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I.  Introduction:

Point partition number (Gray Chartrand ) of a graph G is the minimum number of subsets into which
the point- set of G can be partitioned so that the sub graph induced by each subset has the property P. Dual to
this concept of point partition number of a graph is the maximum number of subsets into which the point set of
G can be partitioned such that the subgraph induced by each subset does not have the property P. Define the
property P such that a graph G has the property P if G contains no subgraph that is homeomorphic from the
complete graph K3.This point partition number, and dual point partition number for the property P is referred as
point arboricity and tulgeity of G respectively. Equivalently the tulgeity is the maximum number of vertex
disjoint cycles in G so that each subgraph is not acyclic. The formula for tulgeity of complete bipartite graph
was given in Gray Chartrand.,1968[3]. One point union of z cycles of length 4 is c,™

All graphs considered in this paper are simple graphs. Restricted Super line graph of index r of a graph
G, denoted by RLG), is a modification of the concept of the super line graph L(G) introduced by Bagga. The
vertices of RL,(G) are the r-element subsets of £(G) and two vertices S and T are adjacent if there exists exactly
one pair of edges, one from each of the sets S and 7, which are adjacent in G[5]

II.  Main Results:
To avoid the complexity in listing the vertices of restricted super line graph , in this paper we represent the

vertex induced by the edges ej,e¢; in G as v in RLy(G).

Outline of the proof : Here we derive the formula for tulgeity of restricted superline graph of index 2 in six

E(G E(G)
cases. We covered all the vertices of RL,(G) with Css whenever ) is a multiple of 3. If ) is

EG
not a multiple of 3, then we cover ( ) — 4| vertices with Css and the remaining 4 vertices with Cs . Thus

we obtain maximum number of induced cyclic subgraphs
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Tulgeity Of Restricted Superline Graph Of C4(n)

Theorem 2.1: For n > 5, the tulgeity of restricted superline graph of index 2 of one point union of # cycles of

n—) _ an?-n

4
order 4 is T (RL2 (C4("))) = (ZT .

Proof: Let V,be the root vertex and the edges of C,,s are labeled as I, (i + ,i',(i+1),i=13,5..n—1& the

V(RL2 (C4(n))] = [:nJ that are

edges £, (i +1)are incident to the vertex V,. Then C 4(") has 4n edges . Thus

partitioned as given below.

Vi=tv, )iz jl<i,j<n|
v, :{vi/,j//,ISi/,j/ Sn}

Vs :{vi,j”/iij:lSi’j/sn}

2n 2n s
Clearly |V1| = ) P V2| = ) & |V3| =4n

S Wl a2 = D),

2 2

Further we prove this result in six cases when 7 = 0,1,2,3,4,5(mod 6)

Clearly the vertices of ¥, induces a null graph as these are the vertices formed with the edges of star of C, 4(")

. Here first we construct the C3S between the vertices of V3 , and between the vertices of V1V2 .With the
remaining vertices of V; and ¥, we form triangles with the vertices of ¥,.Thus we see that all vertices are

exhausted.

By division algorithm, n = 6Q + R,0 < R < 5. Here n stands for number of Css in Spcs. In all cases we
consider odd 7, since the edges in each cycle are e; e, €, €(r)

ei.eir,ei+1er,ei where e; e+ are incident with the central vertex vy.

Outline of the proof: in each case we partition the vertex set into the subsets of distinct Css as S, S; ,Sk, S and
we prove that sum of the cardinalities of all these sets is equal to [V(RL2(S:Cs)|.

Casel: n = 0(mod6),n = 6q,:
The vertices of V;, V>, V3 are partitioned as S;, Sj, Sk and S; having disjoint Css as follows.
Vo i ViV J<oddi<2n-2
Jj=2n2n-12n-2,..,i+1

k=i+1,i+2,..2n-1,2n
J#EI+1Li+2

Vi,2n ) Vl-/ ,j/ s Vi,(j+1)/ vi/ ,j/ > v[,(2n—l) ° Vi,(j—l)'/
Usj=i+], foroddi,u<j=i+2, foroddi
1<i<2n-3 1<i<2n-3

S, =
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Thus |S,| = 2n—i.

2n—-2 2n-2

>IS|=>2n-i)=(2n-1)+(2n-2)+...4+2=n(2n-1)-1=(n-1)(2n+1)

i=1

S vi,i/ ’vi+2,(i+2)/ ’vi+5,i+4/ for = 1’5’9"'2n_7’ U V2n—3,(2n—3)/ ’v2n71,(2n—1)/ ’Vz,l’ >
i . _
Vi Vi (isa) *Vissind for i=2,6,10..2n-6,

Van-2,2n-2 > Vo o' 2 Va

1)+(2n—46—2+1)+2=2n—4+2n—4+

4

Thus |3, = (2T

2=n

For each |,

2%

Vi) Vi Vi) Jorodd [,1<1<40Q0-1;3/+3<i<2n
S _ B i,(3/- i-1,
: (0 a-2e) * Vi srasi) iy for even 1,L2<1<40—-2;3/+1<i<2n

(2n-31-3)+1) ((2n-31-1)+1
Thus |S,|= forodd | +| forevenl

1<1<40-1 2<1<40-2
2n-2 4-1(25 —3] =2 492D 3]
Z|S,| = Z + Z
= =\ foroddl) =\ forevenl

Thus thereare (27 —5) + 2n—11)+(2n —17) +...+ 7 +1)+((2n = 6) + (2n —12) + (2n —18) + ...+ 12+ .6)
s "
:73((2n—5)+1)+T3((2n—6)+6)

_n., n-3 :n(2n—5)
—6(2n 4)+ s (2n) 3

The remaining vertices form Css as follows.

Vi (3i-2) 2 Vai,Gi-1) 2 Vaia,(3ist) ? Vi) (im2) » V2n,Gi1) 2 Vaia (3im2) 2

- v(3i+2),(3i—2)/ ’V(3i+2),(3i—1)' ’V2n,(3i)’

o {Vzn,(zn_l) Van 2n-2) *Yauy (2n1) }
1<odd i<4Q-1

:Sp:3(«29+)_1)+1j+1:6g+1=n+1

Thus number of disjoint ¢zs :|S[|+‘Sj‘ +|S[| +‘Sp‘ =(@n-1)~1)+n+ n(2n—35) Ll 2n(4n—1)
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Tulgeity Of Restricted Superline Graph Of C4(n)
Clearly all cycles are disjoint . Hence

orL,(c, )= %’l_l)

Case2: n =1(mod 6),n = 60 +1: The set S; is same as n = 0(mod 6)

So, | Si|=(n—1)(2n+1)

Remaining vertices of V3 form C; as the sets S, S, as follows.

S vi,i/ ’vi+2,(i+zy ’Vi+5,i+4/ for L= 1’5’9"'2n -5, VZ'H,(Zn—l)/ ’v2n—3,(2n—3)’ ’Vz,l/ ’
;=

|\
Vi Vi (is2) * Viss s for i=2,610..2n-38,

Thus ‘S.‘: MH + wﬂ +2=n
/ 4 4

Vl-’(

Van-a2n-4) > Y(2n-2)(2n2) * Va3

G 312V sy > Vi) for odd [,1<1<4qg—1;31+3<i<2n
=

Vi) Vi Vi for even 1,2<1<4q;31+1<i<2n

(2n-31-3)+1) ((2n-31-1)+1
Thus |S,|= forodd | +

forevenl
1</<4g-1 2<[<4g-2
Ry l(2n-31-2\ & (2n-3I
2I81=2 +2,
P =\ foroddl) =\ forevenl
Thus thereare (2n—5)+ (2n—11)+ (2n—17) +....+3)+((2n - 6) + (2n —12) + (2n —18) +....+2)
_ n—1(2n_2)+ n6—1(2n_4): (n—l)(32n—3)

The remaining vertices form Css as follows.

Vaisi-2) > V3iaint) > Vaia ist) ?

A% A% v Y v A% . .

3.1 B) AL ] ) B Vv vV . v

1o V3 000 Vs 4 42 on4 (st (3i-2) > Y20, Gis1) > Vaiaa (si2) 3 Van(an1) > V2n3 > Y(an)

S =V VGV Ve Ve sV Ul '
p 500275200 720,30 79,770 To 80 1110 V.. . V. ) v,
n Braar2)? Grapeny ™ an o) Vou 2nty > V2n9 *Vian) 10y
V10,72 V10,82 Voo s V1175 V1180 Va0 . _2n-5
5<o0ddi<
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:»\Sp\=8+3 (

Thus number of disjoint c3s :|S,.|+‘Sj‘ +|S,| +‘Sp‘ =

(=1 =1)+ (r-1)+ LD (- 223D

Thus number of disjoint cycles are

(e ) 242D

Case 3: n=2(mod 6) : The set Si is same as 7 = 0(mod 6).
So, | Si|=(n—-1)(2n+1)

Y fori=159..2n-7,
S =

|\
S RV Vesind Jfor i=2,6,10..2n—6,

i i (iv2)

Thus ‘S.‘: MH + MH +2=n
; 4 4

i vi+2,(i+2)/ > vi+5,i+4/ vzn—l,(zn—l)’ ’ v2n—3,(2n—3)/ » v2,l ’

Van,2ny'» V(znfz),(znfzy Vg

Remaining vertices of V3 form Cs as the set S, as follows.

Vigsi-2) Vi) *Vio ) for odd 1,1<1<4qg-1;31+3<i<2n Vant (2n3) *Vant 202 * Va1 an)
S, = )
\

V,y Jor even 1,2 <1< 4g;31+1<i <2n

(=) (31-241) * Vi (31o14) * Vi Van(2n-3) > Van (2n-2) > Y(ana1) (2n)

(2n-31-3)+1) ((2n-31-1)+1
Thus |Sl| =| foroddl +| forevenl +2.
1</<4q-1 2<1<4q

Wi(2n-31-2) (2031
ZM:Z( foroddl}_ ( ]”

p =\ forevenl
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Thus thereare (27 —5)+ (2n—11)+ (2n—=17)+...5)+ ((2n = 6) + 2n—12) ++....10+ 4)+2
(2n-4) (2n—4)
= %((2n—5)+5) + %((2n—6)+4) +2

:(W”)m
3 3

The remaining vertices form Css as follows.

V3i (3i-2) > V3i (3i-1) ’v3i+2,(3i+1) > V(3i+1),(3z>2)’ >Von (3i41) ’V35+2,(3572)’ >

S:

P v(35+2),(3572)' ’v(3i+2),(3i—1)/ ’Vzn,(ai)’

1<odd i <40-1
:»\SA:{@H):éQ:n—z

Thus number of disjoint c3s =|Sl.|+‘Sj‘ +|Sz| +‘Sp‘ =

(n(2n—1)—1)+n+(w+2J+n—2:w—%

Hence the minimum number of cycles of RL2(Snc4) is

r(RL2 (C4(”) ))z 2n(43n -D. (i)

Cased: n = 3(mod 6): In this case the sets si,Sj are same as n = 0(mod6)

{vl(yz)/,v(y Vi Jor odd 11<1<4Q+1;31+3<i<2n }
S[ — 5 \3l— i—1,

Vi aran) Vit Vi for even 1,L2<1<4Q;31+1<i<2n

(2n-31-3)+1) ((2n-31-1)+1
Thus |S1| =| foroddl +| forevenl
1</<40+1 2<1<40

WQlon-31-2) ¥(2n-3l
Z|Sl|: ,Zl( for odd lj+;£ for even IJ

Thus thereare (27 —5) + (2n—11)+ (2n=17) +....13+7) +((2n — 6) + (2n - 12) + (2n—18) +....6)

n-3 n-3
=TA((2n—5)+7)+TA((2n—6)+6)

(n—-3)2n+1)
3

n-—3 n-3
2n+2)+——2n) =
p ( ) p (2n)
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The remaining vertices form Css as follows.

Van-3,2n-5y > vzn—s,(zn—4)/ Vo N

. . Van-2,2n-5) ’V2n72,(2n74)/’Vn,(nfl)/’
Vai(3i-2) 2 V3i,6i-1) » Vaia ity » Vi) Gi-2) ? V2n3i41) 2 Vaiaa 3ica) 2 v v v .

g 2n-1,2n-5)" > V2p-1,2n-4) * " n-1,(n-1)'?
P V(3i+2),(3i—2) ’v(3i+2),(3i—1y’vzn,(3i)/

1<oddi<4g-1

v2n,(2n—5)’ > vzn,(zn—4)’ ’ vzn,zn” ’

V2n,(2n—3)/ ’ VZn,(Zn—Z)/ ? v2n71,(2n)/ ?

Van-1,2n-3)1 ’v2n71,(2n72)/ ’ vzml,(zn)
=1s,|= 3(—((4q_1)_1)+1j+6 =6g+6=n+3
2

Thus number of disjoint c3s =|Sl.|+‘Sj‘ +|Sz| +‘Sp‘ =

2n) ~ (2n+1)(n—-3) 8n*—2n
([2j 1J+(n D+((n+3)+ 3 =~

Thus number of disjoint cycles is
e ) 2=

CaseS: n = 4(mod 6) : The sets si,Sj are Same as n = 0(mod 6)

Van-2,2n-5)15 Vzn—z,(zn—4)' ’ vn,(n—l) >

V2n—3(2 _5y sV Yo
) <] < . <7< [(2n=5) 2n-3,(2n-4) n-l,n
G Visi-2) Vi iy > Vi) forodd [,L1<1<4q+1;3/+3<i<2n g
1= .

</<L : <i<
Viyaran) Vi) Vi for even 1,2<1<4q;3l+1<i<2n
v2n—1,,(2n—5) ’ v2n—1,(2n—4)/ ? vn—l,(n—l)

(2n-31-3)+1) ((2n-31-1)+1
Thus |S,|: forodd | +| forevenl
1<1<40+1 2<1<40
20 2n—-31-2\ &(2n-3]
IEDS +2
=\ foroddl) 45\ forevenl
Thus thereare ((2n—5)+ (2n—11)+(2n—17)+...9+3)+ (2n—6) + (2n —12) + (2n —18) +....+8)+3
n-1 n—y
=73((2n—5)+3)+T3((2n—6)+8)+3

2n* —5n+6

n—1 n—4
=—2n-2)+——2n+2)+3=
g (=2 +——(n+2) 3
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The remaining vertices form Css as follows.

Vi 3i-2) 2 Vai (3i-1) » Vaiao ity * Y(sist)im2) 2 Y2m,6i41) 2 Vaia (3ica) ?

S =

P v(3[+2),(3i—2)/ ’ V(3i+2),(31>1)’ > v2n,(3i)

1<odd i<40+1
:>‘Sp‘=3(((4Q_Tl)_l)+lj:6Q+3:n—l

Thus number of disjoint c3s :|S[|+‘Sj‘ +|S,| +‘Sp‘ =

2 2 _ 2
n —1 +(n_1)+w+(n_l):u
2 3 6

Thus the number of disjoint cycles are -

oz, (c, )= 228D

Case 6: n=5(mod6):
The set Si is Same as 7 = 1(mod 6)

Remaining vertices of V3 form Cs as the sets S, S, as follows.

. U{Vz —4 —4y \% / v /}
V.oV Voo for 12,6,10...21’1—8,} n=4,2n-4)"> "(2pn-2)(2n-2) > 4,3

L2 i (iv2)

J

g {vi’i/,VM,(HZ)/,VHSM/ fori=159..2n-35,

Thus ‘S‘: MH + wﬂ +1=n-1
J 4 4

{vi (1-2) Vi Vi a1y for odd 1,1<1<40+1;31+3<i<2n }
Sl _ 5 (31— i-1,

Y LA for even 1,L2<1<40+2;31+1<i<2n

(i-1),31-2+1) * Vi 31-14i) 2
(2n-31-3)+1) ((2n-31-1)+1

Thus |S,| =| foroddl +| forevenl

1<1<40+1 2<1<40+2

Q20 -31-2) “@2(2n-3I
251 Z[ for odd 1j+ Z( )

= =\ forevenl
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Thus thereare (27— 5)+ (2n —11) + 2n—17) + ... +11+5)+(2n—-6) + (2n —12) + 2n —18) +....+10+ 4)

2n—4 2n—4
ZT%(Q”_S)JFSFT%(W—@M)

_2n-4 2n—4 o (@2n=-D(n-2)
= (2n)+ B (2n 2)——3

The remaining vertices form Css as follows.

Vi y ’V3,z/ ’V2n—1,(2n—1)/ ’
v4,1 ’V4,2/ ’vzn-1,(2n)’ ’ V3i,(3i—z)’ ’V3i,(3i—1)/’v3,»+2,(3”1) ) .
Vv . ) Voans'sVona 2 Van-ions
g - 5.1 752" Ton(2n-3) U Visis)(i2) > YV 2n 3is1) ’V3i+2,(3i—2)’ “Ludy v v .
Py vy . . . . 21,92 V210" Y (2n-1) 20
9,72 9,82 Von,2n' 2 (3i+2),(3i-2) > " (3i+2),(3i-1) > " 2n,(3i) v v v .
. . 2n-1,2n-3) > " 2n-1,2n-2)' > " 20,9’ ?
V10’7/ ’VIO,S/ ,V554/ ) 5<oddi< 4Q+1
Vitg > Vig o Vay >

:\Sp\=6+3[((4L1)_5)+1j+3=6g+6=n+1
2

Thus number of disjoint c3s =|Sl.|+‘Sj‘ +|Sz| +‘Sp‘ =

([ZHJ_I}FM_IH (n=2@n=1) | _ 87’ =2n-1 =(8n2—2n _1]6,
2 3 3 3 3

Hence minimum number of cycles of RL2(SnC4)) is

2
o(r,(c )= " : 2n _ 2”(4: D)
(@)
(4nj
. 2
But ‘E(an} = 4n .So number of CSS on these vertices < ERRIRREE 2)
(4nJ
2
So, from (i),(ii) , we get 7(RL, (S )= L
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