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I. Introduction 
Fixed point theory has an application in many fields such as physics, chemistry, biology and many 

areas of mathematics. The Banach contraction mapping principle [7] is the most pioneer result in the complete 

metric space. Banach contraction principle establishes that every mapping ℛ ∶ 𝑌 → 𝑌, which is defined on 

complete metric space (𝑌, 𝑑) and satisfy the following condition for all 𝑢, 𝑣 ∈ 𝑌, 

𝑑(ℛ(𝑢), ℛ(𝑣)) ≤ 𝜆𝑑(𝑢, 𝑣),  

where 0 < 𝜆 < 1 is a constant, has a unique fixed point in 𝑌. 

The concept of a 𝒢 − metric space was introduced by Mustafa and Sims [13] which is different from further 

spaces. After this appreciative work of Mustafa and Sims [13], many writers inspired to study the hurdles of the 

fixed point, common fixed point, common fuzzy fixed point by using different contractive conditions for 

mappings, see for examples ([1], [6], [8], [10], [11], [12]). 

II. Preliminaries 

Definition 2.1 [13] Let 𝑌 be a non-empty set and 𝒢 ∶ 𝑌 × 𝑌 × 𝑌 → ℝ0
+ be a function such that for all 𝑢, 𝑣, 𝑤, 𝑎 ∈

𝑌, satisfying the following properties 

(𝒢1) 𝒢(𝑢, 𝑣, 𝑤) = 0 if 𝑢 = 𝑣 = 𝑤; 

(𝒢2) 𝒢(𝑢, 𝑢, 𝑣) > 0  with 𝑢 ≠ 𝑣; 

(𝒢3) 𝒢(𝑢, 𝑢, 𝑣) ≤ 𝒢(𝑢, 𝑣, 𝑤) with 𝑤 ≠ 𝑣; 

(𝒢4) 𝒢(𝑢, 𝑣, 𝑤) = 𝒢(𝑢, 𝑤, 𝑣) = 𝒢(𝑣, 𝑤, 𝑢) = 𝒢(𝑤, 𝑢, 𝑣) = ⋯, (Symmetry in all three variables); 
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(𝒢5) 𝒢(𝑢, 𝑣, 𝑤) ≤ 𝒢(𝑢, 𝑎, 𝑎) + 𝒢(𝑎, 𝑣, 𝑤), (Rectangle inequality). 

Then, the function 𝒢 is called a 𝒢 − metric on 𝑌, and the pair (𝑌, 𝒢) is a 𝒢 − metric space. 

All these properties are satisfied when 𝒢(𝑢, 𝑣, 𝑤) is the perimeter of the triangle with vertices at 𝑢, 𝑣 and 𝑤 in 

ℝ2. 

Example 2.2 [13] Let (𝑌, 𝑑) be a metric space. The mapping 𝒢𝑆 ∶ 𝑌3 → ℝ0
+ defined by 

𝒢𝑆(𝑢, 𝑣, 𝑤) = 𝑑(𝑢, 𝑣) + 𝑑(𝑣, 𝑤) + 𝑑(𝑢, 𝑤), for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, 

is a 𝒢 − metric and therefore (𝑌, 𝒢𝑆) is a 𝒢 − metric space. 

Definition 2.3 [13] The 𝒢 − metric space (𝑌, 𝒢) is called symmetric if 𝒢(𝑢, 𝑢, 𝑣) = 𝒢(𝑣, 𝑣, 𝑢), for all 𝑢, 𝑣 ∈ 𝑌. 

Proposition 2.4 [13] Let (𝑌, 𝒢) be a 𝒢 − metric space. Then for any 𝑢, 𝑣, 𝑤, 𝑎 ∈ 𝑌, it follows that: 

(i) If 𝒢(𝑢, 𝑣, 𝑤) = 0, then 𝑢 = 𝑣 = 𝑤; 

(ii) 𝒢(𝑢, 𝑣, 𝑤) ≤ 𝒢(𝑢, 𝑢, 𝑣) + 𝒢(𝑢, 𝑢, 𝑤); 

(iii) 𝒢(𝑢, 𝑣, 𝑣) ≤ 2𝒢(𝑣, 𝑢, 𝑢); 

(iv) 𝒢(𝑢, 𝑣, 𝑤) ≤ 𝒢(𝑢, 𝑎, 𝑤) + 𝒢(𝑎, 𝑣, 𝑤); 

(v) 𝒢(𝑢, 𝑣, 𝑤) ≤
2

3
[𝒢(𝑢, 𝑣, 𝑎) + 𝒢(𝑢, 𝑎, 𝑤) + 𝒢(𝑎, 𝑣, 𝑤)]; 

(vi) 𝒢(𝑢, 𝑣, 𝑤) ≤ 𝒢(𝑢, 𝑎, 𝑎) + 𝒢(𝑣, 𝑎, 𝑎) + 𝒢(𝑤, 𝑎, 𝑎). 

Definition 2.5 [13] Let (𝑌, 𝒢) be a 𝒢 − metric space and let {𝑢𝑛} be a sequence of points of 𝑌. Then, the 

sequence {𝑢𝑛} is 𝒢 − convergent to 𝑢 ∈ 𝑌 if 𝒢(𝑢𝑚, 𝑢𝑛 , 𝑢) → 0 as 𝑚, 𝑛 → ∞. 

Proposition 2.6 [13] Let (𝑌, 𝒢) be a 𝒢 − metric space, therefore for a sequence {𝑢𝑛} ⊆ 𝑌 and a point 𝑢 ∈ 𝑌, the 

following are equivalent: 

(i) {𝑢𝑛} is 𝒢 − convergent to 𝑢. 

(ii) 𝒢(𝑢𝑛, 𝑢𝑛, 𝑢) → 0 as 𝑛 → ∞. 

(iii) 𝒢(𝑢𝑛, 𝑢, 𝑢) → 0 as 𝑛 → ∞. 

Definition 2.7 [13] Let (𝑌, 𝒢) be a 𝒢 − metric space. A sequence {𝑢𝑛} is called 𝒢 − Cauchy sequence, if for any 

𝜀 > 0, there exists an 𝑁0 ∈ ℕ such that 𝒢(𝑢𝑛, 𝑢𝑚, 𝑢𝑚) < 𝜀, for all 𝑛, 𝑚 ≥ 𝑁0.  

Definition 2.8 [13] If every 𝒢 − Cauchy sequence in (𝑌, 𝒢) is 𝒢 − convergent in (𝑌, 𝒢), then a 𝒢 − metric space 

(𝑌, 𝒢) is said to be 𝒢 − complete. 

Definition 2.9 [2] A mapping ℱ ∶ ℝ0
+ × ℝ0

+ → ℝ is called a 𝐶 − class function if it is continuous and satisfies 

the properties: 

(i) ℱ(𝑟, 𝑡) ≤ 𝑟; 

(ii) ℱ(𝑟, 𝑡) = 𝑟 implies that either 𝑟 = 0 or 𝑡 = 0, for all 𝑟, 𝑡 ∈ ℝ. 

Also, for any ℱ, we obtain ℱ(𝑟, 𝑡) = 0.  

The class of all 𝐶 − class functions is denoted by 𝒞. The upcoming example proves that 𝒞 is non-empty. 

Example 2.10 [2] Each of the functions ℱ ∶ ℝ0
+ × ℝ0

+ → ℝ explained below are elements of 𝒞. 

(i) ℱ(𝑟, 𝑡) = 𝑟 − 𝑡; 
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(ii) ℱ(𝑟, 𝑡) =
𝑟

(1+𝑡)𝑠 , 𝑠 ∈ (0, ∞); 

(iii) ℱ(𝑟, 𝑡) = 𝓂𝑟, 0 < 𝓂 < 1; 

(iv) ℱ(𝑟, 𝑡) = 𝑟𝛽0(𝑟) where 𝛽0 ∶ ℝ0
+ → ℝ0

+ and is continuous; 

(v) ℱ(𝑟, 𝑡) =
𝑟

(1+𝑟)𝑠 , 𝑠 ∈ (0, ∞). 

The above items (i) (iii) and (iv) are central results in [2]. Also see paper [4] and [9]. 

Definition 2.11 [2] Let 𝜑 ∶ ℝ0
+ → ℝ0

+ be a function which satisfies the properties: 

(𝜑1) 𝜑 is continuous and non-decreasing function; 

(𝜑2) 𝜑(𝑡) = 0 if and only if 𝑡 = 0. 

Then, 𝜑 is called an altering distance function. 

Remark 2.12 The class of all altering distance functions is denoted by Φ. 

Definition 2.13 [2] Let 𝜓 ∶ ℝ0
+ → ℝ0

+ be a function which is also non-decreasing and continuous function such 

that 𝜓(𝑡) > 0 for 𝑡 > 0. 

Then, 𝜓 is called an ultra-altering distance function. 

Remark 2.14 The class of all ultra-altering distance functions is denoted by Ψ𝑢. 

Definition 2.15 Let (𝑌, 𝒢) be a 𝒢 − metric space and ℛ be a self-mapping defined on 𝑌. Then ℛ ∶ 𝑌 → 𝑌 is 

called a contraction if there exist a constant 𝜅 with 0 ≤ 𝜅 < 1 such that for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, 

𝒢(ℛ𝑢, ℛ𝑣, ℛ𝑤) ≤ 𝜅𝒢(𝑢, 𝑣, 𝑤).   

III. Main Results 

In this manuscript, we prove fixed point theorems via 𝐶 − class functions on  𝒢 − metric spaces. Further we also 

provide some examples and corollaries to prove the existence and uniqueness of our results.  

Theorem 3.1 Let ℎ ∶ 𝑌 → 𝑌 be a self-mapping defined on complete 𝒢 − metric space (𝑌, 𝒢) and 

satisfy the following inequality for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, 

𝜑(𝒢(ℎ𝑢, ℎ𝑣, ℎ𝑤)) ≤ ℱ (𝜑(Θ0(𝑢, 𝑣, 𝑤)), 𝜓(Θ0(𝑢, 𝑣, 𝑤))),                                                        (1) 

where 

Θ0(𝑢, 𝑣, 𝑤) = 𝑘1𝒢(𝑢, 𝑣, 𝑤) + 𝑘2𝒢(𝑢, 𝑢, ℎ𝑢) + 𝑘3𝒢(𝑤, 𝑤, ℎ𝑤) +  

                        𝑘4[𝒢(𝑤, 𝑤, ℎ𝑢) + 𝒢(𝑢, 𝑢, ℎ𝑤)] + 𝑘5 (
𝒢(𝑤,𝑤,ℎ𝑤)

(1+𝒢(𝑢,𝑣,𝑤))
)                                                   

and 𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝑘5 > 0 are non-negative reals with 𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5 < 1, 𝜑 ∈ Φ, 

𝜓 ∈ Ψ𝑢 𝑎𝑛𝑑 ℱ ∈ 𝒞. Then, ℎ has a unique fixed point in 𝑌, that is, ℎ𝑙 = 𝑙. 

Proof. Let 𝑢0 ∈ 𝑌 be any arbitrary point. 

Consider that 𝑢2𝑛+1 = ℎ𝑢2𝑛 for 𝑛 = 0,1,2, … 

Now, we have to show that {𝑢𝑛} is a 𝒢 − Cauchy sequence in (𝑌, 𝒢). But for this, firstly we will prove that 
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𝑙𝑖𝑚𝑛→∞𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑛) = 0.  

Now, putting 𝑢 = 𝑣 = 𝑢2𝑛, 𝑤 = 𝑢2𝑛−1 in equation (1) and using property (𝒢1), (𝒢5) and Definition 2.3, we get 

𝜑(𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛)) = 𝜑(𝒢(ℎ𝑢2𝑛, ℎ𝑢2𝑛, ℎ𝑢2𝑛−1))  

                                          ≤ ℱ (𝜑(Θ0(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1)), 𝜓(Θ0(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1))),                 (2) 

where 

Θ0(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1)  

= 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + 𝑘2𝒢(𝑢2𝑛, 𝑢2𝑛, ℎ𝑢2𝑛) + 𝑘3𝒢(𝑢2𝑛−1, 𝑢2𝑛−1, ℎ𝑢2𝑛−1)  

   +𝑘4[𝒢(𝑢2𝑛−1, 𝑢2𝑛−1, ℎ𝑢2𝑛) + 𝒢(𝑢2𝑛, 𝑢2𝑛, ℎ𝑢2𝑛−1)] + 𝑘5 (
𝒢(𝑢2𝑛−1,𝑢2𝑛−1,ℎ𝑢2𝑛−1)

(1+𝒢(𝑢2𝑛,𝑢2𝑛,𝑢2𝑛−1))
)  

= 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + 𝑘2𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛+1) + 𝑘3𝒢(𝑢2𝑛−1, 𝑢2𝑛−1, 𝑢2𝑛)  

    +𝑘4[𝒢(𝑢2𝑛−1, 𝑢2𝑛−1, 𝑢2𝑛+1) + 𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛)] + 𝑘5 (
𝒢(𝑢2𝑛−1,𝑢2𝑛−1,𝑢2𝑛)

(1+𝒢(𝑢2𝑛,𝑢2𝑛,𝑢2𝑛−1))
)  

≤ 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + 𝑘2𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛) + 𝑘3𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1)  

    +𝑘4[𝒢(𝑢2𝑛−1, 𝑢2𝑛−1, 𝑢2𝑛) + 𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛+1)] + 𝑘5 (
𝒢(𝑢2𝑛,𝑢2𝑛,𝑢2𝑛−1)

(1+𝒢(𝑢2𝑛,𝑢2𝑛,𝑢2𝑛−1))
)   

= 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + 𝑘2𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛) + 𝑘3𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1)  

   +𝑘4[𝒢(𝑢2𝑛−1, 𝑢2𝑛−1, 𝑢2𝑛) + 𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛)] + 𝑘5 (
𝒢(𝑢2𝑛,𝑢2𝑛,𝑢2𝑛−1)

(1+𝒢(𝑢2𝑛,𝑢2𝑛,𝑢2𝑛−1))
)  

≤ 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + 𝑘2𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛) + 𝑘3𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1)  

   +𝑘4[𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + 𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛)] + 𝑘5𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) 

= (𝑘1 + 𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + (𝑘2 + 𝑘4)𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛).                           (3) 

Putting the value of Θ0(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) from equation (3) in equation (2) and also using the property of ℱ, we 

have 

𝜑(𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛))  

≤ ℱ (
𝜑((𝑘1 + 𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + (𝑘2 + 𝑘4)𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛)),

𝜓((𝑘1 + 𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + (𝑘2 + 𝑘4)𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛))
)     

≤ 𝜑((𝑘1 + 𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) + (𝑘2 + 𝑘4)𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛)).                     (4) 

As 𝜑 ∈ Φ, then using the property of 𝜑, we get 

𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛) ≤ (𝑘1 + 𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) +  

                                        (𝑘2 + 𝑘4)𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛). 

That is, 𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, 𝑢2𝑛) ≤ (
𝑘1+𝑘3+𝑘4+𝑘5

1−𝑘2−𝑘4
) 𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1) = 𝛼𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛−1),      (5) 



Fixed point theorems on  𝒢 − metric spaces Via 𝐶 − Class Functions 

DOI: 10.35629/0743-11031624                                    www.questjournals.org                                         20 | Page 

where 𝛼 = (
𝑘1+𝑘3+𝑘4+𝑘5

1−𝑘2−𝑘4
) < 1,  

because 𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5 < 1. 

Therefore, 

𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑛) ≤ 𝛼𝒢(𝑢𝑛, 𝑢𝑛, 𝑢𝑛−1),                                                                                        (6) 

for 𝑛 = 0,1,2, … 

Now, consider  𝒹𝑛 = 𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑛) and 𝒹𝑛−1 = 𝒢(𝑢𝑛, 𝑢𝑛, 𝑢𝑛−1). 

Hence, from equation (6), we obtain 

𝒹𝑛 ≤ 𝛼𝒹𝑛−1 ≤ 𝛼2𝒹𝑛−2 ≤ ⋯ ≤ 𝛼𝑛𝒹0.                                                                                       (7) 

As 0 ≤ 𝛼 < 1, then taking the limit as 𝑛 → ∞, we obtain 

𝑙𝑖𝑚𝑛→∞𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑛) = 0.                                                                                                    (8) 

Next, we will prove that {𝑢𝑛} is a 𝒢 − Cauchy sequence in (𝑌, 𝒢). 

We assume that 𝑚 > 𝑛, for all 𝑛, 𝑚 ∈ ℕ and also using the property (𝒢5), Definition 2.3 and using equation (7), 

we get 

𝒢(𝑢𝑛, 𝑢𝑛, 𝑢𝑚) ≤ 𝒢(𝑢𝑛, 𝑢𝑛, 𝑢𝑛+1) + 𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑚)  

                        ≤ 𝒢(𝑢𝑛 , 𝑢𝑛, 𝑢𝑛+1) + 𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑛+2) + 𝒢(𝑢𝑛+2, 𝑢𝑛+2, 𝑢𝑚)    

                        ≤ 𝒢(𝑢𝑛 , 𝑢𝑛, 𝑢𝑛+1) + 𝒢(𝑢𝑛+1, 𝑢𝑛+1, 𝑢𝑛+2) + 𝒢(𝑢𝑛+2, 𝑢𝑛+2, 𝑢𝑛+3) + ⋯ 

                              + 𝒢(𝑢𝑚−1, 𝑢𝑚−1, 𝑢𝑚)  

                        ≤ (𝛼𝑛 + 𝛼𝑛+1 + 𝛼𝑛+2 + ⋯ + 𝛼𝑚−1)𝒢(𝑢0, 𝑢0, 𝑢1)  

                        = (𝛼𝑛 + 𝛼𝑛+1 + 𝛼𝑛+2 + ⋯ + 𝛼𝑚−1)𝒹0 

                        = (∑ 𝛼𝑝)𝑚−1
𝑝=𝑛 𝒹0.                                                                                                               (9)                                                                                                

Letting 𝑛, 𝑚 → ∞, we get 𝒢(𝑢𝑛, 𝑢𝑛, 𝑢𝑚) → 0, as 0 ≤ 𝛼 < 1. 

Therefore, {𝑢𝑛} is a 𝒢 − Cauchy sequence in 𝑌. Also, (𝑌, 𝒢) is 𝒢 − complete, then there exists 𝑙 ∈ 𝑌 such that 

𝑙𝑖𝑚𝑛→∞𝑢𝑛 = 𝑙. 

Now, we will prove that 𝑙 is a fixed point of  ℎ. 

Putting 𝑢 = 𝑣 = 𝑢2𝑛 and 𝑤 = 𝑙 in equation (1), we obtain 

𝜑(𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, ℎ𝑙)) = 𝜑(𝒢(ℎ𝑢2𝑛, ℎ𝑢2𝑛, ℎ𝑙))  

                                       ≤ ℱ (𝜑(𝛩0(𝑢2𝑛, 𝑢2𝑛, 𝑙)), 𝜓(𝛩0(𝑢2𝑛, 𝑢2𝑛, 𝑙))),                                   (10)                 

where 

Θ0(𝑢2𝑛, 𝑢2𝑛, 𝑙)  
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= 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑙) + 𝑘2𝒢(𝑢2𝑛, 𝑢2𝑛, ℎ𝑢2𝑛) + 𝑘3𝒢(𝑙, 𝑙, ℎ𝑙)  

   +𝑘4[𝒢(𝑙, 𝑙, ℎ𝑢2𝑛) + 𝒢(𝑢2𝑛, 𝑢2𝑛, ℎ𝑙)] + 𝑘5 (
𝒢(𝑙,𝑙,ℎ𝑙)

(1+𝒢(𝑢2𝑛,𝑢2𝑛,𝑙))
)  

= 𝑘1𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑙) + 𝑘2𝒢(𝑢2𝑛, 𝑢2𝑛, 𝑢2𝑛+1) + 𝑘3𝒢(𝑙, 𝑙, ℎ𝑙)  

   +𝑘4[𝒢(𝑙, 𝑙, 𝑢2𝑛+1) + 𝒢(𝑢2𝑛, 𝑢2𝑛, ℎ𝑙)] + 𝑘5 (
𝒢(𝑙,𝑙,ℎ𝑙)

(1+𝒢(𝑢2𝑛,𝑢2𝑛,𝑙))
).                                                 (11)                                         

Taking 𝑛 → ∞ in the above equation (11) and using the property (𝒢1), we obtain 

Θ0(𝑢2𝑛, 𝑢2𝑛, 𝑙) = (𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙).                                                                               (12)                  

Using the property of ℱ and also using equation (12) in equation (10), we get 

𝜑(𝒢(𝑢2𝑛+1, 𝑢2𝑛+1, ℎ𝑙)) = 𝜑(𝒢(ℎ𝑢2𝑛, ℎ𝑢2𝑛, ℎ𝑙))  

                                       ≤ ℱ (𝜑((𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙)), 𝜓((𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙)))    

                                       ≤ 𝜑((𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙)).                                                           (13)                                                                                                                                        

Again, taking 𝑛 → ∞ in equation (13), we get 

𝜑(𝒢(𝑙, 𝑙, ℎ𝑙)) ≤ 𝜑((𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙)).                                                                           (14)                                     

As 𝜑 ∈ Φ, then using the property of 𝜑 in equation (14), we conclude that 

𝒢(𝑙, 𝑙, ℎ𝑙) ≤ (𝑘3 + 𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙)  

                ≤ (𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, ℎ𝑙) 

                < 𝒢(𝑙, 𝑙, ℎ𝑙),  

as (𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5) < 1, 

a contradiction. 

Therefore, 𝒢(𝑙, 𝑙, ℎ𝑙) = 0. 

In other words, ℎ𝑙 = 𝑙. 

This proves that 𝑙 is a fixed point of ℎ. 

Uniqueness: Let 𝑙′ be another fixed point of ℎ such that ℎ𝑙′ = 𝑙′ with 𝑙′ ≠ 𝑙. 

Now, using equation (1) for 𝑢 = 𝑣 = 𝑙 and 𝑤 = 𝑙′ and also using the property (𝒢1) and Definition 2.3, we 

obtain 

𝜑(𝒢(𝑙, 𝑙, 𝑙′)) = 𝜑(𝒢(ℎ𝑙, ℎ𝑙, ℎ𝑙′))  

                      ≤ ℱ (𝜑(Θ0(𝑙, 𝑙, 𝑙′)), 𝜓(Θ0(𝑙, 𝑙, 𝑙′))),                                                                    (15)  

where 

 Θ0(𝑙, 𝑙, 𝑙′)  
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= 𝑘1𝒢(𝑙, 𝑙, 𝑙′) + 𝑘2𝒢(𝑙, 𝑙, ℎ𝑙) + 𝑘3𝒢(𝑙′, 𝑙′, ℎ𝑙′) + 𝑘4[𝒢(𝑙′, 𝑙′, ℎ𝑙) + 𝒢(𝑙, 𝑙, ℎ𝑙′)] + 𝑘5 (
𝒢(𝑙′,𝑙′,ℎ𝑙′)

(1+𝒢(𝑙,𝑙,𝑙′))
)   =

𝑘1𝒢(𝑙, 𝑙, 𝑙′) + 𝑘2𝒢(𝑙, 𝑙, 𝑙) + 𝑘3𝒢(𝑙′, 𝑙′, 𝑙′) + 𝑘4[𝒢(𝑙′, 𝑙′, 𝑙) + 𝒢(𝑙, 𝑙, 𝑙′)] + 𝑘5 (
𝒢(𝑙′,𝑙′,𝑙′)

(1+𝒢(𝑙,𝑙,𝑙′))
) = 𝑘1𝒢(𝑙, 𝑙, 𝑙′) + 0 + 0 +

𝑘4[2𝒢(𝑙, 𝑙, ℎ𝑙′)] + 0  

= (𝑘1 + 2𝑘4)𝒢(𝑙, 𝑙, 𝑙′).                                                                                                                (16) 

Putting the value of  Θ0(𝑙, 𝑙, 𝑙′) from equation (16) in equation (15) and also using the property of ℱ, we get 

𝜑(𝒢(𝑙, 𝑙, 𝑙′)) = 𝜑(𝒢(ℎ𝑙, ℎ𝑙, ℎ𝑙′))  

                     ≤ ℱ (𝜑((𝑘1 + 2𝑘4)𝒢(𝑙, 𝑙, 𝑙′)), 𝜓((𝑘1 + 2𝑘4)𝒢(𝑙, 𝑙, 𝑙′))),         

                     ≤ 𝜑((𝑘1 + 2𝑘4)𝒢(𝑙, 𝑙, 𝑙′)).                                                                                    (17)   

 As 𝜑 ∈ Φ, then again using the property of 𝜑 in equation (17), we obtain 

𝒢(𝑙, 𝑙, 𝑙′) ≤ (𝑘1 + 2𝑘4)𝒢(𝑙, 𝑙, 𝑙′)          

               ≤ (𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5)𝒢(𝑙, 𝑙, 𝑙′) 

               < 𝒢(𝑙, 𝑙, 𝑙′),                                                                                                                   (18) 

 as (𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5) < 1,             

again, we get a contradiction. 

Hence, 𝒢(𝑙, 𝑙, 𝑙′) = 0, that is, 𝑙 = 𝑙′.  

Therefore, 𝑙 is a fixed point of ℎ in 𝑌. 

Corollary 3.2 Let ℎ ∶ 𝑌 → 𝑌 be a self-mapping defined on complete 𝒢 − metric space (𝑌, 𝒢) and satisfy the 

following inequality for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, 

𝜑(𝒢(ℎ𝑢, ℎ𝑣, ℎ𝑤)) ≤ 𝜑(𝛩0(𝑢, 𝑣, 𝑤)) − 𝜓(𝛩0(𝑢, 𝑣, 𝑤)),                                                           (19) 

where 

Θ0(𝑢, 𝑣, 𝑤) = 𝑘1𝒢(𝑢, 𝑣, 𝑤) + 𝑘2𝒢(𝑢, 𝑢, ℎ𝑢) + 𝑘3𝒢(𝑤, 𝑤, ℎ𝑤) +  

                        𝑘4[𝒢(𝑤, 𝑤, ℎ𝑢) + 𝒢(𝑢, 𝑢, ℎ𝑤)] + 𝑘5 (
𝒢(𝑤,𝑤,ℎ𝑤)

(1+𝒢(𝑢,𝑣,𝑤))
)                                         

and 𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝑘5 > 0 are non-negative reals with 𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5 < 1, 𝜑 ∈ Φ, 

𝜓 ∈ Ψ𝑢 𝑎𝑛𝑑 ℱ ∈ 𝒞.  

Then, ℎ has a unique fixed point in 𝑌, that is, ℎ𝑙 = 𝑙. 

Proof. If we take ℱ(𝑟, 𝑡) = 𝑟 − 𝑡 in Theorem 3.1, then we get the required result. 

Corollary 3.3 Let ℎ ∶ 𝑌 → 𝑌 be a self-mapping defined on compete 𝒢 − metric space (𝑌, 𝒢) which satisfy the 

following inequality for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, 

𝒢(ℎ𝑢, ℎ𝑣, ℎ𝑤) ≤ 𝜅 𝒢(𝑢, 𝑣, 𝑤),                                                                                                    (20) 
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where 𝜅 ∈ [0,1) is a constant. 

Then, ℎ has a unique fixed point in 𝑌, that is, ℎ𝑙 = 𝑙. 

Proof. If we consider ℱ(𝑟, 𝑡) = 𝓂𝑟 for some 𝓂 such that 0 < 𝓂 < 1, 𝜑(𝑡) = 𝑡, for all 𝑡 ≥ 0 and taking 𝑘1 =

𝜅, where 𝜅 ∈ [0,1) and also 𝑘2 = 𝑘3 = 𝑘4 = 𝑘5 = 0 in Theorem 3.1, then we get the required result (with 

𝓂𝜅 → 𝜅). 

Corollary 3.4 Let ℎ ∶ 𝑌 → 𝑌 be a self-mapping defined on complete 𝒢 − metric space (𝑌, 𝒢) which satisfy the 

following inequality for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, 

𝒢(ℎ𝑢, ℎ𝑣, ℎ𝑤) ≤ 𝑘1𝒢(𝑢, 𝑣, 𝑤) + 𝑘2𝒢(𝑢, 𝑢, ℎ𝑢) + 𝑘3𝒢(𝑤, 𝑤, ℎ𝑤) +  

                                𝑘4[𝒢(𝑤, 𝑤, ℎ𝑢) + 𝒢(𝑢, 𝑢, ℎ𝑤)] + 𝑘5 (
𝒢(𝑤,𝑤,ℎ𝑤)

(1+𝒢(𝑢,𝑣,𝑤))
),                                             (21)   

where 𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝑘5 > 0 are non-negative reals with 𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5 < 1.        

Then, ℎ has a unique fixed point in 𝑌, that is, ℎ𝑙 = 𝑙. 

Proof. If we consider ℱ(𝑟, 𝑡) = 𝓂𝑟 for some 0 < 𝓂 < 1, 𝜑(𝑡) = 𝑡, for all 𝑡 ≥ 0 in Theorem 3.1, then we get 

the required result (with 𝓂𝑘1 → 𝑘1, 𝓂𝑘2 → 𝑘2, 𝓂𝑘3 → 𝑘3, 𝓂𝑘4 → 𝑘4, 𝓂𝑘5 → 𝑘5). 

Example 3.5 Let 𝑌 = [0,2] and ℎ ∶ 𝑌 → 𝑌 be a mapping defined as ℎ(𝑢) =
𝑢

3
, for all 𝑢 ∈ 𝑌. 

Also, a mapping 𝒢 ∶ 𝑌3 → [0, ∞) be defined by 

𝒢(𝑢, 𝑣, 𝑤) = {
0,   𝑢 = 𝑣 = 𝑤,

max{𝑢, 𝑣, 𝑤} , otherwise,
  

for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, is a 𝒢 − metric space on 𝑌. 

Case 1: If we consider 𝑢 = 𝑣 = 𝑤, then both equations (21) and (20) are truly hold. 

Case 2: (a) If we consider 𝑢 > 𝑣 > 𝑤, for all 𝑢, 𝑣, 𝑤 ∈ 𝑌, then 

𝒢(ℎ𝑢, ℎ𝑣, ℎ𝑤) = max {
𝑢

3
,

𝑣

3
,

𝑤

3
} =

𝑢

3
,  

𝒢(𝑢, 𝑣, 𝑤) = max{𝑢, 𝑣, 𝑤} = 𝑢,  

𝒢(𝑢, 𝑢, ℎ𝑢) = max {𝑢, 𝑢,
𝑢

3
} = 𝑢,  

𝒢(𝑤, 𝑤, ℎ𝑤) = max {𝑤, 𝑤,
𝑤

3
} = 𝑤,  

𝒢(𝑤, 𝑤, ℎ𝑢) = max {𝑤, 𝑤,
𝑢

3
} =

𝑢

3
,  

𝒢(𝑢, 𝑢, ℎ𝑤) = max {𝑢, 𝑢,
𝑤

3
} = 𝑢.  

Using equation (21) of Corollary 3.4, we obtain 

𝑢

3
≤ 𝑘1𝑢 + 𝑘2𝑢 + 𝑘3𝑤 +

4

3
𝑘4𝑢 + 𝑘5

𝑤

1+𝑢
.  

Now, consider 𝑢 = 2, 𝑣 = 1, 𝑤 =
2

3
, then we get 
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2

3
≤ 2𝑘1 + 2𝑘2 +

2

3
𝑘3 +

8

3
𝑘4 +

2

9
𝑘5.  

That is, 6 ≤ 18𝑘1 + 18𝑘2 + 6𝑘3 + 24𝑘4 + 2𝑘5.                                                                       (22) 

The above equation (22) is valid for: 

(i) 𝑘1 =
2

4
, 𝑘2 =

2

5
 𝑎𝑛𝑑 𝑘3 = 𝑘4 = 𝑘5 = 0; 

(ii) 𝑘1 =
1

3
, 𝑘3 =

1

4
, 𝑘4 =

1

5
 𝑎𝑛𝑑 𝑘2 = 𝑘5 = 0; 

(iii) 𝑘2 =
2

7
, 𝑘3 =

3

7
 𝑎𝑛𝑑 𝑘1 = 𝑘4 = 𝑘5 = 0,  

with 𝑘1 + 𝑘2 + 𝑘3 + 2𝑘4 + 𝑘5 < 1. 

Hence, all the required conditions of Corollary 3.4 are satisfied. 

Therefore, ℎ has a unique fixed point in 𝑌 by applying Corollary 3.4. 

Evidently, 0 ∈ 𝑌 is the unique fixed point of ℎ in this case. 

(b) Now assume equation (20) of Corollary 3.3, we obtain 

𝑢

3
≤ 𝜅𝑢,  

or 𝜅 ≥
1

3
. 

If we consider 0 < 𝜅 < 1, then all the required conditions of Corollary 3.3 are satisfied and 0 ∈ 𝑌 is the unique 

fixed point of ℎ in this case also. 
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