all m = 0. First recall that

—-(1+€+q)

(f)sj(1+e€)= T(sinh 14 €)=+ (cosh 1+ €)1 f Z fo(kay+e)Ys ;(kM)dk.
1+e K

a
As sinh 1 + € has a zero at the origin and cosh 0 = 1, if we can show that as a function of (1 + €), the integral
) « Jo(kai)Ys ](kM )dk has a zero of infinite order at the 0 , then we are done. Now note that for any m € N

< AR fo (3.8)

eensd) D, otk s G = | Y g oy ok Ve b
But by definition of the Vector fields on G, wrltlng Qq4+e = €Xp ((1 + €)H) we have
dm
- — gm
d(l+e )mfa( Qive) e +6)mfa(k exp ((1+€)H)) L H™ f5(f).

Hence by the hypothesis on f,; we obtain d(i—e)m fo(kaiie) =0 for all m. Finally, proving

55'2,3 +q((fa)5, j)(O) = 0 is a routine matter: repeated application of L'Hospital rule gives the desired result.

Therefore, (f;)s,; satisfies all the hypothesis of the Proposition 3.1 which allows us to conclude that
(fs)sj = 0ie., (F5)s,; = 0. As this is true for every § € K, and 1 <j < dg we get f, = 0 completing the proof
of Theorem 1.2.

IV.  Compact symmetric spaces

We prove an analogue of Chernoff's theorem on compact symmetric spaces of rank one. We first recall
briefly some necessary background material on rank one compact symmetric spaces. Let S be a compact
Riemannian manifold equipped with a Riemannian metric dg. We say that S is a two point homogeneous space if
for any x;,y; € S,j = 1,2 with ds(xq, x;) = ds(y1,2), there exists g € I(S), the group of isometries of S such
that g - x; = y;, and g - x, = y, where g - x denotes the usual action of /(S) on S. It is well known that compact
rank one symmetric spaces are compact two point homogeneous spaces (see [20]). Also these two point
homogeneous spaces are completely classified by [28]. So, following Wang any compact rank one symmetric
space S is one of the following:

(1) the sphere $1*¢ ¢ R?*¢,e > 0;
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(2) the real projective space P,,(R), e = 0;

(3) the complex projective space P,,.(C), e = 0;

(4) the quaternionic projective space P,,.(H), e = 0;

(5) the Cauchy projective plane P, (Cay).
We describe the necessary preliminaries and prove Theorem 1.9 in each of the above five cases separately. We
start with a brief description of Jacobi polynomial expansions in the following subsection.
4.1. Jacobi polynomial expansion: Let € > 0. The Jacobi polynomials BE~*¢"" of degree n = 0 and type (€ —
1,2e — 1) are defined by

—1)" dn
(1 - )11 +x)2 1P (x) = (znn)' W{(l — )11 + X)) x € (—1,1). (4.1)

By making a change of variable x = cos 6, it is convenient to work with the Jacobi trigonometric polynomials
P2 (@) = C(e — 1,26 — 1, )PV (cos 6), (4.2)

where C(e — 1,2e — 1,n) is the normalising constant, explicitly given by
(2n+e+26—1)I‘(n+1)F(n+e+26—1)
Cle—12e—1,n)% =
I'(n+e)l(n+ 2e)
Also it is worth pointing out that these polynomials are closely related to Gegenbauer's polynomials by the
following formula

(4.3)

r (,1 + %) T(k + 22) P(,l_z 2-1)

>
k

@A (k+2+7)

These Jacobi trigonometric polynomials are the eigenfunctions of the Jacobi differential operator given by

d> (—€)+ (Be—1)cos 8 [3e—1\2
bemt2en = ~ggr (=)

Cl) = (), A > —%,t € (-1,1). (4.4)

sin 0

o 3e-1\2 .
with eigenvalues (n + T) Le.,

e 3¢ =1\ cliae
]]"6—1,26—1?156 126-1) _ (n+ - ) ?YEE 1,2¢ 1),

and {?71(5-1,25-1) m= 0} forms an orthonormal basis for the weighted L? space L? (We—1,25—1)1 =
L2 ((0, ), We—1,25—1(9)d9) where the weight is given by

2e-1 4e—-1
0

We-12¢-1(0) = (sin g) (cos E)

As a consequence we have the following Plancherel formula Valid for f, € L (VT/E 1,2e— 1)

f Z o (O) e 2c-1(6)dB —Z Z Jerzeafo @ (5)

n=
where Je_1 2¢-1f5 (M) denotes the Fourier-Jacobi coefficients deﬁned by

Jeszensfo@ = [ Y S @P D @)y pers (0100 2 0
0

a
We have the following version of Chernoff's theorem using the iterates of the Jacobi operator proved in [12].
Theorem 4.1 (see [29]). Let € > 0. Suppose f, € L2 (WE 12¢— 1) is such that L% | 5.4 f,; € L? (we 1,2¢— 1) for all

m € N and satisfies the Carleman condition Yi_; [|L™ 42 1f(,” VM _ oo 1f Le; 2e-1f5(0) = 0 forallm >

0 then f; is identically zero.
This is the analogue of Theorem 3.1 for Jacobi polynomial expansions which plays an important role in
proving Theorem 1.9 for compact Riemannian symmetric spaces.
4.2. The unit sphere S9. Let € > 0. The unit sphere in R3*€ is given by
SP*e=eR*CE + -+ =1
The spherical harmonic decomposition reads as

L2(§2+€) — @ :7_[ (§2+6)

where 7, (S$%*€) denotes the set of spherical harmomcs of degree n. Now, for our purposes it is more convenient
to work with the geodesic polar coordinate system on $2*¢. Note that given & € §?*¢, we can write & =
(cos B)e; + &{(sin B)e, + -+ + &}, (sin O)es,. for some O € (0,7) and & = (&5, ...,&5.c) € ST€ where
{ej, ey, ..., €3, ¢} is the standard basis for R3*€. This observation drives us to consider the map ¢: (0,7) X S$1*€ -
§2+€ defined by

©(0,&") = (cos 6,&sin 0, ...,&),.sin 0)
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which induces the geodesic polar coordinate system on $?*€. This also provides a polar decomposition of the
normalised measure do,, . on $?*€ as follows: Given a suitable function f; on $2*€ we have

LZ fof) o) = f LZ Fy(8,§)(sin 6)**“doy,c(§)d6

where F; = f; o ¢. Also in this coordinate system, we have the following representation of the Laplace-Beltrami
operator
2 Jd 1 s g %
307 (1 + €)cot Qﬁ + Z(l + €)* —sin™* OAgi+e
The following theorem gives a representation of the spherical harmonics in this polar coordinate system (see [29]).
Theorem 4.2. [21, Theorem 2.4] For n = 0 we have the following orthogonal decomposition
n

Ha(877) = P Haore (5749

€=-2
where the subspaces Hy ;4¢(S*€) are irreducible and invariant under SO(2 + €). Moreover, functions in

Hy24e(S?1€) can be represented as
S(©) = (sin 0)2*C, 730" (cos 6)S5,e(8")

n—(2+e)
where E = (P(g, SI,) and 52,+e € ‘7{2+e(§1+6)-
In view of the above theorem we have the orthogonal decomposition

1(s%) = EB EB Hn4e(52)

n=0 e=-2

A§2+e = —

Now we set
1+6

2+e+——
n2+ek(€) - an2+e(51n 9)2+6Cn (2+e) (COS G)Sk 2+e(f)
where {S§+€,k: 1<k<NQ2+ 6)} is an orthonormal basis for #,,.(S'*€). Here a,,4 is the normalising

constant so that ||Sn 24ek || = 1 and it is explicitly given by

LZ(S2+€)
g(zrertss )F(2(2+6)+1+6)F(n+2-2|_6) c .
Gnave = — C(2+6+E,2+e+§,n—(2+6)). (4.6)
F(2+e+ : )F(n+2+e+1+e)

Theorem 4.3 (see [29]). Let f, € C°°(SZ+E) be such that ATy f, € L?(S?*€) for all m > 0 and satisfies

m_
E > 8%ef, |7 = oo
m=1 o

Ifae—m o FU(H, &) =0 forallm > 0 and for all §’ € S$™*€, then f; is identically zero.

Proof. Let f be as in the statement of the theorem. For n > 0, let B, f,; denote the projection of f;; onto the space
T, (S2*€). Then from the above observations we have

n N(2+e)
nfa Z Z Z (fa» n,2+e€, k)LZSﬂ. 2+€,k" (4’-7)
e=—2 k=1
Also since f,, € L*(S**€) we have
n N(Q2+e)

Z Z nfa Z Z Z Z (fm n2+ek)L2(§2+e) n,2+ek

n=0 o n=0 e=-2 k=1
By interchanging the summations, we observe that

o N(2+¢€)

Z Z Z Z (fo' n2+6k)L2(§2+e) n,2+ek

e=—1 n=2+e¢ k=1
© o N(2+€)

Z Z Z Z (fa' n+2+€2+ek)L2(§z+e) n+2+e€,2+e.k

e=—2 n=
In view of this, to prove the theorem 1t is enough to prove that (fo, n+2+e_2+e_k)L2(Sz+E) 0 foralln,2 +€,k. To
start with, let us first fix n, 2 4+ € and k. From the expansion 4.7 we observe that
(Pnfa' Sn+2+e,2+e,k)L2(S2+e) = (fm Sn+2+e,2+e,k)L2(§z+e)- (4.8)
Next we use the expression for Sy 474¢24¢x t0 show that these coefficients are nothing but Jacobi coefficients of
a suitable function. In order to do so, we write the integral on $?*€ in polar coordinates to obtain
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(fcr' Sn+2+e,2+e,k)L2 (§2+s)
1+e

" . 2+e+—— , , ,
N f J-1+ Z Fo(®, f’)an+2+€'2+5(51n 6)3+26Cn 2 (cos G)Sk.2+e(€ )doy.(§)do
0 §i+e >

where F;: = f; o ¢. Now using 4.3, 4.4 and 4.6, a simple calculation yields

24e+E€ 24+ 1042ty

1+e 2+¢€ 2+¢€ -
nszrenscCo T (cos 0) = 27 (2rer )C(z Fe+ T Sol24er - 1,n)P( 2 7Y (cos 8)(4.9)

which transforms the above equation into
(fo' Sn+2+€,2+€,k)L2(§2+e) =2 (2+€+ f Z (F )k2+€(9)(511’1 9)3+2€?

where we have defined

(2+e+d 12+e+g 1)

0)do  (4.10)

Fduare®):= [ | D F0,8)Sa0eEon, &)

Now letting (e —1) =2+ € + % — 1 and writing sin 8 = 2sin %cos gwe see that
(sin §)3+2€ = 23+2¢(sin 9)—(2+6)W€_1‘E_1(9)
which together with 4.10 yields
(fm Sn+2+e,2+e,k)L2(§2+e) = Je—l,e—l(gk,2+e)(n) (4-11)

1+€
where gy 24e(0):= 2 7 (sin )" (F, )y 51c(0).
In view of the Plancherel formula 4.5 and the relation 4.8 we have

C 26 — 1) + 1\*"
||HJ2"-1,5-1lz+e,k||§ = z (n + %) |Je—1,e—1(gl,k)(n)|2

n=0

[e9) 2
22+6€)+(2+e)—1\*™"
= Z (n + 2 ) fd Z Pnfa(f)'sn+2+e,2+e,k(x)do'2+e(5) (4-12)

n=0 S o

By Cauchy-Schwarz inequality we note that
2
f Z Pnfo‘(f)sn+2+e,2+e,k(f)do-2+e($) < Z ”Pnf(r”iz(sz“'f)

Finally, using the fact that n + - (2(6 -D+D)=n+- (2(2 +e)+1+¢€) < (n + 1+6) (1 + 2(12::)), from

4.12 we get the estimate

SIEICEDINAN
||H-‘gl—1,e—192+e,k”2 S( 1+e ) Z < +—) Z ||PTlf0'”L2(§2+e)

n=0
Therefore, we have proved

2(2 +e)°
o [ e e Z A% fol 2 gave,

which by the hypothesis on the function fa, implies that

z L2 e 19(2+e)k”__ (4.13)
Since g, (6) is related to F; (6, E ) via the integral
Gores(®) =23 (sin 0% |

§lt+e

Z Fo(0,€)Sk21e (€01 (€1)

the hypothesis —| F;(6,&") = 0 for all m = 0 allows us to conclude that LT~ ; ._1 9,1, (0) = 0 forallm =

0. Hence gp4c i satlsﬁes the hypotheses of Theorem 4.1 and hence we conclude that g, , = 0 and consequently
(fU'Sn+2+e,2+e,k)L2(§q) = 0. As this is true for any n, 2 + €, k, we conclude that f; = 0 completing the proof of

the theorem.

4.3. The real projective spaces P,..(R). Let O(2 + €) denote the group of (2 + €) X (2 + €) orthogonal
matrices. Then P,,.(R) can be identified with SO(3 + €)/0(2 + €) which makes this a compact symmetric
space. Now it is well-known that the real projective space P, (RR) can be obtained from $?*€ by identifying the
antipodal points i.e., P,,(R) = $?*¢/{+1} and the projection map s — +s from $?*€ to P,,.(R) is locally an
isometry. So, the functions on P, .(R) can be viewed as even functions on the corresponding sphere $?*€ and if
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(fs)e is the even function on $**€ corresponding to the function f; on P, (R) then Ap, re@®fo = Agzre(fo)e-

Hence the analogue of Chernoff's theorem on P, . (R) follows directly from the case of sphere.

4.4. The other projective spaces P;(C), P;(H), and P,(Cay). As pointed out by [27], analysis on these three
projective spaces is quite similar. Closely following the notations of [27] (see also [10]), we first describe the
appropriate polar coordinate representation of these spaces and then as in the sphere case we prove the Chernoff's
theorem for the associated Laplace-Beltrami operators. Now, let S denote any of these three spaces
P,.c(C), Py, (H), and P,(Cay). Suppose Ag denotes the corresponding Laplace-Beltrami operator. Let du denote
the normalised Riemann measure on S. We have the following orthogonal decomposition:

128, dp):=12(S) = () #6.(5)
n=0

where #{,,(S) are finite dimensional and eigenspaces of Ag with eigenvalue —n(n + k + 2 + €) where (2 + €) =
248,k =¢€2(2+¢€)— 3,3, for P,,.(C), P,,.(H) and P, (Cay), respectively. However, it is convenient to work

with Ag: = —Ag + pZ where pg: = %(k + 2 + €). As aresult H,,(S) becomes eigenspaces of Ag with eigenvalue

2
(Tl + k+§+e) '
Let Q: = {x € R3*€: |x| < 1} be the closed unit ball in R3*¢, We consider a weight function w defined
by w(1 + €):= (1 + €)' (e)* for 0 < e < 1. With these notations we have the following result proved in [27,
Lemma 4.15].
Proposition 4.4 (see [29]). There is a bounded linear map E: L*(S) - L'(Q, w(|x|)dx) satisfying

(1) For f, € L}(S),
LZ f"d“:Jﬂz E(fo) ()w(|x])dx

g g
(2) The norm of E as a map from L*€(S) to L1*¢(Q, w(|x|)dx) is (0 < € < ).
The integration formula in the above proposition is very useful. In fact, integrating the right hand side of
that formula in polar coordinates we have

f E(f,) Gw(x])dx = f f ECF)((1+OOWA + (1 + ©)*day, (E)d(1 + €.
QO 0 §2+€

Now a change of variables (1 + €) = sin? (0/2) allows us to conclude that

LZ - :Ln L2+eZ 6.0 (Sin g)z(z+e)—1 2k+1

cos = dfdo,,(§) (4.14)
(c0s3)

where F,(6,¢) = E(f,)(sin? (6/2)¢). In [27] Sherman has described the image of 7£,,(S) under the map E. It
has been proved that E (#,,(S)) = H,(Q, w) where I, (Q, w) is the orthocomplement of P,,_, (Q) in P, (Q) with
respect to the inner product in L? (€, w(|x|)dx). Here P, () denotes the set of all polynomials on Q of degree up
to n. Also note that in these trigonometric polar coordinates we can identify Q with Qq: = (0,7) X S$?*€ and

2(2+€)-1 2k+1
dew(6,£): = (sin E)

(cos E) d0do,, . (¥)
is the corresponding measure on (). Basically in view of this trigonometric polar coordinates we have
H,(Q,w) = H, (4, w). These spaces are eigenspaces of the following differential operator
A= 902 (1+e—-k)+(2+e+k)cos b d 1 k+2+6>2
5T 002 sin 6 96 sin? (6/2) 2

o K\? . . . . .
with eigenvalues (n + “%) . The relation between this operator and the Laplace-Beltrami operator is described

A§2+e + (

in the following proposition (see [29]).
Proposition 4.5. Let f; € C2(S) and E be as in the Proposition4.4. Then we have

E(ASfU) = ASE(fO')
For a proof of this fact we refer the reader to [27, Lemma 4.25]. Thus we have the following orthogonal
decomposition

12(Qy, dw) = @ (0, @).
n=0

Moreover, H;,(Qo, w) admits a further decomposition as 3, (Qy, w) = -, H;, j(Qo, @) where each
Hy, j(Qo, w) is irreducible under SO(3 + €) and spanned by {Qn_j_2+€: 1<2+4€< N(j)} (see [27, Theorem
4.22]) where for x = sin? (8/2)¢,0 € (0,m) and & € §$2¢
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6\* ,
Qujarel) = @+ (sin 5)  PET ) (2sin? (0/2) = DS24e(6)

. N .
= (1@t Oy (sin 2) B (cos 0)5)54e(6)

In the second equality we have used the symmetry relation for Jacobi polynomials i.e., P,
(—1)"Pn(ZE Les 1)(x). Here { i 1S 2+€< N(])} a basis for H;(S**€), the spherical harmonics of degree
(2 + €) on S?*€. The constants (a + €),, ; appearing in the above expression are chosen so that ||Qn j}2+6||2 =1
In fact, it can be checked that (a + €),, ; = C(1 + € + 2j,k,n — j). So, clearly {Qn‘j‘zﬂ: ne=>-21<NQ2+

6)} forms an orthonormal basis for L?(£g, dw). Now we are ready to state and prove an analogue of Chernoff's

theorem on S.
Theorem 4.6 (see [29]). Let f, € C*(S) be such that AT f,, € L2 (S) for all m = 0. Assume that

Z Z g £, 17% =

If the function F; defined by F,(6,¢) = E(f,) (sm 6/2)8€) satisfies ——

all £ € §?*€, then f, is identically zero.
Proof. Given a function f, with the property as in the statement of the theorem, we write E (f,)(sin? (8/2)¢) =

F;(6,8),(6,¢) € Q. So, the analysis, described above allow us to write the projection of F, onto H,(Q,, w) as
n NO)

P;ngz Z Z (FaxQn,j,2+e)Qn,j,2+e'

j=0 e=—1 o
Now as in the sphere case, it is not hard to check that
o NQ)

Z Z Z Z (FU'Qn+}}2+6)L2(Q dw)QTl+]]2+E (4.15)

j=0 n=0 e=-1 o
Clearly, for each n = 0 we have

(Pﬁqu Qn"'j'j'z"'E)Lz(Qo,dw) = (Fm Qn+j,j,2+e)Lz(ondw)- (4-16)
As in the case of sphere, we will show that the right hand side of the above equation can be expressed as Jacobi
coefficient of a suitable function related to F;. By definition, we have

(Fy) Qnsjjose) = fon L“EZ F5(6,8)Qn+jj2+e <<Sin2 g) f) (Sin g)

Now using the expression for Qp,; j 24 We have

(Fm Qn+j,j,2+e)
) b N2 ) 2(2+e)-1 2k+1
= (~1)/(@+ sy f Z (F);24¢(8) <sin E) pa*e+2i0) (o5 ) (sin E) (Cos 5) 46(4.18)
0 a
where (F;) 24 are defined by
Fiase® = [ D E0.9501e()d00c(6).
ste &=

(e—1,2e— 1)( x)_

207 FJ(G, &) = 0 forallm = 0 and for

2(2+€)-1 gy 2k +1

(cos E) dodo, .. (&).(4.17)

. -2j
Writing g 24¢(0) = (=1) (F5)j24¢(0) (sin g) and using the definition of Jacobi coefficients we have

(Fm Qn+j,j,2+e)Lz(QO‘dw) = (-7(:‘—1,26—1 (gj,2+e)(n)

where (€ —1) =2+ € —2j + k and 2e — 1 = k. Now using the Plancherel formula 4.5 along with 4.16 we
obtain

m 2 - 3e—1 4m 2
||E‘e—1,26—1gj,2+e”2 = Z (n + 2 ) |Je—1,2e—1(gj,2+e)(n)|
n=0

- 2+e—2j+2k+1\"" )
:Z Z (n+ : ) 1BEE Qi anel (4.19)

2+e+k)

3+e—2j+2k)

But ), |(Prffa, Qn+j_j,2+g)| <Y, |l f ll.2(qq.d0) @nd (n + <cC ( so that we have

2 2+ €+ k"
1121 e1gjaell, < €47 Z (n+ =) Z A C‘*mz INTEGIE  (420)
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In view of the Proposition 4.5 we have E (AT f;) = AZE(f,;) and using the fact that operator norm of E is one
(see Proposition 4.4) we have

s zersgpavelly < €27 18T £,
g

1
Hence the given condition ¥.77_; Y, |IAS f5]l,*™ = oo allows us to conclude that
[oe]

1
Z L2 2e-19) 24, 2™ = oo (4.21)
m m=1
Also using the hypothesis :e_m o F,(6,8) = 0 for all m >0, € S2*€, a simple calculation shows that
=0

LeY12e-19j2+¢(0) =0 for all m>0. Hence by Theorem 4.1, we have g;,.c =0 whence
(Fa, Qn+j, j'2+e)L2 Qpdw) = 0. As this is true for all n, j, 2 + € we conclude f; = 0. This completes the proof of

the theorem.
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