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Abstract

This work develops vector—host epidemic models in which disease transmission among hosts is governed by
non-monotonic incidence functions, while transmission in the vector population follows a bilinear incidence
structure. The proposed framework is used to examine the mechanisms underlying the spread of vector-borne
infections. Stability properties of both the disease-free and endemic equilibrium states are studied using the
basic reproduction number. Conditions for local as well as global stability of these equilibria are derived. The
analysis demonstrates that the infection persists in the population whenever the associated basic reproduction
number Ryexceeds unity, whereas the disease dies out when Ry < 1. Numerical simulations are performed to
support and illustrate the analytical findings.
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I.  Introduction

In recent decades, outbreaks of vector-borne diseases have been reported across the globe with
increasing frequency.Pathogenic agents such as viruses, bacteria, and parasites are transmitted through a variety
of vectors, including mosquitoes, flies, ticks, and aquatic snails—between human and animal hosts, giving rise
to infections such as malaria, dengue, and yellow fever [1, 4]. These diseases continue to rank among the most
serious global health threats, contributing significantly to annual mortality and morbidity in both human and
animal populations [9]. Their consequences extend well beyond health, affecting economic sectors such as
medical care, agriculture, livestock production, tourism, and international commerce, while also altering
ecological balance at regional and global scales.The expanding geographical range and abundance of vectors
have been closely linked to increased global mobility [5], intensified trade activities, climatic variability, and
rapid, poorly planned urban expansion. In light of these factors, modelling approaches that explicitly integrate
host and vector populations are crucial for accurately describing transmission pathways and disease persistence.
A substantial body of mathematical literature has been devoted to the formulation and analysis of vector-borne
disease models, providing valuable insights into transmission dynamics and control strategies ([1], [2], [3], [4],
(51, (6], [7D).

The fundamental definitions and preliminary concepts from dynamical systems theory needed in this
chapter are summarized below, based on ([8], [10], [11]).
Second additive compound matrix: Second additive compound matrix M[2! of a matrix M = (M; ;) of order
3 x 3 is as follows

My + My, Mys —M;;
M[Z] = Mj, My, + M33 M,
—Mj3, My, My, + M35

Theorem: Let M be a 3 x 3 real matrix. If tr(M), det(M), and det(M) are all negative, then all of the eigen
values of M have negative real part.

Asymptotically orbitally Stable: An orbit generated by system x = f(x), x € R", with initial condition on a
compact ¢- invariant subset A of the state space is said to be asymptotically orbitally stable if the invariant state
I' = {¢p(t,xy)/xy € A; t = 0} is asymptotically stable.
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Omega limit point: A point x, € R"is called an omega limit point of x € R" if there exists a sequence
{t;}, t; > oo such that ¢ (¢;, x) = x,.

Uniform Persistence: It means that strictly positive solutions are eventually bounded uniformly away from the
boundary.

Gronwall’s Inequality: Let u: [0, ] = R be continuous and non-negative. Suppose C > 0, K > 0 are such that
t

u(t) <C +f Ku(s)ds
0
for all t € [0, a]. Then, for all t in this interval,

u(t) < CeXt

The construction of the models and the corresponding stability analysis are described in this section. For clarity,
we first provide a list of the state variables and parameters employed in the chapter:
S(t) denotes the number of susceptible individuals in host population at time ¢
I(t) denotes the number of infected individuals in host population at time ¢
R(t) denotes the number of recovered individuals in host population at time ¢
such that number of host population Ni(t) = S(t) + I(t) + R(t)
M (t) denotes the number of susceptible vectors at time ¢
V(t) denotes the number infective vectors population at time ¢
such thatnumber of vector populationN,(t) = M(t) + V(t)
The parameter a,is the recruitment rate of host population, A, is the transmission rate from vector to host, f; is
natural death rate of host population, y is per capita recovery rate of host, a, is the recruitment rate of vector
population, S,is natural death rate of vector population andA, is the transmission rate from host to vector

we consider the vector host epidemic model where the dynamics of the host is expressed by an SIR

kA1 SOV (D)

1+a,V(t)+a,V2(t)
system of susceptible and infected vector with bilinear incidence rate. Here, a;and a,are the parameters which
measure effects of social awareness. The parameter a,is chosen to ensure 1+ a,V + a,V? > 0 for all V> 0.
The parameter a, is assumed to be positive.

model with the non-monotonic incidence rate and the vector population is expressed by a

II. MODEL FORMULATION
We present a vector host epidemiological model with non-monotonic incidence rate for hosts and the bilinear
incidence rate for vectors which is represented by a system (2.1) of differential equations as follows:

ds(t) kAS(OV(E)
i~ 9 T Travm+avie PO
A kLS@OV(D)

dt  1+a V() +a,V2(t) Y1) = BLI(E)

dR(t)
= V© = BR®O21)
dM(t)
= a2 = MOIE) ~ BM (D)
dv(t)
i GUORY AL

From system (2.1)we can easily obtain

d
EN1(t) = ay + BN, (t)

d
ENz(t) = ay + B2 N2 (b)
The total population sizes of host and vector are asymptotically constant.
Le. gim Ni(t) = a1 /By, gim N, (t) = az /B
Without loss of generality, we assume that
Nl(t) = al/ﬁl ,Nz(t) = az/ﬁz fOI‘ allt > 0.
Therefore, the dynamical system (2.1) is qualitatively equivalent to the following dynamical system:

ds() kA S(E)V ()
dt T 1 V() Vi) A
d@)  kLSOV(E)

dv(t) <a

= (- VO)I© - AV©
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The values of R and M can be determined from R = % —S—Iland M = % — V, respectively.
1 2

Biological interpretation requires that all state variables remain non-negative. Taking into account the
qualitative properties of the solutions, we confine our investigation of system (2.2) to the following closed set
r={S,LV)ER}/0<S+I<a;/B;,0SV <a,/B,,S=0,1=0}
System (2.2) has disease free equilibrium Ey (e, /f;, 0, 0).
To find the endemic equilibrium of system (2.2), we set
kA SV (t)
T a () + aVi(D)

kA,S(EV (2) [ o
TTavo+aqig [O-AIO=

p (Z— V()10 = BV () = 0

+BiS(6) = 0

This gives

@ B1B3 (v + BIV? + [kay foAr Ay + k4 BZ (v + B1) + a1 13 (v + BOIV + B1BE (v + B1) — kayazdid; =0
The basic reproduction number is derived as

kajo,244,
Ry=—2 212 (2.3)
© T BBy +BY)
The endemic equilibrium E*(S*, I", V") is given by the following equations

+ 201 + a,V* + a,V*?

g = (v + u)Bs3( 1 i 2 ) (2.4)
kA2, [0;2 = B.V*]
B:V*
= 2.5
Aalay — BrV*] (2:3)
—A+ A2 — 4a,B2B5(y + B1)2(1 — R

A \/ 281 B3 (v + B1)3( 0) (2.6)

2a,B:85 (v + B1)
where A= ka; B4, 4, + kA, B3 (y + ) + a1 8185 (v + B1)

III. STABILITY ANALYSIS
We derive the stability conditions for the disease-free and endemic equilibriums of model (2.2)in this
section.
We linearize the system (2.2) and get the Jacobian matrix J as follows.

k/llV 0 k/115(1 - a2V2) l
1+a,V +a,V? A 1+ a,V +a,V?)?
_ 2
jsin=| MV SAZaV) g
1+ a,V + a,V? 1+ a,V +a,V?)?
a
0 Az (_2 - V) _).2] - ‘82

B>

We apply Routh-Hurwitz criterion to investigate the local stability of disease-free equilibrium and
LaSalle’s invariance principle to derive global stability of disease-free equilibrium.
Theorem 1: The disease-free equilibrium Ej is locally asymptotically stable if Rp< 1 and unstable for Ro> 1.
Proof: At the disease-free equilibrium Ey, equation(2.7) becomes

B0 —ka
1 1 ,81
aq
JEY=|0 -—v—=p ki A (2.8)
a, !
0 A, z, —B2
Characteristic equation is given by J(E;) —U =0
This gives
(B =D [y = B = D, — D ] g
B1B-
ka,a,4,1,
(B + DB+ 04 Byt AL+ By~ = 0
® +l)[12+( B+ B+ (1 + BB (1—M)]—o
' FrRERET T RIR TG+ p)|

B +DIP+ @+ B+ B+ +B)B(1 =R =0
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When R, < 1, application of the Routh—Hurwitz stability criterion [31] shows that all eigenvalues of the
Jacobian matrix have negative real parts, implying that the disease-free equilibrium Ejis locally asymptotically
stable. In contrast, if Ry > 1, the spectrum contains one eigenvalue with positive real part while the remaining
two are negative, and consequently the equilibrium Ejloses stability and becomes unstable.

Theorem 2: If Ry < lthen the disease-free equilibrium £y is globally asymptotically stable and it is unstable for
Ro> 1.
Proof: Consider the function

kA aq
L, = V+1

1P2
dL, kia,dv  dl

dt BB, dt  dt

dL, kAo [ <a2 V)I V] + kA SV + 8]
dt ~ BB, L2\3, wV |t v r gz O A
kaa,A{A ka, A A ka, A kA SV
i |, to D,y
B1B5 (v + B1) B1B2 b1 1+a,V+a,V
= —(y + A1 - Rl ka4, - kai Ay N kA, SV
— T 0 B1B: B 14+a,V+a,V?
ka1, ka1,
< -+ B[l —RylI — VI — V + kA, SV
k.iﬁgz/1 B1
a4 4, ay
< =@+ B[ —RoJI — VI, asS < —
h o BB 2

We get % < 0 for Ro< 1 and all t > 0 hence the function L; is a Lyapunov function. The equality % = 0 holds

at the disease-free equilibriumFEy (@;/B;, 0, 0). Thus, {Eo} is the largest invariant set in the closed set I
Therefore, Ey is globally stable using LaSalle’s invariance principle .

In the following theorems, we investigate the local stability of endemic equilibrium and we derive the
global stability of endemic equilibrium in the feasible region /" by proving uniform persistence of the system
(2.2). The asymptotic orbital stability of periodic orbits is further demonstrated using the framework of second
compound equations.

Theorem 3: The endemic equilibriumE"of the system (2.2) is locally asymptotically stable if Ro> 1.
Proof: The Jacobian matrix J(E”) of equation (2.7) becomes:

kA, V* P 0 kA, (1 = aV?)
T+a Ve +av? (1+aV+ an*z)z
* * — *2
1+a,V* +a,V (1+ a,V* + a,V+?)
a
0 Az <_ - V*) _121* - ﬁz
B2
tr](E*) KLV 2B 1" — B, <0 (2.9)
T = — — —y - — .
1+a,V* + a,V*? Ly 2 2
Using the value of S*, we have
b +B) = el <a2 V*)
KV TP = e v + 4D B,
Also
det] (E*) ( KAV B ) oy — Bt — ) — S L m eV ™) (“2 v*)
e =|- - =Y = B = B2) — res
1+aV +a,v2 ' T Ut et +avd)’ B

kA,S*(1 — a,V*?) kA, V™ a,
irar ey ")
(1+a,V* +a,V*?) (1+aV* +a,v=?) " \B,

kA V* leS*aV*2—1 a
=—< n ﬂ+m>@+mxbr+my— LAC ZZb(i—Vﬁ
1+a1V -I—an (1+a1V*+a2V* )

B>
~detJ(E") <0,  providedV** > 1/, (2.10)
Second additive compound matrix is given by
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kA, V* 28 kA,S*(1 — a,V*?) kAS* (1 —a,V*?) ]
- " 2 4P1 Y
1+a,V° + a,v*? (1+a,V* +a,v+2) (1+avs +av+?)°
KA,V
JE(E) = 2 (@—V*) - ! — B, — 1" — 0
2 5 T+ + a0 B 2 B2
0 el By— 20" — B
1+ a,V* +a,V+? Yohoh 2]
det][z](E*) _ _ kl]_V* 3 Zﬁ
T+aqV +aV? !
KLV By = Aol" = By ) (=7 = By = 2o" = )
4 1+aV:+ay? 0 7 2)ir T :

kA, S*(1 — a,V*?) a
- B L (V) )y = B A = )
(1 +aV* +a,V+?) P2
kA, 8*(1 — a,V*?) <a2 ) kA, V™
(1 +a, v+ aZV*Z)Z 2 14+ a,V*+a,V**

= ( il +2B, + )[( kv + +/11*+B)( + +/’11*+,8)]
- 1+a,V"+ aZV*2 Ly 1+a,V*+ an*Z ! 2 2| 1 2 2

kA, S* (a2 — 1) kA, V*
- < V*> y+ﬁ1+){21*+ﬁ2+ . w2
(1+a, v+ an*z) B2 1+ a,V*+a,V

<0, providedV** > 1/a2 (2.11)

We have, tr J(E"), det J(E™) and det J© (E") all negative. Hence, all eigen values of J(E*) have negative real part
. Hence the theorem follows.

Theorem 4: If Ro> 1, then system (2.12) is uniformly persistent, that is, there exists e> 0 (independent of initial
conditions), such that lim infi-..S(¢)>€, lim infi_../ (t)>€ and lim infi_...V (t)>e€.

Proof: To prove this, we show the following results:

(i) For system (4.23), Ey is only omega-limit point on the boundary of 7.

(i1) For Ro> 1, Ey cannot be the omega-limit point of any orbit in Int /"

(i) The vector field is transversal to the boundary of I, except in the S-axis, which is invariant for the system
(2.2).

On the S-axis, we have

as
E =a; — S

It follows from the above expression that S — a;/f;as t — o. So, the first part is proved.
(i1) Now we define the following function in 7"

B(1+R
Ly(t) = %I(t) + V()
dL,(t) P11+ Ro) dal(t) dV(t)
dt 2kMag dt dt
_ B1B(1+Ry) k2, SV (t) @,
= ki, (1 T av ) +a, VD) yI@®) - ﬁll(t)> + 1, (E - V(t)> I(t) — BV (6)

_ BB (1 +Ry) S@OV()
- 2a, A+ a,V(t) +a, V2(1))
_ BiBa(1+Ry) S@V()
B 2a, A+ a V() + a, V(L)
_ BiBa(1+Ry) SV (t)
h 2a, A+a,V() + a2 Vz(t))
.81.82(1 + Ro) 2 1
2 [S(t) —Bl(l - Ro)] V() + 2, [ﬁz —V@©) - E(R_O +1) E] 10

Since Ro > 1, then —(—+ 1) <1 and
2 \Ry

B1B2(1 + Ro)
ok, (y + BDI(®)

( + 0) Aa,
B2

BV @+ 4 (F-v O ——(i ) 2)iw

— BV () + 4, (;—— V(t))z(t) -

=BV + 4, (ﬂ__ V(t)) I(t) - 1(®)

R <1 Hence, there exists a neighborhood U of Ej such that for
0

(S,1,V)eU n Intl’, the expressions S(t)

@2 _ _i(r a2 i .
o (1+R) and 5 V(t) 2(R0+1) 5. are positive. In this

neighborhood U (E,), we have that d%() > 0 in U(E,) — {Ey}. Now the level sets of L are the plane
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B1P2(1 + Ry)
2k aq

which move away from the S-axis when C increases. Since L, is increasing along the orbits starting in U N
Intr, all solutions of system (2.2) move away from Ej .
Theorem 5: When Ry> 1, the endemic equilibrium E” is globally asymptotically stable.
Proof: The system (4.23) is uniformly persistent, and E* is locally asymptotically stable for Ry > 1. The
following proposition shows that the system (4.23) has the property of stability of periodic orbits [46].

Let P(t) = (S(t),1(t),V(t)) be a periodic solution of system (2.2). To prove the stability of periodic
orbits, it is sufficient to prove that the following linear non-autonomous system,

w'(e) = (JPP©)) w(e)

I)+V(E)=C

is asymptotically stable.
The second additive compound matrix is given by

k)llV 2 k/lls(l - azvz) k/‘lls(l - anz)
Tvavtar: Py (1 +a,V +a,V?)? (1+a,V +a,V2)?
KAV
(s, 1,v) = A (@—V) S LA S Y 0
JH(C ) 2\3, T+aV +a,V? By 2l — B2
0 KA,V + A1
1+ a,V + V2 O+ ) = o1 = B2 |

For the solution P(t), equation (2.11) becomes,

W'(t)—( LA +)W(t)+
(0=~ TFavrquz T htr)W

W) = 4, (% —v)wi (o - (

1+ a,Vta,V? Wo(t) — (v + Br + A1 + B2)W3(8)
1

To prove that system (2.12) is asymptotically stable, we consider the following function
I(®) I(®)

La (W3 (0, Wal0), W (0, S@),10),V®) = W0, o5 W) 75 Wa 0

kA S(1 — ayV? kA S(1 —a,V?
15( 2V*) W, (@) + - ( 2V*)
1+ a;V+a,V?)? 1+ a,V+a,V?)?

KV g i+ )W(t) 2.12
T vrayE At Rl B WO (212)

W5 (t)

Wy (t) =

where ||-|| is the norm in R? defined by
W1 (£), W, (), W3 (0|l = sup {|W], W, + Ws|}
From theorem (2.10), we obtain that the orbit of P(t) remains at a positive distance from the boundary of T.
There exists constant ¢ > 0 such that
Ls(W1(£), W (£, W3 (£), S(£), 1(£), V (£)) = cllWy(£), W, (), W; (D) (2.13)
Let (W5 (t), W, (t), W5(t)) be a solution of the system (3.6) and
1(t)
Ls(t) = SUP{IWl(t)I,m W, (6) + Wg(t)l} (2.14)
Thus, we obtain the following inequalities
kA V

D, Wy (t s—(—
W1 (O] 1+ a,V+a,V?

( v, +>|W(t)|+
T+ avtayz T 2Pty)In
KAV

a
D <1 (==- S (R
A1 2 22 (F =V ) Ol ~ (T ey
kA V
< - @@ _
DlWa(O] S gy WO = (0 + B+ Al + B)IWA D)
From second and third inequality of system (2.15), we have
a
D (Wo(0) + Wa(O)) < 22 (5 = V) A1 = (B +2al + BIIWa(O] = (v + o + Aol + B)IWs(0)

2

< 2 (G = V) W01 = (B + 2al + BIWa(0) + Wa(®)] = yIWa )]

<2 (5 V) MG O1 = (B + 22l + BIWa(0) + Wa(O)]

2

kAS(L-aV?) w
(1 + a1V+a2V2)2 (l Z(t) + 3(t)|)

klls(l - anz) V I
(1 + a,V+a,V?)? T(V W2 () + W3(t)|>

B+ Dol + ) W, (0] (2.15)

+28+7) WL +

Thus, we obtain

! I

D IW W. ~(L_T)\! w. W. ID w. W.
(G wo + 3(t)|)—<7—7);| (6) + Wy (O] + D (W) + W3 O)
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NURAY (% I I N
_(7—7)V|Wz<t>+wg<t)|+ 2 (V) WO =B+ 2l + B)IWL(0) + Wa(0)

a I v I
< (G V) GIWO1+ [ =5 = B = 2ol = Ba 5 IWa(0) + W (0] (4:37)

From the first equation of system (4.36) and equation (2.16), we get

D, L3(t) < sup{g,(t), g(OIW (t) (2.17)
where

© = ( kAL V
G ="\ T v v + quv?

1+a,V+a,V2)?1
a, I T
92(8) = A, (E_V)V+7_7_ﬂ1_lzl_ﬂz

Rewriting the second and third equation of system (4.23) as follows
I kA SV
I A+ a,V+a,V2)I

V,—/l L _y ! 2.19
v =Rl ®) V_ﬁz (2.19)

k/lls(l - anz) V

+2ﬁ1+y>+

—(r+B) (2.18)

We have

© < ( kA V 428 4+ ) 4 kA S %4

9O =-\Tiavragre At ) Y e eyl
KA,V k2,S v

= _— - — + J—
bib Y Y v s v

14 aqV+aV?

= khV 41 ing(4.39)
= T Tvayvigque Pt ousing®

II
g1 <=B+7 (2.20)
1 li VI .
7 + T 71—’ By — A,1, using(2.19)
g2(t) = 7 B — A2l

I
9:() < =B+ 7 (2.21)

g2(t) =

Hence
!

I
sup{g,(6), g, ()} < =P, + T
From equation (2.17) and Gronwall’s inequality , we obtain
a
Ly(t) < Ly (0)I(t)e Pt < L,(0) H—le—ﬁlt
1

which implies that L5 (t)—0 as t—o. By (4.34), we obtain

(W(6), Wy (), W5(t)) > O as t > o.
Hence the linear system (2.12) is asymptotically stable and hence the periodic solution is asymptotically
orbitally stable. Therefore, the endemic equilibrium E” is globally asymptotically stable.

IV.  NUMERICAL SIMULATION
We present the numerical simulation to validate the theoretical results using MATLAB. Fig. 3.1 shows
that the disease-free equilibrium exists for Ro< 1. Fig. 3.2 indicates that disease becomes endemic for Rp> 1. As
the parameters a,; and a,increase, number of infective individuals decreases. This is shown in fig .3.3 and
fig.3.4, respectively.
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t
Fig.3.1 Here, S(0) = 400,1(0) = 100,V(0) = 300,k = 0.016,a; = 11, @, = 100, 1, = 0.007, 1, =
0.009, 8, = 0.045, B, = 0.61,y = 0.12,a, = 0.02, a, = 0.01, R, = 0.40.

100 T T T T T T T T T T

60

20

0 [ [ [ [ [ [ [ [ [ [

0 5 10 15 20 25 30 35 40 45 50 55

Fig.3.2 Here, S(0) = 400,1(0) = 100,V(0) = 300,k = 1.1,a; = 11,1, = 100, 4, = 0.007, A, =
0.009, 8, = 0.045, B, = 0.61,y = 0.12,a, = 0.02, a, = 0.01,R, = 27.59.
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80
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40

20

Fig. 3.3 Dependence of I" on a,
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22=10.03
a2=0.09

Fig. 3.4 Dependence of I" on a,

V.  DISCUSSION AND CONCLUSION

This study examined the transmission dynamics and evolutionary aspects of vector-borne diseases by
extending classical vector—host models to incorporate parameters representing hygienic practices and the
application of insecticides or repellents for vector management. Analysis of the basic reproduction numbers,
together with numerical simulations of the four models considered in this chapter, reveals that the
implementation of stronger preventive interventions, such as quarantine, isolation, and enhanced vector control
in endemic regions, can substantially reduce the infected population, lower transmission intensity, and decrease
the environmental carrying capacity for mosquitoes, thereby contributing to disease elimination.The estimated
basic reproduction numbers Ryfor these models are considerably larger than those reported in other
models,suggesting that the current levels of host-based preventive behavior and vector control efforts are
insufficient to suppress disease persistence. If such measures remain inadequate, the risk of recurrent or future
outbreaks remains significant. These findings underscore the need for public health authorities to design and
implement more rigorous and effective intervention strategies for controlling vector-borne epidemics.
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