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I. Introduction:

Banach [1] contraction principle is a very useful simple and classical tool in modern analysis and plays an
important role for solving existence problem in various field of sciences. It is the first principle to get a fixed
point for a self mapping on a complete metric space. Many researchers had generalized the Banach contraction
principle see [3,4,5,10].

In 2012, D. Wardowski [9] introduce the concept of (¢, F) — contraction in metric space and proved some fixed
point theorems. In 2022, Mohamed Rossafi [7] proved the fixed point theorem of(¢, MF) — contraction in C*
—algebra valued metric space.

In 2015, Ma and Jiang [3] established the notion of C* —algebra valued b- metric space and proved some fixed

point theorem for contractive type mappings.

Throughout this paper, we suppose that A is a unital C*- algebra with a unit /4. Set An= {x € A: x = x*}. We call
an element x € A a positive element, denote it by x > 6. Using positive elements, one can define a partial

ordering < on A as follows: x < yifand only ify — x > 0, where 6 means the zero element in A. Now A+ = {x

1
€EA:x>0}and |x| = (x7, x)2.

1I. Preliminaries:

In this section, we shall give some basic definition which will be used in sequel.

Definition 2.1.[3] Let X be a non-empty set s > [4. Suppose the mapping d: X X X — A satisfies:

(1) 6<d(x,y)forallx,yeXandd(x,y)=0=x=1y;
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(1) d(x,y) =d(y,x) forall x,y EX;

(111) d(x,y) < s[d(x,z) + d(z,y)]forall x,y,z€ X.
Then d is called C* algebra valued b- metric on X and (X, A, d) is called C*- algebra valued b- metric space.

Definition 2.2.[3] Let (X, A, d) be a C*- algebra valued b- metric space. Let {xn} be a sequence in X then
(1) {xn} is said to be Cauchy if for all § < c, there is N € N such that for all n,m > N
d(xn, Xm
(1) {xn} is said to be converges to x if for alld < c there is N € N such that for all n>N

(111)(X, A, d) is a complete C*- algebra valued b- metric space if every Cauchy sequence is convergent in
X.

Definition 2.3.[9] Let F be the family of all functions F: R+ —» R and & be the family of all the functions
¢:[0,00) — [0, o0) satisfying:

(1) F is strictly increasing.
(i)  For each sequence {xn} of positive numbers
limxn= 0 if and only iflimF(x,) = —oo

n—0 N-oo
(i11))  liminf s-a*¢(s) > 0 for all s > 0.

(iv) There exists k€ [0,1] such that limx-oxkF (x) = 0.

Definition 2.4[9] Let (X, d) be a complete metric space. A mapping T: X — X is called a(¢, F) — contraction on
(X, d) if there exists FE F and ¢€ ® such that

d(Tx,Ty)) > 0= Fd(Tx, Ty)) +¢(d(x,¥)) < F(d(x,y))
For all x, y€X for which Tx # Ty

Definition 2.5[10] Let (X, d) be a complete metric space. A self-map T: X — X is called a(¢p MF) — contraction
on (X, d) if there exists T > 0 such for x, y €EX

M(Tx,Ty) >0=1+4+ F(M(Tx, Ty) < F(M(x,y)), where

M(x, ) = max{d(x, ), d(x, Tx), d(y, Ty), “ET2440Ty

Definition 2.6[11] Let the function ¢* [0, co] = [0, o] be positive if having the following constraints :

(1) ¢ is continuous and non- decreasing
(11) ¢(a) =0 ifand only ifa=6
(111) lim¢n(a) =6

n—oo

Definition 2.7[11] Suppose that A and B are C* —algebras.

A mapping¢: A — B is said to be C* —homomorphism if :
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(1) ¢(ax + by) = ap(x) + bep(y) for alla, b € Cand x, y € A

(i1) ¢(xy) = p(x)p(y) forallx, y€ A
(i)  ¢(x*) = p(x)*for all x € A (iv)¢p maps the unit in A to the unit in B.

III. Main Results:

In this section, we shall prove some fixed- point results for the (¢, MF) — type contractions in
C*- algebra valued b- metric space.
Definition 3.1. Let
F:A+— A
be a function satisfying followings

(1) F is continuous and non decreasing.
(i1) F(t) = Oif and only if t = 6.

A mapping T : X — X issaidtobea (¢, MF)- C* —algebra valued b- contraction if there existg: A+ — A a

mapping such that

M(Tx, Ty) 20 =>FM(Tx, Ty)) + p(M(x,y) S F(M(x,y)) forallx,ye X (1)

d(x,Ty)+d(y,Tx)
2s

Where M (x, y) =max{d(x, y),d(x, Tx), d(y, Ty), 1.

Theorem 3.2.Let (X, A, d) be a complete C*- algebra valued b-metric space and letT : X — X be a (¢, MF)- C*
—algebra valued b- contraction mapping.

ThenT has a unique fixed point.

Proof: Let xo € X be arbitrary and fixed. Define a sequence{xn} by xn+1 =T xn for alln € N.

Clearly, ifxn+1 = xn, then xo is a fixed point of T and is unique.
Define dn=d(xn+1, xn);n=0,1,2,3,.....
Suppose that xn+1# xu for every n € Xthen dn> 6 for all n € N and using (1)

F(M(TXn, TXn+1)) + d)(M(Xn, xn+1)) < F(M(Xn, xn+1))

Where M (xn, xn+1) =max{d(xn, xn+1), d(xn, Txn), d(xn+1, Txn+1), d(x”‘Tx”“);sd (x"“'Tx”)}

d(xXnTxn+1) +d(xn+1‘Txn)}

=max{d(Xn, Xn+1), d(Xn+1, Xn+2), »

d(xn‘xn+2}
2s

=max {d(xn, Xn+1), d(Xn+1, Xn+2),

Using the triangle inequality, we have

d(xp, Xniz < s[d(xn, Xp41) + d(Xp1, Xns2)]

2s 2s
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— d(xnﬂxn+1) + d(xn+1t xn+2)
2

<max {d(xn, Xn+1), d(Xn+1,Xp42)}

Consequently, we drive that

M(xn, xn+1) = max {d(xn, xn+1), d(xn+1, xn+2)}.

And

M(Txn, Txn+1) = max {d(xn+1, xn+2), d(xn+2, xn+3)}.
If d(xnxp41) < d(Xp4q, Xnyo) for all n€ N, then

M(xn, xn+1) =d(xn+1, xn+2) and M(Txn, Txn+1) =d(xn+2, xn+3).
Then
F(M(Txn, Txn+1)) + ¢(M (%0, Xp11) S F(M(xy, X541))
Implies
F(dGins2r¥45)) < F(@Gins1,¥12)) = B(d(Fns1s ¥042)) < F(A(Fns1, ¥ns2))which a contradiction.
Now xnt1 7 xx for every n€ Xthen drn> 6 for all n € N and using (1) the following holds for every n€ N

F(dy) < F(dp-1) = ¢(dn-1) < F(dp-1) @

Hence F is non decreasing and so the sequence (d») is monotonically decreasing in A.So there exist 0 <t € A
such that

d(xn, xn+1) — tasn— oo From (2) we obtain limF (d,,) = 0 that together

with (ii) gives
Nn—oo
Now we shall show that {x»} is a Cauchy sequence in (X, A, d).

Letn,p € N. Then

d(xn, xnt p) < S{d(Xn, Xn+1) + d(Xn+1, Xn+p) }

< Sd(xn, an+1) + s2{d(xn+1, xn+2) + d(xn+2, xp)}
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< Sd(xn, xn+1) + s2d(xn+1, xn+2)+ ... +sr-1d(xn+p—1, xn+p). Taking the limit as n — co we get
limd(Xn, xn+p) =0.

Thus{xx} is a Cauchy sequence. Since the space is complete,
There exist x€ X such that limx,= X.
AgainT is continuous. Therefore limTx»= Tx i.e. limxn+1 = X=Tx.
Thus x is a fixed point of T'.
To show the uniqueness, let y be another fixed point of T
Then by given condition
F(M(Tx, Ty)) +¢(M(x,¥)) < F(M(x,y))
=FM(x,y)) < F(M(x,y)) — ¢M(x, )
Which is a contradiction.
ThereforeT has a unique fixed point in X.

Example 3.3 Let X = [0,1]and A= R2Then Aisa C- algebra valued b-metric space with norm defined by
IGe )l = 2+ Y22

And letd: X X X - A on X be defined by

d(x,y) = (lx =yl 0)
Then (X, d) isa C« algebra valued b-metric space with s = 2

A mapping T :X — X given by Tx = xzjis continuous with respect to A.
Let F: A — A . Define by

Feoy) = ()0

It is clear that F satisfies (i) and (ii).

Now M(x,y) =d(x,y) and

x+1 y+1) x+1 y+1 x-y
2 2 -

(M(Tx, Ty)) =d(Tx, Ty) = d (5=, 2+

We have F(M(Tx, Ty)) = F(d(Tx, T)) = ( (22,2 ) Yz (2
() -3 =)

And 4\ 2 2 - 2\ 2 .

T satisfies all the-eendition of(¢p, MF) contraction with

1 —
O(MCxy)) =5 2

ThereforeT has a unique fixed point . Clearly 1 is the unique fixed point of T.

Theorem 3.4 Let (X, A, d) be a complete C - algebra valued b-metric space and let T: X — X be a (¢, MF)-
C* —algebra valued b- contraction of Hardy Rogers type where
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m(x, y) = ard(x, y) + a2d(x, Tx) + azd(y, Ty) + asd(x, Ty) + asd(y, Tx) and = 0, i €
{1,2,3,45}and a1 + @2+ az + 2sas + as < 1.

Then T has a unique fixed point in X.

Proof: Let x0 € X be arbitrary and fixed we define a sequence{xn} ,xn+1 = T xn for alllEN .Clearly, ifx+1= x»,
then xo is a fixed point of T and is unique. Now we show that

limn—ood (xn, xat1) = 0 We have

M(xn, xn+1) = ald(xn, xn+1) + a2d(xn, Txn) + a3d(xn+1, Txn+1) + a4d(xn, Txn+1) +
a5d(xn+1, Txn)

= ald(xn, xn+1)+a2d(xn, xn+1) + a3d(xn+1, xn+2) + a4d(xn, xn+2) +

asd(Xn+1, Xn+1)
< (a1t az+ sa4)d(en, xn+1) + (a3 + sad)d(xn+1, xn+2),

andM (Txn, Txn+1)) = ald(Txn, Txn+1) + a2d(Txn, T2xn) + a3d(Txn+1, T2xn+1) +

asd(Txn, T?xn+1) + as(Txn+1, T?xn)
= ald(xn+1, xn+2) + a2d(xn+1, xn+2) + a3d(xn+2, xn+3) +

a4d (Xn+1, Xn+3) + d(Xn+2, Xn+2)
< (a1 + az + saa)d(xn+1, Xnv2) + (@3 + saa)d(Xn+2, Xn+3),
If d(xn, xn+1) < d(xn+1, xn+2)
Then
M (xn, xn+1) <(a1+ a2+ az + 2sa4)d(Xn+1, Xn+2)
And
M(Txn, Txn+1)<(a1+ a2+ as+ 2sas)d(xn+2, Xn+3)
Then

F((a1+ az+ as+ 2sas)d(xn+2, xn+3)) < F((a1+ az + az + 2sa4)d (xn+1, Xn+2))
—¢(a1+ a2+ az+ 2sa4)d(xn+1, Xn+2)

Using the property of Fand ¢pwe have

F(d(xn+1, xn+2)) < F(d(xn, Xn+1)) — d(d(xn, Xn+1)).

Since (a1+ az+ as+ 2sas) < 1.

There exists x € Asuch that limn-ewd (Xn, Xn+1) = x.

Taking n — oo in F(d(xn+1, xn+2)) < F(d(xn, xn+1)) — ¢(d(xn, xn+1))

We have F(x) < F(x) — ¢(x) which is a contradiction unless x = 6.
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Hence limn—ood(xn, xn+1) = 6.

Now we shall show that {xn} is a Cauchy sequence in (X, A, d).
Letn, p € N. Then

d(xn, Xn+p) < s{d(xn, xn+1) + d(Xn+1, Xn+p)}

< sd(xn, xn+1) + s2{d(xn+1, xn+2) + d(xn+2, xp)}

< sd(xn, Xn+1) + S2d(Xn+1, Xnt+2)+ ... +SP7Id(Xn+p-1, Xn+p). Taking the limit as n = oo we get limd (xn, Xn+p)
=0.
Thus{xx} is a Cauchy sequence. Since the space is complete. Thereexist x € X

such that limx, = x.

AgainT is continuous. Therefore limTxn= Tx i.e. limxn+1=x =Tx.
n—oo n—oo

Thus x is a fixed point of T.

To show the uniqueness, let y be another fixed point of T. Then by given
condition

FM(Tx, Ty)) + ¢(M(x, y)) < F(M(x, y))
=FM(x,y)) S F(M(x,y)) — p(M(x, y) < F(M(x, y))
Which is a contradiction.
ThereforeT has a unique fixed point in X.

Corollary 3.5. Let (X, A, d) be a complete C*- algebra valued b-metric space and let T : X —
X be a (¢, MF)- C* —algebra valued b- contraction of Banach-type, where

M(x,y) = ad(x,y)and 0< a <1.

Then T has a unique fixed point in X.

Corollary 3.6.Let(X, A, d) be a complete C*- algebra valued b-metric space and letT : X —»X bea (¢, MF)- C*
—algebra valued b- contraction of Kannan-type, where M(x, y) = s{ad(x, Tx) + fd(y, Ty)}and0 < a + <
1.

Then T has a unique fixed point in X.

DOI: 10.35629/0743-11124350 www.questjournals.org 49 | Page



Fixed point theorem for (@, MF)— contraction on €* —algebra valued b- metric space

Corollary 3.7. Let (X, A, d) be a complete C*- algebra valued b-metric space and let T : X —X be a (¢, MF)-
Chatterjea-type C* —algebra valued b- contraction, where M(x, y) = s{ad(x, Ty) + fd(y, Tx)}and Ve, =
0,0+ <1

Then T has a unique fixed point in X.

Corollary 3.8 Let (X, A, d) be a complete C*- algebra valued b-metric space and let T : X =X be a (¢, MF)-
Reich-type C*—algebra valued b- contraction, where

M(x,y) =s{ad(x,y) + fd(x, Tx) + yd(y,Ty)} and Vo, B,y =0, a+ f +y < 1.
Then T has a unique fixed point in X.
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