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I.  Introduction
Following the way of [38] that for £ (C™) be the dense set of convex bodies (that is, non-empty compact
convex subsets) of C*. A convex body K € K (C™) is uniquely determined by its support function hg: C" - R,
where hy (x) = max{R[x - y]}: ¥ € K}. Here, - denotes the standard Hermitian inner product in C* and R[x - y]
is the real part of x - y. Let B and S™ denote the complex unit ball and its surface in C", respectively. For K €
K (C™) and C € K (C), [1] introduced the complex projection body I1-K as the convex body with support function

1
R(ICK, ) = nVy (K, Cup) = 5 L ) Z hew, (v))dS (v) (1.1)
Jj

for every u; € §", where Cu; = {cu;: c € C},V;(K, Cu;) is the mixed volume of K and Cu;, and Sk is the surface
area measure of K.

Very recently, [9] established the following remarkable inequality.
Theorem 1.1. (Haberl [9]) Let K € F(C™). If C € K (C) is convex and origin-symmetric, then

V(K)* W K) < V(B)*" W (II;B).

If dimC = 1, equality holds if and only if K is an ellipsoid. If dimC = 2, equality holds if and only if K is an
Hermitian ellipsoid.

Here, V stands for volume (that is, (2n)-dimensional Lebesgue measure), [1;K is the polar body of I1:K.
Here we use the convention that 0 - co = 0. Theorem 1.1 contains Petty's fundamental projection inequality [30]
as the special case C = [—1,1] : Among all convex bodies of given volume, precisely ellipsoids have polar
projection bodies of maximal volume. This inequality turned out to be essentially stronger than the classical
isoperimetric inequality (see [16]) and it is the geometric inequality behind the affine-Sobolev inequality [37].

Note that I1;_, ;) is the classical projection body operator IT which was first introduced by Minkowski at
the end of 19 th century. Let S™ 1 denote the unit sphere in R™. Given a convex body K in R", the projection
body, 1K, of K is the convex body with support function

hnk (@) = vol(K | ujt),u; € S™1

where Vol(K | u]L) denotes the ( n — 1 )-dimensional volume of the orthogonal projection of K onto the
hyperplane orthogonal to u;. Projection bodies have not only become a central notion in convex geometry
[7,8,10,25,29,31], they also found applications in other areas such as Minkowski geometry, stochastic geometry,
geometric tomography, symbolic dynamics, and functional analysis [2,3,6,12,13,32-34].

The notion of zonoids is basic in the Brunn-Minkowski theory of convex bodies (see [31]). Zonoids are
defined as limits of zonotopes in the Hausdorff metric, where zonotopes are Minkowski sum of line segments.
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Indeed, any origin-symmetric convex body in R? is a zonoid. [32] introduced the notion of L. zonoids. Let K c
R"™ be a convex body and € = 0, the L, . zonoid Z,, K is defined by

e @) = [ gy it ()
sn— n
]

for every u; € § "1 where fy ¢k is a finite even Borel measure on S™71. In particular, a L, zonoid and any of
its translates is called a zonoid. Based on the definition of the asymmetric L;,. zonotope [35], the asymmetric
Ly ¢ zonoid Z{, (K can be defined by

ity @) = [Ny o F e ()
sn- >
J

for every u; € S™', where (u; - v;); = max{uy; - v}, 0}. Thus, a convex body C € K (C) is called an asymmetric
Ly 1¢ zonoid if there exists a finite even Borel measure 4 ¢ on the unit sphere $* such that

he ()€ = L D @y y DR () (12)
j

for every u; € S*. From the fact that hCuj (vj) = he(; - v)) forall u;, v; € S™, (1.1), (1.2), and the sesquilinearity

of the Hermitian inner product in C*, we have
e 0 = [ D7 @Hle - @y D ditsec@ = [ (w5 e (©)
S > S >
J )

for all u;, v; € S™.

A recent important result by [14,15] has demonstrated the special role of projection bodies in the affine
theory of convex bodies: Projection body operators are the only Minkowski valuations which are contravariant
with respect to the real affine group. This motivated the definition of the whole family of complex projection
bodies by [1]. They are the only Minkowski valuations which are contravariant with respect to the complex affine
group. [15], also established a classification of L,,. Minkowski valuations that are contravariant with respect to
the real linear group and obtained the family of asymmetric L;,. projection bodies. While there is no
corresponding classification result in the complex setting so far, we introduce complex L. projection bodies
using the original definitions of L, , . projections bodies by [20], [21], and [15] as well as the definition of complex
projection bodies by [1].

For K, (C™) denote the dense set of convex bodies in C* which contain the origin in their interiors. Let
€=>0,K € K,(C"), and C € K (C) be an asymmetric L, .. zonoid, the asymmetric complex L, ... projection body
M, cK is the convex body with support function

it @) =20V, (K Cu) = [ [ @Rlew DY e @dSien(m)  (13)
! S S >
J

for every u; € S™, where S, x denotes the L, surface area measure of K on S™. Indeed, h“hecK is positively

homogeneous of degree one and subadditive. The case C = [0,1] of I[1{, . ¢ is just the asymmetric L, . projection
operator I1}, . which was first considered by [20].
For € 2 0,K, (K +¢€) € X,(C") and € = 0 (not both zero), the L,,. Minkowski combination (1 +¢€)-K +
1+e(1 + 2€) - (K + €) is defined by [5]

MIks carze ke = (1 +EhEe + (1 + 26)hits,

where the L;,. Minkowski and the usual scalar multiplication are related by (1 +¢€)-K = (1 + E)ﬁl( . The
general complex L, . projection bodies, l'[f;e‘cK , are defined by

Hfﬂ—:,CK =1 MiyecK+11e(1 =) - M oK (1.4)
for every A € [0,1], where I, K = II{, ¢ - (—K). In particular,

H%+€,CK =M, cK and H?+G,CK = M1, cK.
Let Dy,.C denote the L., difference body of C, i.e., Di,.C = C+1,(—C). It follows from (1.2) that
hpyec@) = [ X5 | R - ;1) 1*€duy4ec(v)). Thus, Dy C is a Ly zonoid. As the real case, we define
the complex Ly, projection body Iy 4¢p,, .cK by

1
yepyecKi= Hfﬂ,CK = % MfiecK + 1+e% MiyecK.
Note that if K is origin-symmetric, then l'[fq_e‘CK =Iy4¢p,,.cK forany 1 € [0,1].
We establish sharp isoperimetric inequalities for the entire class of complex L; . projection bodies (see

[38]). For convenience, the polar body of Hfﬂ‘cK will be denoted by Hffs‘cl(.
Theorem 1.2. Let € > 0 and K € ¥, (C"). If C € ¥ (C) is an asymmetric L, ;. zonoid with dimC > 1, then
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VTRV (11,  K) < V(BYE V(1T B)
for every A € [0,1]. If dim C = 1, equality holds if and only if K is an origin-symmetric ellipsoid. If dimC = 2,
equality holds if and only if K is an origin-symmetric Hermitian ellipsoid.

The case A = % of Theorem 1.2 is the complex L,,. Petty projection inequality. In Section 3, we will

show that for K € %, (C"),

V(i rep,icK) = V(THeck) < V(TELCK).
If I, ¢ cK # M7, cK, these inequalities are strict unless A = E,/l =1 or A = 0. This shows that each of these
inequalities strengthens and implies the complex L,,. Petty projection inequality and that the asymmetric
operators l'[1 +e,cgive rise to the strongest inequalities. The proof of Theorem 1.2 makes use of the techniques by
9].
. The complex moment body was introduced by [9]. For € € X (C) and K € ¥ (C™) with non-empty
interior, the complex moment body MK is defined by

hvek (W) = fK Z hew; (x)dx
7

for all u; € S™. Note that M_, q] is the classical moment body operator M . Given a convex body K ¢ R" with
non-empty interior, the moment body MK is the convex body defined by

Mg (1)) =JZ l; - x|dx,u; € ™
K "
J

If K has non-empty interior, then the centroid body I'K: = V(K)~*MK. The centroid body is a classical notion
from geometry which has received considerable attention in recent years (see [6,7,17,18,21,24,36]). An important
affine isoperimetric inequality associated with centroid bodies is the Busemann-Petty centroid inequality [28]:
Among convex bodies containing the origin of given volume, precisely the origin symmetric ellipsoids have
centroid bodies of minimal volume. With the development of the Brunn-Minkowski theory, important extensions
of the Busemann-Petty centroid inequality were established (see [4,10,21,24]. These extensions were used to
prove affine Sobolev inequalities [11,27] and information theoretic inequalities [23].

Based on the definitions of L;,. moment bodies by [26] and [15] as well as the definition of complex
moment bodies by [9], complex L;,. moment bodies are introduced. Let € = 0,K € K,(C™) and C € K (C) be
an asymmetric L, . zonoid, the asymmetric complex Ly, moment body M{, . -K is the convex body with support
function

MMK(u,)“f =2 Z hewy (M dx

= j | Z ey - vy} ()™ e dpty e (do(vy) (L5)
snJs

for all u; € S™. Indeed, hMLecK is positively homogeneous of degree one and subadditive. The general complex

L, moment bodies, M{lﬂ,CK , are defined by

Mf+€,CK =1 Mf+€,CK+1+e(1 — ) MiiecK (1.6)
for every A € [0,1], where M7, K = M{,(—K). In particular,

M%+E,CK = MI-+€,CK and M$+6,CK = Mi;ccK,
and

1 1
My, D1+eCK M K= Mi'—+e,CK + ey “MiyecK,

1+€,C 2
which is the complex L, moment body of K. Note that if K is origin-symmetric, then M{I+E,CK = Miten,, cK
for any 4 € [0,1].

We establish sharp isoperimetric inequalities for the entire class of complex L,,. moment bodies (see
[38]).
Theorem 1.3. Lete > 0 and K € X, ((C") If C € X(C)is an asymmetric L1,e zonoid with dimC > 1, then

V(K) TV (MR, oK) = V(B) THe 'V (M, o B)

for every A € [0,1]. If dim C = 1, equality holds if and only if K is an origin-symmetric ellipsoid. If dimC = 2,
equality holds if and only if K is an origin-symmetric Hermitian ellipsoid.

The case A = % of Theorem 1.3 is the complex L;,. Busemann-Petty centroid inequality. In Section 4,
we will show that for K € ¥, (C™),
V(Misep,,ecK) 2 V(Mo oK) 2 V(ME, K).
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If M{, . cK # Mi,cK, these inequalities are strict unless A = %,/1 = 1, or A = 0. This shows that the asymmetric

operators MI—rJr ¢,cprovide the strongest version of the complex L;, . Busemann-Petty centroid inequality.
IfC = {0}, then 1}, . (K = M{, . cK = {0} for every K € K,(C™) and every A € [0,1]. Thus, we assume
that dimC > 0 in the sequel.

II.  Notation and background material
We also following [38] that for a complex number ¢ € C, we write ¢ for its complex conjugate and |c|
for its norm. For ¢p € C™™, let ¢* denote the conjugate transpose of ¢p. We denote by - the standard Hermitian
inner product on C* which is conjugate linear in the first argument, i.e. x - y = x™y for all x,y € C". Let B stand
for the complex unit ball {c € C™: ¢ - ¢ < 1} and S" its sphere. We write ¢ for the canonical isomorphism between
C™ (viewed as a real vector space) and R?", i.e.,
t(c) = Rlcql, -, Rlcn), Sleql, -, Slen]), c € T,
where R, J are the real and imaginary part, respectively. Note that
Rx-y]=wx-1y 2.1
for all x, y € C", where the inner product on the right hand side is the standard Euclidean inner product on R?™.
Let ¢ € GL(n, C) be decomposed in its real and imaginary part, i.e. ¢ = R[¢p] + iJ[¢p]. The real matrix
representation is the block matrix
Rlp] -3 [¢]>

Rl¢] = (m] R[]
|detp|? = |detR[p]| and 1(px) = R[¢p]ix. (2.2)

The volume V (K) of K is defined as the 2n-dimensional Lebesgue measure of (K, i.e. V(K): = V(tK). Then (2.2)
implies

It is easy to see that

V(¢K) = |detg|*V (K) (2.3)
for each ¢ € GL(n, €). In particular, V(cK) = |c|**V (K) for all c € C.

We collect complex reformulations of well-known results from convex geometry. These complex
versions can be directly deduced from their real counterparts by an appropriate application of the canonical
isomorphism t. General references for these real results are the books by [6], [8], and [31]. The convex body K is
uniquely determined by its support function hg: C* - R, where

hg(x) = max{R[x - y]:y € K}. 2.4)
It follows from (2.1) and (2.4) that
hg = hg o, (2.5)
where h is the usual real support function, i.e. hg,(x) = max{x -y:y € (K + €)} for a convex body (K +
€) € R*™and x € R?™. If 1 > 0, we have
hyk = Ahg (2.6)
If ¢ € GL(n, C€), we have
hgk = hi o " 2.7)
For every Borel set w c S™, the surface area measure of K € K (C™), S, is defined by
Sk (@) = K2 (fx € K: 3y, € w with R[x - wj] = he(u)}),
where 72"~ stands for ( 2n — 1 )-dimensional Hausdorff measure on R2™.

Fore = 0,K, (K + €) € X,(C™") and € = 0 (not both zero), the L, . Minkowski combination (1 + €) -

K+ 1,¢(1+ 2€) - (K + €) is defined by
hit o ke1ee(1+26) - (K +€) = (1 + e)hie + (1 + 26)hiHE, (2.8)

1
where (1 +¢€)-K=(1+ e)mK The L, mixed volume V. (K, K + €) is defined by [19]
V(K+i4ee - (K+€) —V(K)

V1+E(K K+e)= 11m

1+e
By (2.5), it follows that tK+;,.€ - t((K + €) = l(K+1+E£ (K +€)). Thus
Vite(K, K+ €) =V, (K, (K + €)) (2.9)
where V;,.(iK, t(K + €)) is the usual L, . mixed volume in R?". Obviously,
Vite (K, K) = V(K) (2.10)
and pK + .6 - Pp(K+€) = dp(K+ 1.6 (K +€)) forevery ¢ € GL(n, C). (2.9) and (2.3) yield
Vite (DK, ¢(K + €)) = |detd|*Vy, (K, K + €) (2.11)

The following results follow immediately from the real facts since all quantities (volume, L., mixed volume,
L, surface area measure, support function) are compatible with the canonical isomorphism ¢. The L, .. mixed
volume V.. (K, K + €) has the following integral representation:

1
Vite(K,K +€) = n hih%dS1sex (2.12)
STL
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Here S, ¢ is the L, surface area measure of K on S§™ which is absolutely continuous with respect to Si and
has Radon Nikodym derivative d“;K hg€. The L;,. Minkowski inequality states (see [19]): If € > 0 and
K, (K + €) € K,(C™), then

2n—(1 €) 1+€
Viee K, K+€)2V(K) 2n V(K +e)zn (2.13)
If € = 0, the L; Minkowski inequality is the classical MlnkOWSkl first inequality for mix volume with equality if
and only if K and (K + €) are homothetic. If € > 0, equality holds in (2.13) if and only if K and (K + €) are real
dilates. An immediate consequence of the L, .
Minkowski inequality is the L, . Brunn-Minkowski inequality: If € = 0 and K, (K + €) € K,(C"), then

1+e 1+e 1+e

VIK+ 136(K+€)2zn 2V(K)2n + V(K +¢e)2n (2.14)
If € = 0, the L; Brunn-Minkowski inequality is the classical Brunn-Minkowski inequality with equality if and
only if K and (K + €) are homothetic. If € > 0, equality holds in (2.14) if and only if K and (K + €) are real
dilates.

Given M c C", its polar set M* is defined by
M ={xeC"R[x-y]<1forally € M}

It is easy to see that

(pM)" = p"M" (2.15)

My =1 1m* (2.16)
The radial function pg: C™ \ {0} — [0, +0), of a compact, star-shaped (about the origin) K < C", is defined by
pr(x) = max{A > 0: Ax € K}. If K € ,(C"), then K* € K,(C™). Moreover, on {C"} \ {0} we have
px+ = hi! (2.17)
If py is positive and continuous, then K is called a star body (about the origin). Let §(C™) denote the set of star
bodies in C*. Fore = 0 and K, (K + €) € S(C™) and € = 0 (not both zero), the L, , . harmonic radial combination
(1+6€) - KF14c(1 + 2¢€) - (K + €) is the star body whose radial function is given by [20]

—(1+€) (1+€) —-(1+e€)
P1re)yKiqpe(l+26)-(K+e) — (1 +e)px + (1 +26)p5q (2.18)
1

and in particular, for every 4 > 0,

where (1 +€) - K = (1 + €) 1+eK. The dual L, . mixed volume V_(1+6) (K, K + €) is defined by [20]

2n  V(KFiiee- (K+€) —V(K)
“Tve —V_ oK, K +€) = llrgl+ <

The polar coordinate formula for volume yields

_ 1 _a
Ve K +6€) = . partitep U+ g (2.19)

&

where o stands for the push forward with respect to ™1 of £2"~1 on the ( 2n — 1 )dimensional Euclidean unit
sphere. In particular,

_ 1
V(K) =V_q+e(K,K) = ZJ pgtdo (2.20)
sn

Using Holder's inequality in (2.19) to obtain the dual L, . Minkowski inequality (see [20]): If € > 0 and K, (K +
€) € §(CM), then
1+e
V_ a+e) (K, K +€) = V(K) V(K +e) 2n (2.21)
with equality if and only if K and (K + €) are real dilates. An immediate consequence of the dual L, , . Minkowski
inequality is the dual L. Brunn-Minkowski inequality: If € > 0 and K, (K + €) € §(C™), then

N 1+e 1+e 1+e
VIKF14e(K+€) 2n 2V(K) 2n + V(K +€) 2n (2.22)
with equality if and only if K and (K + €) are real dilates.
Let K € K (C™). If there exists some positive definite symmetric matrix ¢ € GL(2n, R) such that

K={xeCuw- ¢ <1}

then K is an origin-symmetric ellipsoid. Moreover, K is an origin-symmetric Hermitian ellipsoid if
K={xeC"x -¢px <1}

for a positive definite Hermitian matrix ¢p € GL(n, C). Note that, K is an origin symmetric Hermitian ellipsoid if

and only if K = B for some matrix ¥ € GL(n, C). Moreover, Haberl obtained the following characterization of

origin-symmetric Hermitian ellipsoids.

Lemma 2.1. (Haberl [9]) Let K € 3,(C™) be an origin-symmetric ellipsoid. Then K is an origin-symmetric

Hermitian ellipsoid if and only if cK = K for some ¢ € S with J[c] # 0.
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III.  The general complex L, . Petty projection inequality
Ludwig [15] showed that the asymmetric L, projection body operator I1{, .is GL(n, R) contravariant.
We will show that I1{, . cis GL(n, C)-contravariant.
Lemma 3.1 (see [38]). Let € = 0,K € K,(C™") and C € K(C) be an asymmetric L,,. zonoid. If ¢ € G(1 +
€)(n, C€), then

2
M e c(@K) = |detdp|Trep 11, oK.
Proof. From (1.3), (2.11), the fact that ¢ "'Cu; = C¢~u;, and (2.7), we have
hn;‘+€,C¢K(uj)1+E = 2nV1, (@K, Cuy) = |detd|*2nVy, (K, ¢ Cuy)

_ 1+
= det¢*hny,_x(¢7') " =h

for every u; € S™, which concludes the desired result.

Lemma 3.2 (see [38]). Let € > 0 and C € X'(C) be an asymmetric L,,. zonoid. Then II{,. . maps origin-
symmetric balls to origin-symmetric balls.

Proof. Since Sy ¢ (1465 = (1 + €) Saarerp = (1 4 €)?""+9g for every € > 0, we have

it ecasom @) = (147705 [ [ S @ifey; D1 dinec(©)do (3.1)
’ snJs
J

for all u; € S™. Now fix some (u;) € S™. For every u; € S", there exists a q,')uj € SU(n) such that (puj(uj)o =
u;. Then Cu; = ¢ujC(u]-)0. Plug this into (3.1) and use (2.7) to get

1+€
Rt carom @) = (L + )70 f f ) E, ([cao- gin]), dursectrdo
’ snJs n
]

Since o is SU(n)-invariant and dimC > 0, the right hand side is independent from u; and greater than zero. Hence
;¢ ((1 + €)B) is an origin-symmetric ball.
Let € > 0, define 1§, K: = I}, (1K The definition of 1}, . 1o ;;and (2.9) imply
hat, kW)€ =20V, (K, [0,1]w)) = 20V, (K, [0,1]0g) = hyt oy ()€
for all u; € S™. Apply (2.5) to get

1+€
2 (W)
detp[T+e¢ "M e ck 0

M, K = T, (KD (3.2)
which justifies the notation IT;, . for Hf+e,[o,1]- More explicitly, the equality h[o,1]u]- () = Ry, - vj]),together
with (3.2) show, for all u; € §™,

Angy @)= | Oy D1 () 33)
j

Indeed, the asymmetric complex L, ;. projection operator I17, . . is an average over multiples of the asymmetric
L1+ projection operator I1}, .. This connection will play an important role in our proof.

Lemma 3.3 (see [38]). Let € = 0 and C € X(C) be an asymmetric Ly, zonoid. Then, for u; € S* and K €
Ho(CM),

hnLECK(uj)He = J § hc—nhek(uj)lﬂdﬂue,c(c) (3.4)
: g1 L
! 1te
=+, 2n
In addition, the total mass |.“1+e,c| = .“1+e,c(§1) = (M) ]
V(Hljl-e,CB)

Proof. By (1.3), Fubini's theorem, (3.3), and (2.7), we have
it @) = [ [ D7 Glew D e ©dSuaex ) = [ [ DT GHlewy -y DS e (01 (0
’ sn Js1 &= §1 Jgn =
J J

[ D7 hnt e ditec@ = [ b o) e (©
S . S -
] J

It remains to calculate the total mass | li1+e,c|- Lemma 3.2 implies that [T, B is an originsymmetric ball. Thus,
thILEB = hHLeB for every c €S'. Taking K =B in (3.4) and applying (2.6), we have I, B =
1 1

|u1+E,C|me+EB. Polarize both sides and apply (2.16) to get HI’;*E_CB = |/11+E,C rml'l;'feB. Take the volume on
both sides and use (2.3) to complete the proof.

Now, we relate the volume of 1]}, (K to that of {7 K.
Lemma 3.4 (see [38]). Let € > 0 and K € K,,(C™). If C € K(C) is an asymmetric L, zonoid, then

DOI: 10.35629/0743-12062033 www.questjournals.org 25 | Page



Application on A Complex Ly, Affine Isoperimetric Inequalities

2n
V(e cK) < iirec| V(7 K), (3.5)
with equality if and only if there exists a point d € $* with ¢TI{, K = dII{, K for pi; ;¢ - almost every ¢ € S*.
Proof. From (2.20), (2.17), (3.4), Jensen's inequality, Fubini's theorem and the fact that V(EH;;*EK) = V(HL’;K)
for all c € S, we get

* 1 —_
V(e cK) = ﬁfgn Z hnLE_CK(uj) "do ()
j

_2n
1+e€

2n
|#1+€,C| 1+e 1
=l L 2 ey cdic@] o)
’ j

2,
|#1+€,C| 1+e —2n
ST ) hent, (W)™ Ay e c(c)do (uy)
j

_ |.“1+6,C| 1+e —om
ST o o ) 2o et ()7 A0 ()t e ()
S L
)

2n _
= |#1+e,c| 1te 1f1 V((’TH;-‘:GK)dM].'FE‘,C(C)
S

2n
-1 «
~ e 5 [ V)b ()
S
_z2n .
= |trsec] TV (MIK)
In order to obtain the equality condition, let us first prove the following equivalence for K € ¥, (C") :
Vu; € S":c o thEK(uj) is constant y; . c-almost everywhere
PN (3.6)
3¢y € SU: el K = ¢l K for pycc-almost every ¢ € S*
Obviously, the second condition implies the first one. Suppose that the first condition holds. Then for each u; €
S™ there exista ¢, € §* and a Borel set Ny, © $* with

Hrvec (Nu;) = 0 and ke, e (u)) = ey it,oc(y) for all ¢ € N, (3.7)
Letu; € S" and (1 + 2¢) € supp(u1+€_c). Each open neighborhood of (1 + 2€) has positive pi; . c measure and
therefore non-empty intersection with Nﬁj. So we can find a sequence (by),ey With by € Nﬁj and b, — b. By the
continuity of ¢ = hey, , (1) and (3.7), we get

hpnt, k(W) = ;Lr?ohﬁkn§+ex(uj) = hc_ujl'lL_eK(u]') = hent, (W)
forallc € le].. Since C is at least one dimensional, there exists a ¢, € supp(uuac) and Nﬁj # @.So forall u; €
S*andc € supp(uuelc) we have

hent, k(W) = heynt, (W)

Since Uiiec (supp(ulﬂic)c) = 0 and convex bodies are uniquely determined by their support functions, we
complete the proof of equivalence (3.6).

By the equality condition of Jensen's inequality, equality holds in (3.5) if and only if for all u; € S™ the
map ¢ © hfﬂhe x (1) is constant ¢ c-almost everywhere. But (3.6) reveals that this happens precisely if there
exists a ¢ € S* such that cT1f, K = oIl K for py ¢ c-almost every c. Setting d: = ¢y, it concludes the proof
of the equality condition.

We recall the asymmetric L, . Petty projection inequality which was established by Haberl and Schuster.

Theorem 3.5. (Haberl and Schuster [10]) Let € > 0 and K = R2" be a convex body which contains the origin in
its interior. Then

2n 2n
V(K)T+e V(7 K) < V(B)Tre 'V (I]7.B)
with equality if and only if K is an origin-symmetric ellipsoid.

Next, we will establish the complex version of the asymmetric L, Petty projection inequality.
Theorem 3.6 (see [38]). Lete > 0,K € K,(C"), and C € ¥ (C) be an asymmetric L, zonoid. Then

2n 2n
V(K)T+e WV (N} K) < V(B)T+e 'V(MI}7, B). (3.8)
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If dimC = 1, equality holds if and only if K is an origin-symmetric ellipsoid. If dimC = 2, equality holds if and
only if K is an origin-symmetric Hermitian ellipsoid.
Proof. Polarizing both sides of (3.2) and using * ot = ¢ o* gives

JIT K =T K. (3.9)
By Lemma 3.4, (3.9), and Theorem 3.5, we get

2y S om
V)T V(I oK) < |prvec| TV KT V(1K)
2n

|.u1+e C| 1+€V(1K)1+6_1V(‘H1+e )

2n

= el VRO V(1K)

< |tvec| 1+EV(B)m_1V(HITsB)
1+€
V(14 cB) . .
Taking | Wite c| <m> into the above inequality proves (3.8).
1+€,C

We turn towards the equality conditions. By Lemma 3.4 and Theorem 3.5, equality holds in (3.8) if and
only if there exists a point d € S$* with ¢ll{, K = dIlf, K for yi; ¢ c-almost every ¢ € S* and K is an origin-
symmetric ellipsoid. Thus, it follows from Lemma 3.2 that I1f, (K is an origin-symmetric ellipsoid.

First, suppose that dimC = 1, i.e. C is a segment [0, ¢,] for some ¢, € C \ {0} and the measure pi; ;¢ ¢ of
C is given by

|C0|1+€
Hitec = (5 (co) T 5(00))
where 6 denotes the Dirac measure and {cy): = ¢, |C0| 1 stands for the spherical projection of ¢, to the unit circle.
Since I, K is an origin-symmetric ellipsoid, then —(cy )1, K = {co)1{, K holds true. Thus, if dimC = 1,
then equality holds in (3.8) if and only if K is an origin-symmetric ellipsoid.

Next, suppose that dimC = 2. Since 1, .is linearly associating, this implies that if K is an origin-
symmetric Hermitian ellipsoid, then so is 1, K. Lemma 2.1 shows that the above equality conditions hold. It
remains to prove that the above equality conditions imply that K is an origin-symmetric Hermitian ellipsoid. The
equality condition of Lemma 3.4 implies that there exist a point d € $* and a Borel set N € S* with piy ¢ (N) =
0 such that ¢T1f, K = dIlf, K for all ¢ € N€. Since dimC = 2, N¢ contains two non-antipodal points, i.e. there
exist ¢g, ¢; € N€ such that ¢, # —c¢; and ¢pI1f, K = ¢;11}, K. Clearly, ¢, and ¢; are also non-antipodal. So for
c:= ¢y¢;t we have

cllf, K = f, K where c € St with J[c] # 0.
By Lemma 2.1, it follows that II{, K is an origin-symmetric Hermitian ellipsoid. Thus, there exists a ¥ €
GL(n, €) such that

n,.K =yB (3.10)
Let K = (1 + €)¢B, where € = 0 and ¢p € SL(2n, R). By Lemma 3.1, we have
2n—(1+e€) 2n—(1+€)
MiieK =M (L +€)¢B) = (L +€) Tre e ¢~ LB =114(1+€) THe ¢7'B, (3.11)

2n—(1+¢€)

where 77, > 0 such that II{,.B = 1;,.B. Combining (3.10) and (3.11), we get ¢ = 11,.(1 +€) 1+¢ P70,
where 8 € SU(n). Thus,
2n 2n
K =711+ €)Y ~0B =11, (1 + €)T+eyp ‘B

It means that K is an origin-symmetric Hermitian ellipsoid.

Hence, we give our attention to the general complex L, .. projection body operator. The following two
consequences can be immediately obtained from Lemma 3.1, Lemma 3.2, and the definition of H{l+e,c-
Lemma 3.7 (see [38]). Let € > 0,K € K,(C"), and C € K (C) be an asymmetric L,,. zonoid. If ¢ € G(1 +
€)(n, C), then

M4 ec(PK) = |det¢)|1+6¢)_*l'11+€ cK
Lemma 3.8. Let € = 0 and C € K (C) be an asymmetric L,,, zonoid. Then Hf+e,c maps origin-symmetric balls
to origin-symmetric balls.
Moreover, the asymmetric operators IT;- +e,cgive rise to the strongest inequalities.
Theorem 3.9 (see [38]). Let € > 0,K € K,(C"), and C € K (C) be an asymmetric L, . zonoid. Then
(H1+e D1+€CK) < V(H1+e CK) = V(H1+e c )
for every A € [0,1]. If [1{, . cK # M7, K, equality holds in the left inequality if and only if A = % and equality

holds in the right inequality if and only if A = 1 or 4 = 0.
Proof. Let 0 < A < 1, from (1.4), (2.8), (2.17), and (2.18), we have
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MY K =T K F (1= A) - T7 oK, (3.12)

where multiplication is the dual L,,. scalar multiplication, i.e., A-K = /Tﬁl( . By the dual L,,. Brunn-
Minkowski inequality (2.22), we obtain
V(e cK) < V(I cK) (313)
with equality if and only if l'[;r ;*E‘CK and I1;. +E,CK are real dilates which is only possible if II{, . (K = I, ¢ oK. It
means that if I1f, . K # I17,. cK, the inequality (3.13) is strict for every 0 < A < 1 which completes the proof
of the right inequality.
It remains to prove the left inequality. By (2.20), (3.12), and (2.18), we have

V(N K) = L 2 da (u;)
1+€,C - n sn - pH%’:E,CK(uj) O_(u]
2n
Tte
L ] Z Aot () O 4 (1= Dprzy, )" 049) T do(w,)
The derivative of the function 1 = V(H1 reck) is given by

7" (15eck) =—1+6an Pt o W) (Pt e W)™ = iy o)1) dor () (3:14)

The continuous function A — V(H{1 :E K ) must attain a minimum on [0,1]. Moreover, (3.13) implies that the
points where this minimum is attained are contained in (0,1). If 1 is such a point, then

V(H1+e CK)|/1—Z =0
Thus, it follows from (3.14) and (2.19) that
‘* — Y7 I'* —‘*
V. (1+e€) (H1+e CK HI‘+E CK) - V—(1+6) (H1+6 CK’ H1+E,CK) (3-15)
By (2.20), (3.12), (2.19), (3.15), and the fact that 177 .(—=K) = —17", (K, we have
A% 7 A%
|4 (H1+E,CK) - V—(1+e) (H1+e CK l_[1+e CK)
* INY7 I_* —%
—(1+€) (H1+e CK HI‘+E c ) + (1 - A)V—(1+e) (H1+EJCK; H1+6,CK)
55y A% ANY7 I,* +,%
- AV (1+e€) (H1+e CK l_Il+eC ) + (1 - A)V—(1+e) (H1+E,CK' H1+E,CK)
= /1V_(1+e) (Hf-':e,CK' H:—fe,c(_K)) + (1 - Z)‘7—(1+e) (Hf-':e,CK' Hl_-fe,c(_K))
> e A
= V—(1+e) (H1+e CK H1+e,C(_K))
Z_*
- V (1+€) (H1+e CK l_Il+e,CK)

Using the dual L;,. Minkowski inequality (2.21), we conclude that leﬁ’ K is originsymmetric. By (3.13) and
(2.18), this is equivalent to

@1 1) (P, )™ = Py ()" *9) = 0

1+EC

Il
p )
<1

for every u; € S™. If I1f, . ¢ K # I1,cK, then H1+€CK # I} K. Thus, we must have 1= iwhich proves the

left inequality.
Proof of Theorem 1.2 (see [38]) Theorem 3.9 shows that Theorem 3.6 immediately gives Theorem 1.2.
The case A= % of Theorem 1.2 is the following complex L;,. Petty projection inequality.

Theorem 3.10. Let € > 0 and K € ¥, (C"). If C € F(C) is an asymmetric L, ;. zonoid, then

V)TV (yep, oK) < VB V(M tep,, cB)
If dimC = 1, equality holds if and only if K is an origin-symmetric ellipsoid. If dimC = 2, equality holds if and
only if K is an origin-symmetric Hermitian ellipsoid.

The case C = [0,1] of Theorem 1.2 is the general L, . Petty projection inequality which was established
by [10]. The case € = [0,1] and A = %of Theorem 1.2 is the L, . Petty projection inequality (see [21]), while the
L4 Petty projection inequality is the core of the sharp affine L,,. Sobolev inequality which is significantly
stronger than the classical L,,. Sobolev inequality (see [22,37]). Note that every origin symmetric convex body
in K (C) is a zonoid. Thus, Theorem 1.1 can be considered as the version of Theorem 3.10 for € = 0.
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IV.  The general complex L, . Busemann-Petty centroid inequality
It was shown in [21] that once the L, . Petty projection inequality is established, the L,,. Busemann-
Petty centroid inequality can be derived as an almost effortless consequence. We will show that this still holds
true in the complex vector space.
Lemma 4.1 (see [38]). Let € = 0,K € K,(C"), and C € K(C) be an asymmetric L,,. zonoid. If ¢ € G(1 +
€)(n, C€), then

2
Mfiec(9K) = |detdp|TrepM], . cK
Proof. From (1.5), (2.3), and the fact that ¢*Cu; = C(d)*uj), we obtain

hy+ C¢K(uj)1+€ = ZJ- Z hCuj(x)“edx = 2|det¢|2f Z hCuj(¢x)1+edx
1+€, SK ; K ;
= 2|det¢|2LZ h¢*Cuj(x)1+fdx = 2|det¢|2fKZ hc((p*uj)(x)“edx
J J

_ 2 e, \IFE _ 1+e
—Z det Phys, i (6°1) —Z SN
Hence, M, ¢ (#K) = |det[Treg M, oK.
Lemma 4.2 (see [38]). Let € > 0 and € € X(C) be an asymmetric L;,. zonoid. Then M{,  -maps origin-
symmetric balls to origin-symmetric balls.
Proof. For every origin-symmetric ball (1 + €)B with radius € > 0, we have

2(1 + e)2n+1+e
h \1+e — f f Z m 1+Ed d X
MI’+E_C((1+E)B)(uJ) n+14¢ sn Jst ( Cu] v] ) .u1+6,C(C) a(vj)

for all u; € S™. As similar as the proof of Lemma 3.2, we can show that M{, . - ((1 + €)B) is an origin-symmetric
ball.
Define M{,(K: = M{, 1)K Note that hio 31y () = (R[e ;- x])+, by the definition of M{ ¢ o1},

and (2.1), we have, for every u; € §?",

— 1+€ _ 1+€
o, W) = Ay, () = ZLZ hyo, 131y () Cdx = ZLZ (R[ My - x]), dx
i i

_ _ 1+
= ZJ;K Z (R[e ;- 1x])+ “dx = 2[1( Z (uj - x){edx = hMLeLK(uj)“E
j ]

Hence (M{, K = M{, (1K) which justifies M{, for MY, [ ;. More explicitly,
I Z (Rl - vV pi(v)) o ()

1+€ —
Pt e () T 2n+1+4¢€

Apply Lemma 4.1, Lemma 4.2, and the definition of M1+€‘C, we get
Lemma 4.3 [38]. Let e = 0,K € K,(C"), and C € K (C) be an asymmetric L, zonoid. If ¢ € G(1 + €)(n, C),
then

2
M{iec(¢K) = |detd[TrepM7, oK
Lemma 4.4 [38]. Let € > 0 and C € K (C) be an asymmetric L, . zonoid. Then M{lﬂ_c maps origin-symmetric
balls to origin-symmetric balls.
The following lemma provides a connection of l'[f‘ +ec and M{l+e,c in terms of mixed volumes and their

duals. For C € C we write C: = {C: ¢ € C}. Obviously, if C is an asymmetric Ly, zonoid, so is C.
Lemma 4.5 (see [38]). Lete = 0,K € K,(C™"), (K + ¢€) € §(C™), and C € K (C) be an asymmetric L. zonoid.
Then

Viee(K, Mo (K +€)) = Mt ite V_ee (K +€),1117, oK)

Proof. By (2.12), (1.6), (2.8), (1.5), Fubini's theorem, the sesquilinearity of the Hermitian inner product, (1.3),
(2.17), (2.18), (3.12), and (2.19), we obtain
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Vl+E(K: M{l.}.e,c(K + 6))
“an D Ay, @+ (1= Dy () *€dSy e (1)
N Jgn & Mivect™ Mitec+e) Yy 1+¢,k (Uj
J
2

T Zn(2n+lte)

2
+—
2n(2n+1+¢€)

L LD aten - oD e ™ s () w)dS e ()
sn Jsn Jg§ o
J
[ LD = n6ten - ooy iy e do()dS, e w)
sn Jsn Jg n
J

2 = € n €
= an Ln fle AR - ) DFPrre W)y 4e c(€)ASy e (1) do (V)

2
e sesl M| Z (1= DY, * N Pre ()i (51 () ()

2
=TT o D (PPrre ™ e ()00 4 (= Do ) ()09 do ()
J

2
S Nentlve, -0+ g (v,
2n(2n+1+¢) Ln Z Pic+e(V)) pl‘[’he'éx(v]) o(vj)

= 2n+1+e V (1+5)((K + E) l—Il+€ CK)
Corollary 4.6 (see [38]). Let € = 0 and € € K (C) be an asymmetric L1+E zonoid. Then

1+E 2
V(MiyecB)V (I oB) = (m) V(B)
Proof. Apply Lemma 3.8 and Lemma 4.4 to get

N, B =(1+€)B and M, (B = (1+26)B
1

2 )E Thus,

2n+1+e

where € > 0. Take K = (K + €) = B in Lemma 4.5 to conclude (1 + €)(1 + 2¢) = (

2n

T+e
V(MiyecB)V (N}, B) = (m) V(B)2.

Next, we introduce two abbreviations which contain all terms of the general complex L, .. Petty projection and
the general complex L, .. Busemann-Petty centroid inequality, respectively:

V(B)1+E V(H1+e ¢B)

V(YT V(N oK)

p1+e(C, K)

and

2n
V(K)‘E*V(MLMK)

bi1e(C,K) =
V(B) TV (ML, cB)

Note that the general complex L. Petty projection inequality is equivalent to p;,.(C, K) = 1, whereas
the general complex L, .. Busemann-Petty centroid inequality is equivalent to by, .(C,K) > 1.
Theorem 4.7 (see [38]). Let ¢ > 0,K € K,(C™), and C € K (C) be an asymmetric L, . zonoid. Then

b1+e(C K) 2 pl+e(cT M{l+e,CK)

with equality if and only if K and l'[1 e, cM1+e cK are real dilates.
Proof. By Corollary 4.6, it is enough to prove that

2n

-1
2
V(K) 1+6 V(M1+E CK) > (m) (V(M1+ECK)1+€ V(H1+€CM{1+€CK)> (41)

with equality if and only if K and n* M1+6CK are real dilates. From (2.10), Lemma 4.5, and the dual L,

Minkowski inequality (2.21), we get

1+EC

2
V(Mf+e,cK) = V1+e(M{1+e,cK: M1)1+e,cK) = —Zn +1+ v (1+e)(K H1+GCM{1+5 CK)
1+€
Zn
= 2n+1+ EV(K) V(H“EC 1+, CK) "

DOI: 10.35629/0743-12062033 www.questjournals.org 30 | Page



Application on A Complex Ly, Affine Isoperimetric Inequalities

with equality if and only if K and l'[1 reC
Proof of Theorem 1.3 [38]. Theorem 4.7 shows that Theorem 1.2 immediately implies Theorem 1.3.

M1+E cK are real dilates. Rearranging terms yields (4.1).

The case A = % of Theorem 1.3 is the following complex L, .. Busemann-Petty centroid inequality.
Theorem 4.8 [38]. Lete > 0,K € K,(C"), and C € ¥ (C) be an asymmetric L, zonoid. Then
2n 2n
VE) TV (Myyepy, oK) 2 VB) T+ V(Misep,, cB)
If dimC = 1, equality holds if and only if K is an origin-symmetric ellipsoid. If dim C = 2, equality holds if and

only if K is an origin-symmetric Hermitian ellipsoid.
The case C = [0,1] of Theorem 1.3 is the general L, . Busemann-Petty centroid inequality which was

established by [10]. The case C = [0,1] and A = éof Theorem 1.3 is the L, Busemann-Petty centroid inequality

which was established by [21] (see also [4]).
Indeed, Theorem 1.3 holds true for all star bodies.
Theorem 4.9 (see [38]). Let € > 0, (K +¢€) €ES(C"),and C € X (C) be an asymmetric Lq, . zonoid. Then
V(K + e)‘m‘lv(Mmc(K +e)) = V(B)‘m‘lv(Mmc ). (4.2)

If dimC = 1, equality holds if and only if (1 + €) is an origin-symmetric ellipsoid. If dimC = 2, equality holds
if and only if (K + e) is an origin-symmetric Hermitian ellipsoid.
Proof. Take K = M1+EC(K +€) in Theorem 1.2, get

V(g Mo c(K + e)) "> vy 2y (1, -B) V(M (K +€)) (4.3)
If dimC = 1, equality holds if and only if M1+e,c(K + €) is an origin-symmetric ellipsoid. If dimC = 2, equality

holds if and only if Mfﬂlc(l( + €) is an origin-symmetric Hermitian ellipsoid.
Take K = Mfﬂ c(K + €) in Lemma 4.5 and apply the dual L, . Minkowski inequality (2.21), get

—(1+e) 2n—(1+€)

2
V(Miyec(K +6) = mV o (K + ), T M (K +6€)) (44)
1+e
> mV(K + e) V(H1+ECM{1+€C(K +e)) (4.4)
with equality if and only if (K + €) and l'[1 e, CM1+ec(K + €) are real dilates. By (4.3), (4.4) and Corollary 4.6,

we have
VK + )T V(Mo (K +€) = V(B) 1+e‘1V(M1+EcB)
If equality holds in (4.2), then equalities must hold in (4.3) and (4.4). Since 1'[1 reC
implies that if dimC = 1, equality holds if and only if (K + €) is an origin-symmetric ellipsoid, and if dimC = 2,
equality holds if and only if (K + €) is an origin-symmetric Hermitian ellipsoid.
Moreover, the asymmetric operators MI—L+ ¢cprovide the strongest inequalities.
Theorem 4.10 (see [38]). Lete > 0, (K + €) € S(C"), and C € ¥ (C) be an asymmetric L, zonoid. Then

V(Misep, e (K +6) 2 V(Miyec(K +€) 2 V(MY (K +€))
IfM{,cc(K + €) # M. (K + €), equality holds in the left inequality if and only if A = 2 and equality holds in

the right inequality if and only if A = 1 or 4 = 0.
Proof. Let 0 < A < 1. Applying the L, Brunn-Minkowski inequality (2.14) to the representation (1.6), we
obtain

is linearly associating, this

V(Myec (K +€) 2 V(Miyec (K +6)), (4.5)
with equality if and only if M{, . - (K + €) and Mi, . ¢ (K + €) are real dilates which is only possible if M{, ¢ - (K +
€) = Miy¢c(K + €). It means that if M{, . - (K + €) # M7, (K + €) the inequality (4.5) is strict for every A €
(0,1) which completes the proof of the right inequality.
It remains to prove the left inequality. For fixed A, note that
V(M{lﬂ,c(l( + 6)) - Vl(M%+E,C(K + €), Mf+e,c(K + 6))

_1t M0 O ~ Ml e ) ds
gim) = ot
j

and
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V1(M1+ec(K + €), M1+ec(K + 6)) V(M1+e c(K + 6))

1 r < hM,11+E'C(K FOM) —hy W)
=— L > ds ;)

A— /T M/}+E,C(K+5)
From the uniform convergence of support functions and the weak convergence of surface area measures, we
deduce that the following limits
VIM{\cc(K +€) = Vi(Mfyec(K + ), My (K + €))

li = 4.6
Py 1-1 (4.6)
and
lim Vl(M1+E c(K+e),My c(K+e)— V(M1+ec(K +¢€)) 4.7)
A7 A—1 '
exist and are both equal to
9= 0 [, 2. Fiutco )] B0 49)
7
Using the L;,. Minkowski inequality (2. 13) for € = 0 in (4.6) and (4.7), respectlvely, shows that
2n—-1 2n
- . et V(M K+e 2" V(M K+e
g(A)SV(Mf+EC(K+E)) 2n thf ( 1+€C( )) ( 1+EC( ))
’ A=A i /1
and
1 _ 1
2n—1 2n A 2n
- - el V(M K+¢€))"—-vV(M K+e
g(l) > V(Mf_,_ec(K‘l' 6)) 2n lim sup ( 1+EC( )) ~( 1+€,C( ))
' -7 A=A
Thus, we obtain
1 1
2n-1 A 2n 1 2n
- - 2ol V(MoK + €))7 — V(Mo (K +6))
9 =V(Misec(K +€)) ™ lim ——= — : (4.9)

which implies that the function A = V(M. (K + €)) is differentiable at 1. By (4.8), (4.9), (1.6), and (2.8), we
get

d
V(MoK + ) f Z LN () LRI O

1
= —€ 1+€
N 1+¢€ .Ln Z hM%+e,C(K+E) (u]) hMi+e,C(K+5) (u])
j

- Z huy, . cxve) W) ASya, oo (w) (4.10)
The continuous funct;on Ao V(Mf+€_c(1 + 6)) must attain a maximum on [0,1]. Moreover, (4.5) implies that
the points where this maximum is attained are contained in (0,1). If 4 is such a point, then
TV +0)| =0
Thus, it follows from (4.10) and (2.12) that
V1+6(M1+e c(K+e)Mf (K +e)) = V1+6(M1+e c(K +€),Mi,cc(K +€)) (4.11)
By (2.10), (1.6), (2.8), (4.11), and the fact that M1+E_C( K) = —M{,. K, we have
V(M1+ec(K +e)= V1+<—:(M1+EC(K +e€), M1+€ c(K +6)
= /1V1+5(M1+e,C(K +6),Mfc(K+€)+(1— A)V1+5(M1+e c(K +€),Mi,cc(K +¢€))
= Wire(Misec (K + O Mo (K + ) + (1= DVise(Miyec (K + ), Miyc o (K + )
= V1+<—:(M1+EC(K +e€), M1+ec —(K +¢€)))
= V1+<—:(M1+EC(K +e€), M1+ec(K +6))

Using the L, . Minkowski inequality (2.13), we conclude that MIIH,C(K + €) is origin-symmetric. By (1.6) and
(2.8), this is equivalent to

(21 -1 (hMI—+e.c(uj)1+E - hMI+s,C(K+5) (uj)1+€) =0
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for every u; € S™. If Mg, (1 + €) # Mg, (1 + €), then we must have 1= %which proves the left inequality.

The classical Blaschke-Santalo inequality states (see [6,8,31] ): The product of the volumes of polar
convex bodies is maximized precisely by ellipsoids. Note that ((K — x) = tK — ix for every x € C" and «(K™) =
(tK)*. The classical Blaschke-Santal6 inequality induces the complex Blaschke-Santald inequality. Let K €
¥y (C™). Then

V(K)V(K®) < V(B)?
with equality if and only if K is an ellipsoid. Here, K* = (K — s5)" is the polar body of K with respect to the
Santal6 point s of K, i.e., the unique point s € intK which minimizes V((K — x)*) among all translates K — x,
for x € intK.

Applying Theorem 1.3 and the complex Blaschke-Santalé inequality, we can obtain the following
general complex L, . Blaschke-Santal6 inequality.

Corollary 4.11 [38]. Lete > 0,K € K,(C"), and C € K (C) be an asymmetric L, . zonoid. Then

2_n+1 As 2_n+1 As
VKTV (Mg cK) < V(B)T* V(M7 cB).
If dimC = 1, equality holds if and only if K is an origin-symmetric ellipsoid. If dimC = 2, equality holds if and
only if K is an origin-symmetric Hermitian ellipsoid.

The case C = [0,1] of Corollary 4.11 was established by Haberl and Schuster [10]. The case 4 = % and
C = [0,1] of Corollary 4.11 was established by Lutwak and Zhang [26]. Note that M. +ef0,1]K = K as € - oo,

Thus, the classical Blaschke-Santalo inequality can be obtained as a limiting case of Corollary 4.11 for A = 1 and
¢ =1[01].

References
[1]J. Abardia, A. Bernig, Projection bodies in complex vector spaces, Adv. Math. 227 (2) (2011) 830-846.
[2] E.D. Bolker, A class of convex bodies, Trans. Am. Math. Soc. 145 (1969) 323-345.
[3]17. Bourgain, J. Lindenstrauss, Projection bodies, in: Geometric Aspects of Functional Analysis (1986/87), 1988, pp. 250-270.
[4] S. Campi, P. Gronchi, The L,-Busemann-Petty centroid inequality, Adv. Math. 167 (1) (2002) 128-141.
[5] W.J. Firey, p-mean of convex bodies, Math. Scand. 10 (1962) 17-24.
[6] R.J. Gardner, Geometric Tomography, second edition, Encyclopedia of Mathematics and Its Applications, vol. 58, Cambridge University
Press, Cambridge, 2006.
[7] E. Grinberg, G. Zhang, Convolutions, transforms, and convex bodies, Proc. Lond. Math. Soc. 78 (1) (1999) 77-115.
[8] P.M. Gruber, Convex and Discrete Geometry, Springer, Berlin, 2007.
[9] C. Haberl, Complex affine isoperimetric inequalities, Calc. Var. Partial Differ. Equ. 58 (2019) 169.
[10] C. Haberl, F. Schuster, General L,, affine isoperimetric inequalities, J. Differ. Geom. 83 (2009) 1-26.
[11]J. Haddad, C.H. Jiménez, M. Montenegro, Sharp affine Sobolev type inequalities via the L, Busemann-Petty centroid inequality, J.
Funct. Anal. 271 (2016) 454-473.
[12] A. Koldobsky, Fourier Analysis in Convex Geometry, Mathematical Surveys and Monographs, vol. 116, American Mathematical
Society, Providence, RI, 2005.
[13] K. Leichtweiss, Affine Geometry of Convex Bodies, J. A. Barth, Heidelberg, 1998.

M. Ludwig, Minkowski valuations, Trans. Am. Math. Soc. 357 (2005) 4191-4213.

. Lutwak, A general isepiphanic inequality, Proc. Am. Math. Soc. 90 (3) (1984) 415-421.

. Lutwak, On some affine isoperimetric inequalities, J. Differ. Geom. 23 (1986) 1-13.

. Lutwak, Centroid bodies and dual mixed volumes, Proc. Lond. Math. Soc. 60 (1990) 365-391.

. Lutwak, The Brunn-Minkowski-Firey theory. I. Mixed volumes and the Minkowski problem, J. Differ. Geom. 38 (1993) 131-150.
. Lutwak, The Brunn-Minkowski-Firey theory II: affine and geominimal surface areas, Adv. Math. 118 (1996) 244-294.

. Lutwak, D. Yang, G. Zhang, L,, affine isoperimetric inequalities, J. Differ. Geom. 56 (2000) 111-132.

. Lutwak, D. Yang, G. Zhang, Sharp affine L,, Sobolev inequalities, J. Differ. Geom. 62 (2002) 17-38.

. Lutwak, D. Yang, G. Zhang, Moment-entropy inequalities, Ann. Probab. 32 (1B) (2004) 757-774.

. Lutwak, D. Yang, G. Zhang, Orlicz centroid bodies, J. Differ. Geom. 84 (2010) 365-387.

. Lutwak, D. Yang, G. Zhang, Orlicz projection bodies, Adv. Math. 223 (2010) 220-242.

6] E. Lutwak, G. Zhang, Blaschke-Santal6 inequalities, J. Differ. Geom. 47 (1997) 1-16.

27] V.H. Nguyen, New approach to the affine Polya-Szegé principle and the stability version of the affine Sobolev inequality, Adv. Math.
302 (2016) 1080-1110.

[28] C.M. Petty, Centroid surfaces, Pac. J. Math. 11 (1961) 1535-1547.

[29] C.M. Petty, Projection bodies, in: Proc. Coll. Convexity, Copenhagen, 1965, Kebenhavns Univ. Mat. Inst., 1967, pp. 234-241.

[30] C.M. Petty, Isoperimetric problems, in: Proceedings of the Conference on Convexity and Combinatorial Geometry, Univ. Oklahoma,
Norman, Okla., 1971, 1971, pp. 26-41.

[31] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, second expanded edition, Cambridge Univ. Press, Cambridge, 2014.
[32] R. Schneider, W. Weil, Zonoids and related topics, in: Convexity and Its Applications, 1983, pp. 296-317.

[33] C. Steineder, Subword complexity and projection bodies, Adv. Math. 217 (5) (2008) 2377-2400.

[34] A.C. Thompson, Minkowski Geometry, Encyclopedia of Mathematics and Its Applications, vol. 63, Cambridge University Press,
Cambridge, 1996.

[35] M. Weberndorfer, Shadow systems of asymmetric L,, zonotopes, Adv. Math. 240 (2013) 613-635.

] V. Yaskin, M. Yaskina, Centroid bodies and comparison of volumes, Indiana Univ. Math. J. 55 (2006) 1175-1194.

1 G. Zhang, The affine Sobolev inequality, J. Differ. Geom. 53 (1999) 183-202.

] Wei Wangx, Lijuan Liu, Complex L,, affine isoperimetric inequalities, Advances in Applied Mathematics 122 (2021), 1-26.

jesliesBiesMiesliesMesMesMesMesMes!

DOI: 10.35629/0743-12062033 www.questjournals.org 33 | Page




    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


  𝒦  (  ℂ  n )


   ℂ  n


  K ∈ 𝒦  (  ℂ  n )


   h  K :  ℂ  n → ℝ


    h  K ( x ) = max { ℜ [ x ⋅ y ] } : y ∈ K }


   ℂ  n


  ℜ [ x ⋅ y ]


  x ⋅ y


  B


    𝕊  n


   ℂ  n


  K ∈ 𝒦  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


   Π  C K


      h  (  Π  C K ,   u  j ) = n   V 1 ( K , C   u  j ) =  1 2   ∫    𝕊  n       ∑  j    h  C   u  j (   v  j ) d   S  K (   v  j ) # ( 1 . 1 )


    u  j ∈   𝕊  n


  C   u  j = { c   u  j : c ∈ C } ,   V 1 ( K , C   u  j )


  K


  C   u  j


    S  K


  K


  K ∈ 𝒦  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


  V ( K  )  2 n − 1 V  (  Π  C ∗ K ) ≤ V ( B  )  2 n − 1 V  (  Π  C ∗ B ) .


  dim C = 1


  K


  dim C = 2


  K


  V


  ( 2 n )


   Π  C ∗ K


   Π  C K


  0 ⋅ ∞ = 0


  C = [ − 1 , 1 ]


   Π  [ − 1 , 1 ]


  Π


    S  n − 1


   ℝ  n


  K


   ℝ  n


  Π K


  K


   h  Π K (   u  j ) = vol  ( K ∣   u  j ⊥ ) ,   u  j ∈   S  n − 1


  vol  ( K ∣   u  j ⊥ )


  n − 1


  K


    u  j


   ℝ 2


    L  1 + 𝜖


  K ⊂  ℝ  n


  𝜖 ≥ 0


    L  1 + 𝜖


   Z  1 + 𝜖 K


   h    Z  1 + 𝜖 K (   u  j  )  1 + 𝜖 =   ∫    S  n − 1     ∑  j   |   u  j ⋅   v  j  |  1 + 𝜖 d   𝜇  1 + 𝜖 , K (   v  j )


    u  j ∈   S  n − 1


    𝜇  1 + 𝜖 , K


    S  n − 1


    L 1


    L  1 + 𝜖


    L  1 + 𝜖


   Z  1 + 𝜖 + K


   h   Z  1 + 𝜖 + K (   u  j  )  1 + 𝜖 =   ∫    S  n − 1     ∑  j   (   u  j ⋅   v  j  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , K (   v  j )


    u  j ∈   S  n − 1


  (   u  j ⋅   v  j  ) + = max {   u  j ⋅   v  j , 0 }


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


    𝜇  1 + 𝜖 , C


    𝕊 1


       h  C (   u  j  )  1 + 𝜖 =   ∫    𝕊 1       ∑  j   ( ℜ [   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C (   v  j ) # ( 1 . 2 )


    u  j ∈   𝕊 1


   h  C   u  j (   v  j ) =  h  C (   u  j ⋅   v  j )


    u  j ,   v  j ∈   𝕊  n


   ℂ  n


   h  C   u  j (   v  j  )  1 + 𝜖 =   ∫    𝕊 1     ∑  j   ( ℜ [ c ⋅ (   u  j ⋅   v  j ) ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) =   ∫    𝕊 1     ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c )


    u  j ,   v  j ∈   𝕊  n


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


    𝒦  o  (  ℂ  n )


   ℂ  n


  𝜖 ≥ 0 , K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


    L  1 + 𝜖


   Π  1 + 𝜖 , C + K


       h   Π  1 + 𝜖 , C + K (   u  j  )  1 + 𝜖 = 2 n   V  1 + 𝜖 ( K , C   u  j ) =   ∫    𝕊  n       ∫    𝕊 1       ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d   S  1 + 𝜖 , K (   v  j ) # ( 1 . 3 )


    u  j ∈   𝕊  n


    S  1 + 𝜖 , K


    L  1 + 𝜖


  K


    𝕊  n


   h   Π  1 + 𝜖 , C + K


  C = [ 0 , 1 ]


   Π  1 + 𝜖 , C +


    L  1 + 𝜖


   Π  1 + 𝜖 +


  𝜖 ≥ 0 , K , ( K + 𝜖 ) ∈   𝒦  o  (  ℂ  n )


  𝜖 ≥ 0


    L  1 + 𝜖


  ( 1 + 𝜖 ) ⋅ K +     1 + 𝜖 ( 1 + 2 𝜖 ) ⋅ ( K + 𝜖 )


   h  1 + 𝜖 ⋅ K +     1 + 𝜖 ( 1 + 2 𝜖 ) ⋅ ( K + 𝜖 )  1 + 𝜖 = ( 1 + 𝜖 )  h  K  1 + 𝜖 + ( 1 + 2 𝜖 )  h  K + 𝜖  1 + 𝜖 ,


    L  1 + 𝜖


  ( 1 + 𝜖 ) ⋅ K =   ( 1 + 𝜖 )   1  1 + 𝜖 K


    L  1 + 𝜖


   Π  1 + 𝜖 , C  𝜆 K


       Π  1 + 𝜖 , C  𝜆 K = 𝜆 ⋅  Π  1 + 𝜖 , C + K  +  1 + 𝜖 ( 1 − 𝜆 ) ⋅  Π  1 + 𝜖 , C − K # ( 1 . 4 )


  𝜆 ∈ [ 0 , 1 ]


   Π  1 + 𝜖 , C − K =  Π  1 + 𝜖 , C + ( − K )


   Π  1 + 𝜖 , C 1 K =  Π  1 + 𝜖 , C + K    and     Π  1 + 𝜖 , C 0 K =  Π  1 + 𝜖 , C − K .


   D  1 + 𝜖 C


    L  1 + 𝜖


  C


   D  1 + 𝜖 C = C  +  1 + 𝜖 ( − C )


    h   D  1 + 𝜖 C (   u  j  )  1 + 𝜖 =   ∫    𝕊 1       ∑  j   ∣ ℜ [   u  j ⋅   v  j ] )      |  1 + 𝜖 d   𝜇  1 + 𝜖 , C (   v  j )


   D  1 + 𝜖 C


    L  1 + 𝜖


    L  1 + 𝜖


   Π  1 + 𝜖 ,  D  1 + 𝜖 C K


   Π  1 + 𝜖 ,  D  1 + 𝜖 C K : =  Π  1 + 𝜖 , C   1 2 K =  1 2 ⋅  Π  1 + 𝜖 , C + K +     1 + 𝜖  1 2 ⋅  Π  1 + 𝜖 , C − K .


  K


   Π  1 + 𝜖 , C  𝜆 K =  Π  1 + 𝜖 ,  D  1 + 𝜖 C K


  𝜆 ∈ [ 0 , 1 ]


    L  1 + 𝜖


   Π  1 + 𝜖 , C  𝜆 K


   Π  1 + 𝜖 , C  𝜆 , ∗ K


  𝜖 > 0


  K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  dim C ≥ 1


  V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K ) ≤ V ( B  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  𝜆 , ∗ B )


  𝜆 ∈ [ 0 , 1 ]


  C = 1


  K


  dim C = 2


  K


  𝜆 =  1 2


    L  1 + 𝜖


  K ∈   𝒦  o  (  ℂ  n )


  V  (  Π  1 + 𝜖 ,  D  1 + 𝜖 C ∗ K ) ≤ V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K ) ≤ V  (  Π  1 + 𝜖 , C  ± , ∗ K ) .


   Π  1 + 𝜖 , C + K ≠  Π  1 + 𝜖 , C − K


  𝜆 =  1 2 , 𝜆 = 1


  𝜆 = 0


    L  1 + 𝜖


   Π  1 + 𝜖 , C ±


  C ∈ 𝒦 ( ℂ )


  K ∈ 𝒦  (  ℂ  n )


   M  C K


   h   M  C K (   u  j ) =   ∫  K     ∑  j    h  C   u  j ( x ) d x


    u  j ∈   𝕊  n


   M  [ − 1 , 1 ]


  K ⊂  ℝ  n


  M K


   h MK (   u  j ) =   ∫  K     ∑  j   |   u  j ⋅ x | d x ,   u  j ∈   S  n − 1


  K


  Γ K : = V ( K  )  − 1 M K


  [ 6 , 7 , 17 , 18 , 21 , 24 , 36 ]


    L  1 + 𝜖


    L  1 + 𝜖


  𝜖 ≥ 0 , K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


    L  1 + 𝜖


   M  1 + 𝜖 , C + K


      h   M  1 + 𝜖 , C + K (   u  j  )  1 + 𝜖     = 2   ∫  K       ∑  j    h  C   u  j ( x  )  1 + 𝜖 d x                                                                                                      


  =  2  2 n + 1 + 𝜖   ∫    𝕊  n       ∫    𝕊 1       ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖   𝜌  K (   v  j  )  2 n + 1 + 𝜖 d   𝜇  1 + 𝜖 , C  ( c ) d 𝜎  (   v  j )       ( 1 . 5 )


  =  2  2 n + 1 + 𝜖   ∫    𝕊  n       ∫    𝕊 1       ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖   𝜌  K (   v  j  )  2 n + 1 + 𝜖 d   𝜇  1 + 𝜖 , C  ( c ) d 𝜎  (   v  j )       ( 1 . 5 )


    u  j ∈   𝕊  n


   h   M  1 + 𝜖 , C + K


    L  1 + 𝜖


   M  1 + 𝜖 , C  𝜆 K


       M  1 + 𝜖 , C  𝜆 K = 𝜆 ⋅  M  1 + 𝜖 , C + K  +  1 + 𝜖 ( 1 − 𝜆 ) ⋅  M  1 + 𝜖 , C − K # ( 1 . 6 )


  𝜆 ∈ [ 0 , 1 ]


   M  1 + 𝜖 , C − K =  M  1 + 𝜖 , C + ( − K )


   M  1 + 𝜖 , C 1 K =  M  1 + 𝜖 , C + K    and     M  1 + 𝜖 , C 0 K =  M  1 + 𝜖 , C − K ,


   M  1 + 𝜖 ,  D  1 + 𝜖 C K : =  M  1 + 𝜖 , C   1 2 K =  1 2 ⋅  M  1 + 𝜖 , C + K +     1 + 𝜖  1 2 ⋅  M  1 + 𝜖 , C − K ,


    L  1 + 𝜖


  K


  K


   M  1 + 𝜖 , C  𝜆 K =  M  1 + 𝜖 ,  D  1 + 𝜖 C K


  𝜆 ∈ [ 0 , 1 ]


    L  1 + 𝜖


  𝜖 > 0


  K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  dim C ≥ 1


  V ( K  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 K ) ≥ V ( B  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 B )


  𝜆 ∈ [ 0 , 1 ]


  C = 1


  K


  dim C = 2


  K


  𝜆 =  1 2


    L  1 + 𝜖


  K ∈   𝒦  o  (  ℂ  n )


  V  (  M  1 + 𝜖 ,  D  1 + 𝜖 C K ) ≥ V  (  M  1 + 𝜖 , C  𝜆 K ) ≥ V  (  M  1 + 𝜖 , C ± K ) .


   M  1 + 𝜖 , C + K ≠  M  1 + 𝜖 , C − K


  𝜆 =  1 2 , 𝜆 = 1


  𝜆 = 0


   M  1 + 𝜖 , C ±


    L  1 + 𝜖


  C = { 0 }


   Π  1 + 𝜖 , C  𝜆 K =  M  1 + 𝜖 , C  𝜆 K = { 0 }


  K ∈   𝒦  o  (  ℂ  n )


  𝜆 ∈ [ 0 , 1 ]


  dim C > 0


  c ∈ ℂ


    c ‾


  | c |


  𝜙 ∈  ℂ  m × n


    𝜙 ∗


  𝜙


   ℂ  n


  x ⋅ y =   x ∗ y


  x , y ∈  ℂ  n


  B


   { c ∈  ℂ  n : c ⋅ c ≤ 1 }


    𝕊  n


  𝜄


   ℂ  n


   ℝ  2 n


  𝜄 ( c ) =  ( ℜ  [   c 1 ] , … , ℜ  [   c  n ] , ℑ  [   c 1 ] , … , ℑ  [   c  n ] ) ,   c ∈  ℂ  n ,


  ℜ , ℑ


      ℜ [ x ⋅ y ] = 𝜄 x ⋅ 𝜄 y # ( 2 . 1 )


  x , y ∈  ℂ  n


   ℝ  2 n


  𝜙 ∈ GL ( n , ℂ )


  𝜙 = ℜ [ 𝜙 ] + i ℑ [ 𝜙 ]


  ℝ [ 𝜙 ] =  (    ℜ [ 𝜙 ]  − ℑ [ 𝜙 ]   ℑ [ 𝜙 ]  ℜ [ 𝜙 ] )


      | det 𝜙  | 2 = | det ℝ [ 𝜙 ] |    and    𝜄 ( 𝜙 x ) = ℝ [ 𝜙 ] 𝜄 x . # ( 2 . 2 )


  V ( K )


  K


  2 n


  𝜄 K


  V ( K ) : = V ( 𝜄 K )


      V ( 𝜙 K ) = | det 𝜙  | 2 V ( K ) # ( 2 . 3 )


  𝜙 ∈ GL ( n , ℂ )


  V ( c K ) = | c  |  2 n V ( K )


  c ∈ ℂ


  𝜄


  K


   h  K :  ℂ  n → ℝ


       h  K ( x ) = max { ℜ [ x ⋅ y ] : y ∈ K } . # ( 2 . 4 )


       h  K =  h  𝜄 K ∘ 𝜄 , # ( 2 . 5 )


   h  𝜄 K


   h  K + 𝜖 ( x ) = max { x ⋅ y : y ∈ ( K + 𝜖 ) }


  ( K + 𝜖 ) ∈  ℝ  2 n


  x ∈  ℝ  2 n


  𝜆 ≥ 0


       h  𝜆 K = 𝜆  h  K # ( 2 . 6 )


  𝜙 ∈ GL ( n , ℂ )


       h  𝜙 K =  h  K ∘   𝜙 ∗ # ( 2 . 7 )


  𝜔 ⊂   𝕊  n


  K ∈ 𝒦  (  ℂ  n ) ,   S  K


    S  K ( 𝜔 ) =  ℋ  2 n − 1  ( 𝜄  { x ∈ K : ∃   u  j ∈ 𝜔  with  ℜ [ x ⋅   u  j ] =  h  K (   u  j ) } ) ,


   ℋ  2 n − 1


  2 n − 1


   ℝ  2 n


  𝜖 ≥ 0 , K , ( K + 𝜖 ) ∈   𝒦  o  (  ℂ  n )


  𝜖 ≥ 0


    L  1 + 𝜖


  ( 1 + 𝜖 ) ⋅ K +     1 + 𝜖 ( 1 + 2 𝜖 ) ⋅ ( K + 𝜖 )


       h   ( 1 + 𝜖 ) ⋅ K + 1 + 𝜖  1 + 𝜖 ( 1 + 2 𝜖 ) ⋅ ( K + 𝜖 ) = ( 1 + 𝜖 )  h  K  1 + 𝜖 + ( 1 + 2 𝜖 )  h  K + 𝜖  1 + 𝜖 , # ( 2 . 8 )


  ( 1 + 𝜖 ) ⋅ K =   ( 1 + 𝜖 )   1  1 + 𝜖 K


    L  1 + 𝜖


    V  1 + 𝜖 ( K , K + 𝜖 )


    2 n  1 + 𝜖   V  1 + 𝜖 ( K , K + 𝜖 ) =  lim  𝜀 →  0 +     V  ( K  +  1 + 𝜖 𝜀 ⋅ ( K + 𝜖 ) ) − V ( K )  𝜀 .


  𝜄 K  +  1 + 𝜖 𝜀 ⋅ 𝜄 ( K + 𝜖 ) = 𝜄  ( K  +  1 + 𝜖 𝜀 ⋅ ( K + 𝜖 ) )


        V  1 + 𝜖 ( K , K + 𝜖 ) =   V  1 + 𝜖 ( 𝜄 K , 𝜄 ( K + 𝜖 ) ) # ( 2 . 9 )


    V  1 + 𝜖 ( 𝜄 K , 𝜄 ( K + 𝜖 ) )


    L  1 + 𝜖


   ℝ  2 n


        V  1 + 𝜖 ( K , K ) = V ( K ) # ( 2 . 10 )


  𝜙 K +     1 + 𝜖 𝜀 ⋅ 𝜙 ( K + 𝜖 ) = 𝜙  ( K +     1 + 𝜖 𝜀 ⋅ ( K + 𝜖 ) )


  𝜙 ∈ GL ( n , ℂ )


        V  1 + 𝜖 ( 𝜙 K , 𝜙 ( K + 𝜖 ) ) = | det 𝜙  | 2   V  1 + 𝜖 ( K , K + 𝜖 ) # ( 2 . 11 )


    L  1 + 𝜖


    L  1 + 𝜖


  𝜄


    L  1 + 𝜖


    V  1 + 𝜖 ( K , K + 𝜖 )


        V  1 + 𝜖 ( K , K + 𝜖 ) =  1  2 n   ∫    𝕊  n      h  K + 𝜖  1 + 𝜖 d   S  1 + 𝜖 , K # ( 2 . 12 )


    S  1 + 𝜖 , K


    L  1 + 𝜖


  K


    𝕊  n


    S  K


    d   S  1 + 𝜖 , K  d   S  K =  h  K  − 𝜖


    L  1 + 𝜖


  𝜖 ≥ 0


  K , ( K + 𝜖 ) ∈   𝒦 0  (  ℂ  n )


        V  1 + 𝜖 ( K , K + 𝜖 ) ≥ V ( K  )    2 n − ( 1 + 𝜖 )  2 n V ( K + 𝜖  )    1 + 𝜖  2 n # ( 2 . 13 )


  𝜖 = 0


    L 1


  K


  ( K + 𝜖 )


  𝜖 > 0


  K


  ( K + 𝜖 )


    L  1 + 𝜖


    L  1 + 𝜖


  𝜖 ≥ 0


  K , ( K + 𝜖 ) ∈   𝒦 0  (  ℂ  n )


      V    ( K +     1 + 𝜖 ( K + 𝜖 ) )    1 + 𝜖  2 n ≥ V ( K  )    1 + 𝜖  2 n + V ( K + 𝜖  )    1 + 𝜖  2 n # ( 2 . 14 )


  𝜖 = 0


    L 1


  K


  ( K + 𝜖 )


  𝜖 > 0


  K


  ( K + 𝜖 )


  M ⊂  ℂ  n


    M ∗


    M ∗ =  { x ∈  ℂ  n : ℜ [ x ⋅ y ] ≤ 1  for all  y ∈ M }


      ( 𝜙 M  ) ∗ =   𝜙  − ∗   M ∗ # ( 2 . 15 )


  𝜆 > 0


      ( 𝜆 M  ) ∗ =   𝜆  − 1   M ∗ # ( 2 . 16 )


    𝜌  K :  ℂ  n ∖ { 0 } → [ 0 , + ∞ )


  K ⊂  ℂ  n


    𝜌  K ( x ) = max { 𝜆 ≥ 0 : 𝜆 x ∈ K }


  K ∈   𝒦  o  (  ℂ  n )


    K ∗ ∈   𝒦  o  (  ℂ  n )


   {  ℂ  n } ∖ { 0 }


        𝜌    K ∗ =  h  K  − 1 # ( 2 . 17 )


    𝜌  K


  K


  𝒮  (  ℂ  n )


   ℂ  n


  𝜖 ≥ 0


  K , ( K + 𝜖 ) ∈ 𝒮  (  ℂ  n )


  𝜖 ≥ 0


    L  1 + 𝜖


  ( 1 + 𝜖 ) ⋅ K    + ~  1 + 𝜖 ( 1 + 2 𝜖 ) ⋅ ( K + 𝜖 )


        𝜌  ( 1 + 𝜖 ) ⋅ K    + ˜  1 + 𝜖 ( 1 + 2 𝜖 ) ⋅ ( K + 𝜖 )  − ( 1 + 𝜖 ) = ( 1 + 𝜖 )   𝜌  K  −  ( 1 + 𝜖 ) + ( 1 + 2 𝜖 )   𝜌  ( 1 + 𝜖 )  − ( 1 + 𝜖 ) # ( 2 . 18 )


  ( 1 + 𝜖 ) ⋅ K =   ( 1 + 𝜖 )  −  1  1 + 𝜖 K


    L  1 + 𝜖


      V ~  − ( 1 + 𝜖 ) ( K , K + 𝜖 )


  −   2 n  1 + 𝜖     V ~  − ( 1 + 𝜖 ) ( K , K + 𝜖 ) =  lim  𝜀 →  0 +     V  ( K    + ~  1 + 𝜖 𝜀 ⋅ ( K + 𝜖 ) ) − V ( K )  𝜀


          V ~  − ( 1 + 𝜖 ) ( K , K + 𝜖 ) =  1  2 n   ∫    𝕊  n       𝜌  K  2 n + 1 + 𝜖   𝜌  K + 𝜖  − ( 1 + 𝜖 ) d 𝜎 # ( 2 . 19 )


  𝜎


    𝜄  − 1


   ℋ  2 n − 1


  2 n − 1


      V ( K ) =     V ~  − ( 1 + 𝜖 ) ( K , K ) =  1  2 n   ∫    𝕊  n       𝜌  K  2 n d 𝜎 # ( 2 . 20 )


    L  1 + 𝜖


  𝜖 ≥ 0


  K , ( K + 𝜖 ) ∈ 𝒮  (  ℂ  n )


          V ~  − ( 1 + 𝜖 ) ( K , K + 𝜖 ) ≥ V ( K  )    2 n + 1 + 𝜖  2 n V ( K + 𝜖  )  −   1 + 𝜖  2 n # ( 2 . 21 )


  K


  ( K + 𝜖 )


    L  1 + 𝜖


    L  1 + 𝜖


  𝜖 ≥ 0


  K , ( K + 𝜖 ) ∈ 𝒮  (  ℂ  n )


      V    ( K    + ~  1 + 𝜖 ( K + 𝜖 ) )  −   1 + 𝜖  2 n ≥ V ( K  )  −   1 + 𝜖  2 n + V ( K + 𝜖  )  −   1 + 𝜖  2 n # ( 2 . 22 )


  K


  ( K + 𝜖 )


  K ∈ 𝒦  (  ℂ  n )


  𝜙 ∈ GL ( 2 n , ℝ )


  K =  { x ∈  ℂ  n : 𝜄 x ⋅ 𝜙 𝜄 x ≤ 1 }


  K


  K


  K =  { x ∈  ℂ  n : x ⋅ 𝜙 x ≤ 1 }


  𝜙 ∈ GL ( n , ℂ )


  K


  K = 𝜓 B


  𝜓 ∈ GL ( n , ℂ )


  K ∈   𝒦 0  (  ℂ  n )


  K


  c K = K


  c ∈   𝕊 1


  ℑ [ c ] ≠ 0


    𝑳  1 + 𝜖


    L  1 + 𝜖


   Π  1 + 𝜖 +


  GL ( n , ℝ )


   Π  1 + 𝜖 , C +


  GL ( n , ℂ )


  𝜖 ≥ 0 , K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  𝜙 ∈ G ( 1 + 𝜖 ) ( n , ℂ )


   Π  1 + 𝜖 , C + ( 𝜙 K ) = | det 𝜙  |   2  1 + 𝜖   𝜙  − ∗  Π  1 + 𝜖 , C + K .


    𝜙  − 1 C   u  j = C   𝜙  − 1   u  j


      h   Π  1 + 𝜖 , C + 𝜙 K (   u  j  )  1 + 𝜖    = 2 n   V  1 + 𝜖 ( 𝜙 K , C   u  j ) = | det 𝜙  | 2 2 n   V  1 + 𝜖  ( K ,   𝜙  − 1 C   u  j )      = | det 𝜙  | 2  h   Π  1 + 𝜖 , C + K    (   𝜙  − 1   u  j )  1 + 𝜖 =  h  | det 𝜙  |   2  1 + 𝜖   𝜙  − ∗  Π  1 + 𝜖 , C + K (   u  j  )  1 + 𝜖 ,


    u  j ∈   𝕊  n


  𝜖 ≥ 0


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


   Π  1 + 𝜖 , C +


    S  1 + 𝜖 , ( 1 + 𝜖 ) B =   ( 1 + 𝜖 )  − 𝜖   S  ( 1 + 𝜖 ) B =   ( 1 + 𝜖 )  2 n − ( 1 + 𝜖 ) 𝜎


  𝜖 ≥ 0


       h   Π  1 + 𝜖 , C + ( ( 1 + 𝜖 ) B ) (   u  j  )  1 + 𝜖 =   ( 1 + 𝜖 )  2 n − ( 1 + 𝜖 )   ∫    𝕊  n       ∫    𝕊 1       ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d 𝜎 # ( 3 . 1 )


    u  j ∈   𝕊  n


    (   u  j ) 0 ∈   𝕊  n


    u  j ∈   𝕊  n


    𝜙    u  j ∈ SU ( n )


    𝜙    u  j   (   u  j ) 0 =   u  j


  C   u  j =   𝜙    u  j C   (   u  j ) 0


   h   Π  1 + 𝜖 , C + ( ( 1 + 𝜖 ) B ) (   u  j  )  1 + 𝜖 =   ( 1 + 𝜖 )  2 n − ( 1 + 𝜖 )   ∫    𝕊  n     ∫    𝕊 1     ∑  j      ( ℜ  [ c   (   u  j ) 0 ⋅   𝜙    u  j ∗   v  j ] ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d 𝜎


  𝜎


  SU ( n )


  dim C > 0


    u  j


   Π  1 + 𝜖 , C + ( ( 1 + 𝜖 ) B )


  𝜖 ≥ 0


   Π  1 + 𝜖 + K : =  Π  1 + 𝜖 , [ 0 , 1 ] + K


   Π  1 + 𝜖 , [ 0 , 1 ] +


   h   Π  1 + 𝜖 + K (   u  j  )  1 + 𝜖 = 2 n   V  1 + 𝜖 ( K , [ 0 , 1 ]   u  j ) = 2 n   V  1 + 𝜖 ( 𝜄 K , [ 0 , 1 ] 𝜄   u  j ) =  h   Π  1 + 𝜖 + ( 𝜄 K ) ( 𝜄   u  j  )  1 + 𝜖


    u  j ∈   𝕊  n


      𝜄  Π  1 + 𝜖 + K =  Π  1 + 𝜖 + ( 𝜄 K ) # ( 3 . 2 )


   Π  1 + 𝜖 +


   Π  1 + 𝜖 , [ 0 , 1 ] +


   h  [ 0 , 1 ]   u  j (   v  j ) = ( ℜ [   u  j ⋅   v  j ]  ) +


    u  j ∈   𝕊  n


       h   Π  1 + 𝜖 + K (   u  j  )  1 + 𝜖 =   ∫    𝕊  n       ∑  j   ( ℜ [   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   S  1 + 𝜖 , K (   v  j ) # ( 3 . 3 )


    L  1 + 𝜖


   Π  1 + 𝜖 , C +


    L  1 + 𝜖


   Π  1 + 𝜖 +


  𝜖 ≥ 0


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


    u  j ∈   𝕊  n


  K ∈   𝒦 0  (  ℂ  n )


       h   Π  1 + 𝜖 , C + K (   u  j  )  1 + 𝜖 =   ∫    𝕊 1       ∑  j    h    c ‾  Π  1 + 𝜖 + K (   u  j  )  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) # ( 3 . 4 )


   |   𝜇  1 + 𝜖 , C | =   𝜇  1 + 𝜖 , C  (   𝕊 1 ) =    (   V  (  Π  1 + 𝜖  + , ∗ B )  V  (  Π  1 + 𝜖 , C  + , ∗ B ) )    1 + 𝜖  2 n


      h   Π  1 + 𝜖 , C + K (   u  j  )  1 + 𝜖    =   ∫    𝕊  n       ∫    𝕊 1       ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d   S  1 + 𝜖 , K (   v  j ) =   ∫    𝕊 1       ∫    𝕊  n       ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   S  1 + 𝜖 , K (   v  j ) d   𝜇  1 + 𝜖 , C ( c )      =   ∫    𝕊 1       ∑  j    h   Π  1 + 𝜖 + K ( c   u  j  )  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) =   ∫    𝕊 1     ∑  j      h      c ‾  1 + 𝜖 + K (   u  j  )  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c )


   |   𝜇  1 + 𝜖 , C |


   Π  1 + 𝜖 + B


   h    c ‾  Π  1 + 𝜖 + B =  h   Π  1 + 𝜖 + B


  c ∈   𝕊 1


  K = B


   Π  1 + 𝜖 , C + B =    |   𝜇  1 + 𝜖 , C |   1  1 + 𝜖  Π  1 + 𝜖 + B


   Π  1 + 𝜖 , C  + , ∗ B =    |   𝜇  1 + 𝜖 , C |  −  1  1 + 𝜖  Π  1 + 𝜖  + , ∗ B


   Π  1 + 𝜖 , C  + , ∗ K


   Π  1 + 𝜖  + , ∗ K


  𝜖 > 0


  K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


      V  (  Π  1 + 𝜖 , C  + , ∗ K ) ≤    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 V  (  Π  1 + 𝜖  + , ∗ K ) , # ( 3 . 5 )


  d ∈   𝕊 1


    c ‾  Π  1 + 𝜖 + K = d  Π  1 + 𝜖 + K


    𝜇  1 + 𝜖 ,   C −


  c ∈   𝕊 1


  V  (   c ‾  Π  1 + 𝜖  + , ∗ K ) = V  (  Π  1 + 𝜖  + , ∗ K )


  c ∈   𝕊 1


     V  (  Π  1 + 𝜖 , C  + , ∗ K )    =  1  2 n   ∫    𝕊  n     ∑  j      h   Π  1 + 𝜖 , C + K (   u  j  )  − 2 n d 𝜎 (   u  j )      =      |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖  2 n   ∫    𝕊  n        [  1   |   𝜇  1 + 𝜖 , C |   ∫    𝕊 1       ∑  j    h    c ‾  Π  1 + 𝜖 + K (   u  j  )  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) ]  −   2 n  1 + 𝜖 d 𝜎 (   u  j )      ≤      |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 − 1  2 n   ∫    𝕊  n       ∫    𝕊 1     ∑  j      h    c ‾  Π  1 + 𝜖 + K (   u  j  )  − 2 n d   𝜇  1 + 𝜖 , C ( c ) d 𝜎 (   u  j )      =      |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 − 1  2 n   ∫    𝕊 1       ∫    𝕊  n       ∑  j    h    c ‾  Π  1 + 𝜖 + K (   u  j  )  − 2 n d 𝜎 (   u  j ) d   𝜇  1 + 𝜖 , C ( c )      =    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 − 1   ∫    𝕊 1     V  (   c ‾  Π  1 + 𝜖  + , ∗ K ) d   𝜇  1 + 𝜖 , C ( c )      =    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 − 1   ∫    𝕊 1     V  (  Π  1 + 𝜖  + , ∗ K ) d   𝜇  1 + 𝜖 , C ( c )      =    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 V  (  Π  1 + 𝜖  + , ∗ K )


  K ∈   𝒦 0  (  ℂ  n )


     ∀   u  j ∈   𝕊  n : c ↦  h    c ‾  Π  1 + 𝜖 + K  (   u  j )  is constant    𝜇  1 + 𝜖 , C -almost everywhere   ⇔   ∃   c 0 ∈   𝕊 1 :   c ‾  Π  1 + 𝜖 + K =     c ‾ 0  Π  1 + 𝜖 + K    for    𝜇  1 + 𝜖 , C -almost every  c ∈   𝕊 1                                             ( 3 . 6 )


    u  j ∈   𝕊  n


    c    u  j ∈   𝕊 1


    N    u  j ⊂   𝕊 1


        𝜇  1 + 𝜖 , C  (   N    u  j ) = 0  and   h    c ‾  Π  1 + 𝜖 + K (   u  j ) =  h      c ‾    u  j  Π  1 + 𝜖 + K (   u  j )  for all  c ∈   N    u  j  c . # ( 3 . 7 )


    u  j ∈   𝕊  n


  ( 1 + 2 𝜖 ) ∈ supp  (   𝜇  1 + 𝜖 , C )


  ( 1 + 2 𝜖 )


    𝜇  1 + 𝜖 , C


    N    u  j  c


     (   b  k )  k ∈ ℕ


    b  k ∈   N    u  j  c


    b  k → b


  c ↦  h    c ‾  Π  1 + 𝜖 K (   u  j )


   h    b ‾  Π  1 + 𝜖 + K (   u  j ) =  lim  k → ∞    h      b ‾  k  Π  1 + 𝜖 + K (   u  j ) =  h      c ‾    u  j  Π  1 + 𝜖 + K (   u  j ) =  h    c ‾  Π  1 + 𝜖 + K (   u  j )


  c ∈   N    u  j  c


  C


    c 0 ∈ supp  (   𝜇  1 + 𝜖 , C )


    N    u  j  c ≠ ∅


    u  j ∈   𝕊  n


  c ∈ supp  (   𝜇  1 + 𝜖 , C )


   h    c ‾  Π  1 + 𝜖 + K (   u  j ) =  h      c ‾ 0  Π  1 + 𝜖 + K (   u  j )


    𝜇  1 + 𝜖 , C  ( supp    (   𝜇  1 + 𝜖 , C )  c ) = 0


    u  j ∈   𝕊  n


  c ↦  h    c ‾  Π  1 + 𝜖 + K (   u  j )


    𝜇  1 + 𝜖 , C


    c 0 ∈   𝕊 1


    c ‾  Π  1 + 𝜖 + K =     c ‾ 0  Π  1 + 𝜖 + K


    𝜇  1 + 𝜖 , C


  c


  d : =     c ‾ 0


    L  1 + 𝜖


  𝜖 > 0


  K ⊂  ℝ  2 n


  V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖  + , ∗ K ) ≤ V ( 𝜄 B  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖  + , ∗ 𝜄 B )


  K


    L  1 + 𝜖


  𝜖 > 0 , K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


      V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  + , ∗ K ) ≤ V ( B  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  + , ∗ B ) . # ( 3 . 8 )


  dim C = 1


  K


  dim C =


  K


  ∘ 𝜄 = 𝜄  ∘ ∗


      𝜄  Π  1 + 𝜖  + , ∗ K =  Π  1 + 𝜖  + , ∗ 𝜄 K . # ( 3 . 9 )


     V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  + , ∗ K )    ≤    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖  + , ∗ K )      =    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 V ( 𝜄 K  )    2 n  1 + 𝜖 − 1 V  ( 𝜄  Π  1 + 𝜖  + , ∗ K )      =    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 V ( 𝜄 K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖  + , ∗ 𝜄 K )      ≤    |   𝜇  1 + 𝜖 , C |  −   2 n  1 + 𝜖 V ( B  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖  + , ∗ B )


   |   𝜇  1 + 𝜖 , C | =    (   V  (  Π  1 + 𝜖  + , ∗ B )  V  (  Π  1 + 𝜖 , C  + , ∗ B ) )    1 + 𝜖  2 n


  d ∈   𝕊 1


    c ‾  Π  1 + 𝜖 + K = d  Π  1 + 𝜖 + K


    𝜇  1 + 𝜖 , C


  c ∈   𝕊 1


  K


   Π  1 + 𝜖 + K


  dim C = 1


  C


   [ 0 ,   c 0 ]


    c 0 ∈ ℂ ∖ { 0 }


    𝜇  1 + 𝜖 , C


  C


    𝜇  1 + 𝜖 , C =      |   c 0 |  1 + 𝜖 2  (   𝛿  −  ⟨   c 0 ⟩ +   𝛿   ⟨   c 0 ⟩ ) ,


  𝛿


   ⟨   c 0 ⟩ : =   c 0    |   c 0 |  − 1


    c 0


   Π  1 + 𝜖 + K


  −    ⟨   c 0 ⟩ ¯  Π  1 + 𝜖 + K =    ⟨   c 0 ⟩ ¯  Π  1 + 𝜖 + K


  dim C = 1


  K


  dim C = 2


   Π  1 + 𝜖 +


  K


   Π  1 + 𝜖 + K


  K


  d ∈   𝕊 1


  N ⊂   𝕊 1


    𝜇  1 + 𝜖 , C ( N ) = 0


    c ‾  Π  1 + 𝜖 + K = d  Π  1 + 𝜖 + K


  c ∈   N  c


  dim C = 2 ,   N  c


    c 0 ,   c 1 ∈   N  c


    c 0 ≠ −   c 1


      c ‾ 0  Π  1 + 𝜖 + K =     c ‾ 1  Π  1 + 𝜖 + K


      c ‾ 0


      c ‾ 1


  c : =     c ‾ 0     c ‾ 1  − 1


  c  Π  1 + 𝜖 + K =  Π  1 + 𝜖 + K  where  c ∈   𝕊 1  with  ℑ [ c ] ≠ 0 .


   Π  1 + 𝜖 + K


  𝜓 ∈ GL ( n , ℂ )


       Π  1 + 𝜖 + K = 𝜓 B # ( 3 . 10 )


  K = ( 1 + 𝜖 ) 𝜙 B


  𝜖 ≥ 0


  𝜙 ∈ SL ( 2 n , ℝ )


       Π  1 + 𝜖 + K =  Π  1 + 𝜖 + ( ( 1 + 𝜖 ) 𝜙 B ) =   ( 1 + 𝜖 )    2 n − ( 1 + 𝜖 )  1 + 𝜖   𝜙  − t  Π  1 + 𝜖 + B =   r  1 + 𝜖   ( 1 + 𝜖 )    2 n − ( 1 + 𝜖 )  1 + 𝜖   𝜙  − t B , # ( 3 . 11 )


    r  1 + 𝜖 > 0


   Π  1 + 𝜖 + B =   r  1 + 𝜖 B


  𝜙 =   r  1 + 𝜖   ( 1 + 𝜖 )    2 n − ( 1 + 𝜖 )  1 + 𝜖   𝜓  − t 𝜃


  𝜃 ∈ SU ( n )


  K =   r  1 + 𝜖   ( 1 + 𝜖 )    2 n  1 + 𝜖   𝜓  − t 𝜃 B =   r  1 + 𝜖   ( 1 + 𝜖 )    2 n  1 + 𝜖   𝜓  − t B


  K


    L  1 + 𝜖


   Π  1 + 𝜖 , C  𝜆


  𝜖 ≥ 0 , K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  𝜙 ∈ G ( 1 + 𝜖 ) ( n , ℂ )


   Π  1 + 𝜖 , C  𝜆 ( 𝜙 K ) = | det 𝜙  |   2  1 + 𝜖   𝜙  − ∗  Π  1 + 𝜖 , C  𝜆 K


  𝜖 ≥ 0


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


   Π  1 + 𝜖 , C  𝜆


   Π  1 + 𝜖 , C ±


  𝜖 > 0 , K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  V  (  Π  1 + 𝜖 ,  D  1 + 𝜖 C ∗ K ) ≤ V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K ) ≤ V  (  Π  1 + 𝜖 , C  ± , ∗ K )


  𝜆 ∈ [ 0 , 1 ]


   Π  1 + 𝜖 , C + K ≠  Π  1 + 𝜖 , C − K


  𝜆 =  1 2


  𝜆 = 1


  𝜆 = 0


  0 < 𝜆 < 1


       Π  1 + 𝜖 , C  𝜆 , ∗ K = 𝜆 ⋅  Π  1 + 𝜖 , C  + , ∗ K    + ~  1 + 𝜖 ( 1 − 𝜆 ) ⋅  Π  1 + 𝜖 , C  − , ∗ K , # ( 3 . 12 )


    L  1 + 𝜖


  𝜆 ⋅ K =   𝜆  −  1  1 + 𝜖 K


    L  1 + 𝜖


      V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K ) ≤ V  (  Π  1 + 𝜖 , C  ± , ∗ K ) # ( 3 . 13 )


   Π  1 + 𝜖 , C  + , ∗ K


   Π  1 + 𝜖 , C  − , ∗ K


   Π  1 + 𝜖 , C + K =  Π  1 + 𝜖 , C − K


   Π  1 + 𝜖 , C + K ≠  Π  1 + 𝜖 , C − K


  0 < 𝜆 < 1


     V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K )    =  1  2 n   ∫    𝕊  n       ∑  j     𝜌   Π  1 + 𝜖 , C  𝜆 , ∗ K (   u  j  )  2 n d 𝜎 (   u  j )      =  1  2 n   ∫    𝕊  n       ∑  j      ( 𝜆   𝜌   Π  1 + 𝜖 , C  + , ∗ K (   u  j  )  − ( 1 + 𝜖 ) + ( 1 − 𝜆 )   𝜌   Π  1 + 𝜖 , C  − , ∗ K (   u  j  )  − ( 1 + 𝜖 ) )  −   2 n  1 + 𝜖 d 𝜎 (   u  j )


  𝜆 ↦ V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K )


        𝜕  𝜕 𝜆 V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K ) = −  1  1 + 𝜖   ∫    𝕊  n     ∑  j       𝜌   Π  1 + 𝜖 , C  𝜆 , ∗ K (   u  j  )  2 n + 1 + 𝜖  (   𝜌   Π  1 + 𝜖 , C  + , ∗ K (   u  j  )  − ( 1 + 𝜖 ) −   𝜌   Π  1 + 𝜖 , C  − , ∗ K (   u  j  )  − ( 1 + 𝜖 ) ) d 𝜎 (   u  j ) # ( 3 . 14 )


  𝜆 ↦ V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K )


  [ 0 , 1 ]


    𝜆 ~


       𝜕  𝜕 𝜆 V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K ) |  𝜆 =   𝜆 ~ = 0


          V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  + , ∗ K ) =     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  − , ∗ K ) # ( 3 . 15 )


   Π  1 + 𝜖 , C    𝜆 ~ , ∗ ( − K ) = −  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K


     V  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K )    =     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K )      =   𝜆 ~     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  + , ∗ K ) + ( 1 −   𝜆 ~ )     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  − , ∗ K )      =   𝜆 ~     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  − , ∗ K ) + ( 1 −   𝜆 ~ )     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  + , ∗ K )      =   𝜆 ~     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  + , ∗ ( − K ) ) + ( 1 −   𝜆 ~ )     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C  − , ∗ ( − K ) )      =     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K ,  Π  1 + 𝜖 , C    𝜆 ~ , ∗ ( − K ) )      =     V ~  − ( 1 + 𝜖 )  (  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K , −  Π  1 + 𝜖 , C    𝜆 ~ , ∗ K )


    L  1 + 𝜖


   Π  1 + 𝜖 ,     C    𝜆 ~ K


  ( 2   𝜆 ~ − 1 )  (   𝜌   Π  1 + 𝜖 , C  + , ∗ K (   u  j  )  − ( 1 + 𝜖 ) −   𝜌   Π  1 + 𝜖 , C  − , ∗ K (   u  j  )  − ( 1 + 𝜖 ) ) = 0


    u  j ∈   𝕊  n


   Π  1 + 𝜖 , C + K ≠  Π  1 + 𝜖 , C − K


   Π  1 + 𝜖 , C  + , ∗ K ≠  Π  1 + 𝜖 , C  − , ∗ K


    𝜆 ˜ =  1 2


  𝜆 =  1 2


    L  1 + 𝜖


  𝜖 > 0


  K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 ,  D  1 + 𝜖 C ∗ K ) ≤ V ( B  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 ,  D  1 + 𝜖 C ∗ B )


  dim C = 1


  K


  dim C =


  K


  C = [ 0 , 1 ]


    L  1 + 𝜖


  C = [ 0 , 1 ]


  𝜆 =  1 2


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


  𝒦 ( ℂ )


  𝜖 = 0


    𝑳  1 + 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


  𝜖 ≥ 0 , K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  𝜙 ∈ G ( 1 + 𝜖 ) ( n , ℂ )


   M  1 + 𝜖 , C + ( 𝜙 K ) = | det 𝜙  |   2  1 + 𝜖 𝜙  M  1 + 𝜖 , C + K


    𝜙 ∗ C   u  j = C  (   𝜙 ∗   u  j )


      h   M  1 + 𝜖 , C + 𝜙 K (   u  j  )  1 + 𝜖    = 2   ∫  𝜙 K     ∑  j      h  C   u  j ( x  )  1 + 𝜖 d x = 2 | det 𝜙  | 2   ∫  K     ∑  j      h  C   u  j ( 𝜙 x  )  1 + 𝜖 d x      = 2 | det 𝜙  | 2   ∫  K     ∑  j      h    𝜙 ∗ C   u  j ( x  )  1 + 𝜖 d x = 2 | det 𝜙  | 2   ∫  K     ∑  j      h  C  (   𝜙 ∗   u  j ) ( x  )  1 + 𝜖 d x      =   ∑  j   | det 𝜙  | 2  h   M  1 + 𝜖 , C + K    (   𝜙 ∗   u  j )  1 + 𝜖 =   ∑  j    h  | det 𝜙  |   2  1 + 𝜖 𝜙  M  1 + 𝜖 , C + K (   u  j  )  1 + 𝜖


   M  1 + 𝜖 , C + ( 𝜙 K ) = | det 𝜙  |   2  1 + 𝜖 𝜙  M  1 + 𝜖 , C + K


  𝜖 ≥ 0


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


   M  1 + 𝜖 , C +


  ( 1 + 𝜖 ) B


  𝜖 ≥ 0


   h   M  1 + 𝜖 , C + ( ( 1 + 𝜖 ) B ) (   u  j  )  1 + 𝜖 =   2   ( 1 + 𝜖 )  2 n + 1 + 𝜖  2 n + 1 + 𝜖   ∫    𝕊  n     ∫    𝕊 1     ∑  j   ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d 𝜎 (   v  j )


    u  j ∈   𝕊  n


   M  1 + 𝜖 , C + ( ( 1 + 𝜖 ) B )


   M  1 + 𝜖 + K : =  M  1 + 𝜖 , [ 0 , 1 ] + K


   h  [ 0 , 1 ]   𝜄  − 1   u  j ( x ) =    ( ℜ  [   𝜄  − 1   u  j ⋅ x ] ) +


   M  1 + 𝜖 , [ 0 , 1 ] +


    u  j ∈   𝕊  2 n


      h  𝜄  M  1 + 𝜖 + K (   u  j  )  1 + 𝜖    =  h   M  1 + 𝜖 + K    (   𝜄  − 1   u  j )  1 + 𝜖 = 2   ∫  K       ∑  j    h  [ 0 , 1 ]   𝜄  − 1   u  j ( x  )  1 + 𝜖 d x = 2   ∫  K       ∑  j      ( ℜ  [   𝜄  − 1   u  j ⋅ x ] ) +  1 + 𝜖 d x      = 2   ∫  𝜄 K       ∑  j      ( ℜ  [   𝜄  − 1   u  j ⋅   𝜄  − 1 x ] ) +  1 + 𝜖 d x = 2   ∫  𝜄 K       ∑  j   (   u  j ⋅ x  ) +  1 + 𝜖 d x =  h   M  1 + 𝜖 + 𝜄 K (   u  j  )  1 + 𝜖


  𝜄  M  1 + 𝜖 + K =  M  1 + 𝜖 + ( 𝜄 K )


   M  1 + 𝜖 +


   M  1 + 𝜖 , [ 0 , 1 ] +


   h   M  1 + 𝜖 + K (   u  j  )  1 + 𝜖 =  2  2 n + 1 + 𝜖   ∫    𝕊  n     ∑  j   ( ℜ [   u  j ⋅   v  j ]  ) +  1 + 𝜖   𝜌  K (   v  j  )  2 n + 1 + 𝜖 d 𝜎 (   v  j )


   M  1 + 𝜖 , C  𝜆


  𝜖 ≥ 0 , K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  𝜙 ∈ G ( 1 + 𝜖 ) ( n , ℂ )


   M  1 + 𝜖 , C  𝜆 ( 𝜙 K ) = | det 𝜙  |   2  1 + 𝜖 𝜙  M  1 + 𝜖 , C  𝜆 K


  𝜖 ≥ 0


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


   M  1 + 𝜖 , C  𝜆


   Π  1 + 𝜖 ,   C ‾  𝜆


   M  1 + 𝜖 , C  𝜆


  C ∈ ℂ


    C ‾ : = {   c ‾ : c ∈ C }


  C


    L  1 + 𝜖


    C ‾


  𝜖 ≥ 0 , K ∈   𝒦 0  (  ℂ  n ) , ( K + 𝜖 ) ∈ 𝒮  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


    V  1 + 𝜖  ( K ,  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) =  2  2 n + 1 + 𝜖     V ~  − ( 1 + 𝜖 )  ( ( K + 𝜖 ) ,  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ K )


        V  1 + 𝜖  ( K ,  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )      =  1  2 n   ∫    𝕊  n       ∑  j   𝜆  h   M  1 + 𝜖 , C + (   u  j  )  1 + 𝜖 + ( 1 − 𝜆 )  h   M  1 + 𝜖 , C − ( 1 + 𝜖 ) (   u  j  )  1 + 𝜖 d   S  1 + 𝜖 , K (   u  j )      =  2  2 n ( 2 n + 1 + 𝜖 )   ∫    𝕊  n       ∫    𝕊  n       ∫    𝕊 1       ∑  j   𝜆 ( ℜ [ c   u  j ⋅   v  j ]  ) +  1 + 𝜖   𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d 𝜎 (   v  j ) d   S  1 + 𝜖 , K (   u  j )      +  2  2 n ( 2 n + 1 + 𝜖 )   ∫    𝕊  n       ∫    𝕊  n       ∫    𝕊 1       ∑  j   ( 1 − 𝜆 ) ( ℜ [ c   u  j ⋅   v  j ]  ) −  1 + 𝜖   𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d 𝜎 (   v  j ) d   S  1 + 𝜖 , K (   u  j )      =  2  2 n ( 2 n + 1 + 𝜖 )   ∫    𝕊  n       ∫    𝕊  n       ∫    𝕊 1       ∑  j   𝜆 ( ℜ [   u  j ⋅ (   c ‾   v  j ) ]  ) +  1 + 𝜖   𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d   S  1 + 𝜖 , K (   u  j ) d 𝜎 (   v  j )      +  2  2 n ( 2 n + 1 + 𝜖 )   ∫    𝕊  n       ∫    𝕊  n       ∫    𝕊 1     ∑  j     ( 1 − 𝜆 ) ( ℜ [   u  j ⋅ (   c ‾   v  j ) ]  ) −  1 + 𝜖   𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖 d   𝜇  1 + 𝜖 , C ( c ) d   S  1 + 𝜖 , K (   u  j ) d 𝜎 (   v  j )      =  2  2 n ( 2 n + 1 + 𝜖 )   ∫    𝕊  n       ∑  j    ( 𝜆   𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖   𝜌   Π  1 + 𝜖 ,   C ‾  + , ∗ K (   v  j  )  − ( 1 + 𝜖 ) + ( 1 − 𝜆 )   𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖   𝜌   Π  1 + 𝜖 ,   C ‾  − , ∗ K (   v  j  )  − ( 1 + 𝜖 ) ) d 𝜎 (   v  j )      =  2  2 n ( 2 n + 1 + 𝜖 )   ∫    𝕊  n       ∑  j     𝜌  K + 𝜖 (   v  j  )  2 n + 1 + 𝜖   𝜌   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ K (   v  j  )  − ( 1 + 𝜖 ) d 𝜎 (   v  j )      =  2  2 n + 1 + 𝜖     V ~  − ( 1 + 𝜖 )  ( ( K + 𝜖 ) ,  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ K ) .


  𝜖 ≥ 0


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  V  (  M  1 + 𝜖 , C  𝜆 B ) V  (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ B ) =    (  2  2 n + 1 + 𝜖 )   1  1 + 𝜖 V ( B  ) 2


   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ B = ( 1 + 𝜖 ) B    and     M  1 + 𝜖 , C  𝜆 B = ( 1 + 2 𝜖 ) B


  𝜖 ≥ 0


  K = ( K + 𝜖 ) = B


  ( 1 + 𝜖 ) ( 1 + 2 𝜖 ) =    (  2  2 n + 1 + 𝜖 )   1  1 + 𝜖


  V  (  M  1 + 𝜖 , C  𝜆 B ) V  (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ B ) =    (  2  2 n + 1 + 𝜖 )    2 n  1 + 𝜖 V ( B  ) 2 .


    L  1 + 𝜖


    L  1 + 𝜖


   p  1 + 𝜖 ( C , K ) =   V ( B  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  𝜆 , ∗ B )  V ( K  )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 , C  𝜆 , ∗ K )


   b  1 + 𝜖 ( C , K ) =   V ( K  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 K )  V ( B  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 B )


    L  1 + 𝜖


   p  1 + 𝜖 ( C , K ) ≥ 1


    L  1 + 𝜖


   b  1 + 𝜖 ( C , K ) ≥ 1


  𝜖 > 0 , K ∈   𝒦 0  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


    b  1 + 𝜖 ( C , K ) ≥  p  1 + 𝜖  (   C ‾ ,  M  1 + 𝜖 , C  𝜆 K )


  K


   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 K


      V ( K  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 K ) ≥    (  2  2 n + 1 + 𝜖 )    2 n  1 + 𝜖    ( V    (  M  1 + 𝜖 , C  𝜆 K )    2 n  1 + 𝜖 − 1 V  (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 K ) )  − 1 # ( 4 . 1 )


  K


   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 K


    L  1 + 𝜖


     V  (  M  1 + 𝜖 , C  𝜆 K )    =   V  1 + 𝜖  (  M  1 + 𝜖 , C  𝜆 K ,  M  1 + 𝜖 , C  𝜆 K ) =  2  2 n + 1 + 𝜖     V ~  − ( 1 + 𝜖 )  ( K ,  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 K )      ≥  2  2 n + 1 + 𝜖 V ( K  )    2 n + 1 + 𝜖  2 n V    (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 K )  −   1 + 𝜖  2 n


  K


   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 K


  𝜆 =  1 2


    L  1 + 𝜖


  𝜖 > 0 , K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  V ( K  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 ,  D  1 + 𝜖 C K ) ≥ V ( B  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 ,  D  1 + 𝜖 C B )


  dim C = 1


  K


  C = 2


  K


  C = [ 0 , 1 ]


    L  1 + 𝜖


  C = [ 0 , 1 ]


  𝜆 =  1 2


    L  1 + 𝜖


  𝜖 > 0 , ( K + 𝜖 ) ∈ 𝒮  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


      V ( K + 𝜖  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) ≥ V ( B  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 B ) . # ( 4 . 2 )


  dim C = 1


  ( 1 + 𝜖 )


  dim C = 2


  ( K + 𝜖 )


  K =  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )


      V    (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )  − ( 1 + 𝜖 ) ≥ V ( B  )  1 + 𝜖 − 2 n V    (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗ B )  − ( 1 + 𝜖 ) V    (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )  2 n − ( 1 + 𝜖 ) # ( 4 . 3 )


  dim C = 1


   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )


  dim C = 2


   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )


  K =  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )


    L  1 + 𝜖


      V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )   =  2  2 n + 1 + 𝜖     V ~  − ( 1 + 𝜖 )  ( ( K + 𝜖 ) ,  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) # ( 4 . 4 )      ≥  2  2 n + 1 + 𝜖 V ( K + 𝜖  )    2 n + 1 + 𝜖  2 n V    (  Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )  −   1 + 𝜖  2 n # ( 4 . 4 )


  ( K + 𝜖 )


   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )


  V ( K + 𝜖  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) ≥ V ( B  )  −   2 n  1 + 𝜖 − 1 V  (  M  1 + 𝜖 , C  𝜆 B ) .


   Π  1 + 𝜖 ,   C ‾  𝜆 , ∗


  dim C = 1


  ( K + 𝜖 )


  dim C = 2


  ( K + 𝜖 )


   M  1 + 𝜖 , C ±


  𝜖 > 0 , ( K + 𝜖 ) ∈ 𝒮  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  V  (  M  1 + 𝜖 ,  D  1 + 𝜖 C ( K + 𝜖 ) ) ≥ V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) ≥ V  (  M  1 + 𝜖 , C ± ( K + 𝜖 ) )


   M  1 + 𝜖 , C + ( K + 𝜖 ) ≠  M  1 + 𝜖 , C − ( K + 𝜖 )


  𝜆 =  1 2


  𝜆 = 1


  𝜆 = 0


  0 < 𝜆 < 1


    L  1 + 𝜖


      V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) ≥ V  (  M  1 + 𝜖 , C ± ( K + 𝜖 ) ) , # ( 4 . 5 )


   M  1 + 𝜖 , C + ( K + 𝜖 )


   M  1 + 𝜖 , C − ( K + 𝜖 )


   M  1 + 𝜖 , C + ( K + 𝜖 ) =  M  1 + 𝜖 , C − ( K + 𝜖 )


   M  1 + 𝜖 , C + ( K + 𝜖 ) ≠  M  1 + 𝜖 , C − ( K + 𝜖 )


  𝜆 ∈ ( 0 , 1 )


    𝜆 ~


    V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) −   V 1  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ,  M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) )  𝜆 −   𝜆 ~ =  1  2 n   ∫    𝕊  n     ∑  j      h   M  1 + 𝜖 , C  𝜆 ( 1 + 𝜖 ) (   u  j ) −  h   M  1 + 𝜖 , C    𝜆 ˜ ( 1 + 𝜖 ) (   u  j )  𝜆 −   𝜆 ~ d   S   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j )


      V 1  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) − V  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )  𝜆 −   𝜆 ~ =  1  2 n   ∫    𝕊  n     ∑  j      h   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j ) −  h   M  1 + 𝜖    𝜆 ˜ , C (   u  j )  𝜆 −   𝜆 ~ d   S   M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) (   u  j )


       lim  𝜆 →   𝜆 ~     V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) −   V 1  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ,  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )  𝜆 −   𝜆 ~ # ( 4 . 6 )


       lim  𝜆 →   𝜆 ~       V 1  (  M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) ,  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) − V  (  M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) )  𝜆 −   𝜆 ~ # ( 4 . 7 )


      g (   𝜆 ~ ) : =     1  2 n   ∫    𝕊  n     ∑  j       𝜕  𝜕 𝜆  h   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j ) |    𝜆 ~ d   S   M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) (   u  j ) # ( 4 . 8 )


    L  1 + 𝜖


  𝜖 = 0


  g (   𝜆 ~ ) ≤ V    (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )    2 n − 1  2 n   lim   inf  𝜆 →   𝜆 ~     V    (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )   1  2 n − V    (  M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) )   1  2 n  𝜆 −   𝜆 ~


  g (   𝜆 ~ ) ≥ V    (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )    2 n − 1  2 n   lim   sup  𝜆 →   𝜆 ~     V    (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )   1  2 n − V    (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )   1  2 n  𝜆 −   𝜆 ~


      g (   𝜆 ~ ) = V    (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )    2 n − 1  2 n  lim  𝜆 →   𝜆 ~     V    (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )   1  2 n − V    (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )   1  2 n  𝜆 −   𝜆 ~ , # ( 4 . 9 )


  𝜆 ↦ V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )


    𝜆 ~


       𝜕  𝜕 𝜆 V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) )     =   ∫    𝕊  n     ∑  j       𝜕  𝜕 𝜆  h   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j ) d   S   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j )                                                                                                                    


  =  1  1 + 𝜖   ∫    𝕊  n       ∑  j    h   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j  )  − 𝜖  (  h   M  1 + 𝜖 , C + ( K + 𝜖 ) (   u  j  )  1 + 𝜖 −   ∑  j    h   M  1 + 𝜖 , C − ( K + 𝜖 ) (   u  j  )  1 + 𝜖 ) d   S   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )  (   u  j )           ( 4 . 10 )


  =  1  1 + 𝜖   ∫    𝕊  n       ∑  j    h   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) (   u  j  )  − 𝜖  (  h   M  1 + 𝜖 , C + ( K + 𝜖 ) (   u  j  )  1 + 𝜖 −   ∑  j    h   M  1 + 𝜖 , C − ( K + 𝜖 ) (   u  j  )  1 + 𝜖 ) d   S   M  1 + 𝜖 , C  𝜆 ( K + 𝜖 )  (   u  j )           ( 4 . 10 )


  𝜆 ↦ V  (  M  1 + 𝜖 , C  𝜆 ( 1 + 𝜖 ) )


  ( 0 , 1 )


    𝜆 ~


       𝜕  𝜕 𝜆 V  (  M  1 + 𝜖 , C  𝜆 ( K + 𝜖 ) ) |  𝜆 =   𝜆 ~ = 0


        V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) ,  M  1 + 𝜖 , C + ( K + 𝜖 ) ) =   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ˜ ( K + 𝜖 ) ,  M  1 + 𝜖 , C − ( K + 𝜖 ) ) # ( 4 . 11 )


   M  1 + 𝜖 , C    𝜆 ~ ( − K ) = −  M  1 + 𝜖 , C    𝜆 ~ K


     V  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )    =   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )      =   𝜆 ~   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C + ( K + 𝜖 ) ) + ( 1 −   𝜆 ~ )   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C − ( K + 𝜖 ) )      =   𝜆 ~   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C − ( K + 𝜖 ) ) + ( 1 −   𝜆 ~ )   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C + ( K + 𝜖 ) )      =   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) ,  M  1 + 𝜖 , C    𝜆 ~ ( − ( K + 𝜖 ) ) )      =   V  1 + 𝜖  (  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) , −  M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 ) )


    L  1 + 𝜖


   M  1 + 𝜖 , C    𝜆 ~ ( K + 𝜖 )


  ( 2   𝜆 ~ − 1 )  (  h   M  1 + 𝜖 , C + (   u  j  )  1 + 𝜖 −  h   M  1 + 𝜖 , C − ( K + 𝜖 ) (   u  j  )  1 + 𝜖 ) = 0


    u  j ∈   𝕊  n


   M  K + 𝜖 , C + ( 1 + 𝜖 ) ≠  M  K + 𝜖 , C − ( 1 + 𝜖 )


    𝜆 ~ =  1 2


  [ 6 , 8 , 31 ]


  𝜄 ( K − x ) = 𝜄 K − 𝜄 x


  x ∈  ℂ  n


  𝜄  (   K ∗ ) = ( 𝜄 K  ) ∗


  K ∈   𝒦 0  (  ℂ  n )


  V ( K ) V  (   K  s ) ≤ V ( B  ) 2


  K


    K  s = ( K − s  ) ∗


  K


  s


  K


  s ∈ int K


  V  ( ( K − x  ) ∗ )


  K − x


  x ∈ int K


    L  1 + 𝜖


  𝜖 > 0 , K ∈   𝒦  o  (  ℂ  n )


  C ∈ 𝒦 ( ℂ )


    L  1 + 𝜖


  V ( K  )    2 n  1 + 𝜖 + 1 V  (  M  1 + 𝜖 , C  𝜆 , s K ) ≤ V ( B  )    2 n  1 + 𝜖 + 1 V  (  M  1 + 𝜖 , C  𝜆 , s B ) .


  dim C = 1


  K


  dim C =


  K


  C = [ 0 , 1 ]


  𝜆 =  1 2


  C = [ 0 , 1 ]


   M  1 + 𝜖 , [ 0 , 1 ] + K → K


  𝜖 → ∞


  𝜆 = 1


  C = [ 0 , 1 ]


    L  p


    L  p


    L  p


    L  p


    L  p


    L  p


    L  p

