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Abstract: The conception of fuzzy subsets was established by Zadeh in 1965 and the fuzzy hypothesis has
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generalized bi-, (1,2)-) ideals.
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l. Introduction

The notion of fuzzy subsets was introduced by zadeh in 1965[16] and the fuzzy theory has developed
in many directions and found applications in a wide variety of fields. The concept of lattice plays a significant
role in mathematics. The perception of lattice was first defined by Dedekind in 1897, and then developed by
Birkhoff [3] in 1933. In 1990, Yuan and Wu [15] applied the concept of fuzzy sets in lattice theory.J.AGoguen
[4] replaced the valuation set [0,1] by means of a complete lattice in an attempt to make a generalized study of
fuzzy set theory by studying L-fuzzy set. Liu[10], introduced the concept of fuzzy subrings. and fuzzy ideals of
a ring. Many authors have explored the theory of fuzzy rings. Kuroki[8], characterized regular rings in terms of
fuzzy left(right, quasi,bi-)ideals.ldeals in LA-semigroup have been investigated by [12] Kamran [5] extended the
notion of LA-semigroup to the left almost group (LA-group).Shah et.al [13], initiated the concept of left almost
ring [ abbreviated as LA-ring] of finitely non-zero functions, which is a generalization of a commutative
semigroupring.A detail work about bi-ideal and fuzzy bi-ideals in a ring can be found by S.K Datta[2]. Further,
NasreenKawsar [11] introduced the concept of fuzzy LA-subring and fuzzy bi-ideals in LA-rings.

In this paper, we define L-fuzzy bi-ideals in LA-rings and give some characterization of different
classes of LA-ring in terms of L- fuzzy left (right, bi-, generalized bi-, (1,2)-) ideals.

Il.  Preliminaries
In this section, we give some concepts and results which will be helpful in this paper.
A fuzzy subset p jof an LA-ring R, we mean a function y4: R — [0,1] and the complement of u,is

denoted byn ¢, is also a fuzzy subset of R defined byp ¢(x) =1 —p (x)forall x € R.
YU 4 y YU, Ky

A fuzzy subset u 4 of an LA-ring R is a fuzzy LA-subring of R, if
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ta(x —y) = min{p, (x), ()}
pa(xy) = minfu g (x), p,(Y)}V x,y € R.
A fuzzy subset p 4is a fuzzy left (resp.right) ideal of R, if
ta(x —y) = min{u, (%), pa(¥)}
ta(xy) = pa(y)(resp. pa(xy) = pa(x))V x,y € R.
A fuzzy LA-subring u 4 of an LA-ring Ris a fuzzy bi-ideal of Rif,
ta((xa)y) = minfu, (0), pa(¥)}Va,x,y € R.
A fuzzy subset u_4 of an LA-ring R is a fuzzy generalized bi-ideal of R if,
ta(x —y) = min{p, (%), na(¥)}
Ha((xa)y) = minfu,(0), ua(}V a,x,y € R.
A fuzzy LA-subring u_, of an LA-ring Ris called a fuzzy (1,2)-ideal of Rif,
ta((xa)(yz)) = min{u, (), pa(v), 1a(2)} Vv a,x,y,z € R.

1. L-fuzzy LA-subring &L- fuzzy bi-ideals inLA-rings

Definition:3.1
A fuzzy subset u ,0f an LA-ring R is a L- fuzzy LA-subring of R,if

palx —y) = pa(x) A py(y) and
ba(xy) = ug() A pa(YVx,y €R.

Definition:3.2
A fuzzy LA-subring p, of an LA-ring R is a L- fuzzy bi-ideal of R if,

ta((xa)y) = pa(x) A py(y) forallx,y,a € R.

Example:3.3

Let R = {0,1,2,3,4}Define + and - in R as follows:
+ 0 1 2 3 4
0 0 1 2 3 4
1 4 0 1 2 3
2 3 4 0 1 2
3 2 3 4 0 1
4 1 2 3 4 0
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Then R is an LA-ring and u 4 be a L- fuzzy subset of R. we define

#a(0)=14(2)=0.7, uys(1)=pa(3)=14(4)=0.6
Then u4is a L- fuzzy bi-ideal of R.

Lemma:3.4
Every L- fuzzy left (resp.right,two sided) ideal of an LA-ring R is a L- fuzzy bi-ideal
of R.But the converse is not true in general.

Proof:
Direct .

Proposition: 3.5
Let R be an LA-ring satisfying the property a = a? for everya € R. Then every L- fuzzy (1,2) ideal of
R is a L- fuzzy bi-ideal of R.

Proof:
Suppose that, u 4 is a L-fuzzy (1,2)-ideal of R anda, x,y € R. Thus,
ta((xa)y) = pa((xa)(vy)
= pa() A pa) A pay)
= pa() A pa(y)
Therefore, u is a L- fuzzy bi-ideal of R.
Lemma:3.6
Every L- fuzzy bi-ideal of an LA-ring R is a L- fuzzy (1,2) of R.But the converse is not true in general.

Proof:
Straight forward.

IV.  Characterization of LA-rings:
An LA-ring R is a left(resp. right) regular, if for every elementx € R, there exists an element a € R
such thatx = ax?(resp.x2a).
An LA-ring R is completely regular if it is regular, left regular and right regular.
An LA-ring R is a (2,2) regular if for every elementx € R, there exists an element a € Rsuch thatx =
(x%a)x?.
An LA-ring R is a locally associative LA-ring if (a.a).a = a.(a.a) forall a € R.

Proposition:4.1
Let R be a regular £LA-ring having the propertya = a? for everya € R, with left identity e. Then every
L- fuzzy generalized bi-ideal of Ris a L- fuzzy bi-ideal of R.

Proof:
Let u4 be a L- fuzzy generalized bi-ideal of R andx,y € R, this implies that there exists,a € R such
that x = (xa)x.We have to show that, w4 isaL- fuzzy LA-subring of R.Thus,
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1aGy) = pa ((Cx)y) = 1a ((@)x?)y) = pa(((xa) (xx)y)
= pa((x((xa)x))y) = pa(x) A pa(y)

Hence u is a L- fuzzy LA-subring of R.

Proposition:4.2
Let R be a regular locally associative LA-ring having the propertya = a? for every a € R. The for
every L-fuzzy bi-ideal u ,0f R, u4(a™) = p4(a?™)for alla € R,where n is any positive integer.

Proof:
Forn = 1.Let a € R, this implies that there exists an element x € R,such that a = (ax)a.
Now, a = (ax)a = (a®x)a?, because a = a?. Thus
ta(a) = pu((@®x)a?)
> pqp(@®) A pq@®) = py(a?)
=pq(aa) = pu(a) A pala) = pq(a)
= ugq(a) = py(a®).

Now, a? = aa = ((a*x)a?)((a®x)a?) = (a*x?)a*, then the result is true for n = 2.
Suppose that the result is true for = k ,
ie., uyg(a®) = py(ae).
NOW,ak+1 = aka = ((akak)azk)((azx)az) — (az(k+1)xk+1)a2(k+1).
Thus,
NOW, 'uﬂ(ak+1) — 'uﬂ(aZ(k+1)xk+1)a2(k+1).

> Mﬂ(az(km) A'uﬂ(az(k+1))
- 'uﬂ(az(k+1))
:#ﬂ(ak+1ak+1)

> pa (@ ) A g (aFHh)
= #ﬂ(akﬂ)
= Mﬂ(ak+1) — Mﬂ(az(k+1)-

Hence by induction method, the result is true for all positive integers.

Proposition:4.3
Every L-fuzzy generalized bi-ideal of (2,2)-regular LA-ring Rwith left identity e, is a L-fuzzy bi-ideal
of R.

Proof:
Suppose thatu 4 is a L-fuzzy generalized bi-ideal of R and x,y € R,this an means that there exists an
element a € Rsuch thatx = (x2a)x?. We have to show that u 4is a L-fuzzy LA-subring of R. Thus
1aGey) = i ((P)x?)y) = s () (x))y)
Zha((x(x?a)x)y) = () A ()
Therefore p4is a L-fuzzy LA-subring of R.
Proposition:4.4
Let R be a (2,2)- regular locally associative LA-ring. Then for every L-fuzzy bi-ideal u,0f R
 uq(@™) = py(a®™forall a € R,where nis any positive integer.

Proof:
Similar to Proposition 4.2
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Proposition:4.5
Every L-fuzzy generalized bi-ideal of a right regular LA-ring Rwith left identity e, is a L-fuzzy bi-ideal
of R.

Proof:

Suppose that u4is a L-fuzzy generalized bi-ideal of Randx,y € R,this means that there exists an

elementa € R such that x = x2a. We have to show that u_4is a L-fuzzy £A-subring of R. Thus

1aGy) = 1a((?a)y) = a () (ea))y)
=ua((((ae) (xx))y) = pa(x) A pa(y)
Therefore u4is a L-fuzzy LA-subring of R.

Proposition:4.6

Every L-fuzzy generalized bi-ideal of a left regular LA-ring R with left identity e, is a L-fuzzy bi-ideal
of R.

Proof:
Letu,be a L-fuzzy generalized bi-ideal of Rand x,y € R,this implies that there exists a € Rsuch
thatx = ax?. We have to show that u_is a L-fuzzy LA-subring of R. Thus

1aGey) = pa((ax®y) = pq ((aGx0)y)

=pa((x(ax))y) = pa(x) A pa(y)
Hencepu 4is a L-fuzzy LA-subring of R.

Proposition:4.7
Let R be a regular and regular locally associative LA-ring. Then for every L-fuzzy right ideal u_40f R
g (@) = pg(adforall a € R,where n is any positive integer.

Proof:

Forn = 1. Let a € R,this implies that there exists an elementx € Rsuch that
a = (ax)a anda = a?x.
Now, a = (ax)a = (ax)(a?x) = a®x?%. Thus

ta(a) = pg(@®x®) = py(a®) = py(aa®) = pg(a) Apg(a®)
= pra(a) Apg(@) A pg(a)=pq(a)

= pqa) = pua).
Here, a? = aa = (a®x?)(a3x?) = a®x*, then the result is true for n = 2.
Assume that the result is true for n = k,
ie, uy(a®) = pq(a®).
Now, ak*tl = gkq = (a3kx2k)(a3x2) — (a3(k+1)x2(k+1)_ Thus
Mﬂ(ak+1) — ucﬂ(ag(kﬂxz(k“)) > ‘uﬂ(a3(k+1)) — Mﬂ(a3k+3)-
— /,Lﬂ(ak”a””)
> pa(@*) A pa(@®+?)
> pg (@) A pg (@) A g (aFth)
:llﬂ(a“l)
= ”ﬂ(ak+1) — ”ﬂ(a3(k+1)_

Hence by induction method, the result is true for all positive integers.
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