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ABSTRACT : This article deals with the fractional derivative operators related to the heat equation. Used the 

Adomian Decomposition Method (ADM) and fraction calculus to get the analytical solution. A modification of 

ADM is proposed that combines boundary conditions with initial condition to get a new initial solution at each 

iteration. Some illustrative examples were presented. 
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I. INTRODUCTION 

Fractional calculus has become a significant area of applied mathematics in recent years. When modelling real-

world problems, fractional derivatives and fractional integrals give more realistic results as compared to 

classical order. In particular, fractional calculus has applications in the modelling of various physical 

phenomena such as, the fields of damping, robot technology, signal processing, physics, genetic algorithms, 

economics and finance. 

Recently, considerable research has been done on Adomian decomposition method to solve initial and boundary 

value problems. Abdul-Majid Wazwaz et al. [1,3,4] modified Adomian decomposition method to accelerate the 

rapid convergence of the series solution and applied the modification to initial boundary value problems. Jafar 

Biazar et al. [5], used Adomian decomposition method to solve systems of differential equations and addressed 

convergence of the method for these systems. 

The solution of fractional partial differential equations with variable coefficients using the decomposition 

method was given by Momani [7]. Yizheng Hu et al [8] used Adomian decomposition method for solving linear 

fractional-order differential equation with constant coefficients. A detail review of the Adomian decomposition 

method for boundary value problems, new developments of the method and its applications to linear or 

nonlinear and ordinary or partial differential equations, including fractional differential equations is given in 

[9,16]. Many researchers used hybrid method, combination of integral transform coupled with decomposition 
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technique due to Adomian scheme, for solution of diffusion equation of fractional order [12-15]. Applications of 

Adomian decomposition method for nonlinear heat conduction problems in a straight fin are discussed in [6,11]. 

The linear time-fractional differential equations which presented that the convergence of the scheme provided in 

the research have high accuracy for solving discussed in [18,19]. 

In a thorough literature review it is found that many researchers used only initial or boundary conditions to solve 

fractional initial and boundary value problems. In this article, we propose a modification in Adomian 

decomposition method to obtain a new initial solution at each iteration by mixing initial and boundary 

conditions. This technique of constructing new successive initial solutions yields more accurate solutions. 

 

II. SOME USEFUL DEFINITIONS 

In this section basic definitions of Fractional Derivative and Fractional Integration are provided [2]. 

Definition 2.1: Riemann Liouville Fractional Derivative 

For 𝛼 ∈ [𝑛 − 1, 𝑛), the 𝛼-derivativeof 𝑓is 

a𝐷𝑡
𝛼(𝑓)(𝑡) =

1

Γ𝑛−𝛼

𝑑𝑛

𝑑𝑡𝑛 ∫
𝑓(𝑥)

(𝑡−𝑥)𝛼−𝑛+1

𝑡

𝑎
𝑑𝑥 

Definition 2.2: Caputo Fractional Derivative 

For α∈ [𝑛 − 1,𝑛), the α derivative of 𝑓 is 

a𝐷𝑡
𝛼𝑓(𝑡) =

1

Γ𝑛−𝛼
 ∫

𝑓(𝑛)(𝑥)

(𝑡−𝑥)𝛼−𝑛+1 𝑑𝑥
𝑡

𝑎
 

Definition 2.3: Riemann Liouville Fractional integral of order 𝛼 > 0 of a function 𝑓 is defined as 

a𝐷𝑡
−𝛼𝑓(𝑥) =  

1

Γ𝛼
∫ (𝑥 − 𝑡)(α−1)𝑓(𝑡)

𝑥

𝑎
𝑑𝑡 

 

III. ADOMIAN DECOMPOSITION METHOD 

Applications of Adomian decomposition method (ADM) [10] for the solution of Boundary Value Problems has 

many applications in science and engineering. This method mainly relies on computing the Adomian 

polynomials for nonlinear operator. Computation of Adomian polynomials for various forms of nonlinearity is 

the first step required to solve non-linear problems. Consider a differential equation  

𝐹(𝑢(𝑥)) = 𝑔(𝑥) (3.1) 

where 𝐹 is a differential operator and 𝑔 is arbitrary function.  

The linear terms on left hand side of (3.1) are decomposed into 𝐿𝑢 + 𝑅𝑢, where 𝐿is the highest order derivative 

and 𝑅 is the remainder of the linear operator. Equation (3.1) can be written as 

𝐿𝑢 + 𝑅𝑢 + 𝑁𝑢 = 𝑔 (3.2) 

where, 𝑁𝑢 contains the nonlinear terms. Operating the inverse operator 𝐿−1 on (3.2) gives 

𝑢 = 𝜑 + 𝐿−1(𝑔) − 𝐿−1(𝑅𝑢) − 𝐿−1(𝑁𝑢) (3.3) 

where 𝜑 is integration constant satisfying the condition 𝐿𝜑 = 0 .  The solution u can be represented as an 

infinite series of the form   
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𝑢 = ∑ 𝑢𝑛

∞

𝑛=0

 (3.4) 

Also assume that the nonlinear term 𝑁𝑢 can be written as an infinite series using Adomian polynomials 𝐴𝑛 of 

the form  

𝑁𝑢 = ∑ 𝐴𝑛  

∞

𝑛=0

 (3.5) 

where the Adomian polynomials 𝐴𝑛   are evaluated using the formula 

𝐴𝑛 =
1

𝑛!

𝑑𝑛

𝑑𝑥𝑛
𝑁 (∑(𝜆𝑖𝑢𝑖)

∞

𝑖=0

)|

𝜆=0

, 𝑛 = 0,1,2, … (3.6) 

Then using (3.4) and (3.5) into (3.3) gives 

∑ 𝑢𝑛  

∞

𝑛=0

= 𝜑 + 𝐿−1(𝑔) − 𝐿−1 (𝑅 ∑ 𝑢𝑛  

∞

𝑛=0

) − 𝐿−1 (∑ 𝐴𝑛  

∞

𝑛=0

) (3.7) 

Each term of (3.4) is given by the recurrence relation 

𝑢0 = 𝜑 + 𝐿−1(𝑔),    

𝑢𝑛+1 = 𝜑 + 𝐿−1(𝑅𝑢𝑛) − 𝐿−1(𝐴𝑛), 𝑛 = 0,1,2, … 

 

(3.8) 

The convergence of the decomposition series has investigated by several authors [16]. 

 

IV. ADM FOR SOLVING INITIAL BOUNDARY VALUE PROBLEMS 

A fractional heat equation is obtained from the classical diffusion equation by replacing the first-order time 

derivative term by a fractional derivative of order α > 0 [10].  

In this article, the fractional heat equations of the following form are considered  

𝜕𝛼𝑇

𝜕𝑡𝛼
= 𝑓(𝑥, 𝑦)𝑇𝑥𝑥 + 𝑔(𝑥, 𝑦)𝑇𝑦𝑦  (4.1) 

with the boundary conditions 0 < 𝑥 < 𝑎, 0 < 𝑦 < 𝑏,    𝑡 > 0 

𝑇(0, 𝑦, 𝑡) = 𝑓0(𝑦, 𝑡), 𝑇(𝑎, 𝑦, 𝑡) = 𝑓0(𝑦, 𝑡), 

𝑇(𝑥, 0, 𝑡) = 𝑔0(𝑥, 𝑡), 𝑇(𝑎, 0, 𝑡) = 𝑔0(𝑥, 𝑡) 
(4.2) 

and initial condition 

𝑇(𝑥, 𝑦, 0) = 𝜑(𝑥, 𝑦) (4.3) 

We propose successive initial solution 𝑇𝑛
∗ at every iteration for (4.1) by adopting a new technique 

𝑇𝑛
∗(𝑥, 𝑦, 𝑡) = 𝑇𝑛(𝑥, 𝑦, 𝑡) + (1 − 𝑥)[𝑇(0, 𝑦, 𝑡) − 𝑇𝑛(0, 𝑦, 𝑡)] + 𝑥[𝑇(𝑎, 𝑦, 𝑡) − 𝑇𝑛(𝑎, 𝑦, 𝑡)] + 

(1 − 𝑦)[𝑇(𝑥, 0, 𝑡) − 𝑇𝑛(𝑥, 0, 𝑡)] + 𝑦[𝑇(𝑏, 𝑦, 𝑡) − 𝑇𝑛(𝑏, 𝑦, 𝑡)] 
(4.4) 

where 𝑛 = 0,1,2, …, 

clearly the new successive initial solution 𝑇𝑛
∗of (4.1) satisfy initial and boundary conditions.  

The first approximation is  𝑇0(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 0). 

In operator form equation (4.1) can be expressed as  

𝐷𝑡
𝛼𝑇 = 𝑓(𝑥, 𝑦)𝑇𝑥𝑥 + 𝑔(𝑥, 𝑦)𝑇𝑦𝑦  (4.5) 

where the fractional differential operator  

𝐷𝑡
𝛼𝑇 =

∂α

∂𝑡α
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Apply 𝐷𝑡
−𝛼 on both side of equation (4.5) we get  

𝑇(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 0) + 𝐷𝑡
−𝛼[𝑓(𝑥, 𝑦)𝑇𝑥𝑥 + 𝑔(𝑥, 𝑦)𝑇𝑦𝑦] 

The Adomian’s decomposition method assumes a series solution for 𝑇(𝑥, 𝑦, 𝑡) given by an infinite sum of 

components 

𝑇(𝑥, 𝑦, 𝑡) = ∑ 𝑇𝑛(𝑥, 𝑦, 𝑡)

∞

𝑛=0

 

One can obtain  

𝑇0(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 0) 

𝑇𝑛+1(𝑥, 𝑦, 𝑡) = 𝐷𝑡
−𝛼[(𝑇𝑛

∗)𝑥𝑥 + (𝑇𝑛
∗)𝑦𝑦] 

where 𝑛 = 0,1,2, …, 

V. APPLICATIONS 

Example 1: Consider the fractional heat equation in one-dimension  

∂𝛼𝑇

∂𝑡α −
𝑥2

2

∂2𝑇

∂𝑥2 = 0,    0 < 𝑥 < 1, 0 < α ≤ 1  𝑡 > 0,  (5.1) 

Subjected to the initial condition and boundary conditions 

𝑇(0, 𝑡) = 0, 𝑇(1, 𝑡) = 𝑒𝑡 , 𝑇(𝑥, 0) = 𝑥2 (5.2) 

By applying the new approximation 𝑇𝑛
∗ 

𝑇𝑛
∗(𝑥, 𝑡) = 𝑇𝑛(𝑥, , 𝑡) + (1 − 𝑥)[𝑇(0, 𝑡) − 𝑇𝑛(0, 𝑡)] + 𝑥[𝑇(1, 𝑡) − 𝑇𝑛(1, 𝑡)]   (5.3) 

where 𝑛 = 0,1,2, …, The initial approximation is  

𝑇0(𝑥, 𝑡) = 𝑇(𝑥, 0) = 𝑥2    (5.4) 

The first approximation 𝑇0
∗ 

𝑇0
∗(𝑥, 𝑡) = 𝑥2 + 𝑥(𝑒𝑡 − 1) (5.5) 

In an operator form equation (5.1) can be expressed as  

𝐷𝑡
𝛼𝑇 =

1

2
𝑥2𝑇𝑥𝑥  (5.6) 

Apply 𝐷𝑡
−𝛼 on both side of equation (5.6) we get  

𝑇(𝑥, 𝑡) = 𝑥2 + 𝐷𝑡
−𝛼 [

1

2
𝑥2𝑇𝑥𝑥] 

𝑇0(𝑥, 𝑡) = 𝑥2 

𝑇𝑛+1(𝑥, 𝑡) = 𝐷𝑡
−𝛼 [

1

2
𝑥2(𝑇𝑛

∗)𝑥𝑥] 

𝑇1(𝑥, 𝑡) = 𝐷𝑡
−𝛼 [

1

2
𝑥2(𝑇0

∗)𝑥𝑥] = 𝑥2
𝑡𝛼

Γ(1 + 𝛾)
 

𝑇1
∗(𝑥, 𝑡) = 𝑥2

𝑡𝛼

Γ(1 + 𝛼)
+ 𝑥[𝑒𝑡 −

1

Γ(1 + 𝛼)
] 

𝑇2(𝑥, 𝑡) = 𝐷𝑡
−𝛼 [

1

2
𝑥2(𝑇1

∗)𝑥𝑥] = 𝑥2
𝑡2𝛼

Γ(1 + 2𝛼)
 

 

On continuing in this way, we get, 

𝑇(𝑥, 𝑡) = 𝑥2 + 𝐷𝑡
−𝛼 [

1

2
𝑥2𝑇𝑥𝑥] 

𝑇𝑛(𝑥, 𝑡) = 𝐷𝑡
−𝛼 [

1

2
𝑥2(𝑇𝑛−1

∗ )𝑥𝑥] = 𝑥2
𝑡𝑛𝛼

Γ(1 + 𝑛𝛼)
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𝑇(𝑥, 𝑡) = 𝑥2 + 𝑥2
𝑡𝛼

Γ(1 + 𝛾)
+ 𝑥2

𝑡2𝛼

Γ(1 + 2𝛼)
+ ⋯ 

For 𝛼 = 1 

𝑇(𝑥, 𝑡) = 𝑥2𝑒𝑡  

 

Figure 1: Comparison of exact solution of the Problem (5.1) with ADM results for t = 5, various values of α 

 

Example 2: Consider the fractional heat equation in two-dimension  

∂α𝑇

∂𝑡α
=

∂2𝑇

∂𝑥2
+

∂2𝑇

∂𝑦2
   , 0 < 𝑥, 𝑦 < 2𝜋 , 0 < 𝛼 ≤ 1 , 𝑡 > 0, (5.7) 

with the boundary conditions 

𝑇(0, 𝑦, 𝑡) = 0, 𝑇(2𝜋, 𝑦, 𝑡) = 0,  

𝑇(𝑥, 0, 𝑡) = 0, 𝑇(𝑥, 2𝜋, 𝑡) = 0 (5.8) 

and initial condition  

𝑇(𝑥, 𝑦, 0) = 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 (5.9) 

By applying new technique 

𝑇𝑛
∗(𝑥, 𝑦, 𝑡) = 𝑇𝑛(𝑥, 𝑦, 𝑡) + (1 − 𝑥)[𝑇(0, 𝑦, 𝑡) − 𝑇𝑛(0, 𝑦, 𝑡)] + 𝑥[𝑇(2𝜋, 𝑦, 𝑡) − 𝑇𝑛(2𝜋, 𝑦, 𝑡)]

+ (1 − 𝑦)[𝑇(𝑥, 0, 𝑡) − 𝑇𝑛(𝑥, 0, 𝑡)] + 𝑦[𝑇(2𝜋, 𝑦, 𝑡) − 𝑇𝑛(2𝜋, 𝑦, 𝑡)] 
 

where 𝑛 = 0,1,2, …, 

The initial approximation is  

𝑇0(𝑥, 𝑦, 𝑡) = 𝑇(𝑥, 𝑦, 0) = 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦  

The first approximation 𝑇0
∗ 

𝑇0
∗(𝑥, 𝑦, 𝑡) = 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦  

In an operator form equation (5.7) can be expressed as  



A Modified Adomian Decomposition Method for Time-Fractional Diffusion Equations 

DOI: 10.35629/0743-11091623                                  www.questjournals.org                                           21 | Page 

𝐷𝑡
𝛼𝑇 = 𝑇𝑥𝑥 + 𝑇𝑦𝑦  (5.10) 

Apply 𝐷𝑡
−𝛼 on both side of equation (5.10) we get  

𝑇(𝑥, 𝑦, 𝑡) = 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 + 𝐷𝑡
−𝛼[𝑇𝑥𝑥 + 𝑇𝑦𝑦] 

𝑇0(𝑥, 𝑦, 𝑡) = 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 

𝑇𝑛+1(𝑥, 𝑦, 𝑡) = 𝐷𝑡
−𝛼[(𝑇𝑛

∗)𝑥𝑥 + (𝑇𝑛
∗)𝑦𝑦] 

𝑇1(𝑥, 𝑦, 𝑡) = 𝐷𝑡
−𝛼[(𝑇0

∗)𝑥𝑥 + (𝑇0
∗)𝑦𝑦] 

𝑇1(𝑥, 𝑦, 𝑡) = 𝐷𝑡
−𝛼[−2𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦] = −2𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦

𝑡𝛼

Γ(1 + 𝛼)
 

𝑇1
∗(𝑥, 𝑦, 𝑡) = −2𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 

𝑡𝛼

Γ(1 + 𝛼)
 

𝑇2(𝑥, 𝑦, 𝑡) = 4𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 
𝑡2𝛼

Γ(1 + 2𝛼)
 

 

By continuing in this way, we obtain 

𝑇(𝑥, 𝑦, 𝑡) = 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦 − 2𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦
𝑡𝛼

Γ(1 + 𝛼)
+ 4𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦

𝑡2𝛼

Γ(1 + 2𝛼)
+ ⋯  

For 𝛼 = 1, 

𝑇(𝑥, 𝑦, 𝑡) =  𝑒−2𝑡𝑠𝑖𝑛𝑥 𝑠𝑖𝑛𝑦  

 

 

Figure 2: Comparison of exact solution of the Problem (5.7) with ADM results for t = 3, x = π/2 and various 

values of α 
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Figure 3: Comparison of exact solution of the Problem (5.7) with ADM results for t = 3, y = 3π/2 and various 

values of α 

 

 

Figure 3:ADM results of the Problem (5.7) for t = 3 
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VI. CONCLUSION 

In this article, we applied a modification of the Adomian Decomposition Method (ADM) to find an approximate 

solution to the fractional heat equation. This ADM to fractional-order heat equation gives a more realistic series 

solution that converges to the desired solution very quickly. It is worth noting that ADM is computationally less 

expensive and takes minimal time to process fractional-order PDEs. The procedure of ADM is accurate as 

observed in the comparison of approximate solution with the exact solutions of problems. This result suggests 

that it can be applied to other fractional-order boundary value problems. 
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