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Abstract 
The analysis of inductive limit of generalised algebra G(M) is considered, the bornology of the generalised 

space is introduced with the knowledge of the locally convex (Fr é chet) space topology. The result is 

demonstrated by the generalised space GX associated with various smoothing parameters (α∈A) in the 

generalised algebra, G(M) that approximates and smoothens out the singularities of the space while preserving 

the algebraic and topological properties of the algebra, G(M). 
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I. Introduction 
An inductive limit is a construction used to generate a larger topological space from a sequence of 

smaller spaces. This concept is often used when dealing with spaces that are not locally compact like the 

function spaces. During the past few decades, the inductive limit topology have attracted considerable attention 

due to its relevance in preserving both the algebraic and topological structures of the spaces (algebra). It ranges 

from the locally convex inductive limits, to the strict inductive limit, weakly compact and nuclear inductive 

limit topologies. However, the most popular amongst them is the locally convex inductive limits which arises in 

great superfluity throughout many areas of functional analysis and its applications, especially, in the theory of 

generalised functions, partial differential equations, e.t.c.. One can consult the works of Schaefer [11], Bourbaki 

[4], Edwards [5], Bierstedt [3] for detailedintroduction. 

Many researchers in the last few decades have done some considerable researches in the area of 

inductive limit topology especially in the locally convex perspective. Among the earlier researchers are: Warner 

[14], formulates the analogous notion of the algebraic inductive limit of locally m-convex algebras and studied 

the locally m-convex algebras which are algebraic inductive limits of normed algebras. Also, Alberto [1], studies 

the case of an algebra, A carrying the finest locally m- convex topology which makes continuous the inclusion 

maps of a family of subalgebras {Ai|i∈ I}, where every A is endowed with a topological structure of normed 

algebra. Hirai etal [9], examine the harmonic nature of the limit topology τindXwith the algebraic structure on 

Xin an infinite dimensional harmonic analysis, where they encountered inductive limits of certain topological 

algebraic objects such as the Lie groups, Banach algebra. Also, that the algebraic structure are not necessarily 

consistent with the inductive limit topologies. In the same vein, Haraietal [10], explore the inductive limits in 

the category of topological groups in various categories (topological algebras, semigroups), where they 

introduce the Bamboo-shoot topology and its relationship to the locally convex vector topology. The 

introduction of algebras which are inductive limit of Banach spaces and have inequalities which are different 

form for the norm in a Banach algebra is examined by Alpayetal [2]. Raad [12], studies the classes of inductive 

limit C*- algebra considers as the unital algebras that have finitely connected graphs that arise from unital and 

injective connecting maps which contain inductive limit Cartansubalgebras. The Valdivia’s lifting theorem of 
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(pre) compact sets and convergent sequences from a quasi-(LB) space to a metrizable, strictly barrelled space 

and extension of it to a strictly larger collection of range spaces, where the space of generalised functions have 

their wavefront sets in a specified close cone is analysed by Gilsdorf [7]. This paper studies the locally convex 

(Fréchet) inductive limit topology associated with the space of generalised functions GX and the generalised 

algebra G(M). 

The distribution of this paper is in four section, section 1, we present the introduction and literature 

review on inductive limit topologies. In section 2, we discuss the preliminaries and definition of necessary 

terms. In section 3, we present the linear spaces with partial algebraic structure. The case where GX preserves the 

algebraic structure of the generalised algebra G(M) is treated in section 4 and section 5 is the conclusion. 

 

II. Preliminaries 
2.1 Inductive Limits Topology 

Let X and GXα(α ∈ A) be theFréchetand generalised spaces respectively over K. Let gα be a linear map; 

gα :X → GX 

andτα be a Fréchet topology on X. The inductive topology on GX with respect to the family 

{(GXα,τα,gα) : α ∈ A} 

is the strongest  topology  Fréchet for which each of the mappings gα(α ∈ A) is continuous on X into (GXα,τα) . 

i.e 

gα :X → GXα,τα 

In other words, X is a subspace of Xα. 

Let Xα be the family of subspaces of the generalised space GX ∋ Xα = Xβforα = β, a direct set under inclusion 

satisfying X =Uα GXα, where α,β ∈ A is directed set under α ≤ β if Xα ⊆ Xβ. Furthermore, on each GXα(α ∈ A), 

there is a seminorm ∥ · ∥Xαgiven, such that whenever α ≤ β, the topology induced by ∥ · ∥Xβ is coarser than the 

topology induced by ∥ · ∥Xα. Then, X can be topologise with the inductive limit topology of generalised space, 

GX 

Definition 2.1.A locally convex Fréchetspace X isbornological, if every convex, balanced subset V ⊆ X that 

absorbs every bounded set in X is a neighbourhood of the origin. In other words, a bornological space is a 

locally convex  (Fréchet) space on which each seminorm that is bounded on bounded set is continuous. 

Bourbaki [4] summarises that every Fréchet space is bornological. 

 

2.2 Moderate and Negligible Functions 

 

Definition 2.2. Moderate and Negligible Functions ( [8]) 

We set 

E(𝑀) ≔ (𝐶∞(𝑋))
𝐼
𝜀𝑢(𝑀) ≔ {(𝛼𝜖)𝜖 ∈ 𝜀(𝑀)|∀𝐾 ⊂⊂ 𝑋∀𝛽 ∈ ℕ0

𝑛∃𝑁 ∈ ℕ 

𝑤𝑖𝑡ℎ sup
𝑥∈𝐾

|𝜕𝛽𝛼𝜖(𝑥)| = 𝛾(𝜖−𝑁) 𝑎𝑠 𝜖 → 0}.   

𝑁(𝑀) ≔ {(𝛼𝜖)𝜖 ∈ 𝜀(𝑀)|∀𝐾 ⊂⊂ 𝑀∀𝛽 ∈ ℕ0
𝑛∀𝑢 ∈ ℕ: sup

𝑥∈𝐾
𝜕𝛽𝛼𝜖(𝑥)| 

= 𝛾(𝜖𝑢) 𝑎𝑠 𝜖 → 0} 

Elements of E(M) and N(M) are called moderate and negligible functions respectively. Where, elements of 

moderate functions constitute the differential algebras and the negligible function is a differential ideal. To this 

end, the generalised algebra 

G(M) is defined as 

G(M) = E(M)/N(M), 

where the G(M) is an associative, commutative differential algebra. 

 

Definition 2.3.Let X be a Fréchet space. Then, we can associate a generalised space GX as follows: 

Let I ⊂ R be the interval (0,1]. Then, we define the moderate nets in X to be 

E(X) := (αϵ)ϵ∈I : 

for continuous seminormsρ on X there exist Nsuch that ρ(αϵ) ∼ 0(ϵN). 

The negligible nets as 

N(X) = (αϵ)ϵ∈I : 

for continuous seminormsρ on X and for all m 

|ρ(αϵ)ϵ| ∼ 0(ϵm). 

Then, the generalised space of X is defined as the quotient GX = E(X)/N(X) ([13]). 
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III. Linear Spaces with Partial Algebraic Structure 
Ekhaguere [6] acknowledges that partial algebras arise due to its applications especially in quantum theory 

where observables are presented by unbounded linear maps that does not matched for multiplication. Among 

such linear maps is the generalised space (algebra) with point wise multiplication. The generalised space 

(algebras) are characterised as partial algebra. 

 

Definition 3.1.Partial Algebra (See, [6]). 

A partial algebra is a triplet (U,Γ,·) which comprises a linear space U, a partial multiplication · on U and a 

relationγ ⊆ U × U given by 

 γ = {(x,y) ∈ U × U : x · y ∈ U} (3.1) 

such that 

(x,v),(x,z), (y,z) ∈ U ⇒ (x,αv + βz),(αx + βy,z) ∈ Γ, and then 

 (αx+ βy) · z = α(x · z) + β(y · z) (3.2) 

and 

 x· (αv + βz) = α(x · v) + β(x · z)∀α,β ∈ 𝓒 (3.3) 

where𝒞is the complex numbers. 

 

Definition 3.2. Partial Subalgebra 

Let (U,Γ,·) be a partial algebra. Then, a subspace 𝕭is called a partial subalgebra of U if x · y ∈𝕭whenever x,y ∈ 

𝕭and (x,y) ∈ Γ. 

In the same vein, Ekhaguere remarked that if (U,Γ,·) is a partial algebra and Γ = 

U×U, then, (U,Γ,·) is an algebra. In other words, every algebra is a partial algebra. Based on this remark and 

definition, we say that generalised functions (algebra) are classified as partial algebra since point wise 

multiplication is involved. Not only that, from the Preliminary section, the functions also enjoy the property of 

inductive limit topology,i.e (bornology). 

Ekhaguere [6], made a characterisation that provides a linkage between algebras and partial algebra in the 

following theorem. 

 

Theorem 3.3.Ekhaguere2007 [6] 

Every algebra (resp.*−algebra) is an inductive limit of partial algebra (resp. partial* −algebra). 

Consequently, in mathematical analysis, the spaces of test functions and generalised functions are topological 

vector spaces. Also, given a map that takes a Fréchetspace X into a space of generalised functions GX, i.e, g :X 

−→ GX, that is continuous,GX is endowed with a topology (inductive limit). 

 

Proposition 3.4.GX is continuous for an inductive limit topology, τ on a Fréchetspace, X, if and only if, the 

composition map is continuous for a given linear map g on a Fréchetspace, X into the generalised space GX. 

Proof.Let V be a neighbourhood at the origin in (GX,τ). Suppose g is continuous, then the composition g °gα is 

continuous for each index set (α ∈ A). Conversely, if 

g °gα : (Xα,τα) → GX 

is continuous for each α ∈ A and we recall V is a neighbourhood at the origin, such that we have 

g°gα−1=gα−1°g−1(V ) 

=(gα−1°g−1(V ) 

=gα−1(g−1(V )) 

This shows that gα
−1(g−1(V )) is the neighbourhood at the origin, that is, it is an inductive limit topology τ on GX. 

Hence, gis continuous.  

 

IV. Results 
Proposition 4.1.GX is a bornological space. 

Proof.Suppose, GX is bornological, by the Propositions 3.4, we show that its topology can be induced by a 

family of seminorms since it is a directed system. Now, given a generalised functions space, GX which is a 

continuous linear functional such thaty ∈ GX is an open set in the topology, τ and ρ is a seminorm on GX which is 

bounded on the bounded set. Next, we show that this family of seminorms induces a topology, τ on GX. Since, y 

∈ GX  is an open set in the topology τ generated by ρ, we express y ∈ GX as a union of the sets defined by finite 

number of seminorms. This we do by introducing the concept of a unit ball 

Br(0) centred at 0 with radius r defined on the set of all points y ∈ GX by; 
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Br(0) = {y ∈ GX : ||y|| ≤ r}. 

We take the union of the corresponding unit balls. i.e. 

(4.1) 

 

⋃ {𝑦}𝑦∈𝐺X = Br1(0) ∪ Br2(0) ∪ · · · ∪ Brn(0). 
(4.2) 

 

By Proposition 3.4, this implies that y can be expressed as a union of the set  defined by a finite number of 

seminorms which shows that the topology, τ on GX is bornological. Hence, GX isbornological.  

Remark 4.2GX being a bornologicalspace, allows the flow of an inductive limit topology. Also, it isFréchet, 

though not metrisable but can converge in a weak*-topology. 

With respect to Theorem 3.3and the space of generalised functions, GX, satisfying the bornological properties of 

the Fréchet space, we prove the following theorem. 

Theorem 4.3.GX is an inductive limit of the algebra of generalised functions, G(M). 

Proof.Let {Gα(M),πα,β} be a directed system of the generalised algebra, where α,β ∈ A ( an indexed set) and πα,β 

is a map. Then, we define GX = ∪αGα(M)/ ∼. This is the space determined by equivalence relations on the union 

of the generalised algebra and: [a] ∼ [b], if and only if; 

 πα,β([a]) = πα,β([b]) (4.3) 

∀α,β ∈ A, a,b∈ G(M). By Theorem 4.1,for α >0, we have an inclusion map that maps an element of Gα(M) to 

the corresponding generalised functions, GX. That is  

ια :Gα(M) → GX, that satisfies for any α > β >0, the inclusion map ιβ is 

compatible with the inclusion map ιαin the sense thatια(gα) = ιβ(gβ), where gα,gβare the representative of the 

equivalence class in Gα(M). Now, the inclusion maps preserve the algebraic structure of the generalised algebra 

Gα(M).  

Let, a1α ,a2α∈Gα(M) andλ ∈ 𝒞, then; 

 ια(a1α+ a2α) = ια(a1α) + (a2α) (4.4) 

and 

 ια(λa1α) = λια(a1α). (4.5) 

For any vector space V and a collection of linear maps ϕα:Gα(M) → V, satisfying the linearity of the vector 

space, there exists a linear map; ϕ : GX → V such that ϕ °ια = ϕα∀α >0. By Theorem 4.1, we consider the 

inductive limit of GX by the equivalence classes of the elements in the direct sum,⊕α Gα(M), where the two 

elements are equivalent if their difference belongs to the kernel of the inclusion maps ια , that is [a ∼ b] if and 

only if a − b is negligible.  

Remark 4.4The equivalence relation ensures that the two elements in the generalised algebra are considered 

equivalent if they agree with each other under the bonding maps. 

 

V. Conclusion 
The inductive limit, gives room for interpolation between the space of generalised functions, 

GXassociated with different smoothing parameters (α ∈ A) in the generalised algebra G(M). This interpolation 

shows how singularities in the generalised functions can be approximated and smoothened out while preserving 

the algebraic and topological properties of the generalised algebra, G(M). 
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