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1. Introduction

In the past two centuries, the integral transforms have been widely applied as a tool to solve various problems in
pure and applied mathematics. Several integral transforms such as the most famous one introduced by P.S. Laplace
(1749-1827) in 1782, called the Laplace transforms [5,2] is defined by,

LI O] =F@) = [} e™ f©)dt (L.D)

In the early 20023, Iman Ahmed [8] introduced the modified Laplace transform, called the Iman transform (see
also [8,6]), which is defined for a function of exponential order. Consider a function in the set S defined as

13]

A={f():3 Mk, k,>0,|f(t)| <Me",ift € (1)) x[0,00),j =1,2}

For a given function f(t) in the set S the constant M must be finite, the numbers k;, k, may be finite or infinite.
The modified Laplace transform, i.e, the Iman transform denoted by the operators A is defined by

@] =L(p) = 5 J;" ™" f(@)dr (12)

The variable p in this transform is used to factorize the variable 7.

The triple Iman transform of a function f(x,y,7) of three variables x,y and 7 , that can be expressed as a
convergent infinite series, and for (x,y,t) € RY defined in the first octant of the xyt -plane is defined by the
triple modified laplace transform in the form [16]

Lotf (63,0 = L(@,0,8) = oz [y Iy fy €77+ £ (x, y, )dxdydz (1.3)
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We mention here that the Iman transform defined by Eq. (1.2) follows as the special case of the very recently
introduced and the most powerful and versatile generalization of the Laplace transform, called the Upadhyaya
transform (see, Upadhyaya [19, (2.2), (2.3), p.473]). We point out below the connection between the Upadhyaya
transform and the Iman transform in terms of the notation of Upadhyaya [19, subsection 4.5, pp.476-477] as

‘U{f(r),v,%} =u (v% 1) = I[f (), v] = L(p) (1.4)

It is also to be noted here that the triple Iman transform Eq. (1.3) introduced early this year by triple Aboodh [16],
is also a particular case of the Triple Upadhyaya Transform (TUT) (see, Upadhyaya [19, subsection 6.14, p.5017])
and the relation between the two is given by:

1 1 1 1 1 1
u3 {f(X,y;T);U,;, l;p’;’ 1;6’3; 1} = u3 (0—,;, 1,p,;,1,6,-,1

5 ) (1.5)
I[f(x,y,7);0,p,6] = L(o,p, )

As the above work of Upadhyaya [19] opens up many new future directions of work and applications of the
Upadhyaya transform, we propose to take up the further study and applications of the Upadhyaya transform in
our future works. For our present considerations the structure of this paper is organized as follows: first we begin
with some basic definition of Fractional Calculus in section 2, then define the fractional triple Iman transform in
the Definition 3.1 in section 3 and the prove the linearity property, the convolution theorem, the first and second
shitting properties, the periodic function property, and the operational formula (differential property) of this new
transform in the same section. In the section 4 we obtain the exact solution of a fractional partial differential
equation in three dimensions satisfying some initial value and boundary condition as an application of the results
developed in section 3 and finally the conclusions are stated in section 5.

I1. Fundamental concepts of fractional calculus

Definition 2.1. [14,8] Let g(x) be a continuous function and not necessarily differentiable function, where A >
0 denoted a constant discretization span, the fractional difference of g(x) is known as

A%g(x) = Y& (—1)F (Z) glx+kA] for0< a >1 Q.1

a a! . . .
where ( k) = and the a-derivative of g(x) is known as

@ () = Jim 249X
g0 = lim =57
See the details in [14,8].

Definition 2.2. [17] let g(x) be a continuous function, but not necessarily differentiable, then

(i). Let us assume that g(x) = A where 4 is constant, thus a -derivative of the function g(x) is

a

X
DEA = /11‘(1+a) ’
0, otherwise.

a>0,

On the other hand, when g(x) # A4 then

g =g + (g — g(0),

and the fractional derivative of the function g(x) is given as
D% g(x) = Dgg(0) + Dg(g(x) — g(1)),

(ii). For any (@ > 0) one has

1

D™ g(x) =) g(x) = - fy (x =N g(DdT , a > 0. 22)
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Definition 2.3. [12] the Caputo fractional derivative of the left sided g € C*;,n € N U {0} is defined by

a%g(7) = jm-a [amg(j)

2 20 m-1<a<mm<N.  (23)

D*g(7) =
We record properties of the operator J* (see [11])
0. J9JPg@ =]*Fg@), aB=20

(ii). JeI* = %jw L a>0,pu>-1,7>0

(iii). J*(Dfg(®) = g(I) - Thg* (0%) =,
Definition 2.4. Let be a continuous function, so the solution of the fractional differential equation
dy =gx)(dx)*, x=0, y(0)=0 ,a>0,
By integration with respect to (dx)? is the folloing
y(x) = fy g @N* , y(©0) =0,
1e.,
yx) = aff(x-N*1g(MdI 0< a<1 (2.4)
For example, if g(x) = x# one obtains:

X 4B a _ r(B+1r(1+a) B+a
Jo 78(d7) “rgra X 0< a<l.

Definition 2.5. [12] if then the fractional double Iman transform of the fractional derivative is,

L [DE g(x,)] = p72%12 (x,p) = 03 —mermz 99 (x,0), m—1<a<m,(2.5)

p4—2a+2k g

III. Theorems and properties of the fractional triple Iman transform:

We define the fractional triple Iman transform of the functions dependent on three variables and give some
properties for the same as pointed out earlier in the abstract of the paper and also, in the section 1 above.

Definition 3.1. The fractional triple Iman transform of the function f(x, y, T) of three variables x, y, T is defined
as follows:

Ly 3,0 = L (0,0,8) = oo Jy Jy Jy Lel=(0%x + p%y + 67D)°1f (x,y , 1) () (dy)* (d)*"

- (62;71252) A, TR R Ia[=(0%x + p2y + 620)%1f (x,y, ) (dx)*(dy)*(dD)* (3.1)
M—-co
K-

where 0,p,8 € C,x,y,7 > 0,and Al (x) = S, g i

is the Mittag-Leffler function.

x2m

Definition 3.2. [17] Let f(x,y,7) denote a function which vanishes for negative values of x,y,t.Its triple
Laplace’s transform of order « (or its a‘" fractional Laplace transform) is defined by the following expression:

Leye fG,3,0) = F2 (0,0,8) = [ [ [ Iy[=(0%x + p?y + §20)%]f (x, ,7) (dx)* (dy) *(dD)"
(3.2)

= lim [ L[ [ L[~ (0%x + p2y + 82D)%f (6, ¥, 1) (dx)*(dy) * (dD)*

N—-oo
M-
K—oo
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Theorem 3.3. The Linearity of the triple fractional Iman transform:
Let f(x,y,7) and g(x,y, T) be functions whose triple fractional Iman transforms exist, then

Ixy‘r [0f(x,y, 1) +Bg(x,y, 1) ] = Hlxy‘r [fCy, D]+ ﬂlxyr lg(x,y,7)]
where 0 and £ are constants.

Proof.
Ixy‘r [6f (x,y, 1) + Bg(x,y,7) ]

= g o o Jo 10f (03,0 + Bg (3,1 ] Ia[=(0%x + p2y + §20)%] () (dy)“(do)*"

= csaaagaz o Jo Jo 10f (7,0 1o [=(0%x + py + 820)%] (dx)*(dy)*(dD)"
+ gz o Jo Jo 189y, D 1 Ie[=(0%x + p?y + 670)] (d)*(dy)*(dn)*”

g0 Iy Iy 1 U ey ) ] I [=(0%x + p2y + 620)] (dx)“(dy)“(dn)* +

—eamm B Iy Iy 119Gy, D] Ll=(0%x + p2y + 621)%] (dx)“(dy)*(dr)®

a2ap

= Hlxyr [f(y, D]+ ﬂlxyr lg(x,y,7)]
Theorem 3.4. The First Shifting Property: If I,,. [f (x,y,T)] = L}, (0, p, §),then
Leye ( I, [—(0%0x + p?By + 62kT)*]f (%, y, ‘L')) =13(1+6,1+p,1+k)

Proof:
Let

Ixyr [fCx,y,D)] = L?z (0,p,6)
= szt Jo Jo do lal=(0%x + %y + 82D £(x,,7) (d)*(dy)“(dD)"

Then
Ixyr ( Iy [_(azgx + pzﬁy + 62kr)“]f(x, Y T))

= +a52afooo I 1) Ia [=(0%x + p2y + 620)%] [I,[-(0%6x + p*By +

a2ap

82kn)“]] f(x,y,7) (dx)*(dy)*(dr)”

by using the equality I, [u(o?x + p%y + 621)%] = Iu(a?x)*I,u(p?y)*1,u(6%1)*

which implies that

Leye [ 1o [=(0%6x + p?By + §2kT)*]f (x,¥,7)]

= mfgw fooo fow I [=(a?(1 + 0)x + p?(1 + B)y + (1 + k)T)*If (%, ¥, 7) (dx)*(dy)*(dr)”

_ 1 1

= 1 1 [0+ 00 o [ L [=(02(1 + By + 621+ KD (x5, D @) @)} (d)*
= 2 I L [~ (0% (L + 0)x)°1f (x, 1 + B,1 + k)dx

=13(1+6,1+p6,1+k).

Theorem 3.5. The Periodic Property: If f(x, y, 7)is a periodic function of periods 8, fand k respectively, in the
variables x,y and 7, i.e.,

fx +6,y +B,1 + k) = f(x,y,7) and if Ly, [f (x,¥,7)]

exists then

Ixyr f(xy D] = Lsc‘z (0,p,0)
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1

0 B k
= 02220520 (1 [1, [~ (c26x+p2 By +82kr)A]]) fo fo fo Ia[_(azx + sz +68%1)%] fx,y,7) (dx)*(dy)*(dr)”.

Proof:

Let

Lyt f(xy D] = L:;(O', p,8)
= Saagr o by by Lel=(0%x +p?y + 67D f(x,3,7) (d)*(dy)*(dD)"

= g lo Jy Iy 1o [=(0%x + p2y + 820 )] f(x,7,7) (d)*(dy)*(dD)* +

g by Iy I 1l =(0%% 4+ p?y + 62D (2, D) (0 (dy)*(dD)°

Puttingx = u+6,y = v+ f,7 = w+ k in the second triple integral we get

Ixyr [fCx,y,D)] = Lsz;z (0,p,6)
= Sz o o Iy 1al=(0%x + p?y + 6200 fx,,7) () (dy)*(dn)® +

mff [0S Tal=(02 @+ 0) + p?(w + ) + 82w+ k)] fu+6,v+Bw+
k)) (dw)*(dv)*(dw)*

Or,

L3(o,p,6) =

gy Iy ) Ta[=(0%x + py + 620)] £(x,y,7) () (dy)“(dr)® +

—rgsager Ua [2(020 + p2B +8%kDD [ [ [ 1a[=(020 + p*B) + 82K)°] f(u+6,v +B,w +

a2ap

k) (du)®(dv)®(dw)”

= g ly i Iy L [=(0%x + p?y + 820 f(x,,) (d2)(dy)“(dD)” +

1

W [ch [_(0'29 + PZ.B + 52k))a]] fooo fooo fooo Ia[_(O'zu + PZU +
5*w)*] f(u,v,w) (du)*(dv)*(dw)*

- gz o oIy T [=(0% + p2y + 670 £(x,9,7) (0@ (@D + [L[~(020 + p?B) +

§2Kk)%|L3 (o, p, 6)
Therefore,

—szgae fy I Iy Tal=(0%x + py + 6700 £(x,7,7) () () (dr)"

=13(0,p,6) — [lo[-(026 + p*B + 62k )*]] L% (0, p, ).

Hence,
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3 _ 1
La(o,p,8) = 02@p2a§2a (1[I, [-(626+p2f+82k )*]])

§20)%] f(x,y,7) (d)*(dy)*(dD)”

k
SETE [ 10~ (02x + p2y +

Theorem 3.6. The Second Shifting Property: If ... [f (x,y,T)] = L}, (d,p,6)
then,

Ixy'r [f(x - 9'3’ - ﬂl‘[ - k)H(x - 9;)’ - ﬁ'T - k)] = Ia [_(O-za + pzﬁ + Szk)a] L::,x(o-:p: 5)
where H(x, y, t) is the Heaviside unit step function defined by

(1, when,x>0,y>pB,7>k
H(x—G,y—[?,T—k)—{O’ when,x < 0,y < B,t <k.

Proof:
Let

Ly [f (¥, D] = L}, (0,p,6)

= Sagagza | 0y, D) (d0)*(dy)* (D).
Then
Ixyr [fx—0,y—Bt—kHx—-6,y—B,1—k)]=

= Sz o Jo Iy lal=(0%x + p?y + 6700 f(x =0,y = BT = I)H(x = 0,y = B, 7 -
) (dx)*(dy)*(do)®

= iag de I o Tel=(0%% + p?y + 82D f(x = 0,y = B,7 = k)(dx)*“(dy)* ()"

which, on puttingx — 8 = u,y — f = v,t— k = w gives

Ixy‘r [f(x_g'y_ﬂ'T_k)H(x_6'y_.817:_k)]

= [la [ (0?0 + pB) + 62K )] mamzagaw Jo Jo Jo la [=(0%u+ p?v +

5*w)?] f (u, v, w) (dw)*(dv)*(dw)®

= [Ilu[~(c6 + p?B) + 6%k )] L3(0,p,5).

Theorem 3.7. The Convolution Theorem: If

Ly [F(x, 3, D] = 3 (0,0,8), Ly [G(x, y, )] = g3(0,p, 8)

then the convolution of the functions F(x, y, t) and G (x, y, 7) is denoted by
F **x @ and is defined by

Lyt [(F # % 6)(,3, 0] = sz o Jy Jy FGe= 0,y = B,1= 1) G(8, B, k) (dx)*(dy)“(do)*”

and we have

Ixy‘r [(F xRk G)(x' Y, T)] = IXy’L' [F(x' iz T)] : IXy’L' [G(X, iz T)] = fa3 (O-! P, 6) ' gt?;t(o-! P, 6)
Proof:
From the definition of the convolution, we have
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Lyt [F = %% )@Y, D) = amaazz fy Jo o lal=(0%x + p%y + 62D)<) (F +5»
6)(x,,7) (d0)*(dy)*(dD)"

= g by by Iy Lel=(0%x + p?y + 67D x

rmmgze o o Iy FGc= 0,y = Bt = 1) G (@, B, K)(d0)*(dB)*(dk)*] (dx)*(dy)* (do)*”

which on using the Heaviside unit step function yields

Loy [(F * %+ G)(x,y,7)]

= gz Jo Iy Sy G(6,.K) (d0)(dp)™(dk)*
[Wfoxfoyf(f Io [=(0%x + p*y + 8*0)*]F(x = 6,y — Bt — k)H(x — 6,y — B, T —

k)] (dx)%(dy)®(an)*
The above expression may be simplified by using the result of the Theorem 3.6

Ixyr [(F *** G)(x,y,7)]

= g o Jo o, lal=(@0%x + p?y + 620)%] f3(6,p,6) G (6, B, k) (d6)“(dB)“ (dk)“

= e [200,0.8) [ [ [ lal—(0%x + p2y + 671)%] G (6, B, k) (d6)* (dB)* (dk)®

a2ap

=13(6,p,8) - g2(6,p,6).

Theorem 3.8. The Operational Formula: Let f (x,y,7) € C*(R* X R* X R*), then the operational formula for
the triple fractional Iman transform is given by

I[DEf(x,y,7): (0,p,8)] = 0**L3(0,p,8) — a%ar(a +1)3(0,p,8) (3.3)

Proof:
Leye [f(x,y,D]= L?I(O', p,6) =
—mszz Iy S T [=(0%x + p2y + 621)%] f(x,,7) (dx)*(dy)*(dr)"

gzap

Then

I[DEf (1x, y,7):(0,p,6)]

= gz by Sy Iy lal=(0%x 4 p2y + 8207 £ @ (x,y,7) (dx)*(dy)*(dD)*”

= gz Jo. el = 620 [ [ Ll =029 [ 552 f, Le[=(020)"1f @ (x, 7, 1) (d2)" | (dy)*(a)"

Applying the integration by parts to the expressions inside the square brackets on the right-hand side of the above
equation we have

1DEf(x,y,7): (0,p,7)]
= gz Jy Ll =D [ 1 [- (0?9 {5z [[(@ + DF (6,7, DLl =(020)%]]  +

2 Iy 1l = (@20 (6, ,7) ()] (dy)*(dr)*

= sz Jo L[~ [} 1 [= (0?0 £ [T (@ + DF(0,7,7) +
2 Jy Tl =(@?0)f (x,7,D) (d)?]}] () *(@D)*
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= ez Iy 1= (0 [ 1 [~ 1y e[~ (0% £ (5,7, 1) (@d0)¢ = 7T +
DFO.y. || (@) @n*

1
= 0%%L3(0,p,8) — 7 T(a + DL;(0,p,6)

IV. Applications
In this section on the assumption that the inverse fractional triple Iman transform exists, we use the inverse
fractional triple Iman transform to obtain the exact solutions of the partial differential equations of fractional order
in three dimensions with initial and boundary conditions.

Example 4.1.

Consider the following partial differential equation of fractional order

2
D?f(:c.y,r)=%, 0<a<1 (4.1)

with the following initial and boundary conditions

fO,y,7) =0, £(0,y,7) = cosyla(~7%)
f(x,y,0) = cosxcosy

Solution.

Taking the fractional triple Iman transform of Eq. (4.1) and the fractional double Iman transform of the initial and
the boundary conditions gives

8% f(xy.7)
xy‘r [DFf(x,y,T)] = Ixyr [ fXJ/T

“Ixy‘t [f(x' Z T)] - 52%1—‘(“ + 1)Ixy‘r [f(x' Y, 0)]

o1 42)
0% Ay [f 00y, D] = Ly [F (0,5, 0] = S Liye [af(o,y, )

1
o2(1+0%) (1+p4)

aKa(OpzS) 1 I(a+1) ( 3)
T (1+pt) 829(1+6%) N

L?X(O',p, 0) ’ a(o P, 6) - 0

Then Eq. (4.2) becomes

1 1 1 '(a+1)
2(1+a4) (1+ph) 02 (1+p*) 520(1+62%)

Ly [f (6, D](8%% — 0*) = 520{ F(a+1)

(62%-c*)T(a+1)
02682%(1+02)(1+p*)(1+62%%)

Ixy‘: [f(x,y, .L.)](é-Za —0%) =

[(a+1)
0262¢(1+d2)(1 + pH)(1 + 62%)

xyr [f(,y, D] =

Applying inverse fractional triple Iman transform, we get

f(x,y,t) = sinxcosyl,[—1%]

which is the required exact solution of Eq. (4.1).
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V. Conclusion

This work introduces the definition of the fractional triple Iman transform and the various properties like
the linearity property, the first and the second shifting properties, the periodic property, the convolution theorem
and the operational formula are deduced and the results obtained are applied to find the exact solution of a
fractional partial differential equation in three dimensions satisfying some
initial and boundary value conditions.
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  =    1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0  𝜃    ∫ 0  𝛽    ∫ 0  k      I  𝛼    [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼 +


   1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼      [   I  𝛼    [ −    (   𝜎 2 𝜃 +   𝜌 2 𝛽 +   𝛿 2 k ) )  𝛼 ] ]     ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 u +   𝜌 2 v +   𝛿 2 w )  𝛼 ]   f  ( u , v , w )      ( d u )  𝛼    ( d v )  𝛼    ( d w )  𝛼


   1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0  𝜃    ∫ 0  𝛽    ∫ 0  k      I  𝛼    [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼 +  [   I  𝛼  [ −    (   𝜎 2 𝜃 +   𝜌 2 𝛽 ) +   𝛿 2 k )  𝛼 ] ]   L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 )


   1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0  𝜃    ∫ 0  𝛽    ∫ 0  k      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


  =   L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 ) −    [   I  𝛼  [ −    (   𝜎 2 𝜃 +   𝜌 2 𝛽 +   𝛿 2 k   )  𝛼 ] ]     L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 ) .


    L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 ) =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼    ( 1 −    [   I  𝛼    [ −    (   𝜎 2 𝜃 +   𝜌 2 𝛽 +   𝛿 2 k     )  𝛼 ] ] )   ∫ 0  𝛼    ∫ 0  𝛽    ∫ 0  k      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


    I  x y 𝜏    [ f  ( x , y , 𝜏 ) ] =   L  𝛼 3    ( 𝜎 , 𝜌 , 𝛿 )


    I  x y 𝜏    [ f  ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) H ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) ] =     I  𝛼    [ −    (   𝜎 2 𝛼 +   𝜌 2 𝛽 +   𝛿 2 k )  𝛼 ]     L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 )


  H ( x ,   y ,   𝜏 )


  H  ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) =  {    1   ,             w h e n ,   x > 𝜃 , y > 𝛽 , 𝜏 > k   0   ,             w h e n ,   x < 𝜃 , y < 𝛽 , 𝜏 < k .


    I  x y 𝜏    [ f  ( x , y , 𝜏 ) ] =   L  𝛼 3    ( 𝜎 , 𝜌 , 𝛿 )


  =    1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     f  ( x , y , 𝜏 )    ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼 .


    I  x y 𝜏    [ f  ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) H ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) ] =


  =    1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) H ( x − 𝜃 , y − 𝛽 , 𝜏 − k   )    ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


  =    1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫  𝛼 ∞    ∫  𝛽 ∞    ∫  k ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x − 𝜃 , y − 𝛽 , 𝜏 − k )    ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


  x   −   𝜃   =   u ,   y   −   𝛽 =   v ,   𝜏 −   k =   w


    I  x y 𝜏    [ f  ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) H ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) ]


  =  [   I  𝛼    [ −    (   𝜎 2 𝜃 +   𝜌 2 𝛽 ) +   𝛿 2 k   )  𝛼 ] ]  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼       ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼    [ −    (   𝜎 2 u +   𝜌 2 v +   𝛿 2 w )  𝛼 ] f  ( u , v , w )      ( d u )  𝛼    ( d v )  𝛼    ( d w )  𝛼


  =  [   I  𝛼  [ −    (   𝜎 2 𝜃 +   𝜌 2 𝛽 ) +   𝛿 2 k   )  𝛼 ] ]     L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 ) .


    I  x y 𝜏    [ F  ( x , y , 𝜏 ) ] =   f  𝛼 3    ( 𝜎 , 𝜌 , 𝛿 ) ,     I  x y 𝜏    [ G  ( x , y , 𝜏 ) ] =   g  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 )


  F ( x ,   y ,   𝜏 )   and   G ( x ,   y , 𝜏 )


  F   ∗   ∗   ∗   G


    I  x y 𝜏    [ ( F   ∗   ∗   ∗   G )  ( x , y , 𝜏 ) ] =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0  x    ∫ 0  y    ∫ 0  𝜏   F  ( x − 𝜃 , y − 𝛽 , 𝜏 − k )   G  ( 𝜃 , 𝛽 , k )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


    I  x y 𝜏    [  ( F   ∗   ∗   ∗   G )  ( x , y , 𝜏 ) ] =   I  x y 𝜏    [ F ( x ,   y ,   𝜏 ) ] ⋅   I  x y 𝜏    [ G  ( x ,   y ,   𝜏 ) ] =   f  𝛼 3    ( 𝜎 , 𝜌 , 𝛿 ) ⋅   g  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 )


    I  x y 𝜏    [  ( F   ∗   ∗   ∗   G )  ( x , y , 𝜏 ) ] =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼       ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]  ( F   ∗   ∗   ∗   G )  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


   1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼       ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ] ×


   [  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0  x    ∫ 0  y    ∫ 0  𝜏   F  ( x − 𝜃 , y − 𝛽 , 𝜏 − k )   G  ( 𝛼 , 𝛽 , k )    ( d 𝜃 )  𝛼    ( d 𝛽 )  𝛼    ( d k )  𝛼 ]    ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


    I  x y 𝜏    [ ( F   ∗   ∗   ∗   G )  ( x , y , 𝜏 ) ]


  =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼       ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞  G  ( 𝜃 , 𝛽 , k )    ( d 𝜃 )  𝛼    ( d 𝛽 )  𝛼    ( d k )  𝛼 ×


   [  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0  x    ∫ 0  y    ∫ 0  𝜏      I  𝛼    [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ] F  ( x − 𝜃 , y − 𝛽 , 𝜏 − k ) H ( x − 𝜃 , y − 𝛽 , 𝜏 − k   ) ]    ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


    I  x y 𝜏    [ ( F   ∗   ∗   ∗   G )  ( x , y , 𝜏 ) ]


  =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]     f  𝛼 3 ( 𝜃 , 𝜌 , 𝛿 )   G  ( 𝜃 , 𝛽 , k )    ( d 𝜃 )  𝛼    ( d 𝛽 )  𝛼    ( d k )  𝛼


  =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     f  𝛼 3 ( 𝜃 , 𝜌 , 𝛿 )   ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ] G  ( 𝜃 , 𝛽 , k )      ( d 𝜃 )  𝛼    ( d 𝛽 )  𝛼    ( d k )  𝛼


  =   f  𝛼 3  ( 𝜃 , 𝜌 , 𝛿 ) ⋅     g  𝛼 3  ( 𝜃 , 𝜌 , 𝛿 ) .


  f ( x ,   y , 𝜏 ) ∈   C  𝜆 (  ℝ + ×  ℝ + ×  ℝ + ) ,


  I  [   D  x  𝛼 f  ( x , y , 𝜏 ) : ( 𝜎 , 𝜌 , 𝛿 ) ] =       𝜎  2 𝛼   L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 )   −  1    𝜎  2 𝛼 Γ  ( 𝛼 + 1 )   l  𝛼 3  ( 0 , 𝜌 , 𝛿 )


    I  x y 𝜏    [ f  ( x , y , 𝜏 ) ] =   L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 ) =


   1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]   f  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


  I  [   D  x  𝛼 f  ( x , y , 𝜏 ) : ( 𝜎 , 𝜌 , 𝛿 ) ]


  =  1    𝜎  2 𝛼   𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    ∫ 0 ∞    ∫ 0 ∞      I  𝛼  [ −    (   𝜎 2 x +   𝜌 2 y +   𝛿 2 𝜏 )  𝛼 ]     f  ( 𝛼 )  ( x , y , 𝜏 )      ( d x )  𝛼    ( d y )  𝛼    ( d 𝜏 )  𝛼


  =  1    𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    I  𝛼 [ −    (   𝛿 2 𝜏 )  𝛼 ]  [   ∫ 0 ∞    I  𝛼 [ −    (   𝜌 2 y )  𝛼 ]  [  1    𝜎  2 𝛼   ∫ 0 ∞    I  𝛼 [ −    (   𝜎 2 x )  𝛼 ]   f   ( 𝛼 )  ( x , y , 𝜏 )    ( d x )  𝛼 ] ]    ( d y )  𝛼    ( d 𝜏 )  𝛼 .


  I  [   D  x  𝛼 f  ( x , y , 𝜏 ) : ( 𝜎 , 𝜌 , 𝜏 ) ]


  =  1    𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    I  𝛼  [ −    (   𝛿 2 𝜏 )  𝛼 ]  [   ∫ 0 ∞    I  𝛼 [ −    (   𝜌 2 y )  𝛼 ]  {  1    𝜎  2 𝛼  [ Γ  ( 𝛼 + 1 ) f  ( x , y , 𝜏 )   I  𝛼  [ −    (   𝜎 2 x )  𝛼 ] ]    ∞   0 +  1    𝜎  2 𝛼   ∫ 0 ∞    I  𝛼 [   −    (   𝜎 2 x )  𝛼 ] f  ( x , y , 𝜏 )      ( d x )  𝛼 } ]    ( d y )  𝛼    ( d 𝜏 )  𝛼


  =  1    𝜌  2 𝛼   𝛿 2  𝛼     ∫ 0 ∞    I  𝛼  [ −    (   𝛿 2 𝜏 )  𝛼 ]  [   ∫ 0 ∞    I  𝛼 [ −    (   𝜌 2 y )  𝛼 ]  {   − 1    𝜎  2 𝛼  [ Γ  ( 𝛼 + 1 ) f  ( 0 , y , 𝜏 ) +  1    𝜎  2 𝛼   ∫ 0 ∞    I  𝛼 [   −    (   𝜎 2 x )  𝛼 ] f  ( x , y , 𝜏 )      ( d x )  𝛼 ] } ]    ( d y )  𝛼    ( d 𝜏 )  𝛼


  =  1    𝜌  2 𝛼   𝛿  2 𝛼     ∫ 0 ∞    I  𝛼  [ −    (   𝛿 2 𝜏 )  𝛼 ]  [   ∫ 0 ∞    I  𝛼 [ −    (   𝜌 2 y )  𝛼 ]  [   ∫ 0 ∞    I  𝛼  [ −    (   𝜎 2 x )  𝛼 ] f  ( x , y , 𝜏 )    ( d x )  𝛼 −  1    𝜎  2 𝛼 Γ  ( 𝛼 + 1 ) f  ( 0 , y , 𝜏 ) ] ]    ( d y )  𝛼    ( d 𝜏 )  𝛼


  =       𝜎  2 𝛼   L  𝛼 3  ( 𝜎 , 𝜌 , 𝛿 )   −  1    𝜎  2 𝛼 Γ  ( 𝛼 + 1 )   L  𝛼 3  ( 0 , 𝜌 , 𝛿 )


    D  𝜏  𝛼 f  ( x , y , 𝜏 ) =     𝜕 2 f  ( x , y , 𝜏 )  𝜕   x 2 ,       0 < 𝛼 ≤ 1


     f ( 0 ,   y , 𝜏 )   =   0 ,     f  x ( 0 ,   y ,   𝜏 )   =   c o s   y     I  𝛼 ( −   𝜏  𝛼 )   f ( x ,   y ,   0 )   =   c o s   x   c o s   y


    I  x y 𝜏    [   D  𝜏  𝛼 f  ( x , y , 𝜏 ) ] =   I  x y 𝜏    [     𝜕 2 f  ( x , y , 𝜏 )  𝜕   x 2 ]


         𝛿  2 𝛼 I  x y 𝜏    [ f  ( x , y , 𝜏 ) ] −  1    𝛿  2 𝛼 Γ ( 𝛼 + 1 )   I  x y 𝜏    [ f  ( x , y , 0 ) ]   =   𝜎 4   A  x y 𝜏    [ f  ( x , y , 𝜏 ) ] −   I  x y 𝜏    [ f  ( 0 , y , 𝜏 ) ] −  1    𝜎 2   I  x y 𝜏    [   𝜕 f  ( 0 , y , 𝜏 )  𝜕 x ]


    L  𝛼 3  ( 𝜎 , 𝜌 , 0 ) =    1    𝜎 2 ( 1 +   𝜎 4 )  1  ( 1 +   𝜌 4 ) ,   L  𝛼 3  ( 0 , 𝜌 , 𝛿 ) = 0 ,     𝜕   K  𝛼 3  ( 0 , 𝜌 , 𝛿 )  𝜕 x =  1  ( 1 +   𝜌 4 )   Γ ( 𝛼 + 1 )    𝛿  2 𝛼 ( 1 +   𝛿 4 )


    I  x y 𝜏    [ f  ( x , y , 𝜏 ) ]  (   𝛿  2 𝛼 −   𝜎 4 ) =  1    𝛿  2 𝛼 Γ  ( 𝛼 + 1 )  1    𝜎 2  ( 1 +   𝜎 4 )  1   ( 1 +   𝜌 4 ) −    1    𝜎 2  1  ( 1 +   𝜌 4 )   Γ ( 𝛼 + 1 )    𝛿  2 𝛼 ( 1 +   𝛿  2 𝛼 )


    I  x y 𝜏    [ f  ( x , y , 𝜏 ) ]  (   𝛿  2 𝛼 −   𝜎 4 ) =            (   𝛿  2 𝛼 −   𝜎 4 ) Γ ( 𝛼 + 1 )    𝜎 2   𝛿  2 𝛼  ( 1 +   𝜎 2 )  ( 1 +   𝜌 4 ) ( 1 +   𝛿  2 𝛼 )


    I  x y 𝜏    [ f  ( x , y , 𝜏 ) ] =         Γ ( 𝛼 + 1 )    𝜎 2   𝛿  2 𝛼  ( 1 +   𝜎 2 )  ( 1 +   𝜌 4 ) ( 1 +   𝛿  2 𝛼 )


  f ( x ,   y , 𝜏 )   =   s i n   x   c o s   y     I  𝛼  [ −   𝜏  𝛼 ]


  𝒇 ( 𝒕 )


  𝑰  [ 𝒇 ( 𝒕 ) ] = 𝑭  ( 𝒗 )


    𝟏    𝒗  𝟒


  t


    𝟏    𝒗  𝟔


    t 2


 


    t  n


  n ∈ N


    n !    𝒗  𝟐 𝒏 + 𝟒


    e  a t


    𝟏    𝒗  𝟐 (   𝒗  𝟐 − 𝒂 )


  sin ( a t )


    𝒂      𝒗  𝟐 ( 𝒗  𝟒 +   𝒂  𝟐 )


  cos ( a t )


    𝟏    𝒗  𝟒 +   𝒂  𝟐


  H ( t − a )


    𝟏    𝒗  𝟒   e  − a   v 2


  𝛿 ( t − a )


    𝟏    𝒗  𝟐   e  − a   v 2


  sinh ( a t )


    𝒂      𝒗  𝟐 ( 𝒗  𝟒 −   𝒂  𝟐 )


  cosh ( a t )


    𝒂    𝒗  𝟒 −   𝒂  𝟐


      t  a − 1  Γ  ( a )


     (   𝟏    𝒗  𝟐 )  𝒂 + 𝟏

