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I. Introduction: 
Point partition number (Gray Chartrand ) of a graph G is the minimum number of subsets into which 

the point- set of G can be partitioned so that the sub graph induced by each subset has the property P. Dual to 

this concept of point partition number of a graph is the maximum number of subsets into which the point set of 

G can be partitioned such that the subgraph induced by each subset does not have the property P. Define the 

property P such that a graph  G has the property P if G contains no subgraph that is homeomorphic from the 

complete graph K3.This point partition number, and dual point partition number for the property P is referred as 

point arboricity and tulgeity of G respectively. Equivalently the tulgeity is the maximum number of vertex 

disjoint cycles in G so that each subgraph is not acyclic. The formula for tulgeity of complete bipartite graph 

was given in Gray Chartrand.,1968[3]. One point union of n cycles of length 4 is 𝐶4
(𝑛) 

All graphs considered in this paper are simple graphs. Restricted Super line graph of index r of a graph 

G, denoted by RLr(G), is a modification of the concept of the super line graph L(G) introduced by Bagga.  The 

vertices of RLr(G) are the r-element subsets of E(G) and two vertices S and T are adjacent if there exists exactly 

one pair of edges, one from each of the sets S and T, which are adjacent in G[5] 

 

II. Main Results: 
To avoid the complexity in listing the vertices of restricted super line graph , in this paper we represent the 

vertex induced by the edges ei,ej in G as vij in RL2(G). 

Outline of the proof : Here we derive the formula for tulgeity of restricted superline graph of index 2 in six 

cases.  We covered all the vertices of )(2 GRL  with C3s whenever 








2

)(GE
 is a multiple of 3. If 









2

)(GE
is 

not a multiple of 3, then we cover 4
2

)(
−







 GE
 vertices with C3s and the remaining 4 vertices with C4 . Thus 

we obtain maximum number of induced cyclic subgraphs 
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Theorem 2.1:  For n > 5, the tulgeity of restricted superline graph of index 2 of one point union of n cycles of 

order 4 is 𝜏 (𝑅𝐿2(𝐶4
(𝑛))) =

(4𝑛̶
2

)

3
=

4𝑛2−𝑛

6
.

 

Proof:  Let 1v be the root vertex and the edges of sC4
 are labeled as 1...5,3,1,)1(,),1(, // −=++ niiiii & the 

edges )1(, +ii are incident to the vertex 1v .  Then 
)(

4

n
C has 4n edges . Thus ( )( ) 








=

2

4)(

42

n
CRLV

n
 that are 

partitioned as given below. 

 njijivV ji = ,1,,1  

 njivV
ji

= //

,2 ,1,//  

 njijivV
ji

= /

,3 ,1,/

 

Clearly ,
2

2
1 








=

n
V 








=

2

2
2

n
V  & 

2

3 4nV =

 









=

−
=−=+








=++

2

4

2

)14(4
284

2

2
2 22

321

nnn
nnn

n
VVV . 

Further we prove this result in six cases when )6(mod5,4,3,2,1,0n  

Clearly the vertices of  1V   induces a null graph as these are the vertices   formed with the edges of star of 
)(

4

n
C

. Here first we construct the sC3  between the vertices of 3V  , and between the vertices of 
V1,V2

 .With the 

remaining  vertices of 3V  and 
2V we form triangles  with the vertices of  1V .Thus we see that all vertices are 

exhausted. 

By division algorithm, 𝑛 = 6𝑄 + 𝑅, 0 ≤ 𝑅 ≤ 5. Here n stands for number of C4s in SnC4. In all cases we 

consider odd i, since the edges in each cycle are 𝑒𝑖,  𝑒𝑖+1,𝑒𝑖′,𝑒(𝑖1) 

ei,ei+1,ei+1’,ei’,ei where ei,ei+1 are incident with the central vertex v0. 

Outline of the proof: in each case we partition the vertex set into the subsets of  distinct C3s as Si, Sj ,Sk, Sl and 

we prove that sum of the cardinalities of all these sets is equal to |V(RL2(SnC4)|. 

Case1: :,6),6(mod0 qnn =
 

The vertices of V1,V2,V3 are partitioned as Si, Sj, Sk  and Sl  having disjoint C3s as follows. 

( ) ( ) ( )

















−

+=
















−

+=

























++

−++=

+−−=

−

=

−−+

321

,2

,,

321

,1

,,

2,1

2,12,...2,1

1,...,22,12,2

221,,
//////

///

1,12,,1,,2,
,,,,

ni

ioddforij

vvv

ni

ioddforij

vvv

iij

nniik

innnj

nioddvvv

S

jinijijijini
jikiji

i
. 
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Thus inSi −= 2 . 

( ) ( ) ( ) ( ) )12)(1(1122.....22122
22

1

22

1

+−=−−=++−+−=−= 
−

=

−

=

nnnnnninS
n

i

n

i

i
 

( )

( ) 
























−=

−=
=

−−

−−−−

++++

++++

///

///

///

///

3,42,2)22(,22

1,2)12(,12)32(,32

4,52,2,

4,52,2,

,,

;,,

,62...10,6,2,,

,72...9,5,1,,

vvv

vvv

niforvvv

niforvvv
S

nnnn

nnnn

iiiiii

iiiiii

j  

Thus n
nnnn

S j =+
−

+
−

=++
−−

++
−−

= 2
4

42

4

42
2)1

4

262
()1

4

172
(  

For each l,  

( ) ( ) ( )

( ) ( ) ( ) ( ) 











+−

+−
=

+−+−−

−−−

nilQllevenforvvv

nilQlloddforvvv
S

liiliili

lilili

l
213;242,,,

233;141,,,

///

///

3,13,23,1

3,113,23,

 

Thus 

( ) ( )

















−

+−−

+
















−

+−−

=

242

1132

141

1332

Ql

levenfor

ln

Ql

loddfor

ln

Sl . 

 
−

=

−

=

−

=







 −
+






 −−
=

14

1

24

2

22

1

32232q

l

q

l

n

i

l
levenfor

ln

loddfor

ln
S  

( ) ( )

( ) ( )

3

)52(
)2(

6

3
)42(

6

6)62(
2

3
3

1)52(
2

3

6.12...)182()122()62(17....)172()112()52( are  thereThus

−
=

−
+−=

+−

−

++−=

+++−+−+−++++−+−+−

nn
n

n
n

n

n

n

n

n

nnnnnn

 

The remaining vertices form C3s as follows. 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
 ///////

//////

12,222,212,23,213,2323,23

23,2313,223,1313,2313,323,3

,,

141

,,

;,,;,,

−−−−+−+

−++−+++−−


















−

=
nnnnnniniiii

iiiniiiiiiii

p vvv

Qiodd

vvv

vvvvvv

S

 

( )( )
11611

2

112
3 +=+=+








+

−−
= nQ

Q
S p

 

Thus number of disjoint c3s = iS + jS + lS + pS = ( )
3

)14(2
1

3

)52(
1)12(

−
=++

−
++−−

nn
n

nn
nnn  
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Clearly all cycles are disjoint . Hence  

( )( )
3

)14(2)(

42

−


nn
CRL

n
  

Case2: :16),6(mod1 += Qnn  The set Si is same as )6(mod0n . 

So,

 

)12)(1(|| +−= nnSi  

Remaining vertices of  V3 form C3 as the sets jS , lS as  follows. 

( )

( ) ( ) ( ) 
























−=

−=
=

−−−−

−−−−

++++

++++

///

///

///

///

3,422,22)42(,42

1,2)32(,32)12(,12

4,52,2,

4,52,2,

,,

;,,

,82...10,6,2,,

,52...9,5,1,,

vvv

vvv

niforvvv

niforvvv
S

nnnn

nnnn

iiiiii

iiiiii

j  

Thus n
nn

S j =+







+

−−
+







+

−−
= 21

4

282
1

4

152
 

( ) ( ) ( )

( ) ( ) ( ) ( ) 











+

+−
=

+−+−−

−−−

nilqllevenforvvv

nilqlloddforvvv
S

liiliili

lilili

l
213;42,,,

233;141,,,

///

///

3,13,23,1

3,113,23,

 

Thus 

( ) ( )

















−

+−−

+
















−

+−−

=

242

1132

141

1332

ql

levenfor

ln

ql

loddfor

ln

Sl . 

 
−

= =

−

=







 −
+






 −−
=

14

1

4

2

24

1

32232q

l

q

l

q

i

l
levenfor

ln

loddfor

ln
S  

( ) ( )

( ) ( )
3

)32)(1(
42

6

1
22

6

1

2....)182()122()62(3....)172()112()52( are  thereThus

−−
=−

−
+−

−
=

++−+−+−+++−+−+−

nn
n

n
n

n

nnnnnn

 

The remaining vertices form C3s as follows. 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) 









































−






















=

−

−

−+−+

−++−+

++−−

////

///

///

///

///

//////

//////

//////

10,29,212,2

423,212,2

3,213,2323,23

23,2313,223,13

13,2313,323,3

10,28,117,119,28,107,10

10,118,97,93,22,51,5

4,22,41,44,52,31,3

,,

,,

3

52
5

,,

;,,

;,,

;,,;,,

;,,;,,

;,,;,,

nnnn

nnnn

iniiii

iiinii

iiiiii

nn

n

n

p
vvv

vvv

n
iodd

vvv

vvv

vvv

vvvvvv

vvvvvv

vvvvvv

S
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( )

11
2

5
3

52

38 +=



















+









−

−

+= n

n

S p  

Thus number of disjoint c3s =
iS + jS +

lS +
pS =

( ) ( ) ( )
3

)14(2
1

3

)32)(1(
11)12(

−
=++

−−
+−+−−

nn
n

nn
nnn

 

Thus number of disjoint cycles are  

( )( )
3

)14(2)(

42

−


nn
CRL

n


-----------------(

 

Case 3: :)6(mod2n  The set Si is same as )6(mod0n . 

So,

 

)12)(1(|| +−= nnSi  

 

( )

( ) ( ) ( ) 
























−=

−=
=

−−

−−−−

++++

++++

///

///

///

///

3,422,22)2(,2

1,2)32(,32)12(,12

4,52,2,

4,52,2,

,,

;,,

,62...10,6,2,,

,72...9,5,1,,

vvv

vvv

niforvvv

niforvvv
S

nnnn

nnnn

iiiiii

iiiiii

j  

Thus n
nn

S j =+







+

−−
+







+

−−
= 21

4

262
1

4

172
 

Remaining vertices of  V3 form C3 as the set lS as  follows. 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) 
























+

+−
=

−−−

−−−−−

+−+−−

−−−

////

///

///

///

2,1222,232,2

2,1222,1232,12

3,13,23,1

3,113,23,

,,

;,,

213;42,,,

233;141,,,

nnnnnn

nnnnnn

liiliili

lilili

l
vvv

vvv

nilqllevenforvvv

nilqlloddforvvv
S  

Thus 

( ) ( )

2

42

1132

141

1332

+


















+−−

+
















−

+−−

=

ql

levenfor

ln

ql

loddfor

ln

Sl . 

2
3223214

1

4

2

+






 −
+






 −−
= 

−

= =

q

l

q

l

l
levenfor

ln

loddfor

ln
S  
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( ) ( )

( ) ( )
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n

nnnnn
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3

)12)(2(

24)62(
2

3
)42(

5)52(
2

3
)42(

2410....)122()62(5....)172()112()52( are  thereThus









+

−−
=

+
















+−

−

+
















+−

−

=

++++−+−++−+−+−

 

The remaining vertices form C3s as follows. 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
















−

=
−+−+

−++−+++−−

141

,,

;,,;,,

///

//////

3,213,2323,23

23,2313,223,1313,2313,323,3

Qiodd

vvv

vvvvvv

S
iniiii

iiiniiiiiiii

p  

( )( )
261

2

114
3 −==








+

−−
= nQ

Q
S p

 

Thus number of disjoint c3s =
iS + jS +

lS +
pS =

( )
( )

3

1

3

)14(2
22

3

)2(12
1)12( −

−
=−+








+

−−
++−−

nn
n

nn
nnn  

Hence the minimum number of cycles of RL2(Snc4) is 

( )( )
3

)14(2)(

42

−


nn
CRL

n
 .---------------------(i) 

Case4: 𝒏 ≡ 𝟑(𝒎𝒐𝒅 𝟔):
 In this case the sets si,Sj are same as 

 )6(mod0n  
 

( ) ( ) ( )

( ) ( ) ( ) ( ) 











+

++
=

+−+−−

−−−

nilQllevenforvvv
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liiliili
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l
213;42,,,
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///
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3,13,23,1
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Thus 
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














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+

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
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

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
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+
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






 −
+



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=
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The remaining vertices form C3s as follows. 
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The remaining vertices form C3s as follows. 
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Case 6: :)6(mod5n  
 

The set Si is Same as )6(mod1n  
 

Remaining vertices of  V3 form C3 as the sets jS , lS as  follows. 
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The remaining vertices form C3s as follows. 
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