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Abstract. Motivated by the question of Shapiro and Sundberg raised in 1990, study on linear combinations of 

composition operators has been a topic of growing interest. In this paper, we completely characterize the 

compactness of any finite linear combination of composition operators with general symbols on the weighted 

Bergman spaces in two classical terms: one is a function theoretic characterization of Julia-Caratheodory type 

and the other is a measure theoretic characterization of Carleson type. Our approach is completely different 

from what have been known so far. 
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I. Introduction 
Let 𝒮 = 𝒮(𝐃)be the class of all holomorphic self-maps of the unit disk 𝐃of thecomplex plane 𝐂. Each 

𝜑𝑖 ∈ 𝒮induces a composition operator (1 + 𝜖)∑ 𝜑𝑖
∶ 𝐻(𝐃) → 𝐻(𝐃)defined by 

(1 + 𝜖)∑ 𝜑𝑖
𝑓 ≔ 𝑓 ∘ ∑ 𝜑𝑖 , 

where𝐻(𝐃)is the class of all holomorphic functions on 𝐃. An extensive study on the theory of composition 

operators has been established during the past four decades on various settings. We refer to standard references 

[7] and [25] for various aspects on the theory of composition operators acting on holomorphic function spaces. 

We first recall our function spaces to work on. Let 𝑑𝐴be the area measure on 𝐃normalized to have total 

mass 1. For 𝜖 > 0, put 

𝑑𝐴𝜖−1(𝑧) ≔ ((𝜖 − 1) + 1)(1 + |𝑧|)𝜖−1𝑑𝐴(𝑧),   𝑧 ∈ 𝐃; 

the constant (𝜖 − 1) + 1is chosen so that 𝐴𝜖−1(𝐃) = 1. Now, for 0 < 𝜖 < ∞, the 𝜖 − 1-weighted Bergman 

space 𝐴𝜖−1
1+𝜖 (𝐃)is the space of all 𝑓 ∈ 𝐻(𝐃)such that the “norm” 

‖𝑓‖𝐴𝜖−1
1+𝜖 ≔ {∫ |𝑓(𝑧)|1+𝜖𝑑𝐴𝜖−1(𝑧)

𝐃

}

1 1+𝜖⁄

 

is finite. As is well-known, the space 𝐴𝜖−1
1+𝜖 (𝐃)equipped with the norm above is a Banach space for 0 ≤ 𝜖 <

∞and a complete metric space for 0 < 𝜖 < 1with respect to the translation-invariant metric (𝑓, 𝑔) ⟼
‖𝑓 − 𝑔‖

𝐴𝜖−1
1+𝜖

1+𝜖 . 

As is well known in the setting of 𝐃, every composition operator is bounded on wellknown function 

spaces such as the weighted Bergman spaces 𝐴𝜖−1
1+𝜖 (𝐃)and the Hardy spaces 𝐻1+𝜖(𝐃)due to the Littlewood 

Subordination Principle; see [7] or [25] for precise definition of the Hardy spaces 𝐻1+𝜖(𝐃). So, boundedness on 

those spaces is out of question and much efforts have been expended in the early stage on characterizing those 

maps in 𝒮which induce compact composition operators. An early result of Shapiro and Taylor [27] in 1973 

showed that the Julia-Caratheodory type condition 

𝑅𝜑𝑖
(𝑧) ≔

1 − |𝑧|2

1 − |𝜑𝑖(𝑧)|2
→ 0   as  |𝑧| → 1                                   (1.1) 

is necessary for 𝜑𝑖 ∈ 𝒮to induce a compact composition operator on𝐻2(𝐃)(and hence forthe general Hardy 

spaces 𝐻1+𝜖(𝐃)). This means via the Julia-Caratheodory Theorem thatthe non-existence of the angular 

derivative of the inducing map at any boundary point is anecessary condition for the compactness of a 

composition operator on the Hardy spaces.However, (1.1) turned out to be not sufficient. In fact, later in 1987 

Shapiro [24] completely characterized the compactness of composition operators on the Hardy spaces by 

http://www.questjournals.org/
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findingthe precise formula for the essential norm of a composition operator on 𝐻2(𝐃)in terms ofthe Nevanlinna 

counting function. The situation for the weighted Bergman spaces turnedout to be quite different from the Hardy 

space case. Namely, MacCluer and Shapiro [18]proved that (1.1) is a necessary and sufficient condition for the 

compactness of compositionoperators on the weighted Bergman spaces. 

At the same time, MacCluer [16] noticed that Carleson measure, which first appearedin the solution of 

the corona problem, is an important tool in the study of compositionoperators. Even though it is usually not easy 

to verify that a given measure satisfies theCarleson measure criteria, in most cases it is through this process one 

verifies that a compositionoperator is bounded (in case of higher dimensional setting) or compact. In fact,the 

connection between a single composition operator and a Carleson measure comes fromthe standard identity (see 

[9, p. 163]) 

∫ ∑|𝑓 ∘ 𝜑𝑖(𝑧)|1+𝜖𝑑𝐴𝜖−1(𝑧)

𝑖𝐃

= ∫ ∑|𝑓(𝑧)|1+𝜖𝑑(𝐴𝜖−1 ∘ 𝜑𝑖
−1)(𝑧)

𝑖𝐃

(1.2) 

valid for functions 𝜑𝑖 ∈ 𝒮and 𝑓 ∈ 𝐻(𝐃); see Section 2.4 for precise definition of the pullback measure 𝐴𝜖−1 ∘
𝜑𝑖

−1. Due to the change-of-variable formula (1.2) one can easily deduce the Carleson measure criterion for the 

compactness of a single composition operator on the weighted Bergman spaces. That is, (1 + 𝜖)∑ 𝜑𝑖
is compact 

on 𝐴𝜖−1
1+𝜖 (𝐃)if and only if 𝐴𝜖−1 ∘ 𝜑𝑖

−1is a compact (𝜖 − 1)-Carleson measure on 𝐴𝜖−1
1+𝜖 (𝐃); see Section 2.4 for the 

notion of (𝜖 − 1)-Carleson measures. This Carleson measure criterion, which is independent of 1 + 𝜖, plays a 

fundamental role in the study of composition operators on the weighted Bergman spaces. 

With the basic questions such as boundedness and compactness settled, more attention has been paid to 

the study of the topological structure of the composition operators in the operator norm topology, which is of 

continuing interest in the theory of composition operators. In 1981 Berkson [1] initiated the study of the 

topological structure with his isolation result on the Hardy spaces. Berkson’s isolation result was refined later by 

Shapiroand Sundberg [26], and also by MacCluer [17]. In [26] Shapiro and Sundberg posed aquestion on 

whether two composition operators belong to the same connected component,when their difference is compact. 

While this question was originally for the Hardy spaces,it also initiated similar study on various other settings 

including the weighted Bergmanspaces. It was answered negatively on both the Hardy spaces (see [2, 8, 20]) 

and theweighted Bergman spaces (see [19]). 

The aforementioned question of Shapiro and Sundberg initiated another direction ofstudy, i.e., the 

study of compact differences of composition operators on various settings,which has been a very active topic. 

While the characterization for compact differences stillremains open in the Hardy space case, it is completely 

settled in the weighted Bergman space case. More explicitly, Moorhouse [19] characterized the compactness of 

(1 + 𝜖)∑ 𝜑𝑖
− (1 + 𝜖)𝜓𝑖

on 𝐴𝜖−1
1+𝜖 (𝐃)by the Julia-Caratheodory type condition 

𝑀𝜑𝑖,𝜓𝑖
(𝑧) ≔ [𝑅𝜑𝑖

(𝑧) + 𝑅𝜓𝑖
(𝑧)]𝜌𝜑𝑖,𝜓𝑖

(𝑧) → 0    as |𝑧| → 1, (1.3) 

where 𝜌𝜑𝑖,𝜓𝑖
≔ 𝜌(𝜑𝑖 , 𝜓𝑖). Here, 𝜌denotes the pseudohyperbolic distance on 𝐃; see Section2.2 for the definition 

of 𝜌. We remark in passing that this characterization has beenextended not only to higher dimensional balls and 

polydisks, but also to general parameter1 + 𝜖; see [3, 4]. The essence of Moorhouse’s characterization is that 

suitable cancellationsshould occur at every boundary point which makes either one of the inducing maps fail to 

induce a compact composition operator. For further results on compact differences onvarious other settings, we 

refer to [10, 11, 12, 13, 17, 20, 21, 22, 23] and references therein. 

With the lack of the change-of-variable formula for the difference of two compositionoperators, Koo 

andWang [13] introduced a new notion of joint Carleson measures to obtaina Carleson criterion for differences 

of two composition operators on 𝐴𝜖−1
1+𝜖 (𝐁), the weightedBergman space over the ball 𝐁, to be bounded/compact. 

As a consequence of their result,it turns out that the bounded/compact differences on 𝐴𝜖−1
1+𝜖 (𝐁)depend on the 

index 1 + 𝜖, when the dimension is bigger than 1. This is in sharp contrast with the one dimensional case;note 

that Moorhouse’s characterization (1.3) is independent of 1 + 𝜖. Meanwhile, in case eachcomposition operator 

is bounded on 𝐴𝛽
1+𝜖(𝐁)for some −1 < 𝜖 > 0, the compact differenceon 𝐴𝜖−1

1+𝜖 (𝐁)is known to be independent of 

1 + 𝜖; see [3] and, for a similar result on the poydisk,[4]. We also remark that the compact difference on 

𝐻1+𝜖(𝐃), 𝜖 ≥ 0, is also known to beindependent of 1 + 𝜖; see [21]. 

Along the same line of study on differences, study on linear combinations has beena topic of growing 

interest. Kriete and Moorhouse [15] first obtained some general, butnot complete, results on compact linear 

combinations on 𝐴𝜖−1
2 (𝐃). More recently, Koo andWang [14] obtained complete characterizations for compact 

linear combinations of threecomposition operators on 𝐴𝜖−1
1+𝜖 (𝐃). The current authors [6] characterized compact 

doubledifferences on 𝐴𝜖−1
1+𝜖 (𝐃). In this paper, in the setting of the weighted Bergman spaces𝐴𝜖−1

1+𝜖 (𝐃), we 

completely characterize the compact linear combinations of composition operatorsin two directions which have 

been discussed so far; one is the Julia-Caratheodorytype characterization and the other is the Carleson criterion 

by means of joint Carlesonmeasures. Our approach, dealing with general linear combinations, is completely 

differentfrom what has been known so far. 
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We introduce notation to be used throughout the paper. Given an arbitrary (but fixed)integer 𝑁 ≥ 2, we 

reserve symbol functions 

(𝜑𝑖)1, (𝜑𝑖)2, … , (𝜑𝑖)𝑁 ∈ 𝒮 

and coefficients 

𝑎1
𝑗
, … , 𝑎𝑁

𝑗
∈ 𝐂\{0} 

to be considered throughout the paper. We put 

𝑇𝑗 ≔ (1 + 𝜖)∑(𝜑𝑖)𝑗
and   𝑇𝑗,1+𝜖 ≔ 𝑇𝑗 − 𝑇1+𝜖 

for 𝑗, 1 + 𝜖 = 1, . . . , 𝑁. We put 

𝑇 ≔ ∑ ∑ 𝑎𝑗
𝑗
𝑇𝑗

𝑖

𝑁

𝑗=1

 

for short. 

Let𝓅𝑁be the group of all permutations on the index set 

Λ𝑁 ≔ {1,2, … , 𝑁}. 

Identifying 𝜎𝑖 ∈ 𝓅𝑁with the ordered 𝑁-tuple (𝜎1
𝑖, . . . , 𝜎𝑁

𝑖 )where 𝜎𝑗
𝑖 ≔ 𝜎𝑖(𝑗), we will sometimes write 

𝜎𝑖 = (𝜎1
𝑖 , . . . , 𝜎𝑁

𝑖 ). 

Given 𝜎𝑖 ∈ 𝓅𝑁, put 

(1 + 𝜖)𝑗
𝜎𝑖

= (1 + 𝜖)𝑗
𝜎𝑖

(𝑎1
𝑗
, . . . , 𝑎𝑁

𝑗
) ≔ ∑ ∑ 𝑎

𝜎1+𝜖
𝑖

𝑗

𝑖

𝑗

1+𝜖=1

 

for 𝑗 ∈ Λ𝑁. Note that we may represent 𝑇as 

 𝑇 = ∑ ∑(1 + 𝜖)𝑗
𝜎𝑖

𝑇
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

𝑖

+ ∑(1 + 𝜖)𝑁
𝜎𝑖

𝑇
𝜎𝑁

𝑖

𝑖

𝑁−1

𝑗=1

(1.4) 

for each 𝜎𝑖 ∈ 𝓅𝑁. 

To state our first main result we introduce more notation. We put for simplicity 

𝑅𝑗 ≔ 𝑅(𝜑𝑖)𝑗
,   𝑀𝑗,1+𝜖 ≔ 𝑀(𝜑𝑖)𝑗,(𝜑𝑖)1+𝜖

and𝜌𝑗,1+𝜖 ≔ 𝜌(𝜑𝑖)𝑗,(𝜑𝑖)1+𝜖
 

for 𝑗, 1 + 𝜖 ∈ Λ𝑁. Note that each 𝑅𝑗, and thus each 𝑀𝑗,1+𝜖as well, is bounded on 𝐃by the Schwarz-Pick Lemma. 

Now, motivated by the representation (1.4), we define 

𝑄𝜎𝑖 ≔ ∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

| 𝑀
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

𝑖

+ ∑ |(1 + 𝜖)𝑁
𝜎𝑖

| 𝑅
𝜎𝑁

𝑖

𝑖

𝑁−1

𝑗=1

(1.5) 

for𝜎𝑖 ∈ 𝓅𝑁and put 

𝑄 ≔ ∑ ∏ 𝑄𝜎𝑖

𝜎𝑖∈𝓅𝑁𝑖

. (1.6) 

Note that functions 𝑄𝜎𝑖are all bounded on 𝐃. 

Our first result is the Julia-Caratheodory type characterization below. In what follows,𝜆𝑧denotes the 

function specified in (2.6) in Section 2.3. 

Theorem 1.1.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, … , (𝜑𝑖)𝑁 ∈ 𝒮and 𝑎1
𝑗
, … , 𝑎𝑁

𝑗
∈ 𝐂\{0}. Then, with the 

notation above, the following three statements are equivalent: 

(a) 𝑇is compact on 𝐴𝜖−1
1+𝜖 (𝐃); 

(b) lim
|𝑧|→1

‖𝑇𝜆𝑧
1+𝜖‖

𝐴𝜖−1
1+𝜖

‖𝜆𝑧
1+𝜖‖

𝐴𝜖−1
1+𝜖

= 0for all 1 + 𝜖 >
(𝜖−1)+2

1+𝜖
; 

(c) lim
|𝑧|→1

𝑄(𝑧) = 0. 

As a consequence of this result, we see that compactness of linear combination is independentof parameters 𝜖 −
1and 1 + 𝜖, as expected. We also note that Moorhouse’s characterization(1.3) of compact differences is a direct 

consequence of the equivalence of (a) and(c). 

As an application of Theorem 1.1, we consider the class of linear combinations satisfyingthe coefficient 

non-cancellation condition 

(1 + 𝜖)𝑗
𝜎𝑖

≠ 0   for𝑗 = 1, . . . , 𝑁 − 1    and𝜎𝑖 ∈ 𝓅𝑁 . (CNC) 

For this class of linear combinations, we obtain the next characterization, which has beenknown for the special 

case 𝑁 = 2; see [4, Theorem 4.6]. 

Theorem 1.2.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, … , (𝜑𝑖)𝑁 ∈ 𝒮and assume that 𝑎1
𝑗
, … , 𝑎𝑁

𝑗
∈ 𝐂\{0} 

satisfy (CNC). Also, assume that at least one of the operators𝑇1, . . . , 𝑇𝑁is not compact on 𝐴𝜖−1
1+𝜖 (𝐃). Then 

𝑇    𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑛    𝐴𝜖−1
1+𝜖 (𝐃) 
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if and only if both of the following two conditions are fulfilled: 

(a) ∑ ∑ 𝑎𝑗
𝑗

𝑖 = 0𝑁
𝑗=1 ; 

(b) 𝑇𝑗,1+𝜖is compact for each 𝑗, 1 + 𝜖 ∈ Λ𝑁.  

Our next result is a Carleson measure characterization. To state it we introduce more notation. Given 𝜎𝑖 ∈ 𝓅𝑁, 

we put 

𝐺𝜎𝑖 ≔ {𝑧 ∈ 𝐃 ∶ 𝑄𝜎𝑖(𝑧) = min
𝜏∈𝓅𝑁

𝑄𝜏(𝑧)} . (1.7) 

Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Associated with 𝜎𝑖 ∈ 𝓅𝑁are the measures 𝜇
𝜎𝑗

𝑖 = 𝜇
𝜎𝑗

𝑖
1+𝜖,𝜖−1

and 𝑣
𝜎𝑗

𝑖 = 𝜇
𝜎𝑗

𝑖
1+𝜖,𝜖−1

defined 

by 

𝜇
𝜎𝑗

𝑖(𝐸) ≔ ∫ 𝑀
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

1+𝜖 𝑑𝐴𝜖−1
(𝜑𝑖)

𝜎𝑗
𝑖

−1(𝐸)∩𝐺
𝜎𝑖

+ ∫ 𝑀
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

1+𝜖 𝑑𝐴𝜖−1
(𝜑𝑖)

𝜎𝑗+1
𝑖

−1 (𝐸)∩𝐺
𝜎𝑖

, 

𝑣
𝜎𝑗

𝑖(𝐸) ≔ ∫ ∑ 𝜌
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

1+𝜖 𝑑𝐴𝜖−1

𝑖
(𝜑𝑖)

𝜎𝑗
𝑖

−1(𝐸)∩𝐺
𝜎𝑖

+ ∫ ∑ 𝜌
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

1+𝜖 𝑑𝐴𝜖−1

𝑖
(𝜑𝑖)

𝜎𝑗+1
𝑖

−1 (𝐸)∩𝐺
𝜎𝑖

 

for1 ≤ 𝑗 < 𝑁and 

𝜇
𝜎𝑁𝑗

𝑖 (𝐸) = 𝑣
𝜎𝑁

𝑖 (𝐸) ≔ ∫ ∑ 𝑅
𝜎𝑁

𝑖
1+𝜖𝑑𝐴𝜖−1

𝑖
(𝜑𝑖)

𝜎𝑁
𝑖

−1 (𝐸)∩𝐺
𝜎𝑖

 

forBorel sets 𝐸 ⊂ 𝐃. Finally, we put 

𝜇𝜖−1,1+𝜖 ≔ ∑ ∑ 𝜇𝜖−1,1+𝜖
𝜎𝑖

𝑖𝜎𝑖∈𝓅𝑁

where    𝜇𝜖−1,1+𝜖
𝜎𝑖

≔ ∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝜇
𝜎𝑗

𝑖

𝑖

𝑁

𝑗=1

(1.8) 

and 

𝑣𝜖−1,1+𝜖 ≔ ∑ ∑ 𝑣𝜖−1,1+𝜖
𝜎𝑖

𝑖𝜎𝑖∈𝓅𝑁

where    𝑣𝜖−1,1+𝜖
𝜎𝑖

≔ ∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝑣
𝜎𝑗

𝑖

𝑖

𝑁

𝑗=1

. 

For the rest of the paper we will freely use the notation introduced so far without any further reference. 

Our last result is the Carleson measure characterization. When 𝑁 = 2and 𝑎1
𝑗

+ 𝑎2
𝑗

= 0,it is easily seen 

that the set 𝐺𝜎𝑖is simply the whole 𝐃for each 𝜎𝑖 ∈ 𝓅𝑁. Thus, fordifferences of composition operators, the 

equivalence of (a) and (c) below is contained in[22] and [13]; see also [5] for the half-plane analogue. 

Theorem 1.3.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, … , (𝜑𝑖)𝑁 ∈ 𝒮and 𝑎1
𝑗
, … , 𝑎𝑁

𝑗
∈ 𝐂\{0}. Then the 

following three statements are equivalent: 

(a) 𝑇is compact on 𝐴𝜖−1
1+𝜖 (𝐃); 

(b) 𝜇𝜖−1,1+𝜖is a compact (𝜖 − 1)-Carleson measure on 𝐃; 

(c) 𝑣𝜖−1,1+𝜖is a compact (𝜖 − 1)-Carleson measure on 𝐃. 

We emphasize that our symbol functions in Theorems 1.1 and 1.3 are completely arbitrary, as long as they 

belong to 𝒮. 

The exposition of the paper is organized as follows. In Section 2 we recall some basic facts to be used 

in later sections. Section 3 is devoted to the proof of Theorem 1.1. Section 4 is devoted to the proof of Theorem 

1.3. In Section 5 we first prove Theorem 1.2 as an application of Theorem 1.1 and observe some consequences. 

We then apply our results to provide new simple proofs for some known results about linear combinations of at 

most 

four composition operators. 

Constants.Throughout the paper we use the letter 1 + 𝜖to denote various positive constantswhich may change at 

each occurrence. Variables indicating the dependency of 1 + 𝜖will beoften specified in a parenthesis. We use 

the notation 𝑋 ≲ 𝑌or 𝑌 ≳ 𝑋for nonnegativequantities 𝑋and 𝑌to mean 𝑋 ≤ (1 + 𝜖)𝑌for some inessential 

constant1 + 𝜖 > 0. Similarly, weuse the notation 𝑋 ≈ 𝑌if both 𝑋 ≲ 𝑌and 𝑌 ≲ 𝑋hold. 

1. Preliminaries 

In this section we collect some basic facts to be used in later sections. One may finddetails in standard 

references such as [7] and [28]. 

 

2.1. Compact Operator. It seems better to clarify the notion of compact operators, since the spaces under 

consideration are not Banachspaces when 0 < 𝜖 < 1. Suppose 𝑋and𝑌are topological vector spaces 

whosetopologies are induced by complete metrics. Acontinuous linear operator 𝑆 ∶ 𝑋 → 𝑌is said to be compact 

if the image of every boundedsequence in 𝑋has a subsequence that converges in 𝑌. 



Compact Linear Combination of Composition Operators on Bergman Spaces 

DOI: 10.35629/0743-11036381                                    www.questjournals.org                                         67 | Page 

We have the following convenient compactness criterion for a linear combination ofcomposition 

operators acting on the weighted Bergman spaces. 

Lemma 2.1.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let 𝑆be a linear combination of compositionoperators. Then 𝑆is compact 

on 𝐴𝜖−1
1+𝜖 (𝐃)if and only if 𝑆𝑓𝑛 → 0in 𝐴𝜖−1

1+𝜖 (𝐃)for any boundedsequence {𝑓𝑛}in 𝐴𝜖−1
1+𝜖 (𝐃)such that 𝑓𝑛 →

0uniformly on compact subsets of 𝐃. 

A proof can be found in [7, Proposition 3.11] for a single composition operator and itcan be easily 

modified for a linear combination. 

1.2 Pseudohyperbolic Distance. The well-known pseudohyperbolic distance between𝑧, 𝑤 ∈ 𝐃is given by 

𝜌(𝑧, 𝑤) ≔ |
𝑧 − 𝑤

1 − 𝑧𝑤
|. 

By a straightforward calculation we have 

1 − 𝜌2(𝑧, 𝑤) =
(1 − |𝑧|2)(1 − |𝑤|2)

|1 − 𝑧𝑤|2
(2.1) 

for 𝑧, 𝑤 ∈ 𝐃. The pseudohyperbolic disk with center 𝑧 ∈ 𝐃and radius 0 < 𝜖 < 1is defined by 

𝐸1−𝜖(𝑧) ≔ {𝑤 ∈ 𝐃 ∶ 𝜌(𝑧, 𝑤) < 1 − 𝜖}. 
It turns out that 𝐸1−𝜖(𝑧)is a Euclidean disk with 

(center) =
(1 − (1 − 𝜖)2)

1 − |𝑧|2(1 − 𝜖)2
𝑧  and    (radius) =

(1 − |1 − 𝜖|2)(1 − 𝜖)

1 − |𝑧|2(1 − 𝜖)2
. (2.2) 

This implies 
1 − 𝜌(𝑧. 𝑤)

1 + 𝜌(𝑧. 𝑤)
≤

1 − |𝑧|

1 − |𝑤|
≤

1 + 𝜌(𝑧. 𝑤)

1 − 𝜌(𝑧. 𝑤)
(2.3) 

for 𝑧, 𝑤 ∈ 𝐃. Also is well known that, given 0 < 𝜖 < 1and 𝜖 > 0, we have 

𝐴𝜖−1[𝐸1−𝜖(𝑧)] ≈ (1 − |𝑧|2)(𝜖−1)+2,   𝑧 ∈ 𝐃; (2.4) 

constants suppressed in this estimate depend only on 𝜖 − 1and r. 

Given 0 < 𝜖 < 1and 𝜖 > 0, we will use the submean value type inequality 

|𝑓(𝑧)|1+𝜖 ≤
1 + 𝜖

(1 − |𝑧|2)(𝜖−1)+2
∫ |𝑓|1+𝜖𝑑𝐴𝜖−1

𝐸1−𝜖(𝑧)

,    𝑧 ∈ 𝐃(2.5) 

for functions 𝑓 ∈ 𝐻(𝐃), 0 ≤ 𝜖 < ∞and for some constant 1 + 𝜖 = (1 + 𝜖)(𝜖 − 1, 1 − 𝜖) > 0. All the details 

for the statements above can be found in [28, Chapter 4]. 

1.3 Test Function. Note from (2.5) with 𝜖 = 1that each point evaluation is a continuouslinear functional on the 

Hilbert space 𝐴𝜖−1
1+𝜖 (𝐃). Thus, to each 𝑧 ∈ 𝐃corresponds a uniquereproducing kernel whose explicit formula is 

known as 𝑤 ↦ 𝜆𝑧
(𝜖−1)+2

where 

𝜆𝑧(𝑤) ≔
1

1 − 𝑧𝑤
,     𝑤 ∈ 𝐃(2.6) 

for 𝑧 ∈ 𝐃. 

Powers of the functions in (2.6) will be the source of test functions in conjunction with Lemma 2.1. 

The norms of such kernel-type functions are well known. Namely, when (1 + 𝜖)(1 + 𝜖) > (𝜖 − 1) + 2, we 

have 

‖𝜆𝑧
1+𝜖‖𝐴𝜖−1

1+𝜖 ≈ (1 − |𝑧|2)−(1+𝜖)+
(𝜖−1)+2

1+𝜖 ,      𝑎𝑗 ∈ 𝐃; (2.7) 

constants suppressed in this estimate are independent of 𝑧; see, for example, [28, Lemma 3.10]. Thus 

𝜆𝑧
1+𝜖

‖𝜆𝑧
1+𝜖‖𝐴𝜖−1

1+𝜖
→ 0   → 0   uniformly on compact subests of 𝐃(2.8) 

as |𝑧| → 1. 

1.4 Carleson Measure. Let 𝜖 > 0and 𝜇be a finite positive Borel measure on 𝐃. For 0 ≤ 𝜖 < 1and 0 ≤ 𝜖 < ∞, 

it is well known that 

the embedding 𝐴𝜖−1
1+𝜖 (𝐃) ⊂ (1 + 2𝜖)1+𝜖(𝑑𝜇)is bounded 

   ⟺ sup
𝑧∈𝐃

𝜇[𝐸1−𝜖(𝑧)]

𝐴𝜖−1[𝐸1−𝜖(𝑧)]
< ∞ (2.9) 

and 

the embedding 𝐴𝜖−1
1+𝜖 (𝐃) ⊂ (1 + 2𝜖)1+𝜖(𝑑𝜇)is compact 

   ⟺ lim
|𝑧|→1

𝜇[𝐸1−𝜖(𝑧)]

𝐴𝜖−1[𝐸1−𝜖(𝑧)]
= 0 . (2.10) 

We say that 𝜇is an (𝜖 − 1)-Carleson measure if (2.9) holds. Also, we say that 𝜇is a compact (𝜖 − 1)-Carleson 

measure if (2.10) holds. Note that the notion of (compact) (𝜖 − 1)-Carleson measures is independent of the 

parameters 1 + 𝜖and 1 − 𝜖. Given 𝜖 > 0, it is also well known that 
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‖𝑖𝜇,1+𝜖‖
1+𝜖

≈ ‖𝜇‖𝜖−1 ≔ sup
𝑧∈𝐃

𝜇[𝐸(𝑧)]

𝐴𝜖−1[𝐸(𝑧)]
where     𝐸(𝑧) ≔ 𝐸1 2⁄ (𝑧)(2.11) 

for(𝜖 − 1)-Carleson measures μ; constants suppressed above are independent of 𝜇and 1 + 𝜖. 

Here,‖𝑖𝜇,1+𝜖‖denotes the operator norm of the embedding 𝑖𝜇,1+𝜖 ∶ 𝐴𝜖−1
1+𝜖 (𝐃) ⊂ (1 + 2𝜖)1+𝜖(𝑑𝜇); see [28,Section 

7.2]. 

The connection between composition operators and Carleson measures comes from thechange-of-

variable formula (see [9, p. 163]) 

∫ ∑(𝑔 ∘ 𝜑𝑖)𝑑𝐴𝜖−1

𝑖𝐃

= ∫ ∑ 𝑔𝑑(𝐴𝜖−1 ∘ 𝜑𝑖
−1)

𝑖𝐃

(2.12) 

valid for 𝜑𝑖 ∈ 𝒮and positive Borel functions 𝑔on 𝐃. Here, 𝐴𝜖−1 ∘ 𝜑𝑖
−1denotes the pullback measure defined by 

(𝐴𝜖−1 ∘ 𝜑𝑖
−1)(𝐸) = 𝐴𝜖−1[𝜑𝑖

−1(𝐸)]for Borelsets 𝐸 ⊂ 𝐃. Since each composition operator is bounded on 

𝐴𝜖−1
1+𝜖 (𝐃), it is immediate from (2.12) that 𝐴𝜖−1 ∘ 𝜑𝑖

−1is an (𝜖 − 1)-Carleson measure for each 𝜑𝑖 ∈ 𝒮. Also is 

well known via (2.12) that (1 + 𝜖)𝜑𝑖
is compact on 𝐴𝜖−1

1+𝜖 (𝐃)if and only if 𝐴𝜖−1 ∘ 𝜑𝑖
−1is a compact (𝜖 − 1)-

Carleson measure. 

2.5. Angular Derivative. We recall the well-known notion of the angular derivative. Let𝐓 ≔ 𝜕𝐃be the unit 

circle. A map 𝜑𝑖 ∈ 𝒮is said to have a finite angular derivative at𝜁 ∈ 𝐓, denoted by 𝜑𝑖
′(𝜁) ∈ 𝐂, if 𝜑𝑖has 

nontangential limit 𝜑𝑖(𝜁) ∈ 𝐓at 𝜁such that 

∠ lim
𝑧→𝜁

𝜑𝑖(𝑧) − 𝜑𝑖(𝜁)

𝑧 − 𝜁
= 𝜑𝑖

′(𝜁) 

where∠limstands for the nontangential limit. As is well known by the Julia-Caratheodory Theorem (see [7, 

Theorem 2.44]), 𝜑𝑖
′(𝜁)exists if and only if 

lim inf
𝑧→𝜁

1 − |𝜑𝑖(𝑧)|2

1 − |𝑧|2
< ∞. 

In this case, the left-hand side of the above is equal to |𝜑𝑖
′(𝜁)|and, moreover, 

        ∠ lim
𝑧→𝜁

1 − |𝑧|2

1 − |𝜑𝑖(𝑧)|2
=

1

|𝜑𝑖
′(𝜁)|

. (2.13) 

In particular, we have |𝜑𝑖
′(𝜁)| ≥

1−|𝜑𝑖(0)|

1+|𝜑𝑖(0)|
> 0by the Schwarz-Pick lemma. We put 

   𝐹(𝜑𝑖) ≔ {𝜁 ∈ 𝐓 ∶ lim sup
𝑧→𝜁

𝑅𝜑𝑖
(𝑧) > 0} ; (2.14) 

this is the “angular derivative set” of 𝜑𝑖consisting of all boundary points at which 𝜑𝑖has finite angular 

derivatives. Note that (1.1) is equivalent to the condition 𝐹(𝜑𝑖) = ∅. 

 

2. Julia-CarathÉodory Type Characterization 

This section is devoted to the proof of Theorem 1.1. We will complete the proof of Theorem 1.1 by 

establishing the implications 

(a) ⟹ (b) ⟹ (c) ⟹ (a). 
Note that the implication (a) ⟹ (b) is clear by Lemma 2.1 and (2.8). 

Before proceeding, we fix some notation to be used throughout the section. We put 

𝑇𝐽 ≔ ∑ ∑ 𝑎𝑗
𝑗
𝑇𝑗

𝑖𝑗∈𝐽

 

for 𝐽 ⊂ Λ𝑁. Given 𝐽 ⊂ Λ𝑁with ℓ ∈ 𝐽, note from (1.4) that the operator 𝑇𝐽can be written in the form 

𝑇𝐽 = ∑ ∑ 𝑐𝑗,1+𝜖𝑇𝑗,1+𝜖

𝑖𝑗,1+𝜖∈𝐽

+ (∑ ∑ 𝑎𝑗
𝑗

𝑖𝑗∈𝐽

) 𝑇ℓ(3.1) 

for some coefficients 𝑐𝑗,1+𝜖depending on ℓand 𝑎𝑗
𝑗
’s with 𝑗 ∈ 𝐽. 

We now proceed to the proof of the implication (b) ⟹ (c). We need the following estimate, which is 

the disk version of [13, Lemma 2.2]; one may also refer to [22, Lemma 3.1]. 

Lemma 3.1.Let 0 ≤ 𝜖 < ∞, 𝜖 > 0and 0 < 𝜖 < 1. Then there is a constant 1 + 𝜖 = (1 + 𝜖)(𝜖 − 1,1 + 𝜖, 1 −
2𝜖, 1 − 𝜖) > 0such that 

|𝑓(𝑎𝑗) − 𝑓(𝑎𝑗 + 𝜖)|
1+𝜖

≤ (1 + 𝜖)
𝜌1+𝜖(𝑎𝑗 , 𝑎𝑗 + 𝜖)

𝐴𝜖−1[𝐸(1−𝜖)2
(𝑎𝑗)]

∫ |𝑓|1+𝜖𝑑𝐴𝜖−1
𝐸(1−𝜖)2

(𝑎𝑗)

(3.2) 

for𝑓 ∈ 𝐻(𝐃)and 𝑎𝑗 , 𝑎𝑗 + 𝜖 ∈ 𝐃with (𝑎𝑗 + 𝜖) ∈ 𝐸(1−𝜖)1
(𝑎𝑗). 

Proof of (𝐛) ⟹ (𝐜). Assume (b). We suppose that (c) fails and will derive a contradiction.Since (c) fails, there 

exists a sequence {𝑧𝑛} ⊂ 𝐃such that |𝑧𝑛| → 1and 
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inf
𝑛

𝑄(𝑧𝑛) > 0. 

Since functions 𝑄𝜎𝑖are all bounded on 𝐃, it follows that 

inf
𝑛

∑ 𝑄𝜎𝑖(𝑧𝑛)

𝑖

> 0 for each  𝜎𝑖 ∈ 𝓅𝑁 . (3.3) 

Furthermore, since functions 𝑅𝑗and 𝜌𝑗,1+𝜖are all bounded, we may assume that the sequences 

{𝑅𝑗(𝑧𝑛)}   and   {𝜌𝑗,1+𝜖(𝑧𝑛)}both converge as 𝑛 → ∞ 

for any 𝑗, 1 + 𝜖 ∈ Λ𝑁. Put 

     𝐹 ≔ {𝑗 ∈ Λ𝑁 ∶ lim
𝑛→∞

𝑅𝑗(𝑧𝑛) = 0} (3.4) 

and let 

𝐹′ ≔ Λ𝑁  \𝐹 

for short. Note 

inf
𝑛

𝑅𝑗(𝑧𝑛) > 0 (3.5) 

for each 𝑗 ∈ 𝐹′. 

In conjunction with the set 𝐹′, we pause to prove the following claim. 

Claim.There are pairwise disjoint sets of indices 𝐽1, . . . , 𝐽1+2𝜖and 𝑎𝑗 subsequence of {𝑧𝑛},still denoted by {𝑧𝑛}, 

with the following properties: 

(i) 𝐹′ = ⋃ 𝐽1+𝜖
1+2𝜖
1+𝜖=1 ; 

(ii) To each 1 + 𝜖 = 1, . . . , 1 + 2𝜖corresponds (1 + 𝜖)1+𝜖 ∈ 𝐽1+𝜖such that 

|∑(𝜑𝑖)𝑗(𝑧𝑛)

𝑖

| ≤ ∑|(𝜑𝑖)(1+𝜖)1+𝜖
(𝑧𝑛)|

𝑖

  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 𝑎𝑛𝑑 𝑗 ∈ ⋃ 𝐽ℓ

1+2𝜖

ℓ=1+𝜖

; 

(iii) lim
𝑛→∞

𝜌𝑗,1+𝜖(𝑧𝑛) = 0for all 𝑗, 1 + 𝜖 ∈ 𝐽1+𝜖for each 1 + 𝜖 = 1, . . . , 1 + 2𝜖. 

(iv) ∑ ∑ 𝑎𝑗
𝑗

𝑖 = 0𝑗∈𝐽1+𝜖
  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 1 + 𝜖 = 1, … ,1 + 2𝜖. 

 

Proof of Claim.Assume 𝐹′ ≠ ∅ to avoid triviality. Put 𝐽0 ≔ 𝐹for convenience. Passing to a subsequence if 

necessary, we may choose an index (1 + 𝜖)1 ∉ 𝐽0such that 

|(𝜑𝑖)𝑗(𝑧𝑛)| ≤ |(𝜑𝑖)(1+𝜖)1
(𝑧𝑛)|for all 𝑛 and 𝑗 ∉ 𝐽0. 

Using such (1 + 𝜖)1, we set 

𝐽1 ≔ {𝑗 ∈ 𝐹′ ∶ lim
𝑛→∞

𝜌(1+𝜖)1,𝑗(𝑧𝑛) = 0}. 

Now, let 𝜈 ≥ 2and suppose that we have chosen pairwise disjoint sets 𝐽1+𝜖and points (1 + 𝜖)1+𝜖 ∈ 𝐽1+𝜖 for 1 +
𝜖 = 1, … , 𝑣 − 1which satisfy 

|∑(𝜑𝑖)𝑗(𝑧𝑛)

𝑖

| ≤ ∑|(𝜑𝑖)(1+𝜖)1+𝜖
(𝑧𝑛)|

𝑖

for all 𝑛 and 𝑗 ∉ ⋃ 𝐽ℓ

(1+𝜖)−1

ℓ=0

(3.6) 

and 

𝐽1+𝜖 = {𝑗 ∈ 𝐹′ ∶ lim
𝑛→∞

𝜌(1+𝜖)1+𝜖,𝑗(𝑧𝑛) = 0} . (3.7) 

for 1 + 𝜖 = 1, . . . , 𝜈 − 1. If 𝐹′ = ⋃ 𝐽1+𝜖
𝑣−1
1+𝜖=1 , then we stop. Otherwise, passing to a further subsequence if 

necessary, we choose an index 

(1 + 𝜖)𝑣 ∉ ⋃ 𝐽1+𝜖

𝑣−1

1+𝜖=0

(3.8) 

such that 

|∑(𝜑𝑖)𝑗(𝑧𝑛)

𝑖

| ≤ ∑|(𝜑𝑖)(1+𝜖)𝑣
(𝑧𝑛)|

𝑖

for all 𝑛 and 𝑗 ∉ ⋃ 𝐽1+𝜖

𝑣−1

1+𝜖=0

. 

Using this (1 + 𝜖)𝑣, we set 

𝐽𝑣 ≔ {𝑗 ∈ 𝐹′ ∶ lim
𝑛→∞

𝜌(1+𝜖)𝑣,𝑗(𝑧𝑛) = 0}. 

Note from (3.8) and (3.7) that 𝐽𝑣and 𝐽1+𝜖are disjoint for each 1 + 𝜖 = 1, . . . , 𝑣 − 1. This process stops after 

finitely many steps by pairwise disjointness of the sets. Thus, (i) holds for some 1 + 2𝜖. Note that (ii) holds by 

(3.6) and (i). Also, since (1 + 𝜖)1+𝜖 ∈ 𝐽1+𝜖for each 1 + 𝜖, (iii) is clear by (3.7). 

For (iv), we first consider the case 1 + 𝜖 = 1. For 𝜖 ≥ 0, put 

𝑓𝑎𝑗 = 𝑓𝑎𝑗,1+𝜖 ≔ (1 − |𝑎𝑗|
2

)
1+𝜖

𝜆
𝑎𝑗

(𝜖−1)+2

1+𝜖
+(1+𝜖)

 

for 𝑎𝑗 ∈ 𝐃. Put 
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𝑤𝑛 ≔ (𝜑𝑖)(1+𝜖)1
(𝑧𝑛) 

for each 𝑛. Note 1 − |𝑤𝑛|2 ≈ 1 − |𝑧𝑛|2by (3.5). So, |𝑤𝑛| → 1. It follows from (2.7) and (b) that 

lim
𝑛→∞

‖𝑇𝑓𝑤𝑛
‖

𝐴𝜖−1
1+𝜖 = 0. 

We thus obtain 

lim
𝑛→∞

(1 − |𝑤𝑛|2)
(𝜖−1)+2

1+𝜖 |𝑇𝑓𝑤𝑛
(𝑧𝑛)| = 0 (3.9) 

by (2.5). 

Note from (iii) and (2.3) that 

1 − |𝑤𝑛|2 ≈ 1 − |(𝜑𝑖)𝑗(𝑧𝑛)|
2

,    𝑗 ∈ 𝐽1 

for all 𝑛. It follows from Lemma 3.1 and (2.4) that 

(1 − |𝑤𝑛|2)(𝜖−1)+2|𝑇𝑗,1+𝜖𝑓𝑤𝑛
(𝑧𝑛)|

1+𝜖
≲ 𝜌𝑗,1+𝜖

1+𝜖 (𝑧𝑛) → 0,    𝑗, 1 + 𝜖 ∈ 𝐽1(3.10) 

as 𝑛 → ∞. Meanwhile, note 

(1 − |𝑤𝑛|2)(𝜖−1)+2|𝑇𝑗𝑓𝑤𝑛
(𝑧𝑛)|

1+𝜖
= (

1 − |𝑤𝑛|2

|1 − (𝜑𝑖)𝑗(𝑧𝑛)𝑤𝑛|
)

(1+𝜖)(1+𝜖)+(𝜖−1)+2

, 𝑗 ∈ Λ𝑁(3.11) 

for all 𝑛. In particular, 

(1 − |𝑤𝑛|2)(𝜖−1)+2|𝑇(1+𝜖)1
𝑓𝑤𝑛

(𝑧𝑛)|
1+𝜖

= 1 

for all 𝑛. Thus, applying (3.1) (with 𝐽 = 𝐽1and ℓ = (1 + 𝜖)1), we obtain 

lim
𝑛→∞

(1 − |𝑤𝑛|2)
(𝜖−1)+2

1+𝜖 |𝑇𝐽1
𝑓𝑤𝑛

(𝑧𝑛)| = |∑ ∑ 𝑎𝑗
𝑗

𝑖𝑗∈𝐽1

| . (3.12) 

Since 

(1 − |𝑤𝑛|2)(𝜖−1)+2|𝑇𝑗𝑓𝑤𝑛
(𝑧𝑛)|

1+𝜖
≲ 𝑅𝑗

(1+𝜖)(1+𝜖)+(𝜖−1)+2(𝑧𝑛) → 0,     𝑗 ∈ 𝐹 

by (3.11) and definition of the set 𝐹, we also note 

lim
𝑛→∞

(1 − |𝑤𝑛|2)(𝜖−1)+2|𝑇𝐹𝑓𝑤𝑛
(𝑧𝑛)|

1+𝜖
= 0 . (3.13) 

We now consider operators 𝑇𝐽1+𝜖
, 𝜖 ≥ 0. Let 𝑗 ∈ 𝐽1+𝜖, 𝜖 > 0. We have |(𝜑𝑖)𝑗(𝑧𝑛)| ≤ |𝑤𝑛|by (ii) and thus 

(
1 − |𝑤𝑛|2

|1 − ∑ (𝜑𝑖)𝑗(𝑧𝑛)𝑤𝑛𝑖 |
)

2

≤ ∑
(1 − |𝑤𝑛|2) (1 − |(𝜑𝑖)𝑗(𝑧𝑛)|

2
)

|1 − (𝜑𝑖)𝑗(𝑧𝑛)𝑤𝑛|
2

𝑖

= 1 − 𝜌1,𝑗
2 (𝑧𝑛) 

for all 𝑛. It follows from (3.11) 

(1 − |𝑤𝑛|2)(𝜖−1)+2|𝑇𝑗𝑓𝑤𝑛
(𝑧𝑛)|

1+𝜖
≤ [1 − 𝜌1,𝑗

2 (𝑧𝑛)]
(1+𝜖)(1+𝜖)+(𝜖−1)+2

2  

for all 𝑛. Thus, setting 

𝜂1 ≔ min [ lim
𝑛→∞

𝜌(1+𝜖)1,𝑗(𝑧𝑛)] > 0 

where the minimum is taken over all 𝑗 ∈ ⋃ 𝐽1+𝜖𝜖>0 , we obtain 

lim sup
𝑛→∞

(1 − |𝑤𝑛|2)(𝜖−1)+2 ∑|𝑇𝐽1+𝜖
𝑓𝑤𝑛

(𝑧𝑛)|
1+𝜖

≤ (1 + 𝜖)1(1 − 𝜂1
2)

(1+𝜖)(1+𝜖)+(𝜖−1)+2

2

𝜖>0

; (3.14) 

for some constant (1 + 𝜖)1 = (1 + 𝜖)1(1 + 𝜖, 𝑁, 𝑎1
𝑗
, … , 𝑎𝑁

𝑗
) > 0. Now, since we have by (i) 

𝑇𝐽1
= 𝑇 − 𝑇𝐹 − ∑ 𝑇𝐽1+𝜖

𝜖>0

, 

we deduce from (3.9), (3.12), (3.13) and (3.14) that 

|∑ ∑ 𝑎𝑗
𝑗

𝑖𝑗∈𝐽1

| ≤ (1 + 𝜖)1(1 − 𝜂1
2)

(1+𝜖)(1+𝜖)+(𝜖−1)+2

2 . 

Recall that 𝜖 ≥ 0is arbitrary. So, taking the limit 𝜖 → ∞, we conclude 

∑ ∑ 𝑎𝑗
𝑗

𝑖𝑗∈𝐽1

= 0, 

as required. This completes the proof for the case 𝜖 = 0. 

We now proceed by induction on 1 + 𝜖. So, let 𝜖 ≥ 0and assume 

∑ ∑ 𝑎𝑗
𝑗

𝑖

= ⋯ =

𝑗∈𝐽1

∑ ∑ 𝑎𝑗
𝑗

𝑖

= 0

𝑗∈𝐽1+𝜖−1

. (3.15) 

We will show 
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∑ ∑ 𝑎𝑗
𝑗

𝑖

= 0

𝑗∈𝐽1+𝜖

. (3.16) 

This time our test functions are 𝑓𝜉𝑛
where 𝜉𝑛 = (𝜑𝑖)(1+𝜖)1+𝜖

(𝑧𝑛)for each 𝑛. Using (3.1), (3.5) and the induction 

hypothesis (3.15), we have as in the proof of (3.10) 

lim
𝑛→∞

(1 − |𝜉𝑛|2)(𝜖−1)+2 ∑|𝑇𝐽1+𝜖
𝑓𝜉𝑛

(𝑧𝑛)|
1+𝜖

= 0

𝜖≥0

. 

Also, as in the case of 𝜖 = 1, we obtain 

lim
𝑛→∞

(1 − |𝜉𝑛|2)(𝜖−1)+2 |𝑇𝐹𝑓𝜉𝑛
(𝑧𝑛)|

1+𝜖
= 0 

and 

lim
𝑛→∞

(1 − |𝜉𝑛|2)
(𝜖−1)+2

1+𝜖 |𝑇𝐽1+𝜖
𝑓𝜉𝑛

(𝑧𝑛)| = | ∑ ∑ 𝑎𝑗
𝑗

𝑖𝑗∈𝐽1+𝜖

|. 

Setting 

𝜂1+𝜖 ≔ min [ lim
𝑛→∞

𝜌(1+𝜖)1+𝜖,𝑗
(𝑧𝑛)] > 0 

where the minimum is taken over all 𝑗 ∈ ⋃ 𝐽1+𝜖𝜖>0 , we also have 

lim sup
𝑛→∞

(1 − |𝜉𝑛|2)(𝜖−1)+2 ∑|𝑇𝐽1+𝜖
𝑓𝜉𝑛

(𝑧𝑛)|
1+𝜖

≤ (1 + 𝜖)1(1 − 𝜂1+𝜖
2 )

(1+𝜖)(1+𝜖)+(𝜖−1)+2

2

𝜖>0

. 

Now, as in the case of 𝜖 = 1, we conclude (3.16), which completes the induction. So, (iv) holds. The proof of 

the claim is complete.    

Having proved the claim above, we now continue the proof of the implication (b) ⟹ (c). We may 

assume that the sets 𝐽1, . . . , 𝐽1+2𝜖, 𝐹are all nonempty; otherwise the proof issimpler. Let 𝑛1+𝜖 ≔ #𝐽1+𝜖, the 

number of elements in 𝐽1+𝜖, and put 

𝔧1+𝜖 ≔ (𝑗1+𝜖,1, … , 𝑗1+𝜖,𝑛1+𝜖
),   1 + 𝜖 = 1, … ,1 + 2𝜖 

where𝑗1+𝜖,1, … , 𝑗1+𝜖,𝑛1+𝜖
are the distinct elements of 𝐽1+𝜖. Also, let 𝑑 ≔ #𝐹and put 

𝔣 ≔ (𝑗1, … , 𝑗𝑑) 

where𝑗1, … , 𝑗𝑑are the distinct elements of F. In these definitions of the vectors 𝔧1+𝜖and 𝔣 we simply choose 

arbitrary but fixed permutations of components. 

Now, consider 𝜏 ∈ 𝓅𝑁given by 

𝜏 ≔ (𝔧1, … , 𝔧1+2𝜖 , 𝔣). 
Using this, we may rephrase Claim (iv) as 

∑ ∑(𝑎𝑗)𝜏𝑗

𝑖

= 0

𝑛1+⋯+𝑛1+𝜖

𝑗=1

(3.17) 

for 1 + 𝜖 = 1, . . . , 1 + 2𝜖. This yields 

∑ |(1 + 𝜖)𝑗
𝜏|𝑀𝜏𝑗,𝜏𝑗+1

𝑁−𝑑

𝑗=1

= ∑ ∑ ∑ 𝑐𝑗,1+𝜖
(1+𝜖)

𝑀𝑗,1+𝜖

𝑖𝑗,1+𝜖∈𝐽1+𝜖

1+2𝜖

1+𝜖=1

 

where𝑐𝑗,1+𝜖
(1+𝜖)

are nonnegative coefficients depending on {𝑎ℓ
𝑗

∶ ℓ ∈ 𝐽1+𝜖}for each m. On the other hand, note 

∑ |(1 + 𝜖)𝑗
𝜏|𝑀𝜏𝑗,𝜏𝑗+1

𝑁−𝑑

𝑗=𝑁−𝑑+1

+ |(1 + 𝜖)𝑁
𝜏 |𝑀𝜏𝑁

≤ ∑ 𝑐𝑗 𝑅𝑗

𝑗∈𝐹

 

where𝑐𝑗 are nonnegative coefficients depending on {𝑎𝑗1

𝑗
, … , 𝑎𝑗𝑑

𝑗
}. It follows that 

𝑄𝜏 = ∑|(1 + 𝜖)𝑗
𝜏|𝑀𝜏𝑗,𝜏𝑗+1

𝑁−1

𝑗=1

+ |(1 + 𝜖)𝑁
𝜏 |𝑀𝜏𝑁

 

≤ ∑ ∑ 𝑐𝑗,1+𝜖
(1+𝜖)

𝑀𝑗,1+𝜖

𝑗,1+𝜖∈𝐽1+𝜖

1+2𝜖

1+𝜖=1

+ ∑ ∑ 𝑐𝑗 𝑅𝑗

𝑖𝑗∈𝐹

. 

Note that the first term of the above tends to 0 along the sequence {𝑧𝑛}by Claim (iii). The second term also tends 

to 0 along the sequence {𝑧𝑛}by definition (3.4) of the set 𝐹. Consequently, we obtain 

lim
𝑛→∞

𝑄𝜏(𝑧𝑛) = 0, 

which is a contradiction to (3.3). The proof is complete.    

We now proceed to the proof of the implication (c) ⟹ (a). We recall a couple ofknown estimates. 

First, we recall the following estimate which is implicit in the proof of[19, Lemma 1] or [4, Lemma 4.3]. 
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Lemma 3.2.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Put 1 + 𝜖 ≔ min {
(𝜖−1)+1

2
, 1}. Let 𝜑𝑖 ∈ 𝒮, 𝜖 > 0and𝑊 ∶ 𝐃 → [0, 1]be a 

Borel function. If 

sup
𝑧∈𝐃

∑[𝑊(𝑧)𝑅𝜑𝑖
(𝑧)]

𝑖

≤ 𝜖 , (3.18) 

then there is a constant 1 + 𝜖 = (1 + 𝜖)(𝜖 − 1) > 0such that 

∫ ∑|𝑓 ∘ 𝜑𝑖|
1+𝜖𝑊𝑑𝐴𝜖−1

𝑖𝐃

≤ (1 + 𝜖)𝜖1+𝜖‖𝑓‖
𝐴𝜖−1

1+𝜖
1+𝜖  

for 𝑓 ∈ 𝐴𝜖−1
1+𝜖 (𝐃). 

Next, the following lemma is taken from [6, Lemma 3.3]. 

Lemma 3.3.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let 𝜑𝑖 , 𝜓𝑖 ∈ 𝒮, 𝜖 > 0and 𝐾 ⊂ 𝐃be a Borel set. If 

sup
𝑧∈𝐾

∑ 𝑀𝜑𝑖,𝜓𝑖

𝑖

≤ 𝜖 , (3.19) 

then there is a constant ℎ(𝜖) > 0such that 

lim
𝜖→0

ℎ(𝜖) = 0 

and 

∫ ∑|𝑓 ∘ 𝜑𝑖 − 𝑓 ∘ 𝜓𝑖|
1+𝜖𝑊𝑑𝐴𝜖−1

𝑖𝐾

≤ ℎ(𝜖)‖𝑓‖
𝐴𝜖−1

1+𝜖
1+𝜖  

for 𝑓 ∈ 𝐴𝜖−1
1+𝜖 (𝐃). 

We are now ready to prove the implication (c) ⟹ (a). In the proof below we use the notation 

Ω𝛿(𝜁) ≔ {𝑧 ∈ 𝐃 ∶ 1 − 𝛿 < |𝑧| < 1, |𝜁 −
𝑧

|𝑧|
| < 𝛿}. 

for𝜁 ∈ 𝐓and 0 < 𝛿 < 1. 

Proof of (𝐜) ⟹ (𝐚). Assume (c). Our proof relies on Lemma 2.1. So, consider an arbitrary sequence {𝑓𝑛}in 

𝐴𝜖−1
1+𝜖 (𝐃)such that ‖𝑓𝑛‖𝐴𝜖−1

1+𝜖 ≤ 1and 𝑓𝑛 → 0uniformly on compact sets of 𝐃. According to Lemma 2.1, it suffices 

to show that 𝑇𝑓𝑛 → 0in 𝐴𝜖−1
1+𝜖 (𝐃). 

Let 𝜖 > 0and put 

𝑈𝜎𝑖,𝜖 ≔ {𝑧 ∈ 𝐃 ∶ 𝑄𝜎𝑖(𝑧) ≤ 𝜖} 

for 𝜎𝑖 ∈ 𝓅𝑁. Note from (c) that to each 𝜁 ∈ 𝐓corresponds 𝛿𝜁 = 𝛿𝜁(𝜖) ∈ (0,1)such that 

Ω𝛿𝜁
(𝜁) ⊂ ⋃ 𝑈𝜎𝑖,𝜖

𝜎𝑖∈𝓅𝑁

. (3.20) 

Indeed, if this does not hold, then there would be some 𝜁0 ∈ 𝐓with the following property: For any 𝛿 ∈ (0, 1)the 

set Ω𝛿(𝜁0)contains a point 𝑧𝛿 ∈ 𝐃such that 𝑄𝜎𝑖(𝑧𝛿) > 𝜖for all 𝜎𝑖 ∈ 𝓅𝑁and hence 𝑄(𝑧𝛿) > 𝜖𝑁!, which is 

impossible by (c). 

Now, by compactness of 𝐓, we can find finitely many points 𝜁1 , . . . , 𝜁𝑣in 𝐓such that 

𝐃 \(1 − 𝜖)𝐃 ⊂ ⋃ Ω𝛿𝑗
(𝜁𝑗)

𝑣

𝑗=1

⊂ ⋃ 𝑈𝜎𝑖,𝜖

𝜎𝑖∈𝓅𝑁

 

where𝛿𝑗 ≔ 𝛿𝜁𝑗
and 1 − 𝜖 ≔ max(1 − 𝛿𝑗); the second inclusion above holds by (3.20). It follows that 

∫ |𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1
𝐃

≤ ∫ +
(1−𝜖)𝐃

∑ ∑ ∫
𝑈

𝜎𝑖,𝜖𝑖𝜎𝑖∈𝓅𝑁

 

=: 𝐼𝑛 + ∑ ∑ 𝐼𝐼𝑛
𝜎𝑖,𝜖

𝑖𝜎𝑖∈𝓅𝑁

 

for each 𝑛. For the first term of the above, note that 𝑓𝑛 → 0uniformly on ⋃ (𝜑𝑖)𝑗((1 − 𝜖)𝐃)𝑁
𝑗=1 , which is 

contained in a compact set of 𝐃. It follows that 

𝐼𝑛 → 0(3.21) 

as 𝑛 → ∞. To estimate the second term, let 𝜎𝑖 ∈ 𝓅𝑁. Recall that 𝑄𝜎𝑖 ≤ 𝜖on 𝑈𝜎𝑖,𝜖. Thus, in conjunction with the 

representation (1.4) of 𝑇, we see from Lemma 3.3 that there is a constant ℎ𝜎𝑖(𝜖) > 0such that lim
𝜖→0

ℎ𝜎𝑖(𝜖) =

0and 

∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝑖

𝑁−1

𝑗=1

∫ |𝑇
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖 𝑓𝑛|

1+𝜖

𝑑𝐴𝜖−1 ≤ ℎ𝜎𝑖(𝜖)
𝑈

𝜎𝑖,𝜖

 

for all 𝑛. In addition, we see from Lemma 3.2 that there are constants 𝜖 ≥ 0, independent of 𝜖, such that 
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∑ |(1 + 𝜖)𝑁
𝜎𝑖

|
1+𝜖

𝑖

∫ |𝑇
𝜎𝑁

𝑖 𝑓𝑛|
1+𝜖

𝑑𝐴𝜖−1 ≤ (1 + 𝜖)𝜖1+𝜖

𝑈
𝜎𝑖,𝜖

 

for all n. Accordingly, there is a constant 𝜖 ≥ 0, independent of 𝜖, such that 

∑ 𝐼𝐼𝑛
𝜎𝑖,𝜖

𝑖

≤ (1 + 𝜖)[ℎ𝜎𝑖(𝜖) + 𝜖1+𝜖](3.22) 

for all 𝑛. We now conclude by (3.21) and (3.22) that 

lim sup
𝑛→∞

∫ |𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1 ≤ ℎ(𝜖)
𝐃

 

for some constant ℎ(𝜖) > 0satisfying ℎ(𝜖) → 0as 𝜖 → 0. Finally, taking the limit 𝜖 → 0in the right-hand side of 

the above, we conclude, as required, that 𝑇𝑓𝑛 → 0in 𝐴𝜖−1
1+𝜖 (𝐃).The proof is complete.  

 

3. Carleson Measure Characterization: 

This section is devoted to the proof of Theorem 1.3. Before proceeding, we observe acouple of basic 

properties of the joint pullback measures defined in (1.8). Let𝜖 > 0and0 ≤ 𝜖 < ∞.  

Let 𝜎𝑖 ∈ 𝓅𝑁. We note from definitions of 𝑄𝜎𝑖and 𝜇𝜖−1,1+𝜖
𝜎𝑖

 

𝜇𝜖−1,1+𝜖
𝜎𝑖

(𝐸) ≤ 2 ∑ ∑ ∫ 𝑄
𝜎𝑖
1+𝜖𝑑𝐴𝜖−1

(𝜑𝑖)𝑗
−1(𝐸)∩𝐺

𝜎𝑖𝑖

𝑁

𝑗=1

(4.1) 

forBorel sets 𝐸 ⊂ 𝐃. We also note via the standard argument that led to (2.12) the change-of-variable formula 

∫ ∑ 𝑔𝑑𝜇𝜖−1,1+𝜖
𝜎𝑖

𝑖𝐷

= ∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝑖

𝑁−1

𝑗=1

∫ [𝑔 ∘ (𝜑𝑖)𝜎𝑗
𝑖 + 𝑔 ∘ (𝜑𝑖)𝜎𝑗+1

𝑖 ] 𝑀
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

1+𝜖 𝑑𝐴𝜖−1
𝐺

𝜎𝑖

 

+ ∑ |(1 + 𝜖)𝑁
𝜎𝑖

|
1+𝜖

𝑖

∫ (𝑔 ∘ (𝜑𝑖)𝜎𝑁
𝑖 ) 𝑅

𝜎𝑁
𝑖

1+𝜖𝑑𝐴𝜖−1
𝐺

𝜎𝑖

(4.2) 

valid for positive Borel functions 𝑔on 𝐃. 

Lemma 4.1.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let 𝜑𝑖 , 𝜓𝑖 ∈ 𝒮and 𝑊 ∶ 𝐃 → [0, 1]be a Borel function. Let μ and ν be the 

measures defined by 

𝜇(𝐸) ≔ ∫ ∑(𝑅𝜑𝑖
+ 𝑅𝜓𝑖

)
1+𝜖

𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)

+ ∫ ∑(𝑅𝜑𝑖
+ 𝑅𝜓𝑖

)
1+𝜖

𝑊𝑑𝐴𝜖−1

𝑖𝜓𝑖
−1(𝐸)

 

and 

𝑣(𝐸) ≔ ∫ ∑ 𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)

+ ∫ ∑ 𝑊𝑑𝐴𝜖−1

𝑖𝜓𝑖
−1(𝐸)

 

forBorel sets 𝐸 ⊂ 𝐃. If 𝜇is a compact (𝜖 − 1)-Carleson measure on 𝐃, then so is 𝜈. 

Proof.Let 𝜖 ∈ (0, 1)and put 

𝐾𝜖 ≔ {𝑧 ∈ 𝐃 ∶ 𝑅𝜑𝑖
(𝑧) + 𝑅𝜓𝑖

(𝑧) ≤ 𝜖}. 

Let 𝐸 ⊂ 𝐃be a Borel set. Note 

∫ ∑ 𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)

= ∫ ∑ +

𝑖𝜑𝑖
−1(𝐸)∩𝐾𝜖

∫ ∑ 𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)\𝐾𝜖

 

≤ ∫ ∑ 𝜒𝐾𝜖
𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)

+
1

𝜖1+𝜖
∫ ∑(𝑅𝜑𝑖

+ 𝑅𝜓𝑖
)

1+𝜖
𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)

 

where𝜒𝐾𝜖
is the characteristic function of the set 𝐾𝜖. The same estimate holds for 𝜓𝑖 . Thus, setting the measure 

𝑣𝜖(𝐸): = ∫ ∑ 𝜒𝐾𝜖
𝑊𝑑𝐴𝜖−1

𝑖𝜑𝑖
−1(𝐸)

+ ∫ ∑ 𝜒𝐾𝜖
𝑊𝑑𝐴𝜖−1

𝑖𝜓𝑖
−1(𝐸)

, 

we deduce 

𝑣 ≤ 𝑣𝜖 +
1

𝜖1+𝜖
𝜇. 

Accordingly, using the notation introduced in (2.11), we obtain 
𝑣[𝐸(𝑧)]

𝐴𝜖−1[𝐸(𝑧)]
≤ ‖𝑣𝜖‖𝜖−1 +

1

𝜖1+𝜖

𝜇[𝐸(𝑧)]

𝐴𝜖−1[𝐸(𝑧)]
 

for all 𝑧 ∈ 𝐃. Now, assuming that 𝜇is a compact (𝜖 − 1)-Carleson measure on 𝐃and letting |𝑧| → 1, we obtain 

lim sup
|𝑧|→1

𝑣[𝐸(𝑧)]

𝐴𝜖−1[𝐸(𝑧)]
≤ ‖𝑣𝜖‖𝜖−1 
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for each 𝜖 > 0. Note from Lemma 3.2 and (2.11) that ‖𝑣𝜖‖𝜖−1 → 0as 𝜖 → 0. Thus, taking the limit 𝜖 → 0, we 

conclude the lemma. The proof is complete.   

We will complete the proof of Theorem 1.3 by establishing the equivalences 

(a) ⟺ (b)and    (b) ⟺ (c). 
Note that the implication (b) ⟺ (c) holds by Lemma 4.1. The implication (c) ⟺ (b)is clear, because functions 

𝑅𝑗are all bounded. It remains to establish the equivalence (a) ⟺ (b). 

In what follows we put 

𝐸(𝑧) ≔ 𝐸1

2

(𝑧),      𝑧 ∈ 𝐃 

for short. Also, we put 

𝐃1−𝜖 ≔ 𝐃 \ (1 − 𝜖)𝐃 

for 0 < 𝜖 < 1. 

Proof of (𝐚) ⟹ (𝐛). Assume that 𝑇is compact on 𝐴𝜖−1
1+𝜖 (𝐃). Let 𝜎𝑖 ∈ 𝓅𝑁. Note from definition (1.7) of the set 

𝐺𝜎𝑖  

[𝑄𝜎𝑖(𝑤)]
𝑁!

≤ 𝑄(𝑤),     𝑤 ∈ 𝐺𝜎𝑖 . (4.3) 

Thus, given 𝜖 > 0, we see from Theorem 1.1 and (4.3) that there is 0 < 𝜖 ∈ 1such that 

𝑄𝜎𝑖(𝑤) ≤ [𝑄(𝑤)]
1

𝑁! < 𝜖,     𝑤 ∈ 𝐺𝜎𝑖 ∩ 𝐃1−𝜖 . 

Choose 0 < 𝜖 ∈ 1such that 

(𝜑𝑖)𝑗((1 − 𝜖)𝐃) ⊂ (1 − 𝜖)𝐃,     or equivalentlym, (𝜑𝑖)𝑗
−1(𝐃(1−𝜖)) ⊂ 𝐃1−𝜖 

for each 𝑗. 

Note from (2.2) that there is 0 < 𝜖 ∈ 1such that 𝐸(𝑧) ⊂ 𝐃(1−𝜖)for ∈ 𝐷(1−𝜖) . It follows from the 

observations in the preceding paragraph that 

𝑄𝜎𝑖 < 𝜖     on     (𝜑𝑖)𝑗
−1[𝐸(𝑧)] ∩ 𝐺𝜎𝑖 , 𝑧 ∈ 𝐃(1−𝜖) 

for each 𝑗. This, together with (4.1), yields 

𝜇𝜖−1,1+𝜖
𝜎𝑖

[𝐸(𝑧)] ≤ 2𝜖1+𝜖 ∑ ∑(𝐴𝜖−1 ∘ (𝜑𝑖)𝑗
−1)[𝐸(𝑧)]

𝑖

𝑁

𝑗=1

,      𝑧 ∈ 𝐃(1−𝜖) 

so that 

sup
𝑧∈𝐃(1−𝜖)

∑
𝜇𝜖−1,1+𝜖

𝜎𝑖
[𝐸(𝑧)]

𝐴𝜖−1[𝐸(𝑧)]
𝑖

≤ 2𝜖1+𝜖 ∑ ∑‖𝐴𝜖−1 ∘ (𝜑𝑖)𝑗
−1‖

𝜖−1
𝑖

𝑁

𝑗=1

. 

Note ‖𝐴𝜖−1 ∘ (𝜑𝑖)𝑗
−1‖

𝜖−1
< ∞for each 𝑗; see the remark after (2.12). It follows from the above that 

lim
|𝑧|→1

∑
𝜇𝜖−1,1+𝜖

𝜎𝑖
[𝐸(𝑧)]

𝐴𝜖−1[𝐸(𝑧)]
𝑖

= 0, 

or said differently, that 𝜇𝜖−1,1+𝜖
𝜎𝑖

is a compact (𝜖 − 1)-Carleson measure. Since 𝜎𝑖 ∈ 𝓅𝑁is arbitrary, we finally 

conclude that 𝜇𝜖−1,1+𝜖is a compact (𝜖 − 1)-Carleson measure. The proof is complete.   

Proof of (𝐛) ⟹ (𝐚). Assume that 𝜇𝜖−1,1+𝜖is a compact (𝜖 − 1)-Carleson measure. As in the proof of Theorem 

1.1, our proof relies on Lemma 2.1. So, consider an arbitrary sequence {𝑓𝑛}in 𝐴𝜖−1
1+𝜖 (𝐃)such that sup

𝑛
‖𝑓𝑛‖𝐴𝜖−1

1+𝜖 ≤

1and 𝑓𝑛 → 0uniformly on compact sets of 𝐃. We need to show that 𝑇𝑓𝑛 → 0in 𝐴𝜖−1
1+𝜖 (𝐃). 

Fix 0 < 𝜖 ∈ 1. Since 𝑓𝑛 → 0uniformly on (1 − 𝜖)𝐃and 

∑ ⋃ 𝐺𝜎𝑖

𝜎𝑖∈𝓅𝑁𝑖

= 𝐃, 

we have 

lim sup
𝑛→∞

∫ |𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1
𝐃

= lim sup
𝑛→∞

∫ |𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1
𝐃1−𝜖

 

≤ lim sup
𝑛→∞

∑ ∑ ∫ |𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1
𝐺

𝜎𝑖
𝒓

𝑖𝜎𝑖∈𝓅𝑁

(4.4) 

where 𝐺
𝜎𝑖
𝒓 ≔ 𝐺

𝜎𝑖 ∩ 𝐃1−𝜖. 

Fix 𝜎𝑖 ∈ 𝓅𝑁. Let 𝜖 > 0. With the representation (1.4) in mind, put 

𝐼𝑛
𝜎𝑖,𝜖,𝑗

≔ ∫ ∑ |𝑇
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖 𝑓𝑛|

1+𝜖

𝑑𝐴𝜖−1

𝒊𝐺
𝜎𝑖
𝒓 ∩{𝑀

𝜎𝑗
𝑖 ,𝜎𝑗+1

𝑖 ≥𝜖}

(4.5) 

and 
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𝐼𝐼𝑛
𝜎𝑖,𝜖,𝑗

≔ ∫ ∑ |𝑇
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖 𝑓𝑛|

1+𝜖

𝑑𝐴𝜖−1

𝒊𝐺
𝜎𝑖
𝒓 ∩{𝑀

𝜎𝑗
𝑖 ,𝜎𝑗+1

𝑖 <𝜖}

(4.6) 

for each 1 ≤ 𝑗 < 𝑁and 𝑛. Similarly, put 

𝐼𝑛
𝜎𝑖,𝜖,𝑁 ≔ ∫ ∑|𝑇𝜎𝑖(𝑁)𝑓𝑛|

1+𝜖
𝑑𝐴𝜖−1

𝒊𝐺
𝜎𝑖
𝒓 ∩{𝑅

𝜎𝑁
𝑖 ≥𝜖}

(4.7) 

and 

𝐼𝐼𝑛
𝜎𝑖,𝜖,𝑁 ≔ ∫ ∑|𝑇𝜎𝑖(𝑁)𝑓𝑛|

1+𝜖
𝑑𝐴𝜖−1

𝒊𝐺
𝜎𝑖
𝒓 ∩{𝑅

𝜎𝑁
𝑖 <𝜖}

(4.8) 

for each 𝑛. Using these notation and the representation (1.4) of 𝑇, we have 

∫ ∑|𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1

𝑖𝐺
𝜎𝑖
1−𝜖

≲ ∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

(𝐼𝑛
𝜎𝑖,𝜖,𝑗

+ 𝐼𝐼𝑛
𝜎𝑖,𝜖,𝑗

)

𝑖

𝑁

𝑗=1

(4.9) 

for each 𝑛. 

For the integrals in (4.5) and (4.7), we have 

𝐼𝑛
𝜎𝑖,𝜖,𝑗

≤
1

𝜖1+𝜖
∫ ∑ |𝑇

𝜎𝑗
𝑖,𝜎𝑗+1

𝑖 𝑓𝑛|
1+𝜖

𝒊

𝑀
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖

1+𝜖 𝑑𝐴𝜖−1
𝐺

𝜎𝑖

,    1 ≤ 𝑗 < 𝑁 

and 

𝐼𝑛
𝜎𝑖,𝜖,𝑗

≤
1

𝜖1+𝜖
∫ ∑ |𝑇

𝜎𝑁
𝑖 𝑓𝑛|

1+𝜖

𝒊

𝑅
𝜎𝑁

𝑖
1+𝜖𝑑𝐴𝜖−1

𝐺
𝜎𝑖

 

for all 𝑛. Now, since 

∑ |𝑇
𝜎𝑗

𝑖,𝜎𝑗+1
𝑖 𝑓𝑛|

1+𝜖

𝒊

≲ ∑ |𝑇
𝜎𝑗

𝑖𝑓𝑛|
1+𝜖

𝒊

+ ∑ |𝑇
𝜎𝑗+1

𝑖 𝑓𝑛|
1+𝜖

𝒊

 

it follows from (4.2) that 

∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝐼𝑛
𝜎𝑖,𝜖,𝑗

𝑖

𝑁

𝑗=1

≲
1

𝜖1+𝜖
∫ ∑|𝑓𝑛|1+𝜖𝑑𝜇𝜖−1,1+𝜖

𝜎𝑖

𝒊𝐃

 

for all 𝑛; the constant suppressed above depends only on 1 + 𝜖. Note that 𝜇𝜖−1,1+𝜖
𝜎𝑖

is a compact (𝜖 − 1)-

Carleson measure, because 𝜇𝜖−1,1+𝜖is by assumption. Also, recall that sup
𝑛

‖𝑓𝑛‖𝐴𝜖−1
1+𝜖 ≤ 1and 𝑓𝑛 → 0uniformly on 

compact sets of 𝐃. Thus the above estimate implies 

lim
𝑛→∞

∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝐼𝑛
𝜎𝑖,𝜖,𝑗

𝑖

𝑁

𝑗=1

= 0 . (4.10) 

Meanwhile, for the integrals in (4.6) we have by Lemma 3.3 a constant ℎ𝜎𝑖(𝜖) > 0such that lim
𝑛→∞

ℎ𝜎𝑖(𝜖) = 0and 

∑ ∑ |(1 + 𝜖)𝑗
𝜎𝑖

|
1+𝜖

𝐼𝐼𝑛
𝜎𝑖,𝜖,𝑗

𝑖

≤ ℎ𝜎𝑖(𝜖)

𝑁−1

𝑗=1

(4.11) 

for all 𝑛. For the integrals in (4.8) we have by Lemma 3.2 constants 𝜖 ≥ 0, independent of 𝜖, such that 

∑ |(1 + 𝜖)𝑁
𝜎𝑖

|
1+𝜖

𝐼𝐼𝑛
𝜎𝑖,𝜖,𝑁

𝑖

≤ (1 + 𝜖)𝜖1+𝜖(4.12) 

for all 𝑛. Now, we see from (4.9), (4.10), (4.11) and (4.12) 

lim sup
𝑛→∞

∫ ∑|𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1

𝑖𝐺
𝜎𝑖
1−𝜖

≤ ℎ𝜎𝑖(𝜖) + (1 + 𝜖)𝜖1+𝜖 . 

So, taking the limit 𝜖 → 0, we obtain 

lim
𝑛→∞

∫ ∑|𝑇𝑓𝑛|1+𝜖𝑑𝐴𝜖−1

𝑖𝐺
𝜎𝑖
1−𝜖

= 0 

and thus conclude by (4.4) that 𝑇𝑓𝑛 → 0in 𝐴𝜖−1
1+𝜖 (𝐃), as required. The proof is complete.  

4. Applications 

In this section we first prove Theorem 1.2 as an application of Theorem 1.1. Also, applying our results, 

we will recover some known results about compactness of linear combinations of composition operators. 
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We begin with the simple lemma below, which will be used repeatedly in our proofs later. Recall that 

𝑅𝜑𝑖
and 𝑀𝜑𝑖,𝜓𝑖

are the functions defined in (1.1) and (1.3). 

Lemma 5.1.Let 𝜑𝑖 , 𝜓𝑖 ∈ 𝒮. Let {𝑧𝑛}be a sequence in 𝐃such that 

inf
𝑛

∑ 𝑅𝜑𝑖
(𝑧𝑛)

𝑖

> 0     𝑎𝑛𝑑   lim
𝑛→∞

∑ 𝑅𝜓𝑖
(𝑧𝑛)

𝑖

= 0 . (5.1) 

Then 

lim
𝑛→∞

∑ 𝜌(𝜑𝑖(𝑧𝑛), 𝜓𝑖(𝑧𝑛))

𝑖

= 1 

and 

lim sup
𝑛→∞

∑ 𝑀𝜑𝑖,𝜓𝑖
(𝑧𝑛)

𝑖

> 0. 

Proof.By (2.1) we have 

1 − 𝜌2(𝜑𝑖 , 𝜓𝑖) ≤ 4
1 − |𝜑𝑖|

2

1 − |𝜓𝑖|2
. 

Note that the right-hand side of the above tends to 0 along the sequence {𝑧𝑛}by (5.1). So, the first part of the 

lemma holds. The second part is also clear by (5.1) and the first part.    

We now prove Theorem 1.2. 

Proof of Theorem 1.2. The sufficiency is obvious by (1.4). For the necessity, suppose that 𝑇is compact on 

𝐴𝜖−1
1+𝜖 (𝐃). We first prove (a). Due to the compactness of 𝑇, we have by Theorem 1.1 

lim
|𝑧|→1

∑ ∏ 𝑄𝜎𝑖(𝑧)

𝜎𝑖∈𝓅𝑁𝑖

= 0. 

Consider an arbitrary sequence {𝑧𝑛}such that |𝑧𝑛| → 1. We see from the above that there exists 𝜏 ∈ 𝓅𝑁and a 

subsequence {𝑧𝑛ℓ
}such that 

lim
ℓ→∞

𝑄𝜏(𝑧𝑛ℓ
) = 0. 

This, together with (CNC), yields 

lim
ℓ→∞

𝑀𝜏𝑗,𝜏𝑗+1
(𝑧𝑛ℓ

) = 0 (5.2) 

for 1 ≤ 𝑗 < 𝑁. 

We now assume that (a) fails and will derive a contradiction to complete the proof of (a). Since (a) 

fails, we have in addition to (5.2) 

lim
ℓ→∞

𝑅𝜏𝑁
(𝑧𝑛ℓ

) = 0. 

This, together with Lemma 5.1 and (5.2) with 𝑗 = 𝑁 − 1, yields lim
ℓ→∞

𝑅𝜏𝑁
(𝑧𝑛ℓ

) = 0. 

Repeating the same argument, we have 

lim
ℓ→∞

𝑅𝑗(𝑧𝑛ℓ
) = 0 

for each 𝑗 = 1, . . . , 𝑁. This subsequential property implies 

lim
|𝑧|→1

𝑅𝑗(𝑧) = 0, 

for each 𝑗 = 1, . . . , 𝑁. Thus operators 𝑇1, . . . , 𝑇𝑁are all compact on 𝐴𝜖−1
1+𝜖 (𝐃)by the characterization (1.1) due to 

Shapiro and Taylor, which is impossible by assumption that at least one of the operators is not compact on 

𝐴𝜖−1
1+𝜖 (𝐃). This completes the proof of (a). 

We now turn to the proof of (b). Having proved (a), we note that (b) is trivial for 𝑁 = 2. 

So, we assume 𝑁 ≥ 3. We introduce some temporary notation. For 1 + 𝜖 ∈ Λ𝑁with 1 + 𝜖 ≠ 1, let 𝐵1+𝜖(≠ ∅)be 

the set of all 𝜎𝑖 ∈ 𝓅𝑁such that 

{𝜎𝑗
𝑖, 𝜎𝑗+1

𝑖 } = {1,1 + 𝜖}for some 𝑗 ≠ 𝑁 

and put 

𝑄𝐵1+𝜖
≔ ∏ 𝑄𝜎𝑖

𝜎𝑖∈𝐵1+𝜖

. 

Note that each 𝜎𝑖 ∈ 𝓅𝑁belongs to at least one and at most two of the sets 𝐵2, . . . , 𝐵𝑁. Since functions 𝑄𝜎𝑖are all 

bounded, it follows that 

∏ 𝑄𝐵1+𝜖
≤ (1 + 𝜖)𝑄

𝑁

1+𝜖=2

(5.3) 

for some constant 𝜖 ≥ 0. 

To prove (b), it suffices to show that 𝑇1,𝑗is compact on 𝐴𝜖−1
1+𝜖 (𝐃)for each 𝑗 = 2, . . . , 𝑁. 
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Suppose not. For simplicity we may suppose that 𝑇1,2is not compact on 𝐴𝜖−1
1+𝜖 (𝐃). By the 

characterization (1.3) due to Moorhouse, there is a sequence {𝑧𝑛}in 𝐃such that |𝑧𝑛| → 1and 

inf
𝑛

{[𝑅1(𝑧𝑛) + 𝑅2(𝑧𝑛)]𝜌1,2(𝑧𝑛)} > 0 . (5.4) 

In addition, since 𝑅1and 𝑅2are bounded on 𝐃, we may also assume 

inf
𝑛

𝜌1,2(𝑧𝑛) > 0 . (5.5) 

Note also from (5.4) that 𝑄𝐵2
 stays away from 0 along the sequence {𝑧𝑛}. It follows from (5.3) and Theorem 1.1 

that 

lim
𝑛→∞

∏ 𝑄𝐵1+𝜖
(𝑧𝑛) = 0

𝑁

1+𝜖=3

. 

This implies that one of the factors tend to 0 along a subsequence, still denoted by {𝑧𝑛}. So, we may assume 

𝑄𝐵3
(𝑧𝑛) → 0. By the same argument we may further assume 

𝑄𝜂(𝑧𝑛) → 0(5.6) 

for some 𝜂 ∈ 𝐵3. Since 

𝑄𝜂 = ∑|(1 + 𝜖)𝑗
𝜂

|𝑀𝜂𝑗,𝜂𝑗+1

𝑁−1

𝑗=1

 

by (a), it follows from (CNC) that (5.6) is equivalent to 

lim
𝑛→∞

𝑀𝜂𝑗,𝜂𝑗+1
(𝑧𝑛) = 0 (5.7) 

for each 1 ≤ 𝑗 < 𝑁. 

Note from (5.4) that (after passing to a subsequence if necessary) 

inf
𝑛

𝑅𝑗0
(𝑧𝑛) > 0 

for some 𝑗0 ∈ {1, 2}. It follows from Lemma 5.1 and (5.7) that (after passing to a subsequence if necessary) 

inf
𝑛

𝑅𝑗1
(𝑧𝑛) > 0, 

when𝑗1is adjacent to 𝑗0, i.e., when {𝑗0, 𝑗1} = {𝜂𝑗 , 𝜂𝑗+1}for some 1 ≤ 𝑗 < 𝑁. Starting with the above, we see by 

the same argument that (after passing to a subsequence if necessary) 

inf
𝑛

𝑅𝑗2
(𝑧𝑛) > 0 

when𝑗2is adjacent to 𝑗1. Repeating the same arguments, we can find a subsequence of {𝑧𝑛}, still denoted by {𝑧𝑛}, 

such that 

inf
𝑛

𝑅𝑗(𝑧𝑛) > 0 

for each 𝑗 ∈ Λ𝑁. This, together with (5.7), implies 

𝜌𝜂𝑗,𝜂𝑗+1
(𝑧𝑛) → 0 

for each 𝑗 ∈ Λ𝑁. It follows that 𝜌1,2(𝑧𝑛) → 0, which is a contradiction to (5.5). The proof is complete.   

We now notice an easy special case of Theorem 1.2, which might be of independent interests. 

Corollary 5.2.Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, . . . , (𝜑𝑖)𝑁 ∈ 𝒮. Assume 𝑐𝑗 > 0for each 𝑗 = 2, . . . , 𝑁. 

Then 

∑ 𝑐𝑗𝑇1,𝑗

𝑁

𝑗=2

  𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑛  𝐴𝜖−1
1+𝜖 (𝐃) 

if and only if 

𝑇𝑗,1+𝜖𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑛  𝐴𝜖−1
1+𝜖 (𝐃)𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑗, 1 + 𝜖 ∈ Λ𝑁 . 

Proof.The sufficiency being trivial, we only need to prove the necessity. Before proceeding, we note 

∑ ∑ 𝑐𝑗𝑇1,𝑗

𝑖

𝑁

𝑗=2

= ∑ ∑ 𝑎𝑗
𝑗
𝑇𝑗

𝑖

𝑁

𝑗=1

 

where𝑎1
𝑗

= ∑ ∑ 𝑐𝑗𝑖
𝑁
𝑗=2 and 𝑎𝑗

𝑗
= −𝑐𝑗for 𝑗 = 2, . . . , 𝑁. It is easy to see that (CNC) holdsand∑ ∑ 𝑎𝑗

𝑗
𝑖 = 0𝑁

𝑗=1 . 

If all the operators 𝑇𝑚, . . . , 𝑇𝑁are compact on 𝐴𝜖−1
1+𝜖 (𝐃), there is nothing to prove. If atleast one of them 

is not compact on 𝐴𝜖−1
1+𝜖 (𝐃), then we see from Theorem 1.2 that 𝑇𝑗,1+𝜖iscompact on 𝐴𝜖−1

1+𝜖 (𝐃)for each 𝑗, 1 + 𝜖 ∈

Λ𝑁. The proof is complete.  

Example. Applying Theorem 1.2, we can easily check whether a linear combination ofcomposition operators, 

for which (CNC) is fulfilled, is compact on 𝐴𝜖−1
1+𝜖 (𝐃). For example: 

 6𝑇𝑚 − 𝑇𝑚+1 − 2𝑇𝑚+2 − 3𝑇𝑚+3is compact on 𝐴𝜖−1
1+𝜖 (𝐃)if and only if 𝑇𝑗,1+𝜖is compact on𝐴𝜖−1

1+𝜖 (𝐃)for each 

𝑗, 1 + 𝜖 = 1, 2, 3, 4. 

 4𝑇𝑚 − 2𝑇𝑚+1 − 𝑇𝑚+2is compact on 𝐴𝜖−1
1+𝜖 (𝐃)only when 𝑇𝑚 , 𝑇𝑚+1, 𝑇𝑚+2are all compact on𝐴𝜖−1

1+𝜖 (𝐃). 
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 𝑇𝑚 − 𝑖𝑇𝑚+1 − 2𝑇𝑚+2is compact on 𝐴𝜖−1
1+𝜖 (𝐃)only when 𝑇𝑚 , 𝑇𝑚+1, 𝑇𝑚+2are all compact on𝐴𝜖−1

1+𝜖 (𝐃). 

In [14] the last two of the current authors characterized compactness of 3-combinations.Here, we provide 

new proofs based on Theorem 1.1 in the next three corollaries. First,when (CNC) is satisfied, we have the 

next immediate consequence of Theorem 1.2. 

Corollary 5.3 ([14]).Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, (𝜑𝑖)3 ∈ 𝒮and 𝑎1
𝑗
, 𝑎2

𝑗
, 𝑎3

𝑗
∈ 𝐂\{0}. Assume 𝑎𝑗

𝑗
+

𝑎1+𝜖
𝑗

≠ 0for each 𝑗, 1 + 𝜖 = 1, 2, 3. Also, assume that at least one of theoperators 𝑇𝑚, 𝑇𝑚+1, 𝑇𝑚+2is not compact 

on 𝐴𝜖−1
1+𝜖 (𝐃). Then 

𝑎1
𝑗
𝑇𝑚 + 𝑎2

𝑗
𝑇𝑚+1 + 𝑎3

𝑗
𝑇𝑚+2𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑛  𝐴𝜖−1

1+𝜖 (𝐃) 

if and only if both of the following two conditions are fulfilled: 

(i) 𝑎1
𝑗

+ 𝑎2
𝑗

+ 𝑎3
𝑗

= 0; 

(ii) 𝑇𝑚 − 𝑇𝑚+1and𝑇𝑚 − 𝑇𝑚+2are both compact on 𝐴𝜖−1
1+𝜖 (𝐃). 

Next, when (CNC) is not satisfied, note that 3-combination reduces (after re-indexing)to a nontrivial 

combination of 𝑇𝑚 − 𝑇𝑚+1and 𝑇𝑚+2. In conjunction with this observation wehave the next corollary. 

Corollary 5.4 ([14]).Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let 𝑎𝑗 ∈ 𝐂\{0}. Let (𝜑𝑖)1, (𝜑𝑖)2, (𝜑𝑖)3 ∈ 𝒮. Suppose that none 

of 𝑇𝑚, 𝑇𝑚+1, 𝑇𝑚+2is compact on 𝐴𝜖−1
1+𝜖 (𝐃). 

If 𝑇𝑚 − 𝑇𝑚+1 + 𝑎𝑗𝑇𝑚+2is compact on𝐴𝜖−1
1+𝜖 (𝐃), then 𝑎𝑗 = 1or 𝑎𝑗 = −1. 

Proof.We first compute the function 𝑄associated with the operator under consideration. 

Note 

𝑇 ≔ (𝑇𝑚 − 𝑇𝑚+1) + 𝑎𝑗𝑇𝑚+2 

= (𝑇𝑚 − 𝑇𝑚+2) + (1 + 𝑎)(𝑇𝑚+2 − 𝑇𝑚+1)𝑎𝑗𝑇𝑚+1 

= −(𝑇𝑚+1 − 𝑇𝑚) + 𝑎𝑗𝑇𝑚+2 

= −(𝑇𝑚+1 − 𝑇𝑚+2) + (−1 + 𝑎𝑗)(𝑇𝑚+2 − 𝑇𝑚) + 𝑎𝑗𝑇𝑚 

= 𝑎𝑗(𝑇𝑚+2 − 𝑇𝑚) + (𝑎𝑗 + 1)(𝑇𝑚 − 𝑇𝑚+1) + 𝑎𝑗𝑇𝑚+1 

= 𝑎𝑗(𝑇𝑚+2 − 𝑇𝑚+1) + (𝑎𝑗 − 1)(𝑇𝑚+1 − 𝑇𝑚) + 𝑎𝑗𝑇𝑚 
Thus, setting 

𝑆1 ≔ 𝑀1,2 + |𝑎𝑗|𝑅3 

𝑆2 ≔ 𝑀3,1 + |𝑎𝑗 + 1|𝑀3,2 + |𝑎𝑗|𝑅2 

𝑆3 ≔ 𝑀2,1 + |𝑎𝑗|𝑅3 

𝑆4 ≔ 𝑀2,3 + |𝑎𝑗 − 1|𝑀3,1 + |𝑎𝑗|𝑅1 

𝑆5 ≔ |𝑎𝑗|𝑀3,1 + |𝑎𝑗 + 1|𝑀1,2 + |𝑎𝑗|𝑅2 

𝑆6 ≔ |𝑎𝑗|𝑀3,2 + |𝑎𝑗 − 1|𝑀2,1 + |𝑎𝑗|𝑅1 

we have 

𝑄 = 𝑆1𝑆2𝑆3𝑆4𝑆5𝑆6. 
Now, assume 𝑇is compact on 𝐴𝜖−1

1+𝜖 (𝐃). Note that 𝑇𝑚 − 𝑇𝑚+1is not compact. Thus there is a sequence {𝑧𝑛}in 

𝐃with |𝑧𝑛| → 1such that 

inf
𝑛

𝑀1,2(𝑧𝑛) > 0 . (5.8) 

Assume 𝑎𝑗 ≠ ±1. Then 𝑆1𝑆3𝑆5𝑆6stays away from 0 along the sequence {𝑧𝑛}. Accordingly, we have 

lim
𝑛→∞

𝑆2(𝑧𝑛)𝑆4(𝑧𝑛) = 0by Theorem 1.1. Thus, we may assume either lim
𝑛→∞

𝑆2(𝑧𝑛) = 0or lim
𝑛→∞

𝑆4(𝑧𝑛) = 0after 

passing a subsequence if necessary. 

Suppose lim
𝑛→∞

𝑆2(𝑧𝑛) = 0, i.e., 

(i) lim
𝑛→∞

𝑅2(𝑧𝑛) = 0, 

(ii) lim
𝑛→∞

𝑀1,3(𝑧𝑛) = 0, 

(iii) lim
𝑛→∞

𝑀2,3(𝑧𝑛) = 0. 

By (i), (iii) and Lemma 5.1 we have lim
𝑛→∞

𝑅3(𝑧𝑛) = 0. This, together with (ii) andLemma 5.1 again, in turn 

yields 

lim
𝑛→∞

𝑅1(𝑧𝑛) = 0, 

which is impossible by (5.8) and (i). We thus conclude 𝑎𝑗 = 1or 𝑎𝑗 = −1, as desired. The proof is complete.   

Finally, when (CNC) is not satisfied, note from Corollary 5.4 that 3-combination reduces (after re-

indexing) to a constant multiple of 𝑇𝑚 − 𝑇𝑚+1 − 𝑇𝑚+2. In conjunction with this observation we have the next 

corollary. Recall that 𝐹(𝜑𝑖)denotes the angular derivative set of 𝜑𝑖defined in (2.14). 

Corollary 5.5 ([14]).Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, (𝜑𝑖)3 ∈ 𝒮. Suppose that none of 

𝑇𝑚, 𝑇𝑚+1, 𝑇𝑚+2is compact on 𝐴𝜖−1
1+𝜖 (𝐃). Then 

𝑇𝑚 − 𝑇𝑚+1 − 𝑇𝑚+2  𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑛 𝐴𝜖−1
1+𝜖 (𝐃) 
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if and only if both of the following two conditions are fulfilled: 

(a) 𝐹((𝜑𝑖)1)is the disjoint union of 𝐹((𝜑𝑖)2)and 𝐹((𝜑𝑖)3); 

(b) lim
𝑧→𝜁

𝑀1,𝑗(𝑧) = 0for each 𝜁 ∈ 𝐹((𝜑𝑖)𝑗)and 𝑗 = 2, 3. 

Proof.By Theorem 1.1 it suffices to prove 

lim
|𝑧|→1

𝑄(𝑧) = 0  ⟺  (a) and (b) hold. 

In conjunction with this assertion, we note that the function 𝑄associated with 𝑇𝑚 − 𝑇𝑚+1 − 𝑇𝑚+2is given by 

    𝑄 = (𝑀1,2 + 𝑅3)
2

(𝑀1,3 + 𝑅2)
2
 

× (𝑀2,3 + 2𝑀1,3 + 𝑅1)(𝑀2,3 + 2𝑀1,2 + 𝑅1)(5.9) 

by the proof of Corollary 5.4. Using this explicit expression of 𝑄, one may easily verify that (a) and (b) imply 

𝑄(𝑧) → 0as 𝑧 → 𝜁for any 𝜁 ∈ 𝐓. Thus the implication⟸holds. 

We now prove the implication ⟹. So, assume 

lim
|𝑧|→1

𝑄(𝑧) = 0 . (5.10) 

We first prove (a). Let 𝜁0 ∈ 𝐹((𝜑𝑖)1). We have 

inf
𝑛

𝑅1(𝑧𝑛) > 0 

for some sequence {𝑧𝑛}with 𝑧𝑛 → 𝜁0. We have by (5.9) and (5.10) 

(𝑀1,2 + 𝑅3)(𝑀1,3 + 𝑅2) → 0  along the sequence{𝑧𝑛}. 

Now, suppose 𝜁0 ∉ 𝐹((𝜑𝑖)2)so that 𝑅2(𝑧𝑛) → 0. Note from Lemma 5.1 that 

inf
𝑛

𝑀1,2(𝑧𝑛) > 0 

after passing to a subsequence if necessary. It follows from the above that 𝑀1,3(𝑧𝑛) → 0. Accordingly, we have 

𝑅3(𝑧𝑛) ↛ 0(5.11) 

by Lemma 5.1 and thus 𝜁0 ∈ 𝐹((𝜑𝑖)3). We therefore conclude 

𝐹((𝜑𝑖)1) ⊂ 𝐹((𝜑𝑖)2) ∪ 𝐹((𝜑𝑖)3). (5.12) 

To prove the converse inclusion, suppose not and pick 𝜁1 ∈ 𝐹((𝜑𝑖)2) ∪ 𝐹((𝜑𝑖)3)such that𝜁1 ∉ 𝐹((𝜑𝑖)1). We 

may assume 𝜁1 ∈ 𝐹((𝜑𝑖)2)by symmetry so that 

inf
𝑛

𝑅2(𝑤𝑛) > 0 (5.13) 

for some sequence {𝑤𝑛}with 𝑤𝑛 → 𝜁1. Meanwhile, since 𝜁1 ∉ 𝐹((𝜑𝑖)1), we have 

𝑅1(𝑤𝑛) → 0(5.14) 

and thus inf
𝑛

𝑀1,2(𝑤𝑛) > 0by Lemma 5.1 after passing to a subsequence if necessary. Now we have by (5.10) 

and (5.9) 

(i) lim
𝑛→∞

𝑀2,3(𝑤𝑛) = 0 and (ii) lim
𝑛→∞

𝑀1,3(𝑤𝑛) = 0. 

Applying Lemma 5.1, we note from (5.13) that (i) implies 𝑅3(𝑧𝑛) ↛ 0, and thus (5.14) and (ii) implies 

𝑅3(𝑧𝑛) → 0. This contradiction shows that the inclusion in (5.12) can be reversed, as required. 

If 𝜁2 ∈ 𝐹((𝜑𝑖)2) ∩ 𝐹((𝜑𝑖)3) ⊂ 𝐹((𝜑𝑖)1), then we have by (2.13) 

∠ lim
𝑧→𝜁2

(𝑅1𝑅2𝑅3)(𝑧) =
1

|(𝜑𝑖)1
′ (𝜁2)||(𝜑𝑖)2

′ (𝜁2)||(𝜑𝑖)3
′ (𝜁2)|

> 0, 

which is impossible by (5.9). So, we conclude 𝐹((𝜑𝑖)2) ∩ 𝐹((𝜑𝑖)3) = ∅. This completes the proof of (a). 

We now prove (b). Suppose not. By symmetry we may assume that there is 𝜁3 ∈ 𝐹((𝜑𝑖)2)such that 

lim sup 𝑀1,2(𝑧) > 0as 𝑧 → 𝜁3. Pick a sequence {𝜁𝑛} ⊂ 𝐃with 𝜁𝑛 → 𝜁3such that 

inf
𝑛

𝑀1,2(𝜁𝑛) > 0 . (5.15) 

So, we may further assume 

(iii) inf
𝑛

𝑅1(𝜁𝑛) > 0 or (iv) inf
𝑛

𝑅2(𝜁𝑛) > 0 

after passing to a subsequence if necessary. Since 𝜁3 ∈ 𝐹((𝜑𝑖)2), we note 𝜁3 ∉ 𝐹((𝜑𝑖)3)and thus 𝑅3(𝜁𝑛) → 0. 

In case of (iii), we see from (5.15) and (5.9) that 𝑀13(𝜁𝑛) + 𝑅2(𝜁𝑛) → 0. So, we have 𝜁3 ∈ 𝐹((𝜑𝑖)3)as 

in the proof of (5.11), which is a contradiction. In case of (iv), since 𝑅3(𝜁𝑛) → 0, we have by Lemma 5.1 

inf
𝑛

𝑀2,3(𝜁𝑛) > 0 (5.16) 

after passing to a subsequence if necessary. So, we see from (5.15), (iv), (5.16) and (5.9) that 𝑄(𝜁𝑛) ↛ 0, which 

is also a contradiction to (5.10). We thus conclude (b). The proof is complete.   

The current authors have recently characterized compactness of double differences of composition 

operators. Here, we provide a new proof below, which is much simpler (thanks to Theorem 1.1) than the 

original one. 

Corollary 5.6 ([6]).Let 𝜖 > 0and 0 ≤ 𝜖 < ∞. Let (𝜑𝑖)1, (𝜑𝑖)2, (𝜑𝑖)3, (𝜑𝑖)4 ∈ 𝒮. Then 

(𝑇𝑚 − 𝑇𝑚+1) − (𝑇𝑚+2 − 𝑇𝑚+3)  𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑛 𝐴𝜖−1
1+𝜖 (𝐃) 

if and only if 
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lim
|𝑧|→1

[𝑀1,2(𝑧) + 𝑀3,4(𝑧)][𝑀1,3(𝑧) + 𝑀2,4(𝑧)] = 0 . (5.17) 

Proof.We first identify the function 𝑄associated with the operator under consideration. Note 

𝑇 ≔ (𝑇𝑚 − 𝑇𝑚+1) − (𝑇𝑚+2 − 𝑇𝑚+3) 

= (𝑇𝑚 − 𝑇3) − (𝑇𝑚+1 − 𝑇𝑚+3) 

= (𝑇𝑚 − 𝑇𝑚+3) + 2(𝑇𝑚+3 − 𝑇𝑚+1) + (𝑇𝑚+1 − 𝑇𝑚+2) 

= (𝑇𝑚 − 𝑇𝑚+3) + 2(𝑇𝑚+3 − 𝑇𝑚+2) + (𝑇𝑚+2 − 𝑇𝑚+1) 

= −(𝑇𝑚+1 − 𝑇𝑚+2) − 2(𝑇𝑚+2 − 𝑇𝑚) − (𝑇𝑚 − 𝑇𝑚+3) 

= −(𝑇𝑚+1 − 𝑇𝑚+2) − 2(𝑇𝑚+2 − 𝑇𝑚+3) − (𝑇𝑚+3 − 𝑇𝑚) 

= −(𝑇𝑚+2 − 𝑇𝑚+1) − 2(𝑇𝑚+1 − 𝑇𝑚) − (𝑇𝑚 − 𝑇𝑚+3) 

= −(𝑇𝑚+2 − 𝑇𝑚+1) − 2(𝑇𝑚+1 − 𝑇𝑚+3) − (𝑇𝑚+3 − 𝑇𝑚) 

= (𝑇𝑚+3 − 𝑇𝑚) + 2(𝑇𝑚 − 𝑇𝑚+1) + (𝑇𝑚+1 − 𝑇𝑚+2) 

= (𝑇𝑚+3 − 𝑇𝑚) + 2(𝑇𝑚 − 𝑇𝑚+2) + (𝑇𝑚+2 − 𝑇𝑚+1).  
Associated with these representations, put 

𝑆1 ≔ 𝑀1,2 + 𝑀3,4,       𝑆2 ≔ 𝑀1,3 + 𝑀2,4 

𝑆3 ≔ 𝑀1,4 + 2𝑀4,2 + 𝑀2,3,      𝑆4 ≔ 𝑀1,4 + 2𝑀4,3 + 𝑀3,2 

𝑆5 ≔ 𝑀2,3 + 2𝑀3,1 + 𝑀1,4,      𝑆6 ≔ 𝑀2,3 + 2𝑀3,4 + 𝑀4,1 

𝑆7 ≔ 𝑀3,2 + 2𝑀2,1 + 𝑀1,4,      𝑆8 ≔ 𝑀3,2 + 2𝑀2,4 + 𝑀4,1 

𝑆9 ≔ 𝑀4,1 + 2𝑀1,2 + 𝑀2,3,      𝑆10 ≔ 𝑀4,1 + 2𝑀1,3 + 𝑀3,2. 
It is routine to check 

      𝑄 = (𝑆1𝑆2)8(𝑆3𝑆4 ⋯ 𝑆9𝑆10). (5.18) 
Hence, to complete the proof, it is sufficient to prove the equivalence 

lim
|𝑧|→1

𝑄(𝑧) = 0   ⟺   lim
|𝑧|→1

𝑆1(𝑧)𝑆2(𝑧) = 0 (5.19) 

by Theorem 1.1. The implication ⟸is clear. 

For the implication ⟹, we suppose that it fails and will derive a contradiction. So,assume 𝑄(𝑧) → 0but 

𝑆1(𝑧)𝑆2(𝑧) ↛ 0as |𝑧| → 1. Then there is a sequence {𝑧𝑛}in 𝐃with |𝑧𝑛| → 1such that 

inf
𝑛

𝑆1(𝑧𝑛) > 0,   inf
𝑛

𝑆2(𝑧𝑛) > 0 (5.20) 

and lim
𝑛→∞

𝑆𝑗(𝑧𝑛) = 0for some 𝑗 ≥ 3. We consider the case 𝑗 = 3; proofs for other cases are similar. So, we have 

lim
𝑛→∞

𝑆3(𝑧𝑛) = 0, or said differently, 

(i) lim
𝑛→∞

𝑀1,4(𝑧𝑛) = 0, 

(ii) lim
𝑛→∞

𝑀2,3(𝑧𝑛) = 0, 

(iii) lim
𝑛→∞

𝑀2,4(𝑧𝑛) = 0. 

By (5.20) and (iii) we have 

inf
𝑛

𝑀1,3(𝑧𝑛) > 0 (5.21) 

after passing to a subsequence if necessary. We now split the proof into two cases as follows. 

First, consider the case when 𝑅1(𝑧𝑛) → 0. In this case we have by (i) and Lemma 5.1 

𝑅4(𝑧𝑛) → 0. (5.22) 

We also have 𝑅3(𝑧𝑛) ↛ 0by (5.21). It follows from (ii) that 

lim
𝑛→∞

𝜌2,3(𝑧𝑛) = 0 , (5.23) 

after passing to a subsequence if necessary. Therefore we have 𝑅2(𝑧𝑛) ↛ 0by Lemma 5.1. By the same 

argument based on (iii) we have 

lim
𝑛→∞

𝜌2,4(𝑧𝑛) = 0 (5.24) 

after passing to a subsequence if necessary and thus 𝑅4(𝑧𝑛) ↛ 0, which is a contradiction to (5.22). 

Next, consider the case when 𝑅1(𝑧𝑛) ↛ 0. In this case note from (i)-(iii) and Lemma 5.1 that 𝑅𝑗(𝑧𝑛) ↛

0for 𝑗 = 1, 2, 3, 4. Accordingly, we see from (i)-(iii) again that 

𝜌1,4(𝑧𝑛) + 𝜌2,3(𝑧𝑛) + 𝜌2,4(𝑧𝑛) → 0, 

after passing to a subsequence if necessary. This implies 𝜌1,3(𝑧𝑛) → 0, which is also a contradiction to (5.21). 

The proof is complete.  
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