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ABSTRACT. In this paper, we establish some results depending on the comparative
growth properties of composite transcendental entire or meromorphic functions and
some special type of differential polynomials generated by one of the factors on the basis
of (e, B,)-order and («, 3,~)-lower order, where «, 3, are continuous non-negative
functions defined on (—oo, +00).
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I.  Introduction
Throughout this article, we assume that the reader is familiar with the fundamen-
tal results and the standard notations of the Nevanlinna theory of meromorphic functions
which are available in [4, 5, 8, 7]. We also use the standard notations and definitions of
the theory of entire functions which are available in [6] and therefore we do not explain
those in details. Let f be an entire function defined in the open complex plane C and
My (r) = max{|f(z)|:|z] =r}. When f is meromorphic, one may introduce another
function Tt (r), known as Nevanlinna’s characteristic function of f (see [4, p.4]), playing
the same role as My(r), which is defined as
Ty(r) = Ny(r) +mg(r),
where myg(r) and Ng(r) are respectively called as the proximity function of f and the
counting function of poles of f in |z| < r. For details about T¢(r). my(r) and Ny(r) one
may see [4].
If f is entire, then the Nevanlinna’s characteristic function T'y(r) of f is defined

as
2w
1 g
Te(r) = my(r) = D/]og* |f(-rri'15)|d(?'.
21
0
where, logT 2 = max(logz.0) for all # = 0.
Further let ng, n1. ns2. .....n% be nonnegative integers. For a transcendental mero-
morphic function f, we call the expression M[f] = fro(fWym(f@hna (RN to
be a monomial generated by f. The numbers vyyr = ng + ny + no + ... + ng and
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Tar = ng+ 201+ 3ng + oo + (K + 1)ny; are called respectively the degree and weight. of
the monomial. If M7 [f], Ma[f], ....., Myu[f] denote monomials in f, then

Q[f] = a1 My [f] + aaMa[f] + ..... + an My[f],
where a; # 0(i = 1,2, ..., n) is called a differential polynomial generated by [ of degree
Yo = max{j-Mj :1 < j <n}and weight T = max{Ty, : I < j < n}. Also we call the
numbers yg = ) éni;l(l ym; and & (the order of the highest derivative of f ) the lower
& j< s

degree and the order of € [f] respectively. If vg = vg. Q[f] is called a homogencous
differential polynomial. o

Now, first of all, let L be a class of continuous non-negative on (—oo, +o0c) function
« such that o(x) = a(xg) = 0 for @ < 2g with a(z) T +oo as 29 < 2 — +00. We say that
a L, ifael and ala+ D) < ala) +alb) + ¢ tor all a,b > Ry and fixed ¢ € (0, +00).
Further we say that o € Lg, if @ € L and a(x + O(1)) = (1 + o(1))a(x) as ¥ — +00.
Finally, v € Ly if @ € L and a(a+b) < a(a)+a(b) for all a,b > Ry, i.e., av is subadditive.
Clearly Lz C L.

Particularly, when o € Lg, then one can easily verify that a(mr) < ma(r), m > 2
is an integer. Up to a normalization, subadditivity is implied by concavity. Indeed, if
«(r) is eoncave on [0, +00) and satisties a(0) > 0, then for ¢ € [0, 1],

a(tr) altr+(1—1)-0)

ta(x) + (1 —1)a(0) > ta(x),

IV

so that by choosing t = GLH} ort = GLH}T we obtain
(a+b) ® a(a+b)+ —"afa+b)
ala+b) = ——ala ala
a+b a+b

[/

a (aib(am)) ta (aib(cwb))

ala) + a(b), a,b = 0.

As a non-decreasing, subadditive and unbounded function, «(r) satisfies

alr) < a(r+ Rp) < a(r)+ a(ly)
for any Rg > (. This yields that a(r) ~ a(r + Hg) as r — +o0c. Throughout this
paper we assume « € Ly, 3 € La, v € Ls.

Heittokangas et al. [3] have introduced a new concept of @-order of entire and
meromorphic functions considering ¢ as subadditive function. For details one may see
[3]. Later on Belaidi et al. [1] have extended the above idea and have introduced the
definitions of (a, 3, y)-order and («, 3, v)-lower order of a meromorphic function f, which
are as follows:

Definition 1. [1] The (a, 3,7)-order denoted by pa.s-[f] of a meromorphic function

f is defined as:
a(leg(Ty(r))
= limsup———————"".
Praponlf] = b o 0 )
Definition 2. [1] The («a,(3,7)-lower order denoted by A g [f] of a meromorphic
function [ is defined as:
v(log(Ty(r)))

3 - : .C
Ay Lf] = lim inf B (log(y(r)))

In this paper we aim to establish some results depending on the comparative
growth properties of composite transcendental entire or meromorphic functions and some
special type of differential polynomials generated by one of the factors on the basis of
(cv, 3, 7)-order and (o, [3, v)-lower order.
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2. Lemmas
In this section, we present some lemmas which will be needed in the sequel.

Lemma 1. [2] Let f be a transcendental meromorphic function end F = f*Q[f] where
Q[f] is a differential polynomial in f, then for any n > 1
Te(r) = O{Tp(r)} asr — o
and Tp(r) = O{Ty(r)} asr — oc.
Lemma 2. Let f be a transcendental meromorphic function and F = f*Q [f] where
Q[f] is a differential polynomial in f, then for anyn > 1,
B IE] = (e [F] and Aagq) [F] = Nays [
Proof. Let P and @ be any two constants greater than 1. Now we get from Lemma 1
that for all sufficiently large values of r,
Te(r) < P-Tp(r) (2.1)
and
Trp(r) <@Q-Tg(r). (2:2)
Now from (2.1) it follows that for all sufficiently large values of r,
logT¢(r) < logTp(r)+log P,
a(logTs(r)) < aflogTr(r)) + O(1).
)

a(log Ty(r)) a(log Tp(r)) + O(1)
Blog(r)) B(log~(r))
a(logTy(r)) a(logTr(r)) O(1)
li“ii‘iop Bl < P G gat) I g ()
€., P({v,ﬁ,’y) [ﬂ < p(a,ﬁ','y) [F} . (2?‘)

Again from (2.2) we obtain that for all sufficiently large values of r,
logTp(r) < logT¢(r)+logQ,
i.c., a(logTp(r)) < a(logdy(r)) +0O(1)
allogTp(r) _ allogTy(r)) + O(1)
B(log~(r)) B(logy(r))

allogTp(r)) . a(logTy(r)) o(1)
. limsup————+~2 < limsup————- + limsup——————,
r—>+ocl? B(logy(r)) ot Bllog (1) | roie Bllog (1)

ie., Pagy) Fl £ Prpsqy /- (2.4)

Therefore from (2.3) and (2.4), we get that

Pa.8) [Fl = Pasq) [f]-

In a similar manner, Ay g~ [F] = Aa,84) [f]-
Thus the lemma follows. O

3. Main results

In this section, we present the main results of the paper.

Theorem 1. Let [ be a transcendental meromorphic function and g be an entire function
such that 0 < Magy)[fl < plasy[fl < +oc and Aqpg)[f 0g] = +00. Also let F' =
frQf] where Q[f] is a differential polynomial in [ for any n > 1, then

e allog(Tw(r) o0

Proof. It possible, let the conclusion of the theorem does not hold. Then we can find a
constant A > 0 such that for a sequence of values of r tending to infinity

a(log(Ljog(r)) < A - alog(Tp(r))). (3.1)
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It follows from Lemma 2 and Definition 1 that for all sufficiently large values of r,
a(log(Tr(r))) < (P(a,pm 1+ €)Blog(y(r))). (3.2)
From (3.1) and (3.2), for a sequence of values of » tending to +oo, we have

a(log(Tfeg(r))) < Alp(a,smlf] + €)Bog(y(r))).

a(log(Tyog(r))) _
Wﬁé))) < Alpraslfl +€)s

(log(Ttoo(
i.e., lim iufw—f‘q(rn) < 400.
r—+oo f(log(y(r)))
Hence from Definition 2, we have
Aagm)lf 0 9] < +00.
This is a contradiction.
Thus the theorem follows. [l

Remark 1. Theorem 1 is also valid with “limit superior™ instead of “limit” if "Xy g)[fo
g] = +00 7 is veplaced by “pia,p[fog] = +00” and the other conditions remain the same.

Theorem 2. Let | be a transcendental meromorphic function and g be an entire function
such that 0 < Aa,gy)[f] < plapsyf] < +00 and 0 < Aoy g4 [f 0 9] < pay,syfod] <
+oo. Also let F = f"Q[f] where Q[f] is a differential polynomial in [ for any n > 1,

then
Mo, L © 0] .o (log(Treg(r)))
Pas ] = P a(log(Tr(1)
. [ Mayzmfod] P(a].ﬁ,fy)[fo.q]}
< N
_mm{ Ma gl 7 prasqy)f]

< max { Nai,sm)f o .'-S']l Plar.3) [ f © 9] }
Aa,gm S Pa.slf]
1 (log(Tfog(r oy
< lim sllpal( 08(Tfo(r))) < Ples sl © 9]
ro+oo (log(Tr(r))) /\(a,.ﬁ‘,’y)[‘f]
Proof. From Definition 1 and Definition 2, we have that for arbitrary positive = and for
all sufficiently large values of r,

1(10g(Tog(r))) Z (Nar,8m[f © 9] — ) Blog(v(r))), (3.3)

01 (108(Tfog(1)) < (P(ar sy 0 ] + =) Blag(v(r))). (3.4)
Using Lemma 2, we have from Definition 1 and Definition 2 that for arbitrary positive
e and for all sufficiently large values of r,

a(log(Tr(r))) = (Aa,pmlf] — ) Blog(y(r))). (3.5)

and a(log(T (1)) £ (Pa,s)[f] + =) Blog((1))). (3.6)
Again from Definition 1 and Definition 2, we have that for arbitrary positive ¢ and
for a sequence of values of » tending to infinity,

1 (108(Tfog (1)) < (Aar,amLf © 9] + ) Bllog(+(1))). (3.7)
1 (108(Tfog (1)) = (e, © 9] — £) Bllos(7(1)). (3.8)

Also, using Lemma 2, we get from Definition 1 and Definition 2 that for arbitrary
positive £ and for a sequence of values of » tending to infinity,

o(10g(Tr(r))) < (A [f] + ) Blog(3(r))). (3.9)
and a(log(Th(r)) 2 (papmf] — €) Fllog( (). (3.10)
Now trom (3.3) and (3.6) it follows that for all sutliciently large values of r,

(11(10g(Tfog('r))) A(D{[,,{J‘,'r)[f ogl—=
a(log(Tr(r))) = plasylfl+<

As = (= 0) is arbitrary, we obtain that

. . .(-El(log(Tfog("i))) /\(Cu,ﬁfy) [fo';"]
e Moa(Tr (M)~ Papm Tl

(3.11)
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Combining (3.5) and (3.7), we have that for a sequence of values of r tending to
infinity,
a1(log(Tyog(r) _ Mawsy)lf o9l +
a(log(Tr(r)) = Nagylfl—¢
Since £ (> 0) is arbitrary, it follows that
i ing 1108 T rog (1)) < ANan gyl ©4d]
r—+oo a(log(Tr(r))) Ata,sm L]
Again from (3.3) and (3.9), for a sequence of values of r tending to infinity, we get
o1 (log(Treg(1))) Mo glf gl —¢
a(log(Tp(r))) —  Mapsylfl+e

As £ (= 0) is arbitrary, we get from above that

1008(T7og(1)))  Mayslf 04]

(3.12)

o T ) i 7 49
Also, it follows from (3.4) and (3.5) that for all sufficiently large values of r,
(-El(lOg(Tfog(?'))) < p(m,,ﬁ',’y)[f ogl+e
a(log(Tr(r))) — Aapgplfl—¢
Since £ (> 0) is arbitrary, we obtain that
lim51.1p(t1(10g(Tf°g(r))) < Plasglf 0] (3.14)

r—4o00 Q(]Og(TF(T‘))) B A(aﬁ,’y)[ﬂ

Now from (3.4) and (3.10), it follows that for a sequence of values of r tending to
infinity,

o1 (log(Trog(r))) < Pl sy [fogl+=
a(log(Tr(r))) = plasylfl—¢
As £ (= 0) is arbitrary, we obtain that
1]111 lllt( 1(10 '(Tfog(?])) E p(&l,ls,’)f) [f © g} )
r—+oo a(log(Tp(r)) Pla,B.) ]

(3.15)

Combining (3.6) and (3.8) , we get that for a sequence of values of r tending to infinity,
a1 (log(Trog(r))) Plaa gy f o gl —
a(log(Tr(r))) = pasylfl +<
Since = (> 0) is arbitrary, it follows that
log(1" o
Jimm sup a1 (log(Trog(r))) 5, Pleap) [f oyl
r—too  (log(Tr(r))) Pla,By) [f]
Thus the theorem follows from (3.11),(3.12),(3.13), (3.14), (3.15) and (3.16). O

(3.16)

The tfollowing theorem can be carried out in the line of Theorem 2 and therefore we
omit its proof.

Theorem 3. Let [ be a transcendental meromorphic function and g be a transcendental

entire function such that 0 < Aag09] < Plaslg] < +o0 and 0 < A, g [fog]l <

Pla,B.) [fog] < +oc. Also let G = ¢g™Q [g] where Q [g] is a differential polynomial in g.

Then for any m > 1,

Ala ' g o
(@18 © 4] T 1(log(Tfeg(r)))

Ple,8,7) [4] r—+oe  a(log(Ta(r)))
< min { A py)lf © g]‘ Ploa,Bf 04l }

Aasm 9] Plasmlg
P { A(a1,5,’r) [f oyl ) Pla1,8,7) f o g
)\(:1-,.3,7) [g] p(ﬂ B.:7) [q
< lim sup- a1 (log(Tyog(7))) < PlerB) [f oyl ‘
rotes allog(Te(r)) Masnd]
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