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Abstract

We study, following the authors in [27], the estimates boundedness of unimodular Fourier multipliers on
Wiener amalgam spaces. For a real-valued homogeneous function p on R**€ of degree e > 0, we also show
the estimate boundedness of the operator e® between the weighted Wiener amalgam spacesW, *<**%¢ and

Wltel+2e forall 0 < e < wwands > (1 +¢€) [ | ] This inference is shown to be optimal

2(1+€) |(1+6)(1+26)
1 1 1

for regions max( —)<— and mln( —) —Hence we show sufficient conditions for the
1+2¢’ 2 1+ 1+2¢’2

boundedness of e #(®) on Witel+2€ for 0 < e < 2.
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l. Introduction

A Fourier multiplier o(D) in R**€ is an operator whose action on a sequence of test functionsf; is formally
defined by

1 N
oD = Gy Z e (E)f, ()d.

The function ¢ is called the symbol of the multiplier or simply the multiplier. One can rewrite this operator as a
convolution operator

a(D)fr(x) = & * f(x),

where & is the (distributional) inverse Fourier transform. These operators are closely related to bounded
translation invariant operators(see [14, 15]) and have immense applications to PDEs (see [5, 17, 20]).

In particular, unimodular Fourier multipliers a(D) = eilPI*™ arise naturally as formal solutions for Cauchy
problem for dispersive equations. The cases (2 + €) = 1, 2,3 are of greatest interest because they correspond
to theresearch in wave equation, Schrodinger equation and Airy equationin order. Estimates boundedness of
these multipliers on a particular space S means that the S-properties of the initial condition are preserved by
time evolution.

The study of Fourier multipliers (problems) is to relate the boundedness of a(D) on certain spaces to that of the
properties of the symbol a. In L1*€ the full resolution of this study is known as the Hérmander-Mihlin multiplier
theorem (see [15]).Unfortunately, unimodular Fourier multipliers excludes the use of Hérmander-Mihlin due to
singularity of the derivatives at the origin and large derivatives at infinity. In fact, the operator ellpI**

bounded on L'*€ if and only if € = 1 (see [16]). In view of this unboundedness in L'*€,unimodular Fourier
multipliers are studied in [3] and [18] in more suitable space, the modulation space M1*€1*2¢ \where they
proved boundedness. Now we say thatmodulation spaces are defined by measuring the time-frequency
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concentration of functions or distributions in the time-frequency plane. Concrete definition of modulation spaces
will be given in the nextsection.

In [3] they showed the boundedness of eilPI*** on M1tel+2¢ for 0 < e < 2(the result for ¢ = 0 has been
already known before from [25]). An extention of this result was given in [18] which is stated as follows: for

€ > 0 the Fourier multiplier operator e‘?!**® is bounded between the weighted modulation space M2*€'*2€ and
—_ S

M1+6'1+2€, for s > (E)(l + E)|2(11+EE)|- Here MS1+6,1+26 — {fr es’ (R1+€) : (1 _A)Efr € M1+€,1+2€} and s

represents loss of derivatives.

We study following, J. Cunaran M. Sugimoto [27], the boundedness of the unimodular Fourier multipliers
eP1** with € > 0 on Wiener amalgam spaces W1+€1+2¢_ Similar to modulation spaces, Wiener amalgam
spaces have been recognized to be appropriate in studying PDE problems since they treat local and global
beheaviour of functions separately. There exist an important relationship between modulation spaces and
Wiener amalagam spaces, namely, Witel+t2e = Fpl+26l+e |t is good to remark that boundedness of Fourier
multipliers in W1+&1+2€ js equivalent to boundedness of pointwise multipliers in M*2€1%€ and vice versa.

The main result is stated as follows.

Theorem 1.1 (see [27]). Let ¢ > 0 and u be a real-valued homogeneous function on R*¢ of degree (2 + €)
which belongs to C®(R!*€\{0}). Let 0 < e < o and s € R. Then Fourier multiplier operator e#® is
bounded from W' *€1+2€(R1+€) to Wlte1+2€(R1+€) whenever

1—¢€ €
s>1+e¢€) [6 |2(1 T 6)| + |(1 +e)(1+ 26)”'

We note the analogy of this theorem with the result in [18] for the case on Wiener amalgam spaces.

In the following theorem we prove optimality of the threshold in Theorem 1.1 for certain values of (1 + €) and
(1+ 2e).

Theorem 1.2 (see [27]). Let € = 0 and u be a real-valued homogeneous function on R1*¢ of degree (2 + €)

which belongs to C*(R*€\{0}). Suppose there exist a point &, # 0 at which the Hessian determinant of u is

not zero. Let max(L,l) <—or min(;,l) >-1 Lets € Rand suppose the Fourier multiplier operator
1+2€ " 2 1+€ 1+2€" 2 1+e€

e™(®) js hounded from W, TE1*2€(R1+€) to Wi+E1+2€(R1*€), Then

— € €
Tolt |(1 Toa+ 26)”'

1
s 2(1+6)[6|2(1

Although we have yet to prove Theorem 1.2 for any 0 < € < oo, the case e = 0 recaptures [4, Proposition 6.1].
It states that if the pointwise multiplier operator Af.(x) = e £.(x)is bounded from M1*&1+2€ 1o pi+ei+2e

then s = (1 +¢€)]| m |. The significance of this proposition is that it showed sharpness of the threshold

computed for boundedness of Fourier integral operator(FOI) on modulation spaces M1t€1+2€ with decay

2
condition on its symbol. One should observe the fact that A is a FOl whose phase ®(x,n) = xn +% and
symbol o = 1.

We give the basic notations and definition of terms to be used within this paper. Also, we define Wiener
amalgam spaces, modulation spaces and give some of their important properties. In particular, we state
thedilation property of Wiener amalgam spaces and a lemma that provides sufficient condition for the
boundedness of Fourier multipliers on W1*€1+2€ We layout the proof for Theorem 1.1. Moreover, we give
sufficient conditions for the boundedness of e“® for e > 0 (not contained in Theorem 1.1). Finally we prove
Theorem 1.2.

1. Preliminaries

We denote the Schwartz class of test functions on R*€ by § = S(R*€) and its dual, the space of tempered
distributions, by S’ = S(R*€). The Fourier transform of £, € S is given by

PO =@ = [ Y eihmar
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which is an isomorphism of the Schwartz space S onto itself that extends to the tempered distributions S’ by

duality. The inverse Fourier transform is given by F~1f,.(x) = f.(x) = mfnwf e *f.(&) d€. Given

+e

0 < € < oo, we denote by (17) the conjugate exponent of (1 + €) (i.e. ﬁ + i = 1). We use the notation

u < v todenote u < cv for a positive constant ¢ independent of u and v. Also, we use the notation u = v to
denote cu < v < Cu for universal positive constants ¢, C. The translation and modulation operators are
defined by T, f.(t) = f.(t — x) and M:f,.(t) = e!tS£.(t), respectively. The scaling operator is given by
Upfr(©) = f(AD).

Let s € R , we denote the weight function (£)* = (1 + |€]?)S/2,E e R™*€. For 0 < e <oo,s ER , the

Wiener amalgam space W' *1*2€ is defined as the closure of the Schwartz class with respect to the norm

1
1+e Tre
1+2€

1+2
||fr||Ws1+e.1+2e = J- J- Z |l{,rfr(y, wr)| E<wr)s(1+25) dw, dy ,

where V,_f, is the short-time Fourier transform (STFT) of f. € " with respect to the window 0 # g, € S
defined by

o) = | H©5G - etz

If s = 0 we simply write W'*€1*2¢ instead of W, *“'**¢. Moreover, in some event, we use the notation
W (FL1*2€, [1T€) = Witelt2€ We note that this definition is independent of the choice of window g,.
Alternatively, we could use the following equivalent norm

[ llrensze = |1k 0,0 = OS] oo

p1+e’
where @, € S satisfying

suppe, < (=1,1)'*“and Z Z 0§ —k)=1 VEeRM™

kezl*e  r
Here we collect some properties of Wiener amalgam spaces.
Lemma 2.1 (see [27]). Let1 < e <o ands; € R,j = 1,2. Then
(1) S > W1+€,1+2€ N S';

1 1
1+2€e I 1+2€

11 <

I '\ ol 11t )
R 2 1+€e 2 1+e

Figure 1. The index sets(see [27]).
(2) Sis dense in W1te1t2€ jf ¢ < oo;
(3) If € > 0’ then W1+3E,1+4E N W1+55,1+6e;

(4) (D)~S : witel+ze _, p1+€1+2€ js an jsomorphism.
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(5) (Convolution) If FL14€ « FLIT6€ — FL1+2€ and [113€ & [1+5€ 5 [11€ then
W(TL1+4E L1+36) % W(TL1+66 L1+56) N W(TL1+2€ L1+€).

In particular, ||fr * u||W(TL1+26’L1+E) < ||u||W(_’FL°°,L1)||ﬂ||W(?L1+2€,L1+€);

(6) (Complex interpolation) For 0 < 8 < 1. Let— =2 + 1_9, L= % 1% ds = Os; +
( 1+e 1+3€ 1+5€ 1+2€ 1+4€ 1+6€
1 —6)s,. Then

[WS:1L+36,1+4E'VVS§+5€,1+66][9] — VVS1+E,1+2€;

1+€ 1+2€

(7) (Duallty) (VVS1+€,1+26)’ — W_ST‘ 2€ .

For the proofs of these statements (see [9, 10, 11, 13, 25]).

We now recall the definition of modulation spaces M1*€1*2€ For 0 < € < oo, s € R, the modulation space

MI*e1*2€ is defined as the closure of the Schwartz class with respect to the norm

1

1+2€ m
1+2
|Ife] arensee = f j Z Vo )| dy | (0,00 dw, |
s \]R1+é ]R1+é T /
Analogous properties to Lemma 2.1 are known for modulation spaces. We introduce the following indices
1 1 1
[ i,

1+2¢ "1+4+€ 1+ 2¢

—€ 1
if , €l 1
TrelGaeTyzd €h @
1
f )
(1+e 1+ 2¢

)EL

|
u1(1+26,1+6)=i
d i El;
Udrzoa+re ) €15
and
11
1+261(1+6'1+26
—€ 1
)EL (2)

f
1+61 (1+6'1+26
€ 1

Carzoa+o i Grete2e

) €L

(1 +2¢,1+¢€) =

) €l .

Here we collect properties of the dilation operator in Wiener amalgam spaces by extending the result in [23].

Lemma 2.2 (see [27]). Let 0 < € < oo, and 1 # 0. We have the following inequalities.

1)

Z Upfr

T

< M—l|1+e+(1+e);¢2(1+2€,1+e) Z ”fr”W1+e,1+zeV Ml > 1,
witei+2e r

Vfr IS W1+E,1+26(R1+6)
)

z Uafr

r

< M—l|1+e+(1+6)ﬂ1(1+26,1+6)Z Ifrlli+er+2eV 0 < |A] < 1,
witel+ze -

vfr € W1+E,1+26(R1+6)
@)
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z Urfr

r

= |/1—1|1+E+(1+6)ﬂ1(1+26,1+€) Z ||ﬂ||W1+s,1+ZeV |/1| > 1,
wltel+2e r

Vﬂ € W1+E,1+2€(R1+E)
(4)

Z Uafr

r

= |/1—1|1+E+(1+E)[,L2(1+26,1+E) Z ||ﬂ||W1+e,1+25V 0 < Ml <1,
witel+2e r

Vf € W1+E,1+2€(R1+6)
g

Proof. We use the dilation property of Fourier transforms and thefact that FM1t261+e = pitel+2e \We know
that U, f,.(§) = A~ f(A71¢). Based on [23] we have

Z Upfr

r

< |,1|<1+f>ﬂ1<1+26'1+6>z Ifllyiszenre 4] = 1
T

M1+26,1+E

Equivalently, we have

> R

Inequality (2) follows from the change of variable A = 1/A. All the remaining estimates follows the same proof
by using the appropriate inequality in [23].

|/1|—(1+e)

< |/1|(1+e)u1(1+25,1+e)z ||fr||W1+s,1+Ze |l| > 1
p-

W1+é,1+26

In the following lemma we give sufficient conditions for a Fourier multiplier to be bounded in
W1+€,1+26(R1+E).

Lemma 2.3 (see [27]). A Fourier multiplier operator o(D) is bounded on all Wiener amalgam spaces
witeltze(Ri+€) fore > 0and 0 < € < oo whenever ¢ € M™1,

Proof. We use the convolution property of Wiener amalgam spaces stated in Lemma 2.1. Since FL® *
FL'*2€ » FLM2€ and Lt « L1 - 146, we have W (FLM2€, [1€) « W(FL®,LY) © W (FLM2€, [1€) with

S o

r
W1+€,1+2€

3 [/ P S 73]
T

By the relation FM1*t2€1+e = W (FL1*2¢, [1*€) we conclude that if 0 € M*1,6(D)f, = & * f, is bounded on
W1+€,1+2€(R1+€).

The next corollary follows directly from Lemma 2.3 and [3, Cor. 15].

Corollary 2.1. If 0 < € < 1, then e!!?1** is bounded on W1*€1+2¢ for all 0 < € < oo.

I11.  Sufficient Conditions for the Boundedness of ()

This section contains the proof of Theorem 1.1. In addition, we give sufficient conditions for the boundedness of
e on Witel+2¢ for 0 < e < 2 which is not covered by Theorem 1.1. Throughout, y € C§°(R**€) will
denote a test function such that

if1E] > 2
ifle] < 1
<y < 1if1 < [¢] < 2.

x@) =

S = O

Moreover we let (&) = (1 — x(§)).

1+e

Lemma3.1[27]. Let] = [—-] + 1.Suppose that 9"rm € L*(R'*€) for all y,. € N'*€,|y,.| < J.Then
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1+€
2]
1-Lre 2
I ol < Climll, ™ (> formlle | 3)
lvrl=J r

The proof of this lemma can be found in [21].

Lemma 3.2 (Lemma 3.1 of [18]). Let m be a bounded function on R**€ with compact support. Suppose that m
1+

is of class C[ 2 ]“(IR“G\{O}) and suppose there exists e > 0 such that

D | <) g lgletnd

] + 1. Thenm € FL.

1+e
2

for || < [
For the reader convenience we have the following lemmas:

Lemma 3.3 (see [27]). For s > 0, the function |£|5/(1 + |&]|%)z is an element of M*1.
Proof. We write

g KP 72 + 1$1°

s = s 5(1 _X(f)z)
T+ 1E1»2 A+ €12 (1 + [§12)z

The second term in the sum can be distinguished as an element of C*¥ < M** for some k. For the first term, we

splitinto |€]°x (&) - L)s where the second factor is again in C* and by Lemma 3.2 the first factor belongs to
(1+1§13)2
FL' € M**, This ends our proof.
1+€
Lemma 3.4 (see [27]). Lete > 0,s € Rand let u be a real-valued function on R*¢ which belongs to C[T]“
supported away from the origin satisfying

Z arru($)

T

1+e€
<> GO ory, e Nt <[5+ 1 @)
4

(1+€)?

Setm(§) = ®()|¢]5e*®, & e R™*E If s > — — thenm € F~'L",

Proof. Let ®y(§) = &) — P(é/2) and let (&) = &y (277¢) for v e N so that (&) = Yy Py ().
Let m, (&) = @, (&)|&]|~5e*©, Then from (4) and Leibniz rule we have

1+e€

> m@l =) 62O or | < [ + 1.
T T
Hence,
> @ sy e o
r LZ r
and
v(1+€)

Imyll, s272 7

for [y, | < [%] + 1.Therefore, by Lemma 3.1 we have

V(1+€)2
2

—Vs

171 m)l,, s 2

Finally, we see that
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v(1+s)2_s
Z F1(m,) sz 2m T,

VEN Lq VEN

IF 1l <

(14€)?

where the series converges whenever s > —

1+€
Lemma 3.5 (Lemma 3.2 of [18]). Let € > 0. Suppose u is a real-valued function of class C[T]“(JR%“E\{O})

satisfying
| G lgle

p-
] + 1. Thenne'* € FL! for each n € S with compact support.

1+e
2

forly,| < [

Proposition 3.1 (see [27]). Let e > 0,s € R and u be a real-valued function on R*¢ which belongs to
1+€
C[T]”(]R{“E\{O}) satisfying

>
(1+€)?

If s > ===, then e™(®) is hounded from W, F&1*2€ to witel+ze,

1+¢€
sz C, [E|AtOlfory, € N1*E, |y, | < [T]+ 1. (5)
T

Proof. We use property 4 of Lemma 2.1.Hence, by Lemma 2.3 we have

”ei#(D)” 1+€61+2
L(wrtert2e yiteitze)

= ”D_Sei'u(D)”L(W1+e,1+2s,W1+e,1+2s) s ”(f)_Se_iH(a”Moo,r (6)

Now, we only need to show that §~Se& € M1, To do so, we rewrite

&5 = g, 4 o, @)

where o, = x()& e & and g, = (1 — x(&))é~Se &, Then by Lemma 3.5, o, € FL' ¢ ML

Meanwhile, we write o, = Ls ®(&)|&|5e™ . By Lemma 3.3 and Lemma 3.4, both factors of o, are in
1 +1£12)2

M1, We conclude that o, is also in M*1. by using the multiplication property of modulation spaces. This ends
our proof.

Remark 3.1.1. By interpolation, Proposition 3.1 implies Theorem 1.1 for 14+ ¢ < 1+ 2¢ < 1—:6 and 1—:6 <

1*2€ < 1+ Indeed, take (1 +€,1 + 2€) = (1, ), then interpolating with [18, Theorem 1.1] for Wi+el+e

2¢e T

yields the desired threshold for s.

2
Remark 3.1.2. For 0 < € < 2, an improvement of the estimate s > % can be done with the use of [3,
Theorem 1], where the boundedness of e on M1*el+e = wi+el+€ js known. We interpolate with the case
(1+€)?
| .

€

(14+¢€1+2¢) = (1,) to get the improved estimate s > oo

The proof of Theorem 1.1 relies on the following lemma that gives sufficient condition for the inclusion
property of weighted Wiener amalgam spaces.

Lemma 3.6(see [27]). Let 0 < e < ooand s;,5, ERIf €< 0 and s, —s, > (1 +€) (m),then
I/Vsi+e,1+2€ N M/Si+e,1+36.

Proof.We write ~oc 4 —<
+2€ 1+2€

f' = lands, = s; + (s, — s;).By Holder’s inequality we have

D0, (0 = Il avee

r

”fr||W512+e,1+3e =

L1+€

DOI: 10.35629/0743-11021524 www.questjournals.org 21| Page



Various Unimodular Fourier Multipliers on (Weighted) Wiener Amalgam Spaces

SZ Ik (D = K fy 3l prozell a+e[l{Ck) 10 (D — k)fr}||{(1+252(61+3€)-

-
Since (s; — SZ)M > 1+ €,we have our desired result.

We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1(see [27]).Using the fact that M1te1te = wltel+étogether with the result in [18],
we conclude the boundedness of the operator
etn(D). Wsiﬂ'lﬁ N W1+e,1+6’
1-€

2150 |.By Lemma 2.1 witelt+e o pltel+2efor ¢ > (0, On the other hand, setting € =
0and s = s,in Lemma 3.6 gives us the inclusion W, ¢'*2€ Wit *ewhen s —s5, > (———) and € >
1 s S2 2 (1+2¢€)
0.Thus, the multiplier operator e(®); W l*e1*2€ , yi+el+2€js phounded for e > Owhenever s >

(1+e€) [e |2(1:€) + |((1+6)§1+26))”.The case for € < 0is achieved by duality. This ends our proof.

4. Necessary Condition
Here we give the proof of Theorem 1.2 which establishes the optimality of the threshold obtained in Theorem
1.1. We need the following lemmas.

Lemma 4.1. Consider the function M;1(x) = e™*¢_ Its short-time Fourier transform is given by

Vi Me D)y, @) = e¥ g (. — §)).
This follows easily from direct computation.
Proof of Theorem 1.2(see [27]).Our proof is an adaptation of the arguments used in [18, Section 5].
It suffices to prove Theorem 1.2 only for pairs (14 ¢€,1+ 2¢) satisfying 1+ € < 14 2e < 2,that is, the
shaded region in Figure 2. Indeed, suppose, for contradiction, that e?*®js bounded from wrodotg wrodofor
some  (1/po,1/qe) in Ty\Tysuch that s <@ +e€)(e)(1/po—1/2)+ 1 +€e)(1/po—1,q,).Then,
interpolating with the estimate for point (1,0) and s = (e)(1 +¢€)/2 (by Theorem 1.1) would yield an
improve estimate for all points of the line segment joining (0,1) and (1/py, 1/q,) inside T, which is not
possible.
From the assumption we have the estimate:

> ey,

r

where s, > (1 + €)(¢€)]

<€) Ifllyrsersacvs; € SR ®)
C

W1+€,1+26

1 1
1+2el+ 2¢

el
11

011 1 01 1
2 1+€e 2 1+e€

Figure 2(see [27]).

Let f.be a fixed Schwartz function whose Fourier transform is supported in a small neighborhood U <
R*€\{0}of the point &,in the assumption and is equal to 1 in some neighborhood of &,.Using the dilated
U,f- A = 1,in the above estimate gives us

Z U, A0 (AD)S . < CZ U follyrensac,
T T

since e*@)(DY=SU, = U e P)(AD)~5.Using the dilation properties of Wiener amalgam
spaces given in Lemma 2.2 we have

wltel+2e

M I 1+e+(1+€)uy(142€,1+€)

Z ei”(AD)(AD>_sfr

r

W1+E,1+26
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< CM|1+e+(1+e)u1(1+26,1+e) Z ||fr||W1+s,1+25. (9)

p-
We now compute for a convenient lower bound of (9). Applying Lemma 4.1 and by interchanging the integrals
we see that

V(D)D) £ ) (v, w)

= (2(1+¢€)~ 9

J’ eWEHATUO G — EYAE)SFL(E)dE|.
R1t+€

Taking the integral over |w,| < 1 we have

Z ”%r(ei#(AD)(AD)—Sﬁ)(y,.)”LHZG

r

1+2€ 1+2€

dw,

> (2(1 +€))~(+9 f

f Z Ly§+le+EIi(f)gr(wr f)(ﬂf) Sﬁ,(f)df
R1tE

|wr|=1

zf z eWEHIT UG (0, — EY(AESLE)dE[. (10
R1+é

Hence by a change of variables y — A2*€ywe get

1+e 1+e
(.3 )
R1t€
T 1

1+e€ 1+e
= )2+€ (f Z f eiy§+i/12+su(€)ﬁ(f)(/1§>_Sﬁ(f)df dwr) (11)
R1+€ - R1+€

Let y, = —Vu(&,).Since the Hessian matrix d?u(&,) of uat &, is invertible, it follows from the implicit
function theorem that we can find a neighborhood Vof y, such that for a small U, the phase ®(¢) = y& +
u(€) has a unique non-degenerate critical point §¢ = &(y) € U, forevery y € V.Also, choose g, € S(R*€),
with g7(§) = 1 on the support of f..Now it follows from the stationary phase theorem that for y € V,

‘ f Z e VEHEO) G () (1) (8) dE
]R1+E

1

j eVSHAT WO G (£)(AE) S F(8)déE
]R1+é‘

| Z M OEONG ()2 Fr ()
R1t€
+re) @+o)G+e)
 |det (2u(60))| * e EEED 1+ 0,
where det(d?u(é(y))) is the Hessian matrix of pat the critical point £(y). Indeed, here we use the uniform

estimates |A5(A&(y))~%| = C, on the support of f.and the fact that all derivatives of the phase are uniformly
bounded with respect to y € V.Hence, for some C > 0,

f Z e T EO) G (E)(AE)Y ST (E)dE| =
]R1+E

Combining this estimate W|th equations (10) and (11) we arrive to the following estimate
((2+e)(1—e))_
2

2+ )(1+e)

—S

(W y EV

D 1 PAD) S| rreriac 2 2 g (12)
-
Using this last estimate with equation (9) and letting A — +oogives
s = w + (1+e)(u(1+26,1+¢€) — u (1 + 2¢,1 + €))Substituting appropriate values of uy and p,
for 2(1 — e) <2-e<2wehave p,(2-¢2(1-¢) - m(2-e2(1-e)=1 - — L Thus, s >

2(1 €) 2-€
e(1+e)(1+2e-€2)

as desired.
2(1-€)(2—¢€)
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