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Abstract:

The main objective of this paper is to present some common fixed point theorems for generalized contractions in
complete metric spaceby employing the concept of P-property and generalized P-property. An example is also
given to justify the result.
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l. Introduction and Preliminaries :

The metric fixed theory is most demanded and interesting in solving many problems in area of research
in mathematics.It has wide applications in many field of science. In 1922, Banach [3] introduced
BanachContraction Principle that is “A self-mapping in a complete metric space satisfying the contraction
conditions has a unique fixed point.”In state of complete metric space, fixed point theory is an important part to
prove many results. Many authors defined several metric spaces and several contractions. Among all these
metric spaces and contraction, generalized contraction has many applications in fixed point theory. The concept
of simulation function and Z —contraction was given by Khojasteh[5]. The notion of R —function and its best
proximity points was given by Aslanta M. et al.In this paper we obtain fixed point results for generalized-
contraction using P —property and generalized P —property.

In 1906, Maurice Frechet introduced concept of metric space.
Definition 1.1:Let X be a non-empty set. A metric on X is a distance function d : X x X —Rsatisfying the
following:

1. d(x,y) =0andd(x,y) = 0iff x = y;
2. d(x,y) = d(y, x);
3. d(x,y) +d(y,z) =2 d(x,z), forallx,y,z € X .

The pair (X, d) is called a metric space.
Definition1.2:A sequence {x,, } in metric space (X, d) is

(1 A Cauchy sequence if for every ¢ > 0, there is N € N such that foralln,m = N, d(x,, x,;,) <e¢.
(i) Convergent to x € X such that for every € > 0, there is N € N such that forallm =N, d (x,,,x) <
&

Definition1.3:A metric space (X, d) is said to be complete if every Cauchy sequence is convergent in X.
Khojasteh [5] gave concept of simulation function and Z-contractions.so we give definition of Z-contraction and
a theorem based on it.

Definition 1.4:Let f : [0, 0] x [0,00] — R be a function. If f satisfies the following condition, then it is called
simulation function:

) f(0,0) =0,

) f(®.q) < (g —p)forallg,p > 0.

(3) If {p,}, {q} € (0, ) are sequences satisfying
impn = 111_1)1{)1(} qn > 0, then

lim sup f(Pr, qn) < 0.
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Result 1: Let T: X — X be a mapping on a complete metric space(X,d) and f : [0,0] x [0,] - R be a
simulation function. If the mapping Tis a Z-contraction w.r.t.fsatisfyingf (d(Tx, Ty),d(x,y)) = 0 for each
x,y € X, then T has a unique fixed point u in X.Also the picard sequence {T™x} for any initial point x € X
converges to u.

Since every Z-contraction in sense of Roldan-Lopez-de-Hierro et al. is a Meir-Keeler contraction then Roldan-
Lopez-de-Hierro et al.,[9] introduced R-functions and R-contractions.

Definition 1.5:Let ¢ # A € R. If a function f: A X A — R satisfies the following conditions then it is called R-
function on A:

(1) If {p,} S (0,00) N A is a sequence satisfying f(p,, pns1) > 0 for all n € N U {0}, then we have p,, =

0.

(2) If {p,.}, {g} € (0,00) N A are sequences satisfying lim p, = lim q,, = L = 0,L < p,, and satisfying
n—oo n—oo

and f(p, ,q,) > 0 for each n € N then we have L = 0.

(3) If {p}, {g..} € (0,0) N A are sequences satisfying f(p,,,q,) > 0 foreachn e Nand q, » 0asn —

oo, then we get p,, = 0.

Definition 1.6: LetT: X — X be a mapping on a metric space (X, d).If there is an R-function f on A satisfying
ran(d,X) = {d(x,y):x,y € X}<A and f(d(Tx, Ty),d(x, y)) > 0 for each x,y € Awith x # y, then T is called
an R-contraction with respect to f.

Definition 1.7: LetT: X — X be a mapping on a metric space (X, d).If there is a function f on A satisfying

ran(d,X) = {d(x,y):x,y € X}JSA and f(d(Tx,Ty), m(x,y)) > 0 where m(x,y) =
max{d(x,y),ﬁsg’;l),132’25?;),d(x'Ty);’d(y'Tx)}, for each x,y € Xwith x # y, then T is called ageneralized

contraction with respect to f.
Definition 1.8[1]: Let ¢ # P,Q be subsets of metric space (X,d).Then the pair (P,Q) is said to have aP-
property if it satisfies:

d(xl'yl) = d(P' Q)

d(xz,y2) =d(P,Q)
givesd(x,, x,) = d(y,,y,) forall x,,x, € Pand y,,y, € Q.
Definition 1.9: Let ¢ # P, Q be subsets of metric space (X, d).Then the pair (P, Q) is said to have a generalized
P-property if it satisfies: d(x;,y,) = d(P,Q) d(x,,y,) = d(P, Q)gives d(x;,x,) = d(y;,y,) forall x; # x, €
Pand y;,y, € Q.
Definition 1.10: Let ¢ # P, Q be subsets of metric space (X,d) and T: P — Q be a mapping. A

pointx € P is said to be a best proximity point of T if d(x, Tx) = d(P, Q). Itis fixed point of Tif P = Q = X.

1. Main Results:

In this section, we prove some common fixed point theorems using generalized contractions in complete metric
space using some properties. We find the existence of a best proximity point with help of our results and
definitions.

Theorem 2.1: Let T: P — Q be a mapping on a complete metric space (X,d) and P and Q are closed subsets of
X. Assume that P, # ¢, T(Py) € Q, where Py ={x € P:d(x,y) = d(P,Q) for some y € @} and Q, = {y €
Q:d(x,y) = d(P,Q) for some x € P}. Also pair (P, Q) has the generalized P-property. Suppose that T is a
generalized contractions with respect to f. If one of the following condition is satisfied:

(1). T is continuous,

(2). The function f satisfy the following property

If {p,.}, {q} € (0,0) N A are sequences satisfying f(p,,q,) > 0 foreachn € N and g,, » 0 as n — oo, then
we get p,, = 0. Then T has a unigue best proximity point in P.

Proof: Let x, € P, be any arbitrary point. Since Tx, € TP, < Q,, there exists x; € P, satisfyingd(x,, Tx,) =
d(P, Q).

Also, since Tx; € T(P,) S Q,, there existsx, € P, satisfying d(x,, Tx;) = d(P, Q).

In this way, we can have a sequence {x,} in P, such that

d(xn+11Txn) = d(P, Q) (11)

Foralln € N U {0}.

If x,,, = x,,,,, for some ny € N U {0}, then from (1.1), we have d(x,,, Tx,,) = d(P, Q),

Then no need of proof as it is completed. Hence, we assume that x,, # x,,,, forall n € N U {0}. Then, since the
pair (P, Q) has generalized P-property, from (1.1), we get

d(xp, xp41) = d(Txy-1, Txy) (1.2)

For all n € N. Also, since T is generalized contraction with respect to fwe get
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F(d(Txp_1, Txn), m(xp_y1,x,)) > Ofor all neN and where m(xp_q1, %) =
d(xn-1,TxXn-1) d(xn,Txn) d(xn—erxn)+d(xanxn—1)} :
max {d(xn_l, Xn), T TrdCenTay)” 2 ,foreachx,y € X withx #y

and from (1.2) we have f(d(x,, Xp41), d(xp_1,%,)) > 0 foralln € N (1.3)

therefore if we denote a sequence {p,} by p,, = d(x,_4, x,,) for all n € N,then from (1.3), we have p,, > 0 and
f(Pps+1,0n) > 0foralln e N.

Since {p,} € (0,0) N 4, so there exists a subsequence {p,, } of {p,} such that

lim p,, = lim d(xnk_l,xnk) =0 (1.4)

n—oo n—-oo

Now we will show that {p,, } is a Cauchy sequence. Let us assume that {x,, } is not a Cauchy sequence. Then
there exists € >0 and two subsequences of natural numbers {l.},{k,} with L. >k, >r such that
d (xnkr'xnzr) > g(1.5)

For all r € N where [, is the least integer satisfying (1.5).

Sod (xnkr'xnzr—l) < eforallr e N.

Therefore e < d (xnkr,xnlr) <d (xnkr,xnlr_l) +d (xnlr_l,xnlr) <e+d (xnlr_l,xmr) for all » € N. Taking
the limit as r — oo, we get

Jim d (xng, 5, ) = ¢ s)
Using (1.6), we have lim d (g, oy ) = € 1.7)
Since T is a generalized contraction with respect to f, we get

f (d (Txnkr_l,Txan_l),m (xnkr_l'xnzr—1)) >0 (1.8)
for all r € N.Now since 7!1_1)‘1;10 d (xnkr_l'xnzr-l) = rlirga d (xnkr’xnlr) =g,

Using (1.5) and (1.8), we have € = 0,

A contradiction.

Hence {x,, } is a Cauchy sequence in P.

Also {Txy,,_,}is a Cauchy sequence in Q.

Since subsets P,Q are closed subsets of complete metric space(X, d), there existsx € P and y € @ such that

,lim Xny = xandzlime”k—l =y (1.9)

Using (1.1), taking the limit as k — oo, we have

d(x,y) =d(P,Q) (1.10)
Also, we get

d(xnk_l,x) < d(xnk_l,xnk) + d(xy,, x)foreach k € N.

Hence using (1.4) and (1.9), we get

,llrg Xnp—1 = X (1.11)

Now from equation (1.9), we have y = Tx.

Now suppose thatx,, _, # x for all k € N and for some r € Nwith k > r. Now we take following case when T
is a continuous mapping. Then we get,

gLrgT X1 = Tx,

So, using (1.10)y = Tx.

Hence x € P is a best proximity point ofT.

Now suppose that (2) property is satisfied. Since T is a generalized contraction mapping, we get

f (d(Txnk_l,Tx),m(xnk_l,x)) > 0.

Hence using property (2) and equation (1.11), we have ,
’ll_)rgoT Xny—1 = T,

So,y =Tx.

Now we prove uniqueness of best proximity point.

Let x,y € P with x # y be two proximity point such that
d(x,Tx) =d(P,Q)and d(y,Ty) =d(P,Q).

Hence using generalized P-property we have,

d(x,y) = d(Tx,Ty).

Since T is generalized contraction with respect to f, we get
f(d(Tx, Ty), m(x,y)) >0,

A contradiction.
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Therefore T has a unique best proximity point in P.

Corollary 2.2: Let T: P - Q be a mapping on a complete metric space (X, d) where P and Q are closed subsets
of X. Assume thatP, # ¢, T(P,) S Q, and the pair (P, Q) has generalized P-property. Suppose that m(x,y) =
d(x,y) in above theorem for generalized contraction, we will get the same result and unique best proximity
pointin P.

Corollary 2.3: Let T: P — Q be a mapping on a complete metric space (X, d) where P and Q are closed subsets
of X. Assume that P, # ¢,T(P,) S Q,and the pair (P,Q) has generalized P-property. Suppose there is a
generalized R-function f:AXA—->R on A satisfying ran(d,P U Q) = {d(x,y):x,y € P U Q} € Aand
f(d(Tx, Ty), m(x, y)) > 0, where

m(x’ _'V) — max {d(x, _'V), d(x,Tx) d(y,Ty) d(xTy)+d(y,Tx)

1+d(x,Tx) " 1+d(y,Ty)’ 2
the following conditions:
(1). T is continuous,
(2). TheR- function f satisfy the following property,
If {p,}, {gn} S (0,) N A are sequences satisfying f(pn, q,) > 0 for eachn € N and gq,, » 0 as n — oo, then
we get p, = 0.
Then T has a unique best proximity point in P.
Theorem 2.4: Let (X, d) be a complete metric space, P be non-empty closed subset of X and assume that h: P X
[0,1] — X is a continuous closed mapping such that
(1). d(x,h(x,/l)) > 0 for each x € Pand 1 € [0,1],
(2).There exists a modified R function f: A x A =R on A such that
withx # y and 4, 1 € [0,1],
(3).Forall x € A, B,r € [0,1] and x, € B(x, 1) there exists x; € B(x,r) such that x; = h(x,, B),
If h(.,0) has a fixed point in P, then h(.,1) has a fixed pointin P.
Proof:Assume that h(.,0) has a fixed point in P.
Consider the subset K = {(8,x):d(x, h(x,8)) = d(P, X)}.
So there is a point x € P such that d(x, h(x,0)) = d(P, X).
So we have (0,x) € K.
SoK # ¢.
Define a partial order on K by
(B,x) < (uy)ifonlyif g < pand d(x,y) < (u — p).
Consider L be an arbitrary totally ordered subset of kand 8* = sup{B: (8, x) € L}.
Consider increasing sequence {(8,,x,)}in L foralln e Nu{0}and 8, - " asn — co.
So we get d(xy, Xm) < (Bm — Bn),
For each n,m € N U {0}with m > n.
So{x,} € P is a Cauchy sequence and there is x* € Psuch that d(x, ,x*) -0 asn — oo.
Since P € X is closed and (X, d) is a complete lattice,
Sod(x*, h(x*,p") = d(P,X).
So (B*,x*) EK.
Since L is a totally ordered, it satisfies (8, x) < (", x™) forall (8,x) € L.
Hence, (8%, x™) is an upper bound of L.
Hence K has maximal element (B,, x,).
Now we want to prove that 8, = 1.
Assume that 8, < 1.
Then there is a real number gsatisfying 8, < 8 < 1.
Letr, = B — Bo.
Using property (2), mapping h(.,B): B(x,, 1) = X is a generalized contraction. Now considering property (3)
and above theorem there exists xz € B(xo,71)
Such that d(xg, h(xg, B) = d (P, X).
Hence (x5, 8) € K,
A contradiction.
So B, = 1.
Hence h(.,1) has a best proximity point x,in P.
Example 2.5:Let X = R? be complete metric space with usual metric d.Consider the closed subset of X,

P={O,%:neN}x{0}

},for each x,y € X with x = y. If it satisfies one of

And Q = {0,=:n € N} x {1},
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Now d(P,Q) = 1, take P, = P and Q, = Q.

Also the pair (P, Q) has the generalized P-property.
Now we define T: P — Qand function f: [0, o] X [0,00] = R by T(x,0) = (0,1)
1, p=iandq=1+%,n21,

or
1 1
p—1+zandq—;,n21
And f(p,q) = 0, pe{Oi}andq=1+§,n21

or
1 = X
pe{OZ}andq = 1+3n,n2 1

(g — p) , otherwise
Now it can be seen that T(P,) S Q, and T is continuous mapping.
Let A =ran(d,P U Q)

1 1 1 1
a={oZmenju{t+|f-2inmenNfu+inen
Now T is modified R-function on A.

Now for sequence {p,}S(0,) N A satisfying f(pn41,pn) >0 for all n € N U {0}, then there exists
subsequences {p,,, } > 0as k - oo.

So there is ny € N such thatp,, = %then we have p, 15, = 0 foralln € N.
0

Since f (Pps1,Pn) > 0 for each n € N, we have (pz—" — pn+1) > 0 foralln € N and so {p,} is decreasing.
Hence there exists z > 0 such that p, —» zasn — co.

Similarly {p,},{g.} € (0,0) N A are sequences satisfying ““E}O Pn = lij{}o Gn=220,z<p, and f(p,, q,) >
0 for all n € Nthen z = 0. " "

Now we prove that T is generalized contraction with respect tof".

Letx = (i,o),y = (#,0),n,m >1.

Then Tx = (0,1)andTy = (0,1).

So we get d(Tx, Ty) = 0.

m(x,y) = max {d(x, y),

1 1
Som(x,y) = |3~

mZ
Hence we get,
1 1

£ax . me ) = £ (0.5 - %)) = (5 - ) > 0.

2n m? 2n m?
Thus T is generalized contraction with respect to f.
Thus T has unique best proximity point in P.

d(x,Tx) d(y,Ty) d(xTy)+d(y,Tx)
1+d(x,Tx)’ 1+d(y,Ty)’ 2

},for each x,y € X with x # y.

1 1
=G~
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