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l. INTRODUCTION
Let D denote the unit open disk in the complex plane] , H (D) be the set of all holomorphic functions

on D, and u(z) be a normal function on D, that is, is a positive continuous function on D , and there
exist0< 6 <1 and 0 < a <bsuch that

u(r) . im u(r) =
-0 is decreasing on[4,1) and IHl(l—r)a
u(r) u(r)

isi ' lim =0
5 is increasing on[4,1) and i :

(1-r) (1-r)°

If f € H(D)and
[fl, =[f () +supu(lz])['(z)] <=,

then f is said to belong to the Bloch-type space B, . The little Bloch -type space B, o consists of all f € B, such

that
imu(z)[(2) =0,

|z]—1
obviously, B, and By o are Banach spaces under the norm |t ”Bu =|f (0)|+§ugu(|z|)| t'(z),
Foru(|z|)=(1—|z|2)a ,a >0, the Bloch-type space B, is the a-Bloch space B, , and the little Bloch-

type space B, ¢ is the little a-Bloch space B, .
If f e H(D)and

If],,, =sup(1-[2F ) |f (2)| <@ >0
“ zeD

then f belongs to the a-Bers space H,, the little a-Bers space H,, consists of all f € H_ such that

DOI: 10.35629/0743-11035262 www.questjournals.org 52 | Page


http://www.questjournals.org/

Differences of generalized integration operators from a-Bers space to Bloch-type space

lim (1-|2f* )| (2)| =0

|z]-1
and clearly H, and H,,, are Banach spaces under the norm | f|, = sup(1—|z|2)a [f(2).
“ zeD

For arbitrary z,we D, lets,, (z) = 1W—z

be the automorphism of D which interchanges 0 and W . The

pseudo-hyperbolic distance p(z,w) =|3,, ()= 1Vi_v‘vzz

Give a linear operatorT : X =Y , its essential norm is the distance from the operator T to the set of
compact K mapping X toY , that s,

Il

between z and W, and clearly p(z,w)<1.

e x_y =inf {||T - K||>HY ‘K is compact} ,

where X,Y be Banach spaces, Clearly, T is compact if and only if "T”e,X—>Y =0,
Let S(D) be the set of all analytic self-maps on D ,nell and let (") denote the n-th derivative

of f and £(© = £ A linear operators I;‘,,g is defined by

oo f (2)=f;f("’(¢(§))g(§)d§,<peS(D),g cH(D),zeD.

The operator I;yg is called the generalized integration operator. It was first introduced in [1], and further studied

in [2,3] . In fact, the generalized integration operator is a generalization of many well-known operators.
Whenn=1, the generalized integration operator is the operator studied by Li and Stevi¢ in [4,5]. Whenn =0,
the generalized integration operator is the integral-type operator studied by Yu-Xia and Cui in [6] .

In recent years, many scholars have been very interested in the differences of two operators acting on
various analytic function spaces. Liu and Li [7] studied the boundedness and compactness of differences of the
weighted composition operator from the Bloch space to the Bers space. Yu-Xia and Cui [6] estimated the
essential norm of differences of the composition operator, and obtained several equivalent conditions for the
compactness of differences of the composition operator from the Bloch space to the Bloch space. For other
studies on differences of operators, see references [8,9,10,11,12].

Inspired by Liu, Li, Yu-Xia and Cui, this paper studies the boundedness and compactness of
differences of the generalized integration operator from a-Bers spaces to Bloch-type spaces.

Throughout this paper, the positive constants are denoted by C , they may be different in different
places. The notation A° B means that there is a positive constant C such that A<CB and The notation
A= B means that there is a positive constant C such that A>CB. Moreover, if both A° Band A< B hold,
then one says that A~B.

Letnel ", g, €S (D), g,.heH (D), For the convenience of this paper’s research, we define
u(z)e(2)
Lo (2)=——— .
(t-le(2))
u(|z)n(2)
g\t .
(2w

The following four lemmas run through the proofs of the main results of this paper, which can be
derived from Lemmas 2.1 and 2.2 and their proof processes in Reference [13].

Lemma 1.1. Forvnell , f eH,ifandonlyif f(") ¢ H_,  and the following asymptotic relationship holds:

n-t a+n
||f||Haz;\f(k)(o)hjgg(l—ldz) 1" (2).
Lemmal.2. Forvnell , f eH, ifand only if
lim (l—|z|z)a+n‘f(n)(z)‘=0.

|z2j—1

Lyn(2)=

Lemma1.3. Letz,we D ,nel] ,thenforany f € H,, we have
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<cff],,, p(zw)

‘(1—|z|2 )mn £() (z)—(l—|w|2 )Mn £() (w)

Lemma 1.4. Letz,we D, ,nel] , where D, ={Ze D:|Z|Sr<1},then forany f e H,, , we have

‘(1_|z|2)“*" 10 (2)=(1-wf? ) £ () sop(z,w)max{sup £ (2, sup £ (2 )}

zeD, zeD,

Il.  THE BOUNDEDNESS OF Iy, — 1, H, —B,

n .
w.h®

First, we construct two key classes of test functions and prove that they belong to H, o and are bounded

This section will give several equivalent characterizations of I;‘,,g - H_, — B, being bounded.

onHgo
Lemma2.1. Forned*,we D, define two families test functions:
1- i’
W (2)=04(2) 1" (2),
Then f,(2),9,(z) € H, ¢and are bounded on H, o

£ (2) =

Proof: Since
2\a+N ]__|W|2
lim (1-[2]” ) ‘f )= lim(1-J2f) |
|z]1 |z]>1 (1—V_\/Z)a+n+
2
. 2\a+n 1—1[w
< lim (1—|z| ) | o|z+n+l
i (1~[wl)
=0 2.1)
and
1-|wf’

sup(1—|z|2 )(Hn ‘ (") (z)‘ = sup(1—|z|2 )Mn

zeD zeD

(l— V—VZ)OH-FH-J.

)
—|Z
(-[2l)" (2~ wf’)
<27 < oo, (2.2)

so we know that f,,(z) € H, ¢and is bounded on H, o from Lemma 1.1 and Lemma 1.2.

< sup(l

zeD

Since|5w(z)| <1, so from (2.1), (2.2), Lemma 1.1 and Lemma 1.2, we know that g, (z) € H, g and is
boundedonH, o .

Remark 2.1. fW(Z) and gW(Z)are of paramount importance, playing a central role in the study of boundedness
and compactness.
Lemma2.2. Letnel ™", o, €S(D),g,heH (D), then the foIIowing inequalities hold:

(ysup U (2 p(o(2)(2))* supf(176 =150 ) 1] ), -
zeD weD
(5o | (2 plo(2) v (2))° st l(135 10 fH +§vgg( ~15) 8,
(iii) SUp|Lp, g (2)— Ly (2)] ° SUDH(I(S,Q—IJ,h)fW . +supl(175=151) QWH
zeD weD v weD

Proof: Foranyze D,
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~swpu(4)

zeD

(15.6=10n) foro,

((13g=10m) fw(z))’ (2)
)

(
t-lo()f (- ()
AP i i)
(1-0(2l (2))
1) )(1-ly (2)F)
2 anvg (Z)‘_ I_E,h(Z)( |(p |—)( |l/la+n|+1)
(1-o(2w (2)) ‘
(2.3)
and
('29 In,h)gw(Z) =§:gu(|z|)((lgg I'/r:,h)g(p(Z))(Z)
2u(4)[gl(), (¢(2)) 9 (2)-0ly)) (v (2))n(2)
1)) 2lv (2)F)
P L B S
ol @) " |
(2.4)
It can be obtained from the above two formulas that (i) holds.
Similarly, it can be obtained that (ii) holds.
On the other hand, from (2.3) and Lemma 1.3, we have
(-l )t 2
g =1on) o), 2| (D)=L (@)=L n (2L~ e
(15a-124) oo, e ™

=[5 ()= L0 (2)

@ 12 (@) -l | - 1D w @) el (2|

£ (2) =Ly n (2) - | (2)| p(0(2). W (2)). (2.5)

It can be obtained from (2.5) and (ii) that (iii) holds.
Lemma23. Letnel ", gy e S( ) g,h e H(D), then the following inequalities hold:

(5155 =10 ) 1], 05~ H

Proof: For £{" (z): whenw=0, f( )( z)=1,then

jeo*

@ el(150-10n) 0], < o

(155 =10 ) 1], =supu((Z)la(2)-n(2)
<n“ supn!u(z|)|g )-h(z)|=n" (Igyg—llﬂyh)z” ]
ST

C(k+a+n+1)

(1—v‘vz)“+"+l - (l_|W|2)kZ(; KIT(a+n+1)

Whenw=0, f{" ()=
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[(k+a+n+1)

when k — oo, by Stirling's formula, we have m ~k*" Therefore
AT (k+a+n+1) k k
(15 = 100) <= )me supu([2) (¢(2))* 0(2) (v (2))" n(2)

o (1w )iw i supu(2) () 0(2)- (v (2)) h(2)
* sup(j-n)" (j-n)' supu(|z|)\(w<z>>‘*”g(z)—(w(z))”h(z)\

j=n zeD

il n_ | n Zj
s 112,122,
It is known from the above two cases that (i) holds.
For g (z): whenw=0, g}’ (z) =z, then

(15 =170) 8], =supu(izDle()9(2)-v (2)h(2)

<(n+1)"sup(n+1)tu(|zl)lp(2)9(2) -y (2)h(2)

e

=(n+) (106~ 104 ) 2" SR (Ig’g—lyr,‘]h)szBu.
Whenw =0,
— 2
(n)(Z)— 1_|W|2 w-z ]_—|W|2 W(l—WZ)+ Z(|W| —1)
Yw - (l_v_vz)a+n+l 1-Wz (1_Wz)a+n+1 1-Wz
2
1—|w z(|w| —1)
:Wf\’sn)(z + _| o|z+n+1. Y,
(1-wz) 1-wz
then
() (2)=wf" (2)—(1- 2)2 C(k+a+n+l) 77 )
Qu’ (2) = why"(2) ( i kzz(; KIT(a+n+1) Z
PR k‘11"(k+oc+n+1)
—wiM _(1_ 2 DKrat N+l ek
w (2) il ) kzzl: LZ::; LIC(a+n+1) ’
When k — oo, by Stirling's formula and the Stoltz theorem, we have
ST(L+a+n+l) &
La+n ka+n+1
Z L'F(a+n+1 Z
therefore

n
(Iwyg u/ h gWH

05 =100 ) Bu+(1—|w|2)2g[L_:T;Qj—M}MHgggu<|z|>\<¢<z>)kg(z)—(w(z))khu)\
=1z, (2w ) ki sk (o(2) a(2)- (v () n(2)

(o)

+sup(j=n)" (i=n)"supu((2]) (¢(2)) " 9 (2) (v (2)) " n(z)

n n
('w,g"w,h)fw g o
u j=n zeD

n_n a no_n j
(106 =100 ) fu _+sup (105 -100)2 HB .
u jeN u

It is known from the above two cases that (ii) holds.
The following theorem is our main result, which combines Lemma 2.2 and Lemma 2.3.

o
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Theorem 2.1. Letnel ", ¢,y € S(D),g,h e H(D) , then the following conditions are equivalent:
(i) 154 =1, n: H, — Byis bounded;
(i) 154 =1y n: Heo = By is bounded;

i f(yn o _gyn j
(iii) SUP J ”(I(p,g |./,,h)Z ”B <o,
jell * u

. n n
(iv) sup”(l(/,,g - Iw'h) fo . +sup
weD u weD

V) jgg\h”,,h (2) p(w(z),w(z))fgg\%g (2)-Lyn(2)| <,
(i) SUB| g (2) P(9(2).1(2)) +SUpILG g (2)= 5 (2)] <0

Proof: It is obvious that(i) = (ii) .
(ii) = (iii). Suppose (ii) holds. Obviously 2 e H, o, where jel " , and when j—> o,

2], =supfa—ef 2’| =2

(1og =15n) o], <=

(2.6)
S0

n n

N . W‘“)W ~(j+1)

H, B,

a (In n )Zj“
, h
.9 14 B,

z
( 9~ 'w.h B,

Therefore SUP j ”(';g - 'v':,h)zj“Bu < then (c) holds.
je
It can be known from Lemma 2.1 and Lemma 2.2 that (iii) =(iv)=(v).
(v) = (vi). Suppose (V) holds, then
up|Lpg (2)=Lyn(2)+ Ly (2)p(p(2).w(2)

Lo.g (Z)‘ p((ﬂ(z),y/(z)) =
Lpg (2)= Ly (Z)‘ p(e(2).v(2))

\pwz,u/z sup
zeD

<sup|L 1 (2) p(o(2) Ly (2)=Lyn (2)] <=
so (vi) holds.
(vi) = (i). Suppose (vi) holds. Then by Lemma 1.1 and Lemma 1.3, forany f e H,,,
(155 =120) 1], =supu(l)((12 -1 ) 1) (2) =supu(i2)| £ (o(2)) g (2) - 1 (v (2))n(2)
=suplL5 (2) 1 (o(D)[1-lo(2) | -5 ()1 (@) - (2|
e %(Z)\ f<"><w<z>>(1-l¢<z>lz)“”—f<”><w<z>>(1—|w(z)|2)“”

L ()] (v @)1y 2
<z>—w,h<z>\+cufnm ol (2)plo(2). ()

therefore I, 4 — 1, n: H, — By is bounded, that is, (i) holds.

scnanaz :

I1l.  THE COMPACTNESS OF I, — Iy H, =B,
In this part, using the essential norm as a bridge, we obtain several equivalent conditions for
lpg —lyn: H, — By tobe compact.

Using a method similar to Proposition 3.11 in [14], the following lemmas can be obtained.
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Lemma3.1. Letnel ", 0,y €S(D),g,he H(D), then I, 4 — 1, n: H, — By is compact if and only

if 1,4 —1,n: H, — By is bounded and for any sequence { fk}k -+ which is bounded on H,, and converges

uniformly to zero on compact subsets of D , we have gm”( lpg—Ion fk ” =0,

The following two lemmas are two lemmas parallel to Lemma 2.2 and Lemma 2.3.
Lemma3.2. Letnel ", g,y e S( ).g,he H (D), then the following inequalities hold:

Irl_r)q‘ sup. ‘ w(2))° Ilmsup f ” +I"ﬂilfp “h)gW”Bu
- Ir'ﬂ‘ sup ‘Lw ‘ o(2).w(2))° Ilmsgp f H +I|‘rvqstip ';h>gWH
iyl e[ ()= (2] timsu( wg—lah)f o, lmsup(15 =10 )au],

Proof: By the proof process of Lemma 2.2, we know that (i), (ii), (iii) hold.
Lemma3.3. letnell ", 0,y €S(D),g,he H (D), suppose that I, ; — 1, n: H, — B, is bounded, then the
following inequalities hold:

¢ (I(;,g —|;’h)Z]“BU :

n n
(,)Ilmsup” A A fw“
a n n j
1n, -1 )z‘”
( ?.9  y.h B, -

wi-1
Proof: It is known from the proof of Lemma 2.3 that whenw=0andmel *,

joo

@ mstpl(155 =155 )au], ° timss

‘(I‘;g nh)fw“su
> (1-f )3 e supu(a)fo ) o (2)-(v 2) )

+(1-w )Z sup (j-n) (i=n)"supu ([ (0(2))" " a(2)~(v(2))" "n(z)
(‘/’9 I‘E'h)zj”su

and because"msup(l-W)Zwlv—vlk supu(|z|)\<¢<z))k a(2)~(w (1) n(z) 0,50

w1 - k'F(a+n+1)
o)l
Let j — oo to get (i) holds.
It is known from the proof of Lemma 2.3 that whenw=0andme(l *,

('S,g W h gW“
)], o) i[iiﬁ““*”” ]wl“supuﬂzl)\(w(z))k 0(2)- (v (@) n(2)

bl &= LIT(a+n+1) 2D
+(1—|w|2)2 3 K

k=m+1

SIS [i%]wk1gggu<|z|)\<<o(z>)kg(z)—(w(z))sz)\
( m-'&vh)z"HB -

° 1- |w|2)irk U 0 i supu(2)(o(2)) 3 (2) (v () h(2)|

o K a+n+l 7eD j=m+n+1

I|msup
[w—1

b0 tn)?], cEY

j=m+n+1

sup (j=n)""supu (|2 (o(2))"" 9(2) (v (2))" "n(z)

j2m+

jel ™"
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Moreover, since
2 le(L+a+n+l K1 K K
I 1- - h(z) =0
| |vi);[§ L,”Hnﬂ)iiwi gggu(izi)i(w(z)) a(2)-(v () h(2) -0,
therefore, from (3.1), we can get

Iimsup
i1
let ] — o to get (ii) holds.

The following is our main theorem in this section, the proof utilizes the three lemmas mentioned above.
Theorem 3.1. Letne ", o,y €S(D),g,h e H(D), suppose that I, s — I,/ n: H, — B, is bounded, then the
following conditions are equivalent:

(i) 15.g =10 H, — By is compact;

n i
(// h gw“ y/,h)z ”
BU

j=m+n+1

(ii)15g —lyn: Hao — Byis compact;

('“)“Irpg ol g =0
( ».9 —I;‘h)zj”Bu =0,
<v>ii11ii “10a)tal, = fim (125 =15 o], -
(vi)
1 sup [0 (2) p(o(2).w (1)~ im sup |12 plo(2)(2)
= ‘(p(Z)‘>I’ g ‘V/(z)‘>r

=lim sup
r-1 le(2)|>1 Jw(2)]>r

Proof: (i) = (ii) = (iii) is obviously established.
(iii) = (iv). Suppose (iii) holds, then I;‘g - I,/r}'h: H, o — B, be compact. LetT:H, o —>B,isa

g (2)-Ln(2) =00

compact operators and J ” ,H , where jel*, thenh; (z) is bounded on H,, ¢ and converges uniformly

to zero on compact subsets of D , s0 .II_TO"Thj "Bu =0 Then from (2.6) we have

1N -0 —inf[i" =] > inf timsup|(17g = 17, ~T)h;
29 Whlley 8, T P9 l//,h T j_mp 9 “yh g,
> inf limsup ” -1 )h” —||Th-||
T joo wih )T B, ) By
_ n ; P a no_n ]
Iimsup” ""h)hjus + Iir_nsup(J+1) ”(Iw'g W'h)z ”B
joo u joo u
a no_n i
_ (|,,,,g Iwyh)z HB ’
] u

therefore (iv) is established.
From Lemma 3.3 and Lemma 3.3 we know that (iv) = (v) = (vi).
(vi) = (i). Suppose (vi) is established. By the definitions of limit and supremum for any & >0 , there

exists 6 €[0,1) such that

Lo (z)‘ p(e(2).v(2)) <& where|p(z)|>5;

i (Z)‘ p(e(2).w(2)) <& where|y (2)| > 5;

Lo (2)=Lyn (Z)‘ <&,where|p(z)| > 8|y (z)> 0.
Let{My},_, - be a bounded sequence on H,, and converge uniformly to 0 on compact subsets of D . Without

loss of generality, assume M "Ha <1 then
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(125 =100 )i ) (@) =spu () {7 (o(2)) 9 (2)-M{" (1 (2))(2)

s (M (@)l | - @M (v (@)1 (o))

<supEg (z)+sup R (2),
zeD zeD

(155 =100) M, =supu(iz)

=Ssup
zeD

where

a+n

Ex (z)=

o (2)- L (2] M7 (0(2))[2-[o(2) )
R (@) =[5 @M (e @) 2o @) | -M (v (2) -l ()

When ¢(z) > 6, (z) > 6, by Lemma 1.1 and Lemma 1.3, we have
B (2) <M, L (1)L (2)] <2,

Fe(z) <c[My],, [ (Z)‘ p(e(2).w(z))<ce.

When ¢(2) <6, (z)>5, by Lemma 1.3, we have
Ex (z)<eM " (0(2)),

Fe(2) <My, |La (2)| p(0(2).0(2)) <co.

When ¢(2)<6,(z)<5, by Lemma 1.4, we have
Ex (z)<eM " ((2)),

04 (2) p(w(zMz))max{sup

|zj<s
). s )
When¢(z)>6,(2)<5, by Lemma 1.1, Lemma 1.3 and (3.2), we have
1221,
<suplLg ()M (@)Ll @ | M (v (@)1 () )
M (v (2)) (2w (2)f
)

Lo.o (2)= Ly (Z)HMk(n) (‘/’(Z))‘

a+n

Fo(z)<c M " (2)

,sup
|zj<s

M, Y (Z)‘}

,sup
|zj<s

< cmax< sup
|zj<s

a+n
+Sup
zeD

Lo (2) =L (2)

<supc|Myl, [ (2 p(o(2) v (2)) +sup

zeD

< C€+C‘Mk(n)(l//(2))‘.

M, " (z)|,sup

|zj<s

So
‘(Igyg —lyn ) MkHBu < C£+¢?3)250Mk(n) (¢(Z))+W?E)E§CM|((”) (v(2))+ max{szti;()S

and because M, converges uniformly to 0 on the compact subsets of D , so

(Ig,g B Ivrl,h)Mk“Bu =0,

M, (") (z)‘}

lim
k—o0

by Lemma 3.1, (i) is established.
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IV.  THE BOUNDEDNESS AND COMPACTNESS OF I, 4 =1,

Compactness is a stronger property than boundedness. Using the following two lemmas, we can know
that the compactness and boundedness of 1, ; — |

Ha,o = Buo

pni Hgo = Bygare equivalent.
Applying a method similar to Lemma 1 in [15], we can obtain the following lemma.
Lemma 4.1: L is a tight subset on B, o if and only if L is a bounded closed subset on B, g and

\“\TlsquU(me | 0

Lemma4.2: Letnel™, ¢, w €S(D),g,heH(D), l54 =1y n: Hyo = Byois bounded, then

Us (2] p(0(2)p(2)) + lim L3, (2) P(0(2), 0 (2)) + lim L (2) = L5 (2)] =0,

|1 |zj-1

lim
|71

Proof: From (2.3) and (2.4), we have

0= mu([2){(12 ~151) foa) (2

= limu (||} %(w(z))g(z)—f;(“z)(w(z))h(z)\
AT

|_” ()‘ _ +n+1 ’
\z\—»l z\—>1 a
-olw )™ .
and
0= imu(i2)(125~150) 9 ) (2
= imu([2) gyt (¢(2) 9 (2)- 07, (v (2)h(2)
o) )1l (2f )
= lmL5.0 (2 >( i '_)( "”ML) p(0(2).0(2)
-op@) ™|
(4.2)
therefore, multiplying both sides of (4.1) by p( (z),y/(z)) and combining with (4.2), we can get
fim|L (2) p(o(2).4(2)) =0,
Similarly, we can also get
fim| 1 ()] p(o(2).3(2)) =0
(4.3)
From (2.5), we can get
0—‘|ZI‘T1U(|Z|) (( ?.9 _Il/rlyh) ff/’(l))'(z)
= imu([2)| 37} (2(2)8(2) - 1} (v (2)h(2)
= lim L% o (2)= L (2)] = im |1 (2) p(0(2).0 (2),
(44)

so, from (4.3) and(4.4), we can get

lim
|21

In summary, Lemma 4.2 holds.

Ly (2 )_L:/,h(z)‘zo.

DOI: 10.35629/0743-11035262 www.questjournals.org 61 | Page



Differences of generalized integration operators from a-Bers space to Bloch-type space

Theorem 4.1: Letnel ", ¢, w €S(D),g,he H (D) then 154 =1, v H, o — Byois bounded if and only if

lpg =y Hao = Bygis compact.

Proof: The sufficiency is obvious established. Therefore, only the necessity needs to be proved. by the closed -
graph theorem and Lemma 4.1, we know that 1,  — 1, H, o — B, o is compact if and only if

(125 -124) 1) ()] =0,

lim sup u(|z])

-1, <2

where f € H,, ;.By Lemma 4.2, we have
(13g=100)7) (2) :IZiTlfsup<lu(|z|)‘f(”)(¢(z))g(z)— f(n)(y,(z))h(z)‘

s (@) 1 (0(@) 1o @ | -5 (@)1 (w@) -y (2

a+n

lim sup u(|z])

225y, <2

. a+n
=lim sup
21 e),,, <t

<lim sup
215, <t

5n @[T (o(2) 1l (2))

lim 500 |15 (2)-10 2)] 1 (o2 a-lo() )
sclim Log (2)=Lyn (Z)‘”"Zf[[‘l Ly n (2) p(e(2).w(2)
=0,

therefore, 154 =1, s Hgyo — By o is compact.
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