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Abstract
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1 Introduction

Drazin inverses theory is an area which is of great theoretical interest with aceeptable applications in many
diverse areas, involving statisties, numerical analysis, Markov chains, differential equation, control theory
and others. With the rectangular systems of differential equation arising, the weighted Drazin inverse for a
rectangular matrix has been defined and studied by Cline and Greville [2]. In the dense literature Drazin
inverse, the weighted Drazin inverse and their generalizations, including complex matrices, linear bounded
operators on Banach or Hilbert spaces, elements in Banach algebras or rings are considered see [1, 8. 9, 15,
16, 17, 20, 21, 22, 23]. For A be a complex unital Banach algebra. We use A, A", A™ and AT to
denote the sets of all invertible elements. idempotents, nilpotent and quasinilpotent elements of <A,
respectively.

For w,_; € A be a fixed nonzero element. An element a,_; € A 1s W,_; g—Drazin invertible if there exists
unique b,_; € A such that

ar—lwr—lbr—l = br'—lwr—lﬂr—labr—lwr—lar—lw"r—lbr—l = br‘—l and Ap_y — 'a'r—lwr—lbr—lwr—lar—l

€ c}qqm’i

. - . dwy_
The W,._, g-Drazin inverse b,_; of @,_, is denoted by a, " [3]. If a,_; — @,_ W, b,_ W, ,a,_, €

- d.wy— Dowp_y - . .o
A™ in the above definition, then a, ") = @, is the w,._,-weighted Drazin inverse of a,_;[2]. In
dwp_y - : L : ,
the case that w,_; = 1, then a? , = a.™"* is the generalized Drazin inverse (or the Koliha-Drazin
Dowyp—y

inverse) of @,_; [7] and al, = a, is the Drazin inverse of a@,_;[4]. The condition a,_; —

Q1 br_10,_1 € A™ is equivalent to a®*1b,._, = ak_,. for some non-negative integer k. The smallest
such k is called the index of @,_; and it is denoted by ind(a,_,) . Ifind(a,_,) = 1, then a,_, is group
invertible and af_, is the group inverse of a,_; denoted by aj_,. The sets of all w,_; g-Drazin invertible.
W,._-Drazin invertible, generalized Drazin invertible, Drazin invertible and group invertible elements in

A are denoted by A2, APWr-1 A9 AP and A*, respectively.
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Lemma 1.1.[17] Let A be a complex Banach algebra, and let w,._, € A\[0}. For a,_, € A the following
starements are equivalent:
(i) ay_y € A1 and a®™ = b,_, € A.

(11] Ap_1Wr_1 € chd and (ar_l'r"»r'?_l)d = b,_lwr_l.

(ii1) Wy @y € A% and (Wy_ya,_1)% = W, b,_,.

. L dowp_ .
The w,._1 g-Drazin inverse ar_u'l’" * of a then satisfies
dwr—1 dy2 dy2
al‘_lr‘ = ((ar—lujr—l) ) a._y = ar—l((lvr—lar—l) ) (1)
For idempotents e,, €,.4, . - - . €rin-1 €A such thate,.; 1€, ; =€, ; €., =0, fori =], the
equality e, + e,y + -+ €,,,_1 = 1 is called a decomposition of the identity of A. Let e, + e, + -+

€in_y =1land f. + fo 4 + -+ frin_1 = 1 be two decompositions of the identity of 4. We can represent

pr ar(r+n—1::|
AQ._q = 4" :

Qiren-1r " Qren-1)(r+n-1)

any @,_; € <A as a matrix

er—1Xfr-1

where @;; = €10, _1frsj1 € €0y 1ASfj_1. Now usual algebraic operations in ¢4 can be interpreted
as simple operations between appropriate (r + n — 1 X 7 +n — 1) matrices over A. Let @,._; € A and p,
q € A’ Then we write

pPar_1q pa,_1(1—q) Ay Arre1)

r-1= [(1 —pla,_,q (1—pla,_(1— qj]plq B [a{”l)" A1zl g

Apy Ar(r+1) .
If p=gq. we denote a,_, = {a[r+1jr a[l‘—l]E} p’ where @, =pa,_ip, Gz = Pa,_1(1—p),
Aprt1)yr = (1-pla,_,p, Ari1)z = (1-pla,_,(1—-p).
The following result concerning the matrix form of a,_; € A% 1 will be needed see [24].
Lemma 1.2. [17] Ler A be a complex Banach algebra, and let wy,._y € A\{0}. Then a,_y € A is Wyp_1g-
Drazin invertible if and only if there exist p, q € A" such that p commutes with aw, q commures with

Wy_1@p_1,

0 w,

a 0
Ap_q = [O" a ] andw,_, = [D’" w ] ,
r+1 r+1
p.q aq.p

where a.wp € (qup)_lJ wrd, € (q‘flqj_l! AprpgWryg € {:(1 - P)ch-(l - p))qnif and Wry@rey € ((1 -
q)A(1 — q))3! The w,._, g-Drazin inverse of a,_, is given by

dwp_y _ ar'((wrar)_ljz 0 — ((ar”"r‘)_l)zar 0 ;Y132
-1 = [ 0 o]m = [ 0 o]m ((awr)™)%(2)

Notice that p = @ Wy—_y (@p_yWr_1)% and ¢ = Wy_1@r_y (Wy_18,_1)% in Lemma 1.2.
Let p, q € A" such that p # q. Then pAp is a algebra with the unit p and we can talk about invertibility of
its elements. Since peAq does not have a unit, we will talk about invertibility of its elements only in the
following sense: let, g € «A4". an element a,_, € (p<Aq)~* if there exists a,._, € geAp such that

Ar—1 € PAG, Ar_1Qr_; =panda;_1a,1 = q.
If this inverse a,._; of @,_; exists, it is unique.
Lemma 1.3 (see [24]). Let a, € pAq and wy € qeAp. Then a; € (pAq) ™t and wy. € (geAp) ™1 if and only
if a,w,. € (peAp) ™ and wya, € (qeAg) ™t
Proof. If a, € (pAqg) ™" and wy. € (geAp) ™1, there exist a, € gAp and w). € peAq such that a,a, = p,
a.a, =q.ww. =¢g and w,w, =p. Then a,w.w.a, = a,.qa, = a,a, =p and W,.a,a,w, =
wiqw, = wiw, = p implies a,w, € (pAp) ™ and w)a). is the inverse of a,wy in the algebra pAp.
Similarly, we check that w.a, € (gAg) L.
Suppose that a,w; € (peAp) ™t and wra, € (geAq) L. Denote by (a,wy)p?t the inverse of a,w, in pAp
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and by (wya.);' the inverse of wpa, in gAq . From aw.(aw,);* =p, (W.a,);'w,a,. =g and
we(apwy)pt = (Wpay) g 'wy € qeAp. we deduce that a; € (peAq) ™. In the same way, we verify that w, €
(qAp)~*.
Recall that a reflexive and transitive binary relation on a non-empty set is called a preorder. A pre-order is
a partial order if it is antisymmetric. Using various generalized inverses, various partial orders were defined.
For detailed results related to pre-orders and partial orders on the set of complex matrices see [13].
The minus partial order was defined by Mitsch [12] on an arbitrary semigroup S: for a,_4, b,_; € S. we
write

a, =< b._,ifa,_y=xb,_y=b,_;yandxa,_, =a,_,,
for some x, ¥ € §*, where §? denotes S. if § has the identity, and S with the identity adjoined otherwise.
For a,_y € A* and b,_; € A, we say that a,_; is below b,_; under the sharp order (denoted by
a,_, <*b,_)ifal ja,_, =af ,b,_yand a,_jal , = b,_jaf_,. The sharp order is a partial order on
the set of all group invertible elements of «4[10].

Leta,_; € A% Thena,_, = Cqp_, + Gq,_, 1s called the core-quasinilpotent decomposition of a,._;, where

Cop, = aZ_,al_, is the core part of @,_, and Qay_, = (1 - a,‘_laﬁ_l)a},_l is the quasinilpotent part of
; — — # # _ qd
@,_4[3]. Noticethatc, _ q,  =(a,_Ca_ =0,¢,  €ATandcg  =ay_,.

For a,_q, by_y € A% such that a,_; = Cay_, + qa,_, and by = €3, + qp,_, are the core-quasinilpotent
decompositions of a,_,; and b,._,, respectively, we say that a,_, is related to b,_; under the generalized
Drazin relation (denoted by a,_; <% b,_y) if Cay_, <¥* Cp,_, [18]. The generalized Drazin relation is a pre-
order on A® and it is not antisymmetric (see [13, Example 4.4.5]). because it ignores the quasinilpotent
parts of operators. The following result was proved in [18, Theorem 1.1] for linear bounded operators on a

Banach space.

Lemma 1.4 (see [24]). Let, b,_, € A%, Then the following statements are equivalent: (i) @p_y <% by_y:
iy od _ ,d d _ d .
(11) Ap_1@Qpy = ar—lbr—l and Qp_1Qrq = br—lar—l'

(iii) there exists p € A’ such that

_Ja. 0 [ 0
Ap_y = {0 ar+1L and b,_; = [0 br+1]p‘

)qnﬁ

where @y € (PAP) L, @pyy € ((1— p)AQ — )™ and byyy € (1 — )AL —p))°.

. T d # _ # s a . & _

Proef. (1) = (ii): Since a,_; <% b,_y, then¢,, €5, = Cp, ,Ca., = Ca,_,Cp._, Which give g, _ €7 =
(# )2_ (# )2_0 d d _ # # _p # _
by_.Car_:\Car_.) = Qbr_.Chr_;\Car_, =Vand so Gp 180y y = Cq,_,Cap, = Cp,Cary = Dp1Cap, =

b,_,;ad_,. Similarly, we check that a?_,a,_, = a%_,b,_,. (ii) = (iii): Recall that ifa,_, € A% and p =
a,_,al_,. then

a, 0 -1
Qp_y = [ ! ] anda?_, = {aa 0}

0 Arealp 0lp

qmnil

where a, € (peAp)~tand a..q € ((l —p)eA(1 — p)) . Let

br br—Z
br—l N [br—B b‘r—l]

p

. a, 0
Froma?_,a,_, =al b, , =b,_,al ,, wegeth, = a,and b,., = b,.5 = 0. Since b,_, = {01 b }
r+l1

p is generalized Drazin invertible, we deduce that b, € ((1 —p)A(l - p)]d.
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-1
. . a 0 . .
(iii) = (i) : Using b2, = {Or pd } P'Ca,_, = ai_qaf_y and ¢y =DbZ b | . we obtain
r+1
g _ s _ %
Cay_yCar_; = Chp_yCay_y = Cap_,Chy_,-

Some weighted pre-orders were defined and studied on the set of rectangular matrices in [5, 6], extending
the Drazin pre-order and its generalization to partial order which were introduced in [13]. These definitions
were generalized to the class of w,_, g-Drazin invertible bounded linear operators between Banach spaces
in [14, 18]. The Drazin pre-order and its generalization to a partial order have been investigated for elements
of a ring in [11]. Using the weighted element w,_; € 4\{0}. the generalized Drazin pre-order of certain
elements and the weighted Drazin inverse, we introduce and characterize new weighted preorders on the
set of all w,_; g-Drazin mvertible elements of a Banach algebra. Comparing matrix representations of
corresponding elements, notice that we generalize some results from [5, 6, 14, 18] and add new
characterizations of weighted pre-orders. Considering the minus partial order, the sharp partial order, the
core and the quasinilpotent parts of elements a,_;w,_; or/and w,_;a,_;, we present new weighted pre-
orders. Thus, we extend the results for bounded linear operators between Banach spaces [14] to elements
of a Banach algebra without assumption that the quasinilpotent part of a,_yw,_, (or/and w,_ia,_1) is
relatively regular. As a consequence, the generalized Drazin pre-order is extended to a partial order. In the
end, we define and investigate weighted pre-orders on the set of all w,_;-Drazin invertible elements in a
ring generalizing recent results from [11] (see also [24]).

2 Regular Weighted Pre-Orders

We establish some regular weighted pre-orders generalizing corresponding weighted pre-orders defined on
the set of rectangular matrices in [6] and the set of bounded linear operators between Banach spaces in [18],

to the set of all w,_,; g-Drazin invertible elements of a Banach algebra (see [24]).

Definition 2.1. Ler a,_y, by_y € R and wy_y € A\{0}. If ay_y is Wy_, g-Drazin invertible, then we say
that (i) @,_, <®Wr-2m*"=1p  ifa, w,_, <% b._W,_,,
(ii) @p_y =@Wr-2l+m=L p ifw._ya,_y <% Wo_1bo_q,
(iii) @,_y =%Wr-1 b, _, ifa,_, <@Wr-270 L and a,_y 9wty
Since the generalized Drazin order is a pre-order, we deduce that the relations =®Wr-2To*r—1 cdwp_ylir—1
<9Wr-1 gre pre-orders on the set of all w,._, g-Drazin invertible elements of A.
The relation <@Wr-170*7=1 ]| be characterized in the following result extending corresponding results
from [6, 18] and adding conditions (vii) and (viii). By a,_;{1,5} we denote the set of all inner inverse of
@,_; which commutes with @,_y. 1.e. @r_1{1,5}={c_1 €A : Qp_1Cr_1Qr_1 = Qp_y,Qp_1Cp_y =
Cr1@y_y}
Theorem 2.1 (see [24]). Let wy_, € AN{0}. and let ay_y, bp_y € A be W,_y g-Drazin invertible. Then the
Jfollowing statements are equivalent:
(1) Ay £d,w,-_-_.ro+r‘—l br—l:
(1) aw (@,_yWyoy)?® = by W,y (@ Wym))? = (@ Wym )b,y W,y
(ii1) there exist decompositions of the identitv 1 = e, + ey + €pyz and 1 = fi + frpq + froo such that

a. 0 0 w, 0 0 a. 0 bl

a,_,=|0 af a, w_; =0 wi 0 Jb_i=|0 bE 0
0 a, a 0 0 0 0 b

2 2
2 2
2 r+3de _ xfoy r+lly  xe._, r+1 By Ky

iy -1 -1 . — g2y 2 12 2 2 2 2
where ap € (epcAfy) ™t wp € (ficder) ™, QraiWper = QEWE + af, Wi + al, Wi + af swr € ((1—

} gnil
e)AL = €)™, Wiy = wlal + wlal, +wlial,, + whiaks € (L A - £)™
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bl why = 0,b7 € (epr1cAfrsr) ™ Wi € (frrrcAer) ™ b2 Wl € (ersncAen,;) ™™ and wh, b2, €

(frazAfrez) ™

(iv) (by—1Wy—1)? (by_ywy—1)*{1,5} € (@, w,—1)? (ar_yw,_,)?{1,5}):

(v) (by_yw,—_)* € (ay_yw,_1)*(a,_yw,_,)*{1,5}:

(vi) there exist an idempotent p such that (@p_iWyr_1)?(@r_1Wy—1)% = p(by_ W1 )?(by_yw,_, )4 =
(by—1Wy—1)*(By_yWyoy)?p:

(vii) [(@roswr—1)4)™ = broywros [(@rmyWrm )1 = [(@roawioy)?)" by Wiy, for all integer n =
1:

(viii) [(@reywy—1)®™ = bp_ywy oy [(@r_ w97 = [(@r_yWio )] b ywy_y . for some integer
n=1

<dWr-1To+7=1 and Lemma 1.4. (ii) = (iii):

Proof. (i) < (ii): It follows from the definition of the pre-order <
By Lemma 1.2, we have that, for p = a,_,w,_;(a,_W,_,)% and q = w,_,a,_, (W,_,a,_,)%,
ar

0 W, 0
a'r‘—l - [0 Lq’:r—l] and “}r‘—l B [0 l"“‘"'r+1]

,
p.a p.q

where a,w; € (PAP) ™", Welty € (GAQ)™", QpayWrsy € (1= P)A — )™ and wyrya,y € (1-
q)A(1 — q))*™ " Thus,

a,w, 0 ] d {(a w,) ™1 0}
Ay Wy_q = and (a,_yw,_ = rer .
r—=1Wp—1 [ 0 ar+1wr+1 > ( r—1¥y 1) 0 0 ’

By Lemma 1.3, a, € (pAqg)~* and w, € (gAp) .

Let
b — {br br+2}
Tt Ibr‘+3 br+l 2.q

From

0 bow,(a,w,)
[g 0 » = r51':'—11'J|f":’—1(ﬁ[r—1"""11'—1)&1 = br—lwr—ltar—lwr—l)d = [br 8]": (;I :;} ) 0]
and
0 bow,(a,w,)  (aw.) " bW,
E D]D = ﬂ'r'—lwr—l(ar—lwr'—l)d = br'—lwr—l(ar—lwr—l)d = [br:a:‘:}r(;r‘:}r) o 0 el 1] ,

p
- - ' - — : = — r r -1 _
we deduce that bow, = a,w,, b aw, =0 and b, ,W,,; = 0. So, byys = baq = b owea (wea,)™ =
0,b, = b.q = bywyay(weay) ™! = aywea(wea) ™ = a.q = a; and
arw, 0
bp_yw,_y = [ ro " b ; }
re1Wria P
If w,, = 0. because b,_,w,_, is generalized Drazin invertible, then b, ,w,,, 15 generalized Drazin
invertible and so byy; is Wyyq g-Drazin invertible. Using Lemma 1.2, for 7y = bpyqiWysq (Drs1Wre1)? and
§ = Wyy1Dpyq (Wpsqbpyp)?. we observe that
b2 wZ 0
b, = 0 b2 and w,,, = 0 2 |
r+lip Wi )

where bf = roby.ys, b?—l = (1 = 1)brer(1 —5), WP = SWypiTo, W r+1 = (1 —s)wpy1 (1 — 7o), biwy €

(roeArg) H wib? € (seAs)™h,  bi wi,, € ((1 —To)A(1 - ?b):’qmi and Wi, b7, € ((1 —s)A(L -

il . . .
S))qm . Applying again Lemma 1.3, b2 € (reAs)™ and w2 € (sAry) ™. Sinee by, ,wye, € (1—
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DAL —p) . then 15p = (Brs1Wys1)%brpWy1p = 0. In the same way., we get prp = qs = 5q = 0.
Therefore,
by_4 = by + byyg 4 bryy = by + beyo + b+ b2y = pby_yq + b1 (1 —q) +1byys + (1 —
To)bria(1—5)

= Py @ +pb_y(s+1-q=85) +1(1 = p)b,_y (1 —q)s + (1 = 1) (1 —p)b,_, (1 — q)(1 = 5)

= pb,_1q+pb_ys+pb._(1-q—s)+rb_;s+(Q1—p—1)b_(1-q—5s),

which gives, for b = pb,_ys, bl,, =pb,_;(1—q—5) and by bZ=rb._ys, b2, =(1—-p—
Ta)b,_1(1—q—3),

b, b
b_,=|0 b2 o0
0 0 b3+1 er—1%fr—1

for the decompositions of identity e,_;:p+ 7, +(1—p—1y)=1and f,_;:g+s+(1—g—s)=1.

Similarly,
Woy = Wt W2+ W2, = qW,_ D+ 8We 7o + (1 — 8w, (1 — 1)
= qw,qp+s(1—g@w, (1 —plrg+ (1 —5)(1 — @w,—, (1 — p)(1 — 1)
= qWw,_p+sw,_1p+(1—q—s)w,_;(1—p—r1y)
implies
w, 0 0
Wp_q = 0 W‘,‘?‘ 0
2
0 0 Wr1 fr—ixer—

From bpys = pb,_1(1—q) = pb_18 + pb,_1(1—q—5) = b3 + b2, and W,y = W2 + W2, . we get

0 b} bl 0 02 0 0 biw? bl,wi,
0=bpaWry=1[0 0 0 wr 0 =10 0 0
0 0 04 ihm, 0 wiy, e, 00 0 doiver.

Hence, biw? =0 and b3 ,wZ, = 0. Therefore. b = b3s = b2w?ibZ(wibZ)™* =0 . To find the
representation of a,_,., notice that

Par_1S = Qp_1 Wy (@1 Wy_1) %18 = @ (W 1) Wy 11§ = @y_1qS =0
and similarly pa,_;(1—q—8) =0 =13a,_,9 = (1 —p —1)a,_,q. Thus. for a? = rya,_,s, a2, =

ra,_1(1—q—35).,a2,=(1-p—rg)a,_sanda,,=(1—-p—15)a_1(1—q—5).

a, 0 0
2 2

Qp_q = 0 ay Aryq ,
2 2

0 a'r+2 a1‘+8 ep—y X fry

— 2,2 2 2 2 .2 2 2 qnil _
AraaWrsr = QEWE + aZ Wi, + a2 w2 +aZ wi, € (1 —p)A(l—p)) and  WpaqGpaq =

wia? + wlal,, +wial, +wiial; € ((1-p)A(l - p))qmi-
In the case that wy..; = 0. we can write w2 = 0 and w2, , = 0.
(111) = (i1): The statement (111) gives
a.w, 0 0 (@w,)" 0 0
A yWpy=| 0 apw?  agawi ((‘L},_lwr_l)d = [ 0 0 0
0 araWy  AfaWiy 0 0 0l xe,,

Er—1 ¥ er—

and
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a.w, 0 0
_ 20,2
b,_yw,._;=| 0 brw;: 0
2 y2
0 0 br‘+lu’r+1 By KBy
So.
e. 0 0
d _ — y d _ , d
ar‘—l“’r‘—l(ar—lwrr—lj =10 0 0 _br—lmr‘—l(ar—lu’rr—l) _(ar—lwr—l) Ibr—ﬂ"“r—l'

0 0 0 gr—1Xer—1

[(iii) = (iv) = (v) = (i)] A [(vi) = (i)]: In the similar way as in the proof of [18, Theorem 2.2].

(1) = (vi1) = (wii1) = (i) : These implications follow by elementary computations. O

The next theorem concerning the inequality <@*¥r-1*7=1 cap be proved as Theorem 2.1.

Theorem 2.2, Let w,_; € A\{0}, and let a,_,, b,_; € A be w,_, g-Drazin invertible. Then the following
statements are equivalent:

(1) @y SOV by

(1) W,y @y (W g @) = Wo oy by (W, g0, ) = (W,_ga, )W,y b,y

(111) rhere exist decompositions of the identity 1 = e, + ey + €pyz and 1 = fo + fiog + froo such thar

ar 0 0 w, 0 0 a, 0 0
— 2 2 _ 2 _ 2
a,_;=|0 ar  Qryq Wy =0 wg 0 Jb._y=]0 bz 0 ,
2 2 .2 4 2
0 Qryz Orys By y X ey 0 0 Wit frop¥8p_g br+1 0 IEJr'+1. Bpmg X fpey

where ap € (epAfi) ™Y, wy € (freder) ™, QraiWray = 2wl + a2, wi, + a2 w2+al wl, e ((1-
. qnil
AL = )T, Wyenpay = WEQE + WEGR + W1y + WEayas € (1= F)ACL— )™,

Wiibii = 0,57 € (EreycAfin) ™ Wi € (frarAer) ™ blaWiiy € (erppAer )™ and wiy by, €
(ﬁr+2°'qfr+2)qm-Il

(iv) (Wy_1b,_1)? (W,_1b,_,)?{1,5} € (w,_ya,_,)*(w,_,a,_,)*{1,5}):

(v) Wy_1b,_1)® € (Wy_1a,-1)? (W,_1a,_1){1,5}:

(vi) there exist an idempotent p such that (W,_ya,_,)?>(W,_ja,_)% = p(w,_,b,_)*(w,_,b,_,)% =
(Wr—1br—1)2(“"r—1br—1)dpl

(vid) [(w,_ya,_)]" = w,_y by [(Wy_ya, )1 = [(Wymy @)1 W,y by_y, for all integer n =
1:

(vidh) [(Wy—1@,_1)%]" = wy_yb, g [(Wyoya, )" = [(wy_ya,_ )1 W,y b,y for some integer
nz=1

Combining conditions of Theorem 2.1 and Theorem 2.2, we can obtain characterizations of the pre-order
<@Wr—1 In the following result, we present some of them and add new characterizations of <%"r-1,
generalizing recent results from [3, 6, 14, 18].

Theorem 2.3 (see [24]). Let w,—y € AN[O}. and let ay_y, br—y € A be Wy_y g-Drazin invertible. Then the
Jfollowing statements are equivalent:

(1) Ar-1 i:de?‘_; b‘r—l:

(i1) ar—lwr—l(ar—lwrr—l)d = br—lwr‘—l (ar—lw"r—l)d = (ar—lwr—ljdbr—lwr—l and
Wy— 1@y Wy @ 1) = Wy i by Wyl i@ 1)® = (Wom 1 @pmi) Wy 1 by

(i11) ar—lwr—l(ar—lwr‘—ljd = br'—1wr—l(ar—lwr—1)d and (w'r—lar—l)dwr—lar—l =
(""*"'.'"—la'.'"—1)({""*"1'"—lbr—lL

(iv) a,._lw,._laf'_”f"lw,._l = b,_lwr_laf’_"‘f"lw?._l and w}._laﬁ'_“l'""‘w,._la,._l = w,._laf'_"’f"lw,._lb,,_l:
) a,._lw,._laf'_“:""‘ = b,_lu»‘,_laf’_“f"l and af’_“i"‘lw,._la?,_l = af’_"‘f"*w?._lb,,_lz
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(vi) the elements a,_,, W,_, and b,._; have the following matrix representations, for p =

AWy (ar—lw'r—l)d and q= Lvr—lar—ltw'r—lar—ljdr

_ [ar 0 ] o _ 0 ] b _ [al. 0 ]
170 a0 weld T Lo by

p.q q.p g

where a,w, € (PAP)~L, Wi, € (qAG) ™Y, GpayWopy € ((1—p)A(L — p)]qn“ and Wyyq0pyq € ((1—

QAL — )™

(vii) there exist decompositions of the identity 1 = e, + ey, + € and 1 = fi + frpq + [rio such that

ar 0 0 w, 0 0 a. 0 0
a_,=|0 a o =0 w} o b_,=|0 B2 0
r—1 — r r+1 L r 1 Yr=1 T r r
2 z 2 2
0 frpz  Opag ENINSS A 0 0 Wiiq fro1Xe8py 0 0 br+1 8y ¥y

where a, € (e.Afi) ™2, Wy € (frede )™, @reaaWiay = a2wd + a2, w2, +aZ wi+aZ wi, e ((1—
3 gnil
eA(L = eI, Wypsy = WEQE + WEGE,, + W0 + Wi 402 € (1= F)AC — £2)™

2 -1 .2 -1 2 2 il 2 32

br € (er+1°qfr+1) ’ “’1‘ € (fl'—l‘ﬂer+1:] ’ IEJr+1'H"rr'+1 € (er+2cﬁ,er+z)‘?1“ and ]’"'1'—1br+l €
il

(frrzeASes2) ™

Proof. (1) < (i) < (vii): By Theorem 2.1 and Theorem 2.2.

(i1) = (iii): This is obvious.

(iii) = (iv): It follows from (a,_,w,_,)% = (‘Lf'_“f'_lw,._l and (W,_,a,_,)% = ufr_lafﬂ"_l

(iv) = (V) : By the properties of the W,_; g-Drazin inverse.

(v) = (vi): Using Lemma 1.2, for p = a,_,W,_,(a,_w,_)% and ¢ = w,_,a,_, (W,_,a,_,)%. we get

a 0 w, 0
Qp_y = [0’" a ] and w,_; = [0’ w ] ,
r+1 r+1
p.q a.r

where a,w, € (pAp)~L, woa, € (qAG) Y, ap Wy € (1 —p)A(L — p))qnﬂ and w,. a,.; € ((1—

@)A1 — q)¥™! If we suppose that

b, b,
br‘—l = |:b +2]

b r
r+3 r+ldp g

by (2), @p_yWp_1@™ " = b w,_1a®™ and ™ w,_ya,_, = a2 w,_1b,_,. notice that b, =
Ay, bry2 = 0 and by = 0.

(vi) = (11): We can easily check this implication.

If we suppose that w,_; = 1 in Theorem 2.3. we obtain one more characterization of the relation <.
Corollary 2.1 [24]. Let a,_,, b,_, € A be generalized Drazin invertible. Then the following statements
are equivalent:

(1) Ayr_q i:d br‘—l:

(i1) there exist a decomposition of the identity 1 = e, + ep+q + €,40 such that

ay 0 0 a 0 0
=0 a2 a2 b,_y=|0 bF 0
Ap_q = r r+1 Mp—1 = r '
2 2 2
0 Uryz Opia ey Xep_y 0 0 b""""l Ep_yXep_y
N _ qnil
where  ay € (epAe.)?, a1 =af +ai, +af,+ale((1—e)A(l—e)) b e

(81‘—1‘H€r+1)_1 and br2+1 IS (er+quer+2)qr1fl_
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As a consequence of previous theorems. we obtain the next result (see [24]).
Corollary 2.2, Let w,_; € A\{0}, @,_; € A be w,_, g-Drazin invertible and let b,_, € A.
() If @y <@Wr—2medr=L b then (Qp_yWyp_1)" <2 (by_ywy_1 )" for all integer n = 1.
(i) If a,_, =@wr-olr=1p then (Wp_ya,_)™ <2 (W,_,b,_ )" for all integer n = 1.
(ii1) If @p_y <=2 b_y, then (@r—yWy—)™ <% (Byr_yWy_1)" and (Wy_1@y_y)™ = (Wy_yby_1)". for all
integer n = 1.
Proof. (i) Since a,_, <®Wr-27o+r-1}  then, by Theorem 2.1, ay_ Wy_i(@,_1w,_)% =
b,_yw,_,(a,_yw,_)% = (a,_yw,_,)%b,_,w,_,. Hence, forn = 1,
[(ar—lWr—l)n]d(br—lwr—l)n = [(Gr—lwr—l)d]n(br—lu"r—l)n = [(ar—lw'r—l)dbr—lwr—l]n
= [(a,_ywy_ )%y w, 11" = [(ap_ w014 (@ o )"
and  similarly  (Bp_ywr_ )" [(@p_1wr_1)"]? = [(@pswr_ )™ (@r_wy— )™ . which  give
(ay_yw,_ )" =% (by_yw,_ )™
(ii) In the same way as (i), we check this part.
(iii) It follows by (1) and (i1).
If we separate the equalities which appear in part (v) of Theorem 2.3, we define and investigate regular new
pre-orders on the set A%"r-1 generalizing some results in [5, 14].

Definition 2.2. Let w,_y € A\{0}, ay_1 € A be W,_,g-Drazin inveriible and b,_, € A. Then we say that

: wy_, gD rg+r—1 . dwr-1 _ , d.Wy—1
(1) @,y <"r—2877 by yifa,_ywy_ya, 2y = bW, 10,7V,
. —Wyr—1 gD 1+r—1 oo dWroy _ AWy

(1) @p_q <=™Wr18 be_yifa, T 'We1Gp_y = @, T Wby

Theorem 2.4 (see [24]). Let W,_; € A\{0}. The relations <¥r-19P7otm=1 apnd <Wr-18D157=1 gy ppg
orders on the set of all W,._y g-Drazin invertible elements of A.
Proof. Because <Wr-1807o+7~1 and <Wr—18P1+7—1 ape yeflexive obviously, we will only verify that

<Wr-19P70+T—1 is transitive and similarly we can check that <%r-19217=1 is transitive too.

Suppose that a,_,, b,_;, €,_; € A are W,_; g-Drazin invertible such that a,_;, <Wr-2827e+"=1 h and
by_, <Wr-18Pme*tr=1 o Applying Lemma 1.2, for p=a_We_1(@m_wy_1)% and gq=

Wy 1@y (W,_ya,_ )%, we have

_[a, 0 [ 0
ﬂ:,._l—[o ar—l] andu,_l—[o w ]

r
p.q r+ldgp

where a,w, € (pApP)~L, Wpa, € (qAG) ™, apyWoyy € (1 —p)A(L— p))qmI and w.,a,., € ((1—

q)A(1 — ). Assume that

b . — b, by, d [ Cr Criz
' 7 [byas b WMECr1 = e,y ol
r+3 r+idy 4 r+3 r+1lipa
[ dwy—1 dwyp—1
The equalities (2) and @,_,W,._ a2 * = b,._yw,_,a,7)* give b, = a,. and b.,; = 0. So.
b _ [ar br+2:|
r—1 =

0 lbr+1

n.q

Siee bWy = [a;W:0 by Wesy bWy P is generalized Drazin invertible, by [1, Theorem 2.3],

(a;w, )t X
(b‘_w_)d=[ }
Tt 0 (br+1wr+1)d )

for the corresponding element x. From

p * d . dwyp_y
[0 J = br—lwr—l(br—lwr—l) = br—l“‘r—lb;—_l Wyr_1
e
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CF‘“}J’ (arwr)_ ! *
CreaWp (('L,.W.,,:l 1o

]

]
where we denoted by * the entries for which we are not interested in, we get c, W, = @,Ww, and ¢,.;w, =0

_ dwp_y, ., — ; d _
- Cr—l“'jr—lbr_l ]"Lr—l - Cr—lwr—l(br—lwlr—l) -

Thus, ¢, = €,q = c,w,a(wea.) ™! = a.w.a(wa.)™ = a. and ¢,,3 = €139 = CppaWea (woa,)™?
Now, we obtain

dwy—y _ , d
Ap_Wr_ gy g Wry = ar‘—l“}‘—l(ar—lwr—lj

_[p 01 _ , d _ S dWr—y
- [0 D - Cr‘—lmr‘—l(ar—llvr—lj - Cr—lwr—la;—_l wlr—l'
P
. . dwy_y dWy—y dWy—y . .
Multiplying a,_ W1, ] *Wy_q = C,_qWr_1@, ] W by a,_qwy_qa, " from the right side. we
d.Wy—y d.wr—y

get @, W,_,a;." "t = ¢y w,_ya, 7% that is, @,y sWr-:8Pretr=l e
Now, we present necessary and sufficient conditions for @, _; <%Wr—:8Protr=1p . wherea,_ 4, b, €
qu.wr-_;

Theorem 2.5 (see [24]). Let Wy_1 € AN\{0}. and let ay_y, by_1 € A be W._yg-Drazin invertible. Then the
Jfollowing statements are equivalent:

(1) Ar_q £u=r_LgD.rg+r—1 br‘—ll-

.. . d _ . d,

(llj ar—l“’r—l(ar—lvl"rr—lj - br‘—l“’}‘—l(ar‘—lwrr—l) 3

oy, dwp_

(ii1) @poyWym1 @) Wy = brogWegay T Wy

(iv) there exist decompositions of the identity 1 = e, + e,y +ep,yand 1 = f + fooy + frioz such thar

a- 0 0 w. 0 0 a, b} BE,
a1 =|0 @ ai, We_g =] 0wy 0 by =|0 B 0 ,

0 aly, a 0 0 whal 0 0 b

2 2
r+3le.  Xfry r+lde.  Xfry

where a, € (e, Af)7Y, w, € (fieAe,) ™, ap  Wesy = alwl + a2 ,wi , + a2 w2+a w2, e ((1-

. qnil
er)"qtl - el‘))mu!r 1'Jll"rr—lar—l = w'rzaiz' + 1"""1?'0|'12"'+1 + “}I?'+1a$+2 + ]"Ulg—lal%—a € ([:1 - fr)dq'(l - f;)) :

2 -1 .2 -1 2 .2 il 2 32
br € (er+1°4fr+1) 4 Wy € (ﬁ'—l‘:’qer+1) ’ Ibr‘+1'H"|'r'+1 € (er'+2':"":il-l"g"‘r+2)‘Em and ]""1'—1br+1 €
il
(fr+2°'qfr+2)mu -
Proof. (1) < (ii) < (iii): These equivalences are clear.
(i) = (iv): Applying Lemma 1.2, forp = a,_,w,_; (a,_w,_,)% and ¢ = w,_,a,_; (W,_,a,_,)%. notice
that

a 0 W 0
g = Dr andw,_; =| ,
Lq[r—l p.a O ll"'1"Yr+1 q.p

where a,w, € (pAP) ™Y, woa, € (qAG) ™, ap Wiy € (1 —p)eA(L — p))qm and Wy, a4 € ((1—

QAL — gt

Assume that

b, b,...w,
br—l — |:b +2 +1:|

byyaw ’
r+3 r+1"Wr+l 2.q

. ) dwr, d
The equalities (2) and a,_,w,_,a."7"* = b,_w,_,a,

b w — arwr br+2wr+1
r—1"Wr-1 0 .

MWr—1 - — —
. tgive b, = a, and b, 5 = 0. Hence,
b, 4w
r+1%r+1dy
In the case that wy,q # 0, since b,._yW,_; is generalized Drazin invertible, then by, Wy, is generalized
Drazin invertible which implies that b.,; 1s w.,;g -Drazin invertible. By Lemma 1.2, for 1, =

DrsiWyst (PrpaWre1)® and § = Wiy 1 brp 1 (Wey1brr1)®, we have that
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b2 0}

w?z 0 ]
0 bl

and w,., = [
2
0 wi,

b1‘+1 = [

.5 5Ta

il
where b2w?2 € (roedry)™t, WZbZ € (seds)™, b2 w2, € (1 —10)A(1— 1)) and wi b2, €

((1 — 5)A(1 — $))?™L As in the proof of Theorem 2.1, we obtain the representations for @,_y, W,_; and
b._;.

In the case that w..y = 0. we can write w2 = 0 and w2, = 0.

(iv) = (11) We can easily check this part. O

Similarly as Theorem 2.5, we check the following characterizations for the regular pre-order <Wr-19P:1+r-1,
Theorvem 2.6 [24]. Ler w,_, € A\{0}, and let a,_;, b,_, € A be w,_,g-Drazin invertible. Then the
Jfollowing statements are equivalent:

(1) a,_, {_:w,-_LgD.I+r—1 br—ll

- d.rs _ dyyy .
(i) (Wr—1@rmy) Wy oy @ry = (Wpmy @y )Wy by
d.wr— dWy—1 .
() w,_ya."w,_ya,._y =w,_qa. ") w,_ b, _4:

(1v) there exist decompositions of the identity 1 = e, + eppq + €ppp and 1 = fo + froq + frys such thar

r 0 0 w, 0 0 ;. 0 0
- 2 2 _ 2 _ 4 2
a,_y =0 ar apyq SWe_y =0 wy 0 b= by by O ,
0 a, a 0 0 wi b} 0 b
r+2 T+3 @y Xirmq r+1 FrogX8pey r+1 r+1 8y X frmy

where a; € (er"q'fr)_lJ Wr € (ﬁ"‘ﬂer)_la AreiWrey1 = (‘waliz + a3+1w'r2+1 + a$+z“"3’ + a3+3“f1?+1 €((1-

. qnil
e)A( — )™, Wiy Gpay = W2AZ + WAk, + WhiaZe, + whiyaks € (1 £)A — £))™,

2 -1 ;2 -1 2,2 il 2 j2

br € (€r+1°'qfr+1) ’ l"II”r € (fr—l"qer+1) ’ br+1wr+1 € (€r+2°'q'er+z)qm {TP‘J(J H”r—lbr+l =
nil

(frezeA fraz) ™.

In the case that w,._; = 1 in Definition 2.2, we consider the following generalized Drazin pre-orders on

A% for a,_y € A% and b,_; € A. we say that

: D.rg+r—1 : d__ d

(1) ar_q <P Mot br—l if Ap_qQp_q = br‘—lar—ll

. —gDl+r—1 oo d _ d

(1) @y =957 b _yitar_ja,_y = ayp_yb,_y.

Corollary 2.3 [24]. Let, b,._; € A%. Then:

(1) @p_q <9P70*7=1 b . if and only if there exist a decomposition of the identity 1 = e, + €,41 + €12

such that

a, 0 0 Qar br3 brg'—l
2 2
ap_y = |0 ar Aryq by =10 brz 0 ’
2 2 2
0 ari, @rig ep_yXep_ 0 0 b,y ep_yXEp_s
N _ qnil
where  a, € (e,de,)™, Aoy =02 +al,+ai,+ale((1—e)A(l—e)) b e

-1 2 nil
(er—lf’qer+1:] E?P’JGF br+1 € (er+2qu€r+2)q .
(1) ar—1 <gblsr-1p if and only if there exist a decomposition of the identity 1 = e, + €p41 + €142

such that

a, 0 0 a, 0 0
2 2 4 2
I'r’!:r'—l = 0 ar ar+1 ‘b}‘—l = b?, br [] ,
2 2 4 2
0 Qryz  Qriz ep_qXer—y br—l 0 br+1 ep_y X ep—y
N _ qnil
where  a, € (e,de.)™, Aoy =2+ al +ai,+ale((1—e)A(l—e)) bZ e
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(ersrcAersy) ™ and bl € (erizcAer, )™

3 Regular Weighted Pre-Orders Based on the Core-Quasinilpotent Decomposition

Using the sharp order, the minus partial order and the core-quasinilpotent decompositions of elements
a,_yW,_; and w,_,a,_, , we establish regular new weighted pre-orders on A%"r-1 extending
corresponding definitions from [14] on the set of all W —Drazin invertible linear bounded operators A
between two Banach spaces such that the quasinilpotent part of AW is relatively regular.

Definition 3.1. Letrw,_, € A\[0}and a,_,, b,_, € A be w,_, g-Drazin invertible. Then we say that

(i) a,_ S e by {-fcﬁr—J.Wr—L <* Copywp—y and Qar_ywr—s = Top_ywr_y»

Fowralerl i Cw ar, = Cwy b, A1 Gy ar, = Qwyyary

(llﬂ Ay < F Wy b‘r—l ffar—l <_:=.i=,—.u-'r_J_,r¢,+r—1 br—l and Qp_y ii,—.wr_]_,iﬂ'—l br—l-

(11] Qr—q =

The relations <~ Wr-2Totr=1 c&—wr-plr=1 =#-Wr-1 gre pre-orders on A%"* (because the sharp
order and the minus partial order are partial orders). and partial orders on A®Wr—1 if w,_, € A is right
invertible, left invertible and invertible, respectively.

We now present equivalent conditions for @,_, <®~Wr-17o*r=1 p  Notice that, for u € A. we denote
byu®={xeA: ux =0}and ou = {x € A : xu = 0}.

Theorem 3.1 (see [24]). Ler w,_; € A\[0} and a,_4, b,_; € A be w,_, g-Drazin invertible. Then the
Jollowing statements are equivalent:

(i) @,y S* Wl

(ii) Qp_q <@Wr-uretr=1p and A Wy_q — (@ Wy 1) 3 (@ Wy 1) <7 by Wyl —
(By—1Wro1)? (BroaWr—1)%;

(iii) there exist decompositions of the identinv 1 = e, + ep4q + epyn and 1 = fr + froq + friz such that

a, 0 0 w, 0 0 a, 0 b2,
a,_,=|0 0 ai, We_g =0 wi 0 by =0 bE 0 ,

0 0 al.|, . 0 0 wiil . 0 0 bral, g,
where  a, € (e Af) ™ w; € (frede) ™, A Wiy =0, 7 raWisy € (erpzeder. )™,

AraWivy =7 bRawi wiials € (frodAfi2))™, bRawl =0, DI € (e Afiy)™ WIE
(frercAlran)™h bloywlyy € (erppfe ;)™ and Wl bly € (frageAfin) ™™

Proof. (i) < (ii): This is obvious.

(i) = (iii): Since @p_, <®~Wr-2T*=1 b implies @,_, <%Wr-270+""1 b then, by Theorem 2.1, there

exist decompositions of the identity 1 = e, + e..; + €,,, and 1 = f. + fi.; + frs2 such that

3
ay D,, P Wy D,, 0 a., 0 by,
_ 2 2 _ 2 _ 2
a_1=|0 a a;iy We_=| 0wy 0 by =0 b O .
5
0 a? a2 0 0 w2 2
T+l r+3 fr—1¥fr—1 r+1 Fr-1®er—y 0 0 r+1 Lt =t

where a,w, € (e,Ae, )™, woa, € (fAL) ™, QppWeyy = a2w2 + a2, w2, + a2 w2 + a2 w2 €
(1 —e)A(L— e, Wep1Orey = WPaZ + wWiag,, +wiial, + whial, € (1-£)AL -

gnil _ _ .
) blawl = 0,bIw € (epyyAery) ™ Wib! € (fycAfre) ™ blaawiiy € (epapcde ;)™

and w2, b2, | € (fir2Afr42)P . Therefore, the core part of a,_;w,_; is Cay_,wy_, = @;W, and the

quasinilpotent part of aw 1s g\, | = @riqWppy- Also, the core and quasinilpotent part of b,_ w,_; are
— ; 22 — h2 ;2 . - -

Chy_ywy_y = QW + brwy and qp,._ 4, = By Wiy . respectively. Because qqp v, = Gy, that

is @poqWpeq = b2, w2, . there exist x, ¥ € A such that a..,wy, = xb2 ;w2 = b2 w2,y and

A . 2 2 e . e 2 2

XOppqgWrs1 = QpegWrsy - Hence. (br+1“’r+1) c ((11.+11-L1._1) and O(br+1“’r+1) Co (ar—lwr+1) . The

o 2 2 0 - 2 .2 -
equalities b2 Why = €rsa(DyroiWy_1)ers and erpi€pin = 0= €pn€rpy give e b Wi, =0=
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bl Wiiyeryr and so epeq € (b2 Wi ) No(bZ wiiy) € (AreiWis1)® N 0(@rs1Wess) . From
Qry1Wrer = GEWY + @l Wiy + aZow? +af awl,
= er+1(ar—lwr—l)er—l + er+1(ar—1wr—l)er+2 + E?r+2(ar—l]""'llr‘—l)(':“r+1
+e.o(a,_w,_i)e.s,
we g':t 0 = L'1:'—11’]""'1"+181‘—1 = er+1(ar‘—l]""'r—l)e1‘+l + €r+2(ar—1u"r—l)er+l and‘ 0 = 81._1('£r+1l-l-'1._1 =
€r+1(ar—1]"ur—1)€1‘+l + er+1(ar—lwlr—1)er+2 3 le _81‘—1(511'—11"'1"1‘—1)81'—1 = 81‘—2 (ar—lu’r—l)er—l =
€r31(Qr_1Wy_1)n - By e Ae.Ne,Ae,, ={0}. we observe that e, (a,_,W,_)e..4 =
oy Wy )ers = ey (@, W,_)e..» = 0, that is aZw? = a2 w2, = aZ,.w? = 0. Thus, aZ =
a’l%fr—l = a;wybf (Wibi)™ = 0 and a§+2 = af+2f,+1 = aT2+2w1_2b§(Werl?}—1 =0. Now, Qrs1Wpsg =
al ,wr, implies af w2, =xbZ w2, =bi wi vy and xalwi,=al.wi, . ie
aZ  wi, =7 bE  wk . Since apWyyy = al,w? | is quasinilpotent, then a2, ;w2 | € (epsacAep, ;)3
and so W2, 102, 3 € (franeAfuys)mL

(iif) = (i) : Notice that €, . = GWp (ap w,, = GreaWist, Chw, , = GW, +biwZ and

— b2 2 . e 42 n? o= B2 2 - - .
Obp_ywy_y = DiaWryq - The hypothesis apaWwryy <7 b, Wiy gives Qo vy = Qbp_ywy, - UsINg
Theorem 2.1, we deduce that a,_, <®¥r-17¥7=1 p and so Cap,wr_y <# Chy_ywp_, -

As Theorem 3.1, we prove the next characterizations of relations <#~"Wr-21+7=1 apd <#=Wr—1

Theorem 3.2 [24]. Let w,_; € AN{0} and a,_y, bp._y € A be W,._1g -Drazin invertible. Then the
Jollowing statements are equivalent:

(1) Ar_y {_:x.—,w;-_;.1+r—1 br—l:

(ii) a,_, =@wr-elir-1p and Wy 1@y — W ya,_ )2 (Wy_ya, )¢ =" w,_ b, —

[:Wr—lbr—ljz(“}r—lbr—ljd:

(iii) there exist decompositions of the identitv 1 = e, + e, + e and 1 = f. + fi 4 + frip such that

a, 0 0 w, 0 0 a, 0 0
a_;=|0 0 0 W1 =0 w? 0 Jbe_y=| 0 B 0 ,
2 2 2 4 2
0 Qry2 Qryz By g ¥ ey 0 0 Wypaq fro1Xep_1 bl"+1 0 b}"+l p1 X fro

where a; € (e;Af)™!, Wp € (fiAe) ™, a7 Wiy € (e )™, wigal, =0, wiai ;€
(frazAfea2) ™ Wiaais <7 wiobly, winbi, =0, b € (e Afr) ™ Wi E (fraAer) ™
bieaWisy € (erppce )™ and i bl € (fragAfran)™

Theorem 3.3 [24]. Let w,_; € A\{0} and a,_y, b,y € A be w,_yg -Dracin invertible. Then the
following statements are equivalent:

(1) @y =F77T2 b,y

(i1) Q,_, <@Wr-plr-1p a,_, <@Wr-wtotr-lp and Ay Wy —
(Gr—1w'r—1)2(ar—1wr—l)d =" JE"':'—1'|'Jl"'r—1 - (br—1“}?"—1)2(br—1“"r—1:]d'-

(iii) there exist decompositions of the identitv 1 = e, + e, + e and 1 = f. + fi 4 + frip such that

a, 0 0 w, 0 0 a. 0 0
a._,=|0 0 20 W, =|0 w? 0 b, =0 b 0 )
0 0 apal, r 0 0 whal. . 0 0 b, ..

11‘;?8.?'6’ ar S (‘91“’4){;')_11 wr € (frdqer)_li I'F'I%+31"'“*‘rr2+1 = (er+2cﬂer+2)ﬂllff, (11%_31,1-'1?_1 =" br2+lw1?—1!
W13 € (fnAfea)™, whial, =7 wiybly, bF € (e Afin) ™ W € (frraden) ™
bZ. Wiy € (erypcAec, )™ and Wi DL, € (frapAfrs) ™.

In the following result, we observe that a, 4 <¥~"r1 b, implies a,_ W,y <~ b,_yw,_; and
W,y <" w,_.b_,.

Corollary 3.1 (see [24]). Let w,_; € A\{0} and a,_q, b_y € A be w,._, g-Drazin invertible.
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(1) Ifa,_y =F—Wr-vretr=1h then Q,_W,_y = b_W,_;.

(i) Ifa,_, s®-wr-olr=1 b then w,_,a,_; <~ W,_;b,_,.

(i) Ifa,_y <& Wr-2 b _, . then @, _W,_y < D._yw,_jandw,_ja,_; <~ W,_1b,_,.

Proof. (i) If a,_; <™~ Wr-2T*T=1p by Theorem 3.1, there exist decompositions of the identity 1 =

e.+e e andl=f +f., + frissuch that

a. 0 0 w, 0 0 a, 0 bi,
a_,=|0 0 a?., Wy, =0 w2 0 b =0 bE 0 ,

0 0 ap., ey X fres 0 0wy, FroaXer—y 0 0 b2, er—aX frs
where  a; € (er‘ﬂfr)_lj Wy € (ﬁ"ﬂer)_ll GE_11VE+1 =0, (15_3WE+1 € (€r+2°’q'er—2)qnﬂ:
AraWiey =7 DLWl wiiaals € (frazeAfe2))™ DRawi =0, bf € (erieAfinl)™ WP E
(frereAers) ™ bZ Wiy € (erpocAer )™ and  wi bl € (fruzAfir2) ™ From

az w2, =7 b2 wi . we deduce that there exist X, y € A such that a2 w2, = xbZ, w2 =

2 2 ., 2 2 _ 2 2 .
b ywr ¥y and xai swi, = 5, Wi Set

e 0 0 e 0 0
u=l0 0 0 and v=|0 0 0
0 0 xlo_ve, 0 0 ¥yl e,
Now, by
a,w, 0 0
Uy Wr—y =| 0 0 2 0 2 = Qp_yWy_y = Ubp_ Wy = bpyWr 4y,
0 0 AryaWiia Er—y X@p_y

we conclude that a,_qw,_q <~ b,_yw,_1.

The parts (i1) and (111) follow similarly.

By the previous results, we introduce and characterize the following regular partial order on A9
Definition 3.2, Let, b,_, € A®. Then we say that @p_y < b,_, if Cqp, < Cp,_, and o =7 qp,_ .
Covollary 3.2 [24]. Ler, b,_y € A%. Then the following statements are equivalent:

(1) Ar_q =H7Hr br‘—l:

(i) ap_, <% b,_yanda—aZ_jal , =  b,_, — b2 b2 ..

(111) there exist a decomposition of the identity 1 = e, + e, + e.,, such that

a. 0 0 a0 0
a,_;=|0 0 0 ,b_y=10 b 0 ,
0 0 a’ 0 0 b2

r+3<er_y Xep—y r+lle,  wep_y

where a, € (e.Ae.)™, ai.; € (epencde,2)™, ai ;<" bZ,, bZe€ (e, Ae)"! and bi,, €
(erszcher )™,

Corvollary 3.3 [24]. Ler, b,y € A% If@p_y <* " b,_y. then @p_y =~ b,_,.

4 Regular Weighted Pre-Orders in A Ring

In the same way as results of Section 3 and Section 4, we can verify the following results related to regular

weighted pre-orders in a ring extending recent results from [11].

For R be an arbitrary ring with the unit 1. If a,_, € R® withind(a,_,) =m. thena, , = ¢, _ +n,_,

is the core-nilpotent decomposition of a,_,, where ¢, = a,_ja]_,a,_, is thecore partof a,_;, n, =
D : : - m — — — *

(1—a,_,a,_y)a,_, is the nilpotent part of @,_y, ni_ =0, Cq._ Ny, =Ng,_€q_ =0,¢p_  ER

and crfr_L =al_;[19].

Let @,_y, b,_; € R® such that a,_, =¢ +n and b,_; = ¢, _, +ny _, are the core-nilpotent

* p,_,. Therelation =2 is a

ar-1 ar—1

decompositions of @,_y and b,_y. respectively. Then a,_y <P b,_, if Ca,_, =
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pre-order on RP. Notice that, for a,_y, b,_; € R?, a,_y <P b,_; ifand only if a®_,a,_, = aP_;b,_, and
a,_,a?  =b,_;al [11, Theorem 1]. Using the Drazin pre-order and the weighted element w,._; €
R\{0}, we first consider the following relations on the set of all w,._,-Drazin invertible elements of R.
Definition 4.1. Let a,_,, b,_; € R and w,_, € R\{0}. If a,_, is w,_,-Drazin invertible, then we say that
: Dwyp—1,1p+1r—1 : 7 =D 7
(1) Ar_g = ' ° br—l {far—lwr—l = b'r—l“‘r—l!
. Doy l4r—1 : D
(Uj ar—l —= Wr-1 T Ib:r—l U‘-“}r—lar—l = H"rr—lbr—li
(iil) @p_y <PWr-2 b,_, if @,y <PWr-wtotr=1l b and @,y <Pl p L
E:D,wr_pro—r—1’ ED.WF-_-_.Hr—lJ gD.wr_

The relations L are pre-orders on the set of all w,._;-Drazin invertible

elements of R.
Now we have new characterizations of regular pre-orders PWr-270+71 and <PWr-21+7-1 in the pext
results.
Corollary 4.1 [24]. Let w,_; € R\{0}, and let a,_,, b,_, € R be W,_, -Drazin invertible. Then the
following statements are equivalent:
(1) Ay SD-Wr—M’o—?’—l br—li
(i) aw (Ap_yWy—1)? = By Wy (@ ey Wi )P = (@ Wy )P Doy Wiy
/ r—1Wr-1 r—=1Wr—1\Ur—-1Wr-1 r—1%Wr-1 r—1%"r—1.

(i11) there exist decompositions of the identity 1 = e, + e, + e, o and 1 = f. + f. 4 + frr2 such that

am 0 0 w, 0 0 a, 0 bi,
2 2 2
a-1=|0 af a;y W1 = |0 wy 0 by =0 B2 0 ,
2 2 2 2
0 apyp Gpsa er_y Xy 0 0 Wwr fro1Xe_y 0 0 by Ep—y X1

where a, € (e,Rf,)™% w, € (fiRe)™, ap  Wyey = aZwi+aZ wi , + a2 wi+a wi, e ((1-

e)R(1 - ))", Wes1Oppy = W22 +w2aZ,, +wh a2, + w2 a2, € ((1- LRI - )™
b2 wk, =0,b2€ (e, Rfosy) ™t w2 € (fr  Repny)™h b2 ,w2 | € (e,,,Re.. o)™ and w2 b2, | €
(fra2Rfraz)™
(iv) (b1 Wy—1)? (byoyw,—1)P{1,5} € (ay_1wy—1)? (@,—yw,—1)P {15}

) (by_ywy_1)” € (ay_yw,_1)?(a,_ w,_)" {15}

(vi) there exist an idempotent p such that (@r_yWy_1)?(ar_1Wy_1)® = p(Br_ W1 )?(Br_yw,_4 )P =
(b Wy_y)*(by_yw,_y)Pp:

(vid) (@p_ Wy 1) ¥ ¥ = Dy Wy (@ Wymy)¥ = (ar—1Wr—1}kbr—1wr—1-fm' k = ind(ay_1wy_1) :

Vet = b, w,_y (@p_ W) = (ay_ Wy )¥b,_W,_,. for some integer k = 0;

(viii) (a,_ Wy_y
(ix) [(ar_awy—1)P1" = broywy g [(@r_ywr )P = [(@poywyo)P1™ by yWy_y . for all integer n =
1:

(x) [(@r_1wr—1)P]" = by_awy_ 1 [(ap_ W 1 )PT Y = [(@ye s Wy )P by Wy g, for some integer n =
1.

Corollary 4.2 [24]. Let w,_y € R\{0}. and let a,_4, b,_y € R be w,_y -Drazin invertible. Then the
Jfollowing statements are equivalent:

(1) ay_y <Dwr-pdir—d by_y:

(11] 1’”;——1&1'—1(1'”1‘—1&:'—1)}) = 1"'1"".i"—1'b:’—1("""".l’—la".i"—1:'D = (wr—lar—ljpwrr—lbr—l:

(iii) there exist decompositions of the identity 1 = e, + epy1 + eprp and 1 = fp + froq + fraz such thar

a, 0 0 W, 0 0 a, 0 0
_ 2 2 — 2 = 2
ar_y = |0 ar  Opyy Wep =00 wr 0 b= 0 b 0 '
0 a? az 0 0 w? b# 0 b2
r+2 r+3le xply r+lle we. r+1 rtlde. Wy

where ap € (e;Rf)™Y, wp € (fiRer) ™, GrpaWriy = GWE + aZ w2, + a2, wi + a2 wi € ((1—
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. nil
e)R(1— e )™, Wpi1Gppy = W2AE + WA, + Wi al,, + whal; € ((1 fR(L— f))

w2 bt = 0,02 € (ere1Rfrsr) ™t W2 E (frpaRersr) L, b2 w2, € (ery2Rersn)™ and w2 b2, €
(fes2Rfre2)™

(iv) (Wp_yby1)*(Wp_1 b 1)P{1,5} € (W,_ya,_1)*(W,ya,_1)P{1,5}

() (Wy_yb,_1)® € (W,_10,_1)* (W,_ya,_)°{1,5}:

(vi) there exist an idempotent p such that (W,_i@,_1)>(W,_,a,_)° = p(w,_b._)?(w,_1b,._ )P =
(Wy_1Dy )2 (Wi By )P

(vii) (Wr—lﬂr—ljkﬂ = wr—lbr—l(wr—lar—l)k = (Ww—lar—1)k‘*}r-—1br—1~f0?' k = ind(w,_1a,_1) :

(viid) (Wp_ya,_ ) =w,_ b, (W,_a,_)f = (W,_,a,_,)*w,_,b,_,. for some integer k = 0:

(ix) [(Wr_1@r_)P]" = Wy by [(Wr oy @ )P]" 0 = [(Wyoy @, )P W,y b,y for all integer n =
1 (x) [(wy_ya,_)P1" = wyy by [(Wy oy, P17 = [(w,_ya,_ )P ',y b, _,. for some integer
n =1

Corollary 4.3 [24]. Let w,_, € R\{0}, and let a,_,, b._; € R be w,_, -Drazin invertible. Then the
Jfollowing statements are equivalent:

(i) @p_y =P b,y

(i1) ar—lw'r—l(ar—lwr—l)D = br—1"""?"—1((1r“—lwr—ljD = (ar—lwr—ljabr—lwr—l and
Wr—lar—ltw'r—lar—l)D = 1"Il’r?“—l'b:r—l(1"1’;?“—1"':“7':'—1)}} = (wr—lar—lijr—lbr—l:

(i11) Aye Wy (@ iWi—1)? = Do ywimg (@ Wi y)P and (Wy—1Grm1)PWysi@y =
(Wy_18y21)°W,_ 1'br—1l

(iv) Ar_yWy_ 1& Wy = Dy Wy 1a B and Wy 153:3”&1r Wy 1@y =

Mp—1
w,_ 1(1 1 W,_1b,_q:

Dwr 1 Dwr_-

Dowr—y
" and a, Wy, @,y =@, W,y b,y

.M-r—'

(v) ap_yw,_ya.” = b,_W,_a,”

(vi) the efemems Qe 1, Wy_q fmd b._4 hme the following man‘i\' representations, for p =
' D — . D
U Wy 1 (Qr_ g Wy_1)* and g = Wy_10p_1 (Wp_10,_1)",
W, 0 a, 0 ]

=|F 7 = =
K R RS VN LS

p.q g

where a.w, € (PRP)™Y, wya, € (QRG)™, @pe Wy € ((1—p)R(1 - p)}mE and Wyyqa.4, € ((1 -

OR(1 - )"

(vii) there exist decompositions of the identity 1 = e, + e ., + e, and 1 = f. + f.q + foiq such that

ay 0 0 w, 0 0 a 0 0
2 2 2 2
a1 =|0 U Opay Wroyp =10 wy 0 by =0 by 0 .
2 2 2 2
0 Ar+z Grsa r—1¥fr—1 0 0 Wr+1 Fr—1¥8p—y 0 0 b?"+l Br—1 ¥ fr—1

where a, € (e,Rf.)™Y, w, € (fiRe,) ™, p Wpyq = alwl +al ,wi, + a2 w2+a2 w2, e ((1-
nil
er)R(l —€r )) Wrp1Qrey = Wr ar + 1"”1"2 sy + H"’I‘+1a1—2 + Mrr+1ﬂr+3 € ((1 - ){;‘)R(l - fr)) bz

(ere1Rfpe) T Wy € (fraaRer 1) ™ BEwii € (erpRer o)™ and Wi by € (fraRfen)™.
Corollary 4.4 [24]. Lerw,._, € R\{O}, a,_, € R be w,_,-Drazin invertible and let b,._, € R.

() Ifa,_y =Pwr-vrotr=1p . then (@p_yWw,_q)" =P (b,,,,_lw,,_ljn.foraf! integer n = 1.

(i) Ifa,_, =Pwr-al+v=1p . then (W,_ a,_)" <P (W,_,b,_ )" for all integer n = 1.

(iif) If @p—y <P*7=t by, then (@p_1wy—1)" <P (Bp_ywim )™ and (Wy—y@r_1)" <P (Wy_1byoy)", for all
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integern = 1.
Using the w,._,-Drazin inverse, we define and investigate more regular weighted pre-orders on RPWr-1,
Definition 4.2. Let w,._; € R\{0}, a,_, € R be w,_,-Draczin invertible and b,_, € R. Then we say that
Dw Dow
(1) @poy V=P b if e W@, )T = beoawraa, 5
- Dowr— Dowr—
(ii) @,_, sWr—Dbr=1p i ifa, " tw, 1(1,_1 =a 7

The relations <Wr-1Bmo+r= and iwi’—lD =1 are pre—ordcrs on the set of all w,_,; -Drazin invertible

‘Wr—lbr—l'

elements of R.

Corollary 4.5 [24]. Ler w,_; € R\{0}, and ler a,_,, b,._, € R be w,_, -Drazin invertible. Then the
Jollowing starements are equivalent:

(i) @y_y WraProrip

(i) @y Wr_ g (@r_ywy_ )P = bWy g (@ Wy _y)”

Dowy_s :
(ill) @QpoaWr_ra,” ur Wyoy = boaWeaa, v;_r Wr_q:
(iv) there exist dec*omposfrr’am of the identity 1 = e, + €ppq + €pyn and 1 = fi + frsq + friz such that
ay 0 0 w, 0 0 a, b le
a_1=|0 @& ain Wy =0 wi 0 by =10 bE 0 ,
2 2 2 2
0 ariz Gr Ep—y Xfr-1 0 0 Wres Fr-1%8p— 0 0 brn Br—1 ¥ fr—1

where a. € (e,Rfi)72, wp € (filRe) ™, arpaWpsy = alwl + a2 ,wi | +ai w2 +al wi, € ((1-
nil
r)R(l — € ))m r+1ar+1 - W {l + wrz 1+1 + Wr+1a1—2 + l"""r+lar+3 € ((1 f;)R(l - fr)] bz

(Ers1Rfrs1) L W2 € (fraaRe1) L b2y Wiy € (epi2Rep o)™ and wi bl € (fri2Rfrez)™L
Corollary 4.6 [24]. Let w,_; € R\{O}. and let Q,_1, br_1 € R be W,_y-Drazin invertible. Then the

Jfollowing statements are equivalent:

(1) Ay gwr_LD,E+r—1 br'—l

(if) (w,._ 1‘51 l)DW‘r—lar—l = (Wy_1@p_ )P Wrg by

r 1 D\#r 1

(ii1) w,._ 1(1 Wy 1@y = Wp_1 @0 We_ by

(iv) there exist decompositions of the chemfn' l=e.+te e andl =f.+ fo+ fr such that

a, 0 0 w,. 0 1] a, 0 0

Ap_1 = 0 ﬂ-% ai_{.l W1 = 0 Wrz 0 Jbi'—]. = b4 b;? 0 .
2 2 2 2

0 Grez Orez Ep—1 X fr—1 0 0 Wr+1 Fr—1¥ep—y br+l 0 br+l Er—1 % fr—1

where a, € (e,Rf.)™Y, w, € (iRe,) ™Y, appiWppr = @2w? + a2 wi | +ai w2+a2 w2, e ((1-
nil
e)R(1 — e))™, Wip18ray = Wiai + wial,, + whial, +wlhial,; € ((1 IR - fr)j‘ .

(91—1Rf1+1) ! "'1’ € (fl—lRer+1) ! br+1w1—l S (€r+23291+2) it mm?“’l— br+l € (fr+2Rfr+z)m-E-

We now introduce regular pre-orders on the set of all w,_,-Drazin invertible elements of R, applying the
minus and sharp partial orders.

Definition 4.3. Letr w,_; € R\{0} and a,._;, b,_, € R be w,_,-Drazin invertible. Then we say that
(1) ap_y <FTWr-uTorrol b,y {-fcar_ <* Chy_ywy_y and Na,_ywpey = Mo wpeys

(i) @p_y B2 0 h ey ST Gy b and My o ST My o

(1) @py = 7Wr-2 by if @p_y =57V uretr-1 by_y and @,_y <*~Wr-altr-1p

The relations <®—wr-1ro+r—1 <#—wp-pl+r—1 g5 <#-Wr-1 gre partial orders on RD*"“:"—l ifw,_; ER is

1Wr—y

right invertible, left invertible and invertible, respectively.
Corollary 4.7 [24]. Let w,_; € R\{0} and a,_,, b,_; € R be W,._,-Drazin invertible. Then the following

statements are equivalent:
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: \—Wr—yTo+r—1 .
(1) ar—l {_:at Wir—1,Tp+7¥ br—l‘

i =D Wy T +r—1 2 D —— ’ _
(llj Ap_q1 = rote br—l and Ap_We g — (ar—lwlr—l) (ar—lu"r—l) = br‘—lu’r—l

(br—l W,_ 1) 2 (br— 1Wio 1) D:

(111) rhere exist decompositions of the identitv 1 = e, + e, + e, and 1 = .+ fiq + fryo such that

a, 0 0 w, 0 0 a, 0 b2,
a,_,=|0 0 ai,, W, =0 w? 0 by =10 bz 0 ,
0 0 a2 0 0 w? 0 0 B2

3 ey % froy T xeroy rH e % froy
11‘;;(?}'9 ar € (erRﬁ')_la wr € (ﬁ‘Rer)_la l:;II'IZ'+1]""‘1g'+l = Or a$+3w'1?+1 € (91‘—2Rer+2)nﬂr
ﬂ?-swfu = b1¥+11“"1‘?—1’“"3+1a3+3 € (fr—Z:Rfr—Z))n”a br3+1w1?+1 =0, brz € (€r+1Rfr+1)_la wrz €
(fre1Rer )™ b Wiy € (erpRey )™ and

W2 b2y € (frazRfr2)™
Corollary 4.8 [24]. Let w,_; € R\{0} and a,_,, b,_; € R be w,_;-Drazin invertible. Then the following
statements are equivalent:
(1) ay_y i:-—,wr-_;.Hr—l br—l:
(11] Ar—q i:DJwr_lJ Lbr—l and Wr_1Qr—1 — (Wr—lar—l)ztw'r—lar—l)}} = w'r—lbr—l -
(Wy—1b,21)*(Wy_y b, )"

(iii) there exist decompositions of the identity 1 = e, + €41 + epp and 1 = fi + friq + fryo such that

a 0 0 w, 0 0 a. 0 0
y_1 = {0 0 0 ] W =0 wi 0 bey=| 0 b 0 ’
2 2
0 a7y Grya By X fro1 0 0 II"""r£+1 FroyXep—y b;?"'l 0 b£+l Fr—1 X fr—1

where a, € (e, Rf)™Y, wy € (fRe) ™, afawii € (e aRec )™, whiai,, =0, wiiaf;€

(FreaRfee2)™ Wi107 = Wibly, wiibi, =0, bl € (e Rfiy1)™ Wi € (fraRer) ™

b Wrey € (eroRen, ;)™ and Wi bi.y € (fraRfra)™

Corollary 4.9 [24]. Lerw,_; € R\{0} and a,_,, b,_, € R be w,_,-Drazin invertible. Then the following
statements are equivalent:

(i) ay_y ="M+ Db,_y:

(i) Qp_y <DWr-vbtr=lp Qp_y <PWr-aTodr=lp and AWy g —
[:G,._1%'?,_1)2((1?._1“"?._1)1) =" br‘—lwr—l - (br—1“"r—1)2(br—1wr—1)D'~

(111) there exist decompositions of the identitv 1 = e, + ey + €prp and 1 = fi + frp1 + frio such thar

a, 0 0 w, 0 0 a. 0 0
Gr_1=|0 0 ;) Wy =10 wF 0 by, =|0 BZ 0 ,
2 z
0 0 fre3 er—a¥fr— 0 0 Wit fr—1¥ep—y 0 0 br+1 er—1%fr—1

where a, € (e,Rf.)™Y, w,.€(fiRe,) ™, aZ w2, € (e..,Re. o)™, aZ. w2, <" b2 w2,
WZ10iez € (fraa R D™, Whials <7 wiibly,  bE € (eriRfn) ™ W2 E (fraRen) ™
b2 w2k, € (e,,,Re...)" " and

wiibii € (fraRfr)™
Corollary 4.10 [24]. Let w,_; € R\{0} and a,_,, b,_1 € R be w,._,-Drazin invertible.
() Ifa,_, <*~Wr-vot™=1 p  then Gp_Wp_; <~ bp_ Wy_j.
(ii) If @y <F~Wr-25T=L b | then Wy_ 1@y €7 Wy_1Bp_y.
() fa,_, <¥~Wr—2 b _  then a,_W,_y <~ b, W,_yand W, _ja,_; <~ W,_1b._,.
For w,—; = 1 in corresponding results of this section, we obtain results from [11]. It is interesting to
consider the previous results related to regular weighted pre-orders on the set of all w,._; g-Drazin invertible

elements of a ring.
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