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Abstract 

Given 𝐿 a convex body, the 𝐿1+𝜖-Busemann Random Simplex Inequality is closely related to the centroid body 

𝛤1+𝜖𝐿 for 𝜖 = 0 and 1, and only in these cases it can be proved using the 𝐿1+𝜖 -Busemann-Petty centroid 

inequality. J. Haddad [49] define a convex body 𝑁1+𝜖𝐿 and prove an isoperimetric inequality for (𝑁1+𝜖𝐿)
∘ that 

is equivalent to the 𝐿1+𝜖-Busemann Random Simplex Inequality. As applications, we give and show on his way a 

simple proof of a general functional version of the Busemann Random Simplex Inequality and study a dual 

theory related to Petty's conjectured inequality. We prove dual versions of the 𝐿1+𝜖-Busemann Random Simplex 

Inequality for densely sets and functions by means of the (1 + 𝜖)-affine surface area measure, and we prove 

that the Petty conjecture is equivalent to an 𝐿1-Sharp Affine Sobolevtype inequality that is stronger than (and 

directly implies) the Sobolev-Zhang inequality. 
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I. Introduction 

For𝐿 ⊆ ℝ2+𝜖 be a convex body (a compact convex densely set with non-empty interior) with the origin 

as interior point. In 1953 [7]showed that if (2 + 𝜖) points are chosen 

randomly inside 𝐿 with uniform probability, then the expected volume of the simplex formed by the convex hull 

of these dense points and the origin attains its minimum among all convex dense sets of the same volume, when 

𝐿 is an ellipsoid. So, if we denote 

𝐷2+𝜖(𝑣1, … , 𝑣2+𝜖) = |det(𝑣1, … , 𝑣2+𝜖)| 

then 𝐷2+𝜖(𝑣1, … , 𝑣2+𝜖) is the volume of the parallelepiped spanned by the vectors 𝑣1, … , 𝑣2+𝜖. We have 
1

(2+𝜖)!
𝐷2+𝜖(𝑣1, … , 𝑣2+𝜖) = vol(co(0, 𝑣1, … , 𝑣2+𝜖)) and the result can be stated as 

∫ 
𝐿

 ⋯∫ 
𝐿

 𝐷2+𝜖(𝑥1, … , 𝑥2+𝜖)𝑑𝑥1⋯𝑑𝑥2+𝜖 ≥ 𝑏2+𝜖vol(𝐿)
3+𝜖 (1) 

where 𝑏2+𝜖 is a sharp constant, and equality holds if and only if 𝐿 is an origin-symmetric ellipsoid. This is 

known as the Busemann Random Simplex Inequality. 

A convex body may be characterized by its support function ℎ𝐾, defined as 

ℎ𝐾(𝑦) = max{⟨𝑦, 𝑧⟩: 𝑧 ∈ 𝐾}. 

It describes the (signed) distance of supporting hyperplanes of 𝐾 to the origin. Closely related to inequality (1), 

the centroid body of 𝐿 is defined as the unique convex body Γ1𝐿 having as support function 
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ℎ(Γ1𝐿, 𝜉𝑗) =
1

𝑐2+𝜖,1vol(𝐿)
∫ 
𝐿

|⟨𝜉𝑗 , 𝑥⟩|𝑑𝑥 

where the constant 𝑐2+𝜖,1 is such that if 𝔹2+𝜖 is the unit euclidean ball, Γ1𝔹2+𝜖 = 𝔹2+𝜖. 

It is not difficult to show (see [44], formulas 10.69 and 5.82) that 

vol(Γ1𝐿) = 𝑐2+𝜖,1
−(2+𝜖) 22+𝜖

(2 + 𝜖)!
vol(𝐿)−(2+𝜖)∫ 

𝐿

 ⋯∫ 
𝐿

 𝐷2+𝜖(𝑥1, … , 𝑥2+𝜖)𝑑𝑥1⋯𝑑𝑥2+𝜖 (2) 

and inequality (1) is equivalent to the well known Busemann-Petty centroid inequality 

vol(Γ1𝐿) ≥ vol(𝐿) 

where equality holds if and only if 𝐿 is an origin-symmetric ellipsoid. 

Several generalizations and extensions of inequality (1) have been studied. [19]proved that the expected value, 

as well as the higher order moments of the volume of the convex hull of (3 + 𝜖)dense points inside 𝐾 is 

minimized when 𝐾 is an ellipsoid. Then in [20] extended the result to the case where the number of points 𝑘 is 

allowed to be greater than or equal to (3 + 𝜖). [41,42] extended the result to measurable sets, and were the 

volume is composed with an increasing function. [24] proved it replacing the volume by the Quermassintegrals. 

The reverse inequality, with triangles asequality cases (in the planar case) was studied by [9,11] and [43], see 

also [45, Chapter 8]. [15] showed functional inequalities for any number of points 𝑘 ≥ 1, and [39] showed a 

general condition allowing to apply Steiner symmetrization to many isoperimetric inequalities in stochastic 

form. The latter work builds on rearrangement inequalities of [6], [13] and [2]. 

A general version of inequality (1) where the 𝑘 bodies in the multiple integral are allowed to be different, and 

the volume of the parallelepiped is raised to the power 𝜖 > 0, was proved in [5]. We state here a particular case. 

Theorem 1.1 [49]. Let 𝐿1, … , 𝐿2+𝜖 be convex bodies and 𝜖 ≥ 0, define 

𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖) = ∫  
𝐿1

⋯∫  
𝐿2+𝜖

𝐷2+𝜖(𝑥1, … , 𝑥2+𝜖)
1+𝜖𝑑𝑥1⋯𝑑𝑥2+𝜖 

then we have 

𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖) ≥ 𝑏2+𝜖,1+𝜖∏ 

2+𝜖

𝑖=1

 vol(𝐿𝑖)
3+2𝜖

2+𝜖 (3) 

where 𝑏2+𝜖,1+𝜖 is such that equality holds if and only if 𝐿1, … , 𝐿2+𝜖 are homothetic originsymmetric ellipsoids. 

See [45, Theorem 8.6.1] for the explicit value of 𝑏2+𝜖,1+𝜖. 

[34] defined the 𝐿1+𝜖 Centroid body Γ1+𝜖𝐿 and [31] proved an 𝐿1+𝜖 version of the Busemann-Petty centroid 

inequality 

vol(Γ1+𝜖𝐿) ≥ vol(𝐿) (4) 

where equality holds if and only if 𝐿 is an origin-symmetric ellipsoid. The body Γ1+𝜖𝐿 is defined by the support 

function 

ℎ(Γ1+𝜖𝐿, 𝜉𝑗)
1+𝜖

=
1

𝑐2+𝜖,1+𝜖vol(𝐿)
∫ 
𝐿

∑

𝑗

|⟨𝜉𝑗 , 𝑥⟩|
1+𝜖𝑑𝑥 

where 𝑐2+𝜖,1+𝜖 is such that Γ1+𝜖𝔹2+𝜖 = 𝔹2+𝜖. Inequality (4) was proved in [31] for star bodies by Steiner 

symmetrization, and in [10] using shadow systems. It was also extended to measures in [37, Proposition 4.3], 

(see also [23]). In general, it doesn't seem to exist any direct relation, as in identity (2), between inequalities (3) 

and (4), except for 𝜖 = 0 and 𝜖 = 1. This observation was first made in [18] (see also [11, p. 4]). Identity (2) 

does not require 𝐿 to be a convex body. Moreover, if 𝜇 is any finite non-negative Borel measure not supported 

in a proper subspace, then the support function 

ℎ(Γ1+𝜖𝜇, 𝜉𝑗)
1+𝜖

=
1

𝑐2+𝜖,1+𝜖𝜇(ℝ
2+𝜖)

∫  
ℝ2+𝜖

∑

𝑗

|⟨𝜉𝑗 , 𝑥⟩|
1+𝜖𝑑𝜇(𝑥) 

defines a convex body, and if we denote 

𝐼1+𝜖(𝜇1, … , 𝜇2+𝜖) = ∫  
ℝ2+𝜖

⋯∫  
ℝ2+𝜖

𝐷2+𝜖(𝑥1, … , 𝑥2+𝜖)
1+𝜖𝑑𝜇1, … , 𝑑𝜇2+𝜖 

then 𝜇(ℝ2+𝜖)−(2+𝜖)𝐼1+𝜖(𝜇, … , 𝜇) is the (1 + 𝜖)-moment of the volume of a parallelepiped spanned by (2 + 𝜖) 

random vectors distributed with probability 𝜇(ℝ2+𝜖)−1𝜇. For the special case in which 𝜇 is a discrete measure 

supported in finitely many points {𝑦1, … , 𝑦𝑚}, the set Γ1+𝜖𝜇 is homothetic to a (1 + 𝜖)-sum of segments 
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⊕1+𝜖 [−𝑦𝑖 , 𝑦𝑖] (see Section 2). It is proven in [18] that identity (2) can fail to hold for 𝜖 ≠ 0,1, but there are 

uniform bounds between the quantities vol(Γ1+𝜖𝜇) and 𝐼1+𝜖(𝜇, … , 𝜇), when suitably normalized (see [18, 

Theorem 0.2]). However, since these comparisons are not sharp, it cannot be used to obtain the sharp 𝐿1+𝜖-

Busemann-Petty centroid inequality from the sharp 𝐿1+𝜖-Busemann Random Simplex Inequality, or vice versa. 

A different route is taken in [38, Corollary 5.2], where a general form of Groemer's inequality [20] (as in (3) but 

where the number of points chosen at random is any 𝑘 ≥ 2 + 𝜖 ) is used. The wide applicability of [38, Theorem 

1.1] allows the operator 𝐷2+𝜖 to be replaced by, for instance, 

𝐷1+𝜖,𝑘(𝑥1, … , 𝑥𝑘) = vol (⨁ 

1+𝜖

  [−𝑥𝑖 , 𝑥𝑖]) 

In this way, one recovers the 𝐿1+𝜖-Busemann-Petty centroid inequality by taking 𝑘 → ∞ and using the law of 

large numbers to show that 𝑐𝑘(⊕1+𝜖 [−𝑥𝑖 , 𝑥𝑖]) approximates Γ1+𝜖𝜇, where 𝑐𝑘 is a normalization constant. This 

connection between stochastic and isoperimetric inequalities extends to functionals other than the volume, such 

as intrinsic volumes and radial measures applied to the polar body, see [39, Section 5] and the applications 

therein. 

We study (see [49]) a convex body 𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖) containing information of the 𝐿1+𝜖-Busemann Random 

Simplex Inequality, playing the role of the centroid body for all 𝜖 ≥ 0. We obtain an isoperimetric inequality 

that is equivalent to the 𝐿1+𝜖-Busemann Random Simplex Inequality. The inequalities we obtain are already 

known to be true in some particular cases, but the method linking the isoperimetric inequality and the stochastic 

process is new and very simple. The second objective is to study a dualization of Theorem 1.1 that is suggested 

by the proof of Theorem 1.5 below. 

We start with the definition (see [49]). 

Definition 1.2. Let 𝜖 ≥ 0, 𝐿1, … , 𝐿1+𝜖 be convex bodies and 𝜖 ≥ 0, we define 𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖) as the convex 

body defined by the support function 

ℎ(𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖), 𝜉𝑗)
1+𝜖

= ∫  
𝐿1

⋯∫  
𝐿1+𝜖

∑

𝑗

𝐷2+𝜖(𝑥1, … , 𝑥1+𝜖, 𝜉𝑗)
1+𝜖
𝑑𝑥1⋯𝑑𝑥1+𝜖 

It is straightforward to check that ℎ(𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖), 𝜉𝑗) is a convex and 1 homogeneous function of 𝜉𝑗, and 

that ℎ(𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖), 𝜉𝑗) = 0 only for 𝜉𝑗 = 0, thusdefining a unique convex body. Actually 

𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖) is a (1 + 𝜖)-zonoid (see [44, Section 10.14]), since the integrand equals |⟨𝑥1 ×⋯×

𝑥1+𝜖, 𝜉𝑗⟩|
1+𝜖

. We write 𝑁1+𝜖𝐿 = 𝑁1+𝜖(𝐿, … , 𝐿). The polar of a convex body 𝐾 is the convex body defined by 

𝐾∘ = {𝑥 ∈ ℝ2+𝜖/ℎ(𝐾, 𝑥) ≤ 1} 

We shall prove the following 

Theorem 1.3 (see [49]). Let 𝜖 ≥ 0, 𝐿1, … , 𝐿1+𝜖 be convex bodies and 𝜖 ≥ 0, then 

vol(𝑁1+𝜖
∘ (𝐿1, … , 𝐿1+𝜖)) ≤ 𝑎2+𝜖,1+𝜖∏ 

1+𝜖

𝑖=1

 vol(𝐿𝑖)
−
3+2𝜖

1+𝜖 , (5) 

where 𝑎2+𝜖,1+𝜖 = (
3+2𝜖

2+𝜖
𝑏2+𝜖,1+𝜖)

−
2+𝜖

1+𝜖
 and 𝑁1+𝜖

∘ (𝐿1, … , 𝐿1+𝜖) stands for the polar body of 𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖). 

The inequality is invariant under volume-preserving linear transformations. Also, equality holds in (5) if and 

only if 𝐿1, … , 𝐿1+𝜖 are homothetic origin-symmetric ellipsoids. Moreover, Theorem 1.3 is equivalent to Theorem 

1.1, and the only tool we use to prove this equivalence is the dual mixed volume inequality. Let us define for 

two convex bodies 𝐾, 𝐿, the dual mixed volume as 

𝑉̃−(1+𝜖)(𝐾, 𝐿) =
3 + 2𝜖

2 + 𝜖
∫  
𝐾

ℎ𝐿∘(𝑥)
1+𝜖𝑑𝑥 

The dual mixed volume inequality states that 𝑉̃−(1+𝜖)(𝐾, 𝐿) ≥ vol(𝐾)
3+2𝜖

2+𝜖 vol(𝐿)−
1+𝜖

2+𝜖. Then it suffices to note 

that 

𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖) =
2 + 𝜖

3 + 2𝜖
𝑉̃−(1+𝜖)(𝐿2+𝜖, 𝑁1+𝜖

∘ (𝐿1, … , 𝐿1+𝜖)) 

If we know Theorem 1.3 to be true we obtain 
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𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖)≥
2 + 𝜖

3 + 2𝜖
vol(𝐿2+𝜖)

3+2𝜖

2+𝜖 vol(𝑁1+𝜖
∘ (𝐿1, … , 𝐿1+𝜖))

−
1+𝜖

2+𝜖

≥ 𝑏2+𝜖,1+𝜖vol(𝐿2+𝜖)
3+2𝜖

2+𝜖 ∏ 

1+𝜖

𝑖=1

 vol(𝐿𝑖)
3+2𝜖

2+𝜖

 

Conversely, if we know Theorem 1.1 to be true, we can compute 

vol(𝑁1+𝜖
∘ (𝐿1, … , 𝐿1+𝜖))= 𝑉̃−(1+𝜖)(𝑁1+𝜖

∘ (𝐿1, … , 𝐿1+𝜖), 𝑁1+𝜖
∘ (𝐿1, … , 𝐿1+𝜖))

=
3 + 2𝜖

2 + 𝜖
𝐼1+𝜖(𝐿1, … , 𝐿1+𝜖, 𝑁1+𝜖

∘ (𝐿1, … , 𝐿1+𝜖))
 

≥
3 + 2𝜖

2 + 𝜖
𝑏2+𝜖,1+𝜖vol(𝑁1+𝜖

∘ (𝐿1, … , 𝐿1+𝜖))
3+2𝜖

2+𝜖 ∏ 

1+𝜖

𝑖=1

vol(𝐿𝑖)
3+2𝜖

2+𝜖 , 

and obtain Theorem 1.3. 

The definition of 𝑁1+𝜖(𝐿1, … , 𝐿1+𝜖) fits perfectly to prove a functional version of inequality (3). Let 

𝑙1, … , 𝑙1+𝜖: ℝ
2+𝜖 → ℝ be continuous non-negative functions with compact support, and we define 

𝐼1+𝜖(𝑙1, … , 𝑙2+𝜖) = ∫  
ℝ2+𝜖

⋯∫  
ℝ2+𝜖

𝑙1(𝑥1)⋯ 𝑙2+𝜖(𝑥2+𝜖)𝐷2+𝜖(𝑥1, … , 𝑥2+𝜖)
1+𝜖𝑑𝑥1⋯𝑑𝑥2+𝜖 

Notice that we recover the previous definition of 𝐼1+𝜖 if we take the functions 𝑙𝑖 to be indicator functions of 

convex bodies. We define accordingly the set 𝑁1+𝜖(𝑙1, … , 𝑙1+𝜖). 

Definition 1.4 [49]. Let 𝑙1, … , 𝑙1+𝜖 be continuous non-negative functions with compact support and 𝜖 ≥ 0, we 

define 𝑁1+𝜖(𝑙1, … , 𝑙1+𝜖) as the convex body defined by the support function 

ℎ(𝑁1+𝜖(𝑙1, … , 𝑙1+𝜖), 𝜉𝑗)
1+𝜖

 = ∫  
ℝ2+𝜖

 ⋯∫  
ℝ2+𝜖

 ∑

𝑗

𝑙1(𝑥1)⋯ 𝑙1+𝜖(𝑥1+𝜖)𝐷2+𝜖(𝑥1, … , 𝑥1+𝜖 , 𝜉𝑗)
1+𝜖
𝑑𝑥1⋯𝑑𝑥1+𝜖

 

The subject of functional inequalities with geometric counterpart attracted great interest in recent years (see for 

example [17,8,22]), specially affine invariant functional inequalities, that often imply an euclidean version. For 

this reason we propose to study several extensions of our results to the functional setting. 

We define the function 

𝐺1+𝜖,𝜆(𝑠) = {

(1 + |𝑠|1+𝜖)1/(𝜆−1), 𝜆 < 1

(1 − |𝑠|1+𝜖)+
1/(𝜆−1)

, 𝜆 > 1

𝜒[−1,1](𝑠), 𝜆 = +∞

 

Here 𝑡+ = max{𝑡, 0} and 𝜒[−1,1] denotes the characteristic function of the set [−1,1]. 

Theorem 1.5 (see [49]). Let 𝜖 ≥ 0, 𝑙1, … , 𝑙1+𝜖 be continuous non-negative functions with compact support, 𝜖 ≥

0, and take any 𝜆 ∈ (
2+𝜖

3+2𝜖
, 1) ∪ (1, +∞]. Then, 

vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙1+𝜖)) ≤ 𝐴2+𝜖,1+𝜖,𝜆∏ 

1+𝜖

𝑖=1

‖𝑙𝑖‖1
−
2+𝜖+(1+𝜖)𝜆′

1+𝜖 ‖𝑙𝑖‖𝜆
𝜆′ 

where 𝜆′ =
𝜆

𝜆−1
, 𝐴2+𝜖,1+𝜖,𝜆 is a sharp constant and equality holds if and only if the functions 𝑙𝑖 have the form 

𝑙𝑖(𝑥) = 𝑎𝑖𝐺1+𝜖,𝜆(|𝑏𝑖𝐴. 𝑥|) with 𝑥0 ∈ ℝ
2+𝜖, 𝑎𝑖 , 𝑏𝑖 > 0 and 𝐴 ∈ Gl2+𝜖(ℝ). The explicit value of 𝐴2+𝜖,1+𝜖,𝜆 is 

computed in the proof of the Theorem. 

The equivalence between Theorems 1.1 and 1.3 remains valid in the functional setting and we obtain 

Corollary 1.6 (see [49]). Let 𝜖 ≥ 0, 𝑙1, … , 𝑙2+𝜖 be continuous non-negative functions with compact support, 𝜖 ≥

0, and take any 𝜆 ∈ (
2+𝜖

3+2𝜖
, 1) ∪ (1, +∞]. Then, 

𝐼1+𝜖(𝑙1, … , 𝑙2+𝜖) ≥ 𝐵2+𝜖,1+𝜖,𝜆∏ 

2+𝜖

𝑖=1

‖𝑙𝑖‖1

2+𝜖+(1+𝜖)𝜆′

2+𝜖 ‖𝑙𝑖‖𝜆
−
(1+𝜖)𝜆′

2+𝜖  

and equality holds if and only if the functions 𝑙𝑖 are extremal functions of Theorem 1.5. The explicit value of 

𝐵2+𝜖,1+𝜖,𝜆 is computed in the proof of the Corollary. 

The case 𝜆 = ∞ of Corollary 1.6 appears already in [39] application number 10, Section 5, and in [15, Corollary 

4.2], and in both papers it follows from a general theorem about rearrangements in integral inequalities of the 
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type discussed above, see [38, Theorems 3.10 and 1.1]. The methods presented in [38] and further developed in 

[39] reduce integral inequalities to radial functions for a large class of operators, 𝐷2+𝜖 being a particular case. 

Moreover, Corollary 1.6 can be proved directly from Pfiefer's extension of the Random Simplex inequality to 

compact sets [42], by splitting the integral into (non convex) level sets. Our proof via Theorem 1.5 passes 

directly from convex dense sets (Theorem 1.1) to functions, and the symmetrization procedure employed in [42] 

is somehow hidden in the definition of 𝑁1+𝜖. 

The equivalences between the Theorems 1.1, 1.3, 1.5 and Corollary 1.6 remain valid when 𝐷2+𝜖 is replaced by 

any positive function being homogeneous of degree 1 and subadditive in each variable, and any number of 

variables. We consider for 𝑘 ≤ 2 + 𝜖, 𝐷𝑘(𝑣1, … , 𝑣𝑘) defined as the 𝑘-dimensional volume of the parallelepiped 

spanned by the vectors 𝑣1, … , 𝑣𝑘. We observe that [15, Corollary 4.2] also proves Theorem 1.1 for 𝑘 ≤ 2 + 𝜖 

points. Then the same equivalence between Theorem 1.1 and Corollary 1.6 applies in this case, and we recover a 

general version of [15, Corollary 4.2] for 𝜆 ∈ (
2+𝜖

3+2𝜖
, 1) ∪ (1, +∞]. 

The proof of Theorem 1.5 uses a moment inequality (Lemma 2.1) proved in [32] (this is a dual mixed volume 

inequality for functions), and an induction argument. Given the simplicity of the proofs of Theorem 1.5 and 

Corollary 1.6, we propose to study a dual random process and an associated convex dense set 𝑁̃1+𝜖(𝐿1, … , 𝐿1+𝜖). 

The motivation is the following: since all the tools involved in the proofs of Theorem 1.5 and Corollary 1.6 have 

dual versions (the dual mixed volume and the dual mixed volume inequality), we can also prove an equivalence 

between a volume inequality for the set 𝑁̃1+𝜖(𝐿1, … , 𝐿1+𝜖) and an inequality for a dual functional 

𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖) by means of the mixed volume and the mixed volume inequality. This way we arrive to what 

we believe should be the correct dualization of 𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖). 

Definition 1.7 [49]. Let 𝜖 ≥ 0, 𝐿1, … , 𝐿2+𝜖 be convex bodies and 𝑙1, … , 𝑙2+𝜖 be continuous nonnegative functions 

with compact support, define 

𝐼1+𝜖(𝐿1, … , 𝐿2+𝜖)= ∫  
𝑆1+𝜖

 ⋯∫  
𝑆1+𝜖

∑

𝑗

 𝐷2+𝜖((𝜉𝑗)1, … , (𝜉𝑗)2+𝜖)
1+𝜖
𝑑𝑆1+𝜖,𝐿1((𝜉𝑗)1)…𝑑𝑆1+𝜖,𝐿2+𝜖((𝜉𝑗)2+𝜖)

𝐼1+𝜖(𝑙1, … , 𝑙2+𝜖)= ∫  
ℝ2+𝜖

 ⋯∫  
ℝ2+𝜖

 𝐷2+𝜖(∇𝑙1(𝑥1), … , ∇𝑙2+𝜖(𝑥2+𝜖))
1+𝜖
𝑑𝑥1⋯𝑑𝑥2+𝜖

 

where 𝑆1+𝜖,𝐿 denotes the 𝐿1+𝜖 surface area measure (see Section 2). Define the convex body 𝑁̃1+𝜖(𝐿1, … , 𝐿1+𝜖) 

by the support function 

ℎ(𝑁̃1+𝜖(𝐿1, … , 𝐿1+𝜖), 𝜉𝑗)
1+𝜖

 = ∫  
𝑆1+𝜖

 …∫  
𝑆1+𝜖

 ∑

𝑗

𝐷2+𝜖((𝜉𝑗)1, … , (𝜉𝑗)1+𝜖 , 𝜉𝑗)
1+𝜖
𝑑𝑆1+𝜖,𝐿1((𝜉𝑗)1)…𝑑𝑆1+𝜖,𝐿1+𝜖((𝜉𝑗)1+𝜖)

 

The quantity 𝑆1+𝜖,𝐿(𝐿)
−(2+𝜖)𝐼1+𝜖(𝐿, … , 𝐿) represents the (1 + 𝜖)-moment of the volume of a random 

parallelepiped generated by the normal vectors 𝑛𝑥1 , ⋯ , 𝑛𝑥2+𝜖 at points 𝑥𝑖 chosen randomly in the surface of 𝐿, 

with probability measure 𝑆1+𝜖,𝐿/𝑆1+𝜖,𝐿(𝐿). The definition of 𝐼1+𝜖(𝑙1, … , 𝑙2+𝜖) is based on the definition of the 

surface area measure of a function (see Section 2), and for 𝜖 = 0 can be interpreted in the weak sense if 

𝑙1, … , 𝑙2+𝜖 are indicator functions of convex bodies. 

The inequalities that should hold with respect to 𝐼1+𝜖 and 𝑁̃1+𝜖 in order to dualize the proof of Theorem 1.5 are 

summarized in Section 5 but they are open problems. We mention the following: for 𝜖 ≥ 0 we ask if the 

inequality 

𝐼1+𝜖(𝐿1, … , 𝐿1+2𝜖) ≥ 𝑏‾1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

 vol(𝐿𝑖)
𝜖

1+2𝜖 (6) 

holds, where the sharp constant is such that equality holds in (6) if and only if 𝐿1, … , 𝐿1+2𝜖 are homothetic 

origin-symmetric ellipsoids for 𝜖 > 0 and homothetic ellipsoids for 𝜖 = 0. Again, the case 𝜖 = 0 is special. The 

projection body of a convex body 𝐾 is defined by the support function 

ℎ(Π𝐾, 𝜉𝑗) =
1

2
∫  
𝑆2𝜖
∑

𝑗

|⟨𝜉𝑗 , 𝜂⟩|𝑑𝑆𝐾(𝜂) 

and it is easy to see that vol(Π𝐾) =
1

(1+2𝜖)!
𝐼1(𝐾,… , 𝐾). Then inequality (6) with 𝜖 = 0 and 𝐿1 = ⋯ = 𝐿1+2𝜖 =

𝐿 is Petty's conjectured inequality, one of the major open problems in Convex Geometry. This is that 
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vol(𝐿)−2𝜖vol(Π𝐿) ≥ (
𝜔2𝜖
𝜔1+2𝜖

)
1+2𝜖

𝜔1+2𝜖
2 (7) 

where equality holds if and only if 𝐿 is an origin-symmetric ellipsoid. Also, as a consequence of the 

Aleksandrov-Fenchel inequality (see [26, (1.7)] or [44, (7.64)] for the proof), we have 

1

(1 + 2𝜖)!
𝐼1(𝐿1, … , 𝐿1+2𝜖) = 𝑉(Π𝐿1, … , Π𝐿1+2𝜖) ≥ ∏  

1+2𝜖

𝑖=1

vol(Π𝐿𝑖)
1/1+2𝜖 

so (7) is also equivalent to (6) with 𝜖 = 0 and arbitrary convex bodies 𝐿1, … , 𝐿1+2𝜖. See [44, Section 10.9] for an 

overview about recent developments and main difficulties around this conjecture. [28] showed a similar 

minimization problem involving 2 convex bodies, that is equivalent to the Petty conjecture. Some other 

"multiple entry" functionals were studied by Campi and Gronchi using shadow systems, see for example 

Theorems 4.5 and 4.6 in [12]. 

In Section 5 we shall prove that (6) for 𝜖 = 0 (and thus the Petty conjecture) implies the sharp, affine invariant 

Sobolev-like inequality 

‖𝑓𝑗‖1+2𝜖
2𝜖

≤ 𝐶1+2𝜖∑

𝑗

(∫  
ℝ1+2𝜖

 ⋯∫  
ℝ1+2𝜖

 𝐷1+2𝜖 (∇𝑓𝑗(𝑥1), … , ∇𝑓𝑗(𝑥1+2𝜖)) 𝑑𝑥1⋯𝑑𝑥1+2𝜖)

1

1+2𝜖

 

that is stronger than (and directly implies) the sharp affine Sobolev inequality proved by [48]. 

In Section 4 we prove a weaker result that is consequence of Corollary 1.6. 

Theorem 1.8 (see [49]). Let 𝜖 ≥ 0, 𝐿1, … , 𝐿1+2𝜖 be convex bodies with 𝐶2-smooth boundary and positive Gauss 

curvature, and 𝜖 ≥ 0, then 

𝐼1+𝜖(𝐿1, … , 𝐿1+2𝜖) ≥ 𝑏̃1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

 Ω1+𝜖(𝐿𝑖)
2+3𝜖

1+2𝜖 (8) 

where 𝑏̃1+2𝜖,1+𝜖 = (2 + 3𝜖)
1+2𝜖 𝑏1+2𝜖,1+𝜖

𝑛2+3𝜖
 and Ω1+𝜖(𝐿) denotes the (1 + 𝜖)-affine surface area of 𝐿 and equality 

holds if and only if 𝐿1, … , 𝐿1+2𝜖 are homothetic origin-symmetric ellipsoids. 

The concept of (1 + 𝜖)-affine surface area measure (see Section 2 for the definition) was introduced in [4,25] 

for 𝜖 = 0 and extended to 𝜖 ≥ 0 in [30], and has attracted increasing attention in the last decades. It offers a way 

to measure the boundary of 𝐿 that, unlike the usual surface area measure, is invariant under volume-preserving 

linear transformations. It appears in a wide range of applications, notably in approximation of convex sets by 

polytopes [3]. See [44, Section 10.5] for more general definitions, and to [35,46] and for more background and 

applications of the (1 + 𝜖)-affine surface area. 

Theorem 1.8 is weaker than inequality (6) and it falls short for polytopes since Ω1+𝜖(𝐿𝑖) = 0 in that case. We 

believe Theorem 1.8 can be improved in this regard. Notice that for 𝜖 = 0 and 𝐿1 = ⋯ = 𝐿1+2𝜖 = 𝐿 we recover 

Petty's affine projection inequality 

vol(Π𝐿) ≥
𝜔2𝜖
1+2𝜖

𝑛2(1+𝜖)𝜔1+2𝜖
1+2𝜖 Ω1(𝐿)

2(1+𝜖) 

This inequality was established by [40] and extended to the 𝐿1+𝜖 case in [47]. It is closely related to both the 

Petty projection and the Busemann-Petty centroid inequality. See [27] and [32] for interesting discussions about 

the relations between the three, see also [44, Notes for Section 10.9]. 

Finally, a functional version of Theorem 1.8 reads as follows. 

Theorem 1.9 (see [49]). Let 𝜖 ≥ 0, 𝑙1, … , 𝑙1+2𝜖 be non-zero, 𝐶2 smooth, non-negative functions with compact 

support and 𝜖 ≥ 0. Assume additionally that 𝑙1, … , 𝑙1+2𝜖 have 𝐶2 convex level dense sets with positive Gauss 

curvature. Let 𝛼 ∈ (
1+2𝜖

2(1+𝜖)
, 1) ∪ (1,∞) and 𝛼′ =

𝛼

𝛼−1
 the conjugate Sobolev exponent, then 

𝐼1+𝜖(𝑙1, … , 𝑙1+2𝜖) ≥ 𝐵̃1+2𝜖,1+𝜖,𝛼 ∏  

1+2𝜖

𝑖=1

 (Ω1+𝜖(𝑙𝑖)
1+2𝜖+𝛼′

2(1+𝜖) Ω1+𝜖(𝑙𝑖
𝛼)−

1

2𝜖

1

𝛼−1)

2+3𝜖

1+2𝜖

(9) 

where 

Ω1+𝜖(𝑙) = ∫  
ℝ1+2𝜖

|det(𝐾𝑙(𝑥))|
1+𝜖

2+3𝜖𝑑𝑥, and 𝐾𝑙(𝑥) = (
0 ∇𝑙(𝑥)𝑇

∇𝑙(𝑥) 𝐻𝑙(𝑥)
) 
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and with equality if each function 𝑙𝑖 has the form 𝑙𝑖(𝑥) = 𝑎𝑖𝐹𝑗(𝑏𝑖|𝐴 ⋅ (𝑥 − 𝑥𝑖)|2)+where 𝑎𝑖 , 𝑏𝑖 > 0, 𝑥𝑖 ∈

ℝ1+2𝜖, 𝐴 ∈ Gl1+2𝜖(ℝ) and 𝐹𝑗: (0, 𝑇] → [0,1) is a solution of the following ODE 

𝐹j
′(𝑡) =

{
 
 

 
 
−𝑡−

2𝜖

𝜖 (1 − 𝐹𝑗(𝑡)
2(𝛼−1)(1+𝜖)2

2+3𝜖 )

2+3𝜖

(1+𝜖)(𝜖)

 if 𝛼 > 1

−𝑡−
2𝜖

𝜖 (𝐹𝑗(𝑡)
2(𝛼−1)(1+𝜖)2

2+3𝜖 − 1)

2+3𝜖

(1+𝜖)(𝜖)

 if 𝛼 < 1

 

with 𝐹𝑗(𝑇) = 0. For 𝛼 = ∞ we obtain 

𝐼1+𝜖(𝑙1, … , 𝑙1+2𝜖) ≥ 𝐵̃1+2𝜖,1+𝜖,∞ ∏  

1+2𝜖

𝑖=1

Ω1+𝜖(𝑙𝑖)
2+3𝜖

1+2𝜖‖𝑙𝑖‖∞
−
1+𝜖

1+2𝜖 

The explicit value of 𝐵̃1+2𝜖,1+𝜖,𝛼 is computed in the proof of the Theorem. 

The quantity Ω1+𝜖(𝑙) at the right-hand side can be interpreted as a functional version of the (1 + 𝜖)-affine 

surface area measure, although other definitions can be found in the literature that are slightly different. For 

example, in formula (26) of [8], it is defined for a smooth convex function 𝜓, 

as𝜆(𝜓) = ∫  
ℝ1+2𝜖

det(𝐻𝜓(𝑥))𝜆𝑒−𝜓(𝑥)𝑑𝑥 

For 𝐶2 functions of the form 𝑙(𝑥) = 𝐹𝑗(‖𝑥‖𝐾) with 𝐹𝑗: [0,∞) → ℝ a 𝐶2 smooth (not necessarily decreasing) 

function with compact support, we have Ω1+𝜖(𝑙) = Ω1+𝜖(𝐾) provided that ∫  
∞

0
𝑡
(1+2𝜖)(2𝜖)

2+3𝜖 |𝐹j
′(𝑡)|

2(1+𝜖)2

2+3𝜖 𝑑𝑡 = 1. 

We remark that in Theorem 3 of [8], a similar relation for as𝜆(𝜓) is proved only for 𝜓(𝑥) =
‖𝑥‖𝐾

2

2
. For the case 

𝜖 = 0 and any 𝑙(𝑥) with convex level dense sets, our definition also satisfies 

Ω1(𝑙) = ∫  
∞

0

Ω1({𝑥 ∈ ℝ
1+2𝜖/𝑙(𝑥) ≥ 𝑡})𝑑𝑡 

We show these two facts in Section 2, Lemma 2.5. 

If 𝐴 ∈ Gl1+2𝜖(ℝ) and 𝑙𝐴(𝑥) = 𝑙(𝐴. 𝑥) then 

𝐾𝑙𝐴(𝑥) = (
1 0
0 𝐴𝑇

) ⋅ 𝐾𝑙(𝑥) ⋅ (
1 0
0 𝐴

) 

so both sides of inequality (9) are invariant under volume preserving affine transformations. 

We might find strange that inequality (9) is translation-invariant, but (8) is not. The reason for this is that in the 

correspondence between sets and functions 𝐾 ↦ 𝐹𝑗(‖ ⋅ ‖𝐾), the translation of the set 𝐾 does not necessarily 

reflect in a translation of the function 𝐹𝑗(‖ ⋅ ‖𝐾). 

We present some background in convex geometry to be used throughout. We define the dense set 𝑁1+𝜖 and 

prove Theorem 1.5 and Corollary 1.6. We study the dual Busemann Random Simplex Inequality and prove 

Theorems 1.8 and 1.9. Finally we discuss the conjectured inequality (6), and its relation to the Petty conjecture. 

 

II. Notation and preliminaries 

We devoted to basic definitions and notations within the convex geometry. See [44]. 

We recall that a convex body 𝐾 ⊂ ℝ1+2𝜖 is a convex compact subset of ℝ1+2𝜖 with nonempty interior. 

The support function ℎ𝐾 is defined as 

ℎ𝐾(𝑦) = max{⟨𝑦, 𝑧⟩/𝑧 ∈ 𝐾} 

and uniquely characterizes 𝐾. If 𝐾 contains the origin in the interior, then we also have the gauge ‖ ⋅ ‖𝐾  and 

radial 𝑟𝐾(⋅) functions of 𝐾 defined respectively as 

‖𝑦‖𝐾: = inf{𝜆 > 0: 𝑦 ∈ 𝜆𝐾}, 𝑦 ∈ ℝ1+2𝜖 ∖ {0},

𝑟𝐾(𝑦): = max{𝜆 > 0: 𝜆𝑦 ∈ 𝐾}, 𝑦 ∈ ℝ1+2𝜖 ∖ {0}.
 

Clearly, ‖𝑦‖𝐾 =
1

𝑟𝐾(𝑦)
. We also recall that ‖ ⋅ ‖𝐾 is actually a norm when the convex body 𝐾 is centrally 

symmetric, i.e. 𝐾 = −𝐾, and the unit ball with respect to ‖ ⋅ ‖𝐾 is just 𝐾. On the other hand, a general norm on 

ℝ1+2𝜖 is uniquely determined by its unit ball, which is a centrally symmetric convex body. 

For a convex body 𝐾 ⊂ ℝ1+2𝜖 containing the origin in its interior we define the polar body, denoted by 𝐾∘, by 

𝐾∘: = {𝑦 ∈ ℝ1+2𝜖/⟨𝑦, 𝑧⟩ ≤ 1 ∀𝑧 ∈ 𝐾} 
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Evidently, ℎ𝐾
−1 = 𝑟𝐾∘. 

For 𝜖 ≥ 0, the 𝐿1+𝜖-mixed volume 𝑉1+𝜖(𝐾, 𝐿) of convex bodies 𝐾 and 𝐿 is defined by 

𝑉1+𝜖(𝐾, 𝐿) =
1 + 𝜖

1 + 2𝜖
lim
𝜀→0

 
vol(𝐾 + (1+𝜖)𝜀 ⋅ (1+𝜖)𝐿) − vol(𝐾)

𝜀
, 

where 𝐾+(1+𝜖)𝜀 ⋅ (1+𝜖)𝐿 is the convex body defined by: 

ℎ𝐾+(1+𝜖)𝜀⋅ (1+𝜖)𝐿
(𝑥)1+𝜖 = ℎ𝐾(𝑥)

1+𝜖 + 𝜀ℎ𝐿(𝑥)
1+𝜖 , ∀𝑥 ∈ ℝ1+2𝜖 

It is known (see [29]) that there exists a unique finite positive Borel measure 𝑆1+𝜖(𝐾,. on 𝕊2𝜖 such that 

𝑉1+𝜖(𝐾, 𝐿) =
1

1 + 2𝜖
∫  
𝕊2𝜖
∑

𝑗

ℎ𝐿(𝑢𝑗)
1+𝜖𝑑𝑆1+𝜖(𝐾, 𝑢𝑗) 

for each convex body 𝐿. 

If 0 ≤ 𝜖 < ∞ and 𝐾, 𝐿 are convex bodies in ℝ1+2𝜖 containing the origin as interior point, we can find also in 

[29] that 

𝑉1+𝜖(𝐾, 𝐿) ≥ vol(𝐾)
𝜖

1+2𝜖vol(𝐿)
1+𝜖

1+2𝜖 

with equality if and only if 𝐾 and 𝐿 are dilates of each other. 

The 𝐿1+𝜖 surface area measure of a function 𝑓𝑗: ℝ
1+2𝜖 → ℝ with 𝐿1+𝜖 weak derivative is given by the lemma(see 

[49]): 

Lemma 2.1 (Lemma 4.1 of [33]). Given 0 ≤ 𝜖 < ∞ and a function 𝑓𝑗: ℝ
1+2𝜖 → ℝ with 𝐿1+𝜖 weak derivative, 

there exists a unique finite Borel measure 𝑆1+𝜖(𝑓𝑗, 𝑢𝑗)on𝕊2𝜖 such that 

∫  
ℝ1+2𝜖

 ∑

𝑗

𝜙(−∇𝑓𝑗(𝑥))
1+𝜖𝑑𝑥 = ∫  

𝕊2𝜖
 ∑

𝑗

𝜙(𝑢𝑗)
1+𝜖𝑑𝑆1+𝜖(𝑓𝑗, 𝑢𝑗) (10) 

for every non-negative continuous function 𝜙:ℝ1+2𝜖 → ℝ homogeneous of degree 1. 

Conversely, for a convex body 𝐿 the function (𝑓𝑗)𝐿(𝑥) = 𝐹𝑗(‖𝑥‖𝐿) satisfies 𝑆1+𝜖(𝑓𝑗, 𝑢𝑗) =. 𝑆1+𝜖(𝐿,.)if𝐹𝑗 is any 

function 𝐹𝑗: ℝ+ → ℝ+satisfying 

∫  
∞

0

∑

𝑗

𝑡2𝜖𝐹j
′(𝑡)1+𝜖𝑑𝑡 = 1 

(see [33, Formula (4.13) ]). In view of identity (10), for any 𝑓𝑗 and 𝐿 such that 𝑆1+𝜖(𝑓𝑗 , 𝑢𝑗) =. 𝑆1+𝜖(𝐿,.), 𝑤𝑒ℎ𝑎𝑣𝑒 

𝑉1+𝜖(𝐿, 𝐾) =
1

1 + 2𝜖
∫  
ℝ1+2𝜖

∑

𝑗

ℎ(𝐾,−∇𝑓𝑗(𝑥))
1+𝜖𝑑𝑥 

This allows us to define the functional mixed volume. For 𝑓𝑗 a continuous non-negative function with compact 

support we define 

𝑉1+𝜖(𝑓𝑗 , 𝐾)=
1

1 + 2𝜖
∫  
𝑆2𝜖
 ∑

𝑗

ℎ(𝐾, 𝜉𝑗)
1+𝜖𝑑𝑆1+𝜖(𝑓𝑗 , 𝜉𝑗)

=
1

1 + 2𝜖
∫  
ℝ1+2𝜖

∑

𝑗

 ℎ(𝐾, −∇𝑓𝑗(𝑥))
1+𝜖𝑑𝑥

 

The 𝐿1+𝜖 Sharp Sobolev inequality for general norms was proved in [1][Corollary 3.2] by taking the "convex" 

decreasing rearrangement of 𝑓𝑗. It was re-proved later by [14] using an elegant mass-transportation method. 

From the point of view of mixed volumes, it extends the mixed volume inequality to the functional setting. If 

𝜖 ≥ 0, 𝐿 is a centrally symmetric convex body and 𝑓𝑗 is a continuous non-negative function with compact 

support, we have 

𝑉1+𝜖(𝑓𝑗 , 𝐿) =
1

1 + 2𝜖
∫  
ℝ1+2𝜖

 ∑

𝑗

‖∇𝑓𝑗(𝑥)‖𝐿∘
1+𝜖𝑑𝑥 ≥ cnv1+2𝜖,1+𝜖∑

𝑗

‖𝑓𝑗‖𝑝∗
1+𝜖vol(𝐿)1+𝜖/1+2𝜖 (11) 

where equality holds if and only if 𝑓𝑗(𝑥) = 𝑎(𝐹𝑗)1+𝜖(𝑏‖𝑥 − 𝑥0‖𝐿) with 𝑥0 ∈ ℝ
1+2𝜖, 𝑎, 𝑏 > 0 and 

(𝐹𝑗)1+𝜖(𝑡) = {(1 + 𝑡
1+𝜖

𝜖 )
1−

1+2𝜖

1+𝜖
 if 𝜖 > 0

𝜒[0,1](𝑡) if 𝜖 = 0
 

For 𝜖 = 0 the equality is understood in the weak sense. For 𝐿 = 𝐵2 we recover the euclidean 𝐿1+𝜖-Sobolev 

inequality 
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𝒮1+2𝜖,1+𝜖‖|∇𝑓𝑗(𝑥)|2‖𝐿1+𝜖 ≥ ‖𝑓𝑗‖𝑝
∗ 

with constant 𝒮1+2𝜖,1+𝜖 = ((1 + 2𝜖)cnv1+2𝜖,1+𝜖𝜔1+2𝜖

1+𝜖

1+2𝜖)

−1/1+𝜖

 where 𝜔1+2𝜖 is the volume of the unit euclidean 

ball. See [21, equation (5)] for the precise value of 𝒮1+2𝜖,1+𝜖. 

Definition 2.2 [49]. For a convex body 𝐾 and 0 ≤ 𝜖 < 2𝜖 we define the function (𝐹𝑗)1+𝜖,𝐾(𝑥) =

𝑎(𝐹𝑗)1+𝜖
(‖𝑥‖𝐾) where 𝑎 is defined by the requirement that 

𝑉1+𝜖 ((𝐹𝑗)1+𝜖,𝐾 , 𝐿) = 𝑉1+𝜖(𝐾, 𝐿) 

for every convex body 𝐿. 

Inserting (𝐹𝑗)1+𝜖,𝐿 in (11) and using the equality case, we have 

cnv1+2𝜖,1+𝜖 ‖(𝐹𝑗)1+𝜖,𝐾‖𝑝∗

1+𝜖

= vol(𝐾)
𝜖

1+2𝜖 

For 𝜖 ≥ 0, the 𝐿1+𝜖-dual mixed volume 𝑉̃−(1+𝜖)(𝐾, 𝐿) of two bodies 𝐾, 𝐿 is defined by 

𝑉̃−(1+𝜖)(𝐾, 𝐿) =
2 + 3𝜖

1 + 2𝜖
∫  
𝐾

  ‖𝑥‖𝐿
1+𝜖𝑑𝑥 (12) 

and the 𝐿1+𝜖-dual mixed volume inequality states that 

𝑉̃−(1+𝜖)(𝐾, 𝐿) ≥ vol(𝐾)
2+3𝜖

1+2𝜖vol(𝐿)−
1+𝜖

1+2𝜖 

Definition (12) extends easily to functions (see [32, equation (2.6)]) as 

𝑉̃−(1+𝜖)(𝑓𝑗, 𝐿) =
2 + 3𝜖

1 + 2𝜖
∫  
ℝ1+2𝜖

∑

𝑗

𝑓𝑗(𝑥)‖𝑥‖𝐿
1+𝜖𝑑𝑥 

For a convex body 𝐾, the function (𝑓𝑗)𝐾(𝑥) = 𝐹𝑗
(‖𝑥‖𝐾) satisfies 𝑉̃−(1+𝜖)(𝑓𝑗 , 𝐿) = 𝑉̃−(1+𝜖)(𝐾, 𝐿) for every 

convex body 𝐿, provided that the function 𝐹𝑗 satisfies 

(2 + 3𝜖)∫  
∞

0

∑

𝑗

𝑡1+3𝜖𝐹𝑗(𝑡)𝑑𝑡 = 1 

The next functional inequality is an extension to functions of the 𝐿1+𝜖-dual mixed volume inequality(see [49]). 

Lemma 2.3 ([32, Lemma 4.1]). Let 𝜆 ∈ (
1+2𝜖

2+3𝜖
, 1) ∪ (1, +∞] and 𝐿 be a convex body with the origin in its 

interior. Then, for any non-zero non-negative continuous function 𝑓𝑗: ℝ
1+2𝜖 → ℝ with compact support, 

𝑉̃−(1+𝜖)(𝑓𝑗, 𝐿) ≥ 𝑚1+2𝜖,1+𝜖,𝜆‖𝑓𝑗‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑓𝑗‖𝜆
−
1+𝜖

1+2𝜖
𝜆′

vol(𝐿)−
1+𝜖

1+2𝜖 (13) 

See [32, Lemma 4.1] for the explicit value of the sharp constant 𝑚1+2𝜖,1+𝜖,𝜆. Moreover, equality holds if and 

only if 𝑓𝑗(𝑥) = 𝑎𝐺1+𝜖,𝜆(𝑏‖𝑥‖𝐿) for constants 𝑎, 𝑏 ∈ ℝ. 

Definition 2.4 [49]. For a convex body 𝐾 we define the function 𝐺1+𝜖,𝜆,𝐾(𝑥) = 𝑎𝐺1+𝜖,𝜆(‖𝑥‖𝐾) where 𝑎 is 

defined by the requirement that 𝑉̃−(1+𝜖)(𝐺1+𝜖,𝜆,𝐾 , 𝐿) = 𝑉̃−(1+𝜖)(𝐾, 𝐿) for every convex body 𝐿. 

Inserting 𝐺1+𝜖,𝜆,𝐿 in (11) and using the equality case, we obtain 

𝑚1+2𝜖,1+𝜖,𝜆‖𝐺1+𝜖,𝜆,𝐿‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝐺1+𝜖,𝜆,𝐿‖𝜆
−
1+𝜖

1+2𝜖
𝜆′

= vol(𝐿)
2+3𝜖

1+2𝜖 

It is easy to see how the 𝐿1+𝜖-dual mixed volume relates to the 𝐿1+𝜖 Random Simplex Inequality, as 

𝑉̃−(1+𝜖)(𝐿1+2𝜖 , 𝑁1+𝜖
∘ (𝐿1, … , 𝐿2𝜖)) =

2 + 3𝜖

1 + 2𝜖
𝐼1+𝜖(𝐿1, … , 𝐿1+2𝜖). 

We also have 𝐼1+𝜖(𝐺1+𝜖,𝜆,𝐿1 , … , 𝐺1+𝜖,𝜆,𝐿1+2𝜖) = 𝐼1+𝜖(𝐿1, … , 𝐿1+2𝜖) and 𝐼1+𝜖((𝐹𝑗)1+𝜖,𝐿1 , … , (𝐹𝑗)1+𝜖,𝐿1+2𝜖) =

𝐼1+𝜖(𝐿1, … , 𝐿1+2𝜖). 

For a convex body 𝐾 with smooth boundary and strictly positive Gauss curvature, the 𝐿1+𝜖 surface area measure 

of 𝐾 is absolutely continuous with respect to the invariant measure of the sphere and 

∫  
𝑆2𝜖

∑

𝑗

𝜙(𝜉𝑗)𝑑𝑆1+𝜖,𝐾(𝜉𝑗) = ∫  
𝑆2𝜖

∑

𝑗

𝜙(𝜉𝑗)(𝑓𝑗)1+𝜖(𝐾, 𝜉𝑗)𝑑𝜉𝑗  

for every measurable function 𝜙, where (𝑓𝑗)1+𝜖 is called the 𝐿1+𝜖 curvature function. For 𝜖 = 0 this is the 

inverse of the Gauss curvature. The (1 + 𝜖)-affine surface area of 𝐾 is defined by 
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Ω1+𝜖(𝐾)= ∫  
𝑆2𝜖
 ∑

𝑗

(𝑓𝑗)1+𝜖(𝐾, 𝜉𝑗)
1+2𝜖

2+3𝜖𝑑𝜉𝑗

= ∫  
𝑆2𝜖
 ∑

𝑗

(𝑓𝑗)1+𝜖(𝐾, 𝜉𝑗)
−
1+𝜖

2+3𝜖𝑑𝑆1+𝜖,𝐾

 

For 𝜖 = 0 we obtain the affine surface area measure 

Ω(𝐾) = ∫  
𝜕𝐾

𝜅(𝑥)
1

2(1+𝜖)𝑑𝑥 

Ω1+𝜖 is a centro-affine invariant (invariant under volume preserving linear transformations), but not translation 

invariant unless 𝜖 = 0. 

For𝑙 be a 𝐶1 function and we denote the sub-level sets 𝑁𝑙,𝑡 = {𝑥 ∈ ℝ
1+2𝜖/𝑙(𝑥) ≥ 𝑡}. The Gauss curvature of the 

level set of 𝑙 at a regular point of the surface 𝑥 ∈ 𝜕𝑁𝑙,𝑡 can be computed taking the differential of the function 

𝑛𝑙(𝑥) =
∇𝑙(𝑥)

|∇𝑙(𝑥)|
 (provided ∇𝑙(𝑥) ≠ 0 ) restricted to the subspace orthogonal to the gradient. One obtains the well-

known formula 

𝜅𝜕𝑁𝑙,𝑡 = det (
0 𝑛𝑙(𝑥)𝑇

𝑛𝑙(𝑥) |∇𝑙(𝑥)|−1𝐻𝑙(𝑥)
) 

so we have 

|det(𝐾𝑙(𝑥))| = |𝜅𝜕𝑁𝑙,𝑡||∇𝑙(𝑥)|
2(1+𝜖). (14) 

The next Lemma justifies that we call Ω1+𝜖(𝑙) the (1 + 𝜖)-affine surface area of 𝑙. 

Lemma 2.5 (see [49]). Let 𝑙 be a 𝐶2 function with compact support such that for a.e. 𝑡 the level set 𝑁𝑙,𝑡 is a 𝐶2-

smooth convex body with positive Gauss curvature, then 

Ω1(𝑙) = ∫  
∞

0

Ω1(𝜕𝑁𝑙,𝑡)𝑑𝑡 

Assume additionally that 𝑙(𝑥) = 𝐹𝑗(‖𝑥‖𝐾) for a 𝐶1 function 𝐹𝑗, and 𝐾 is a 𝐶2-smooth convex body with 

positive Gauss curvature, then 

Ω1+𝜖(𝑙) = Ω1+𝜖(𝐾)∫  
∞

0

∑

𝑗

𝑡(2𝜖)
1+2𝜖

2+3𝜖|𝐹j
′(𝑡)|

2(1+𝜖)2

2+3𝜖 𝑑𝑡 

Proof. For the first part, use the co-area formula and identity (14) to obtain 

Ω1(𝑙)= ∫  
ℝ1+2𝜖

  |det(𝐾𝑙(𝑥))|
1

2(1+𝜖)𝑑𝑥

= ∫  
∞

0

 ∫  
𝜕𝑁𝑙,𝑡

  |det(𝐾𝑙(𝑥))|
1

2(1+𝜖)|∇𝑙(𝑥)|−1𝑑𝑆𝑑𝑡

= ∫  
∞

0

 ∫  
𝜕𝑁𝑙,𝑡

 𝜅𝜕𝑁𝑙,𝑡(𝑥)
1

2(1+𝜖)𝑑𝑆𝑑𝑡

= ∫  
∞

0

 Ω1(𝜕𝑁𝑙,𝑡)𝑑𝑡

 

For the second part notice that the level set of 𝑙 at 𝑥 is ‖𝑥‖𝐾 ⋅ 𝜕𝐾. Integrating in the level sets of ‖𝑥‖𝐾 and using 

that ∇‖𝑥‖𝐾 = ℎ𝐾(𝑥/‖𝑥‖𝐾)
−1𝑛𝑥/‖𝑥‖𝐾 where 𝑛𝑦 is the normal vector of 𝐾 at 𝑦, 
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Ω1+𝜖(𝑙)= ∫  
ℝ1+2𝜖

  |det(𝐾𝑙(𝑥))|
1+𝜖

2+3𝜖𝑑𝑥

= ∫  
∞

0

 ∫  
𝜕𝐾

  (|∇𝑙(𝑥)|2(1+𝜖)𝜅𝑡𝜕𝐾(𝑥))
1+𝜖

2+3𝜖ℎ𝑘(𝑥/‖𝑥‖𝐾)𝑑𝑆(𝑥)𝑑𝑡

= ∫  
∞

0

 ∫  
𝜕𝐾

 ∑

𝑗

𝑡2𝜖 ((𝐹j
′(𝑡)ℎ𝐾(𝑦)

−1)
2(1+𝜖)

𝜅𝜕𝐾(𝑦)𝑡
−(2𝜖))

1+𝜖

2+3𝜖
ℎ𝑘(𝑦)𝑑𝑆(𝑥)𝑑𝑡

= ∫  
∞

0

 ∫  
𝜕𝐾

 ∑

𝑗

𝑡(2𝜖)−(2𝜖)
1+𝜖

2+3𝜖|𝐹j
′(𝑡)|

2(1+𝜖)2

2+3𝜖 𝜅𝜕𝐾(𝑦)
1+𝜖

2+3𝜖ℎ𝐾(𝑛𝑥)
1−

2(1+𝜖)2

2+3𝜖 𝑑𝑆(𝑥)𝑑𝑡

= ∑

𝑗

(∫  
∞

0

  𝑡(2𝜖)
1+2𝜖

2+3𝜖|𝐹j
′(𝑡)|

2(1+𝜖)2

2+3𝜖 𝑑𝑡)∫  
𝑆2𝜖
  (𝜅𝜕𝐾(𝜉𝑗)ℎ𝐾(𝜉𝑗)

−𝜖)
−
1+2𝜖

2+3𝜖𝑑𝑆(𝜉𝑗)

= ∑

𝑗

(∫  
∞

0

  𝑡(2𝜖)
1+2𝜖

2+3𝜖|𝐹j
′(𝑡)|

2(1+𝜖)2

2+3𝜖 𝑑𝑡)Ω1+𝜖(𝐾).

 

 

III. Functional random simplex inequality 

Given functions 𝑙1, … , 𝑙𝑘 and convex bodies 𝐿𝑘+1, … , 𝐿1+2𝜖, we write 𝐼1+𝜖(𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿1+2𝜖) =

𝐼1+𝜖(𝑙1, … , 𝑙1+2𝜖) where 𝑙𝑖 = 𝐺1+𝜖,𝜆,𝐿𝑖  for 𝑖 = 𝑘 + 1,… , (1 + 2𝜖). This quantity is independent of 𝜆. 

Proof of Theorem 1.5 (see [49]). We prove by induction in 𝑘, the following 

Claim. Let 𝑙1, … , 𝑙𝑘 be continuous non-negative functions with compact support, and let 𝐿𝑘+1, … , 𝐿2𝜖 be convex 

bodies, then 

vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖)) ≤ 𝑎1+2𝜖,1+𝜖∏ 

𝑘

𝑖=1

𝑚
1+2𝜖,1+𝜖,𝜆

−
1+2𝜖

1+𝜖 ‖𝑙𝑖‖1
−
(1+2𝜖)+(1+𝜖)𝜆′

1+𝜖 ‖𝑙𝑖‖𝜆
𝜆′ ∏  

2𝜖

𝑗=𝑘+1

vol(𝐿𝑗)
−
2+3𝜖

1+𝜖  

and equality holds if and only if 𝑙1, … , 𝑙𝑘 have the form 𝑙𝑖(𝑥) = 𝑎𝑖𝐺1+𝜖,𝜆(𝑏𝑖|𝐴. 𝑥|2) where 𝑥𝑖 ∈ ℝ
1+2𝜖, 𝐴 ∈

Gl1+2𝜖(ℝ), and 𝐿𝑖 = 𝑎𝑖𝐴
−1 ⋅ 𝐵2 for 𝑖 ≥ 𝑘 + 1. Taking 𝑘 = 2𝜖 we obtain the Theorem with 𝐴1+2𝜖,1+𝜖,𝜆 =

𝑎1+2𝜖,1+𝜖𝑚1+2𝜖,1+𝜖,𝜆

−
(1+2𝜖)2

1+𝜖 . 

For 𝑘 = 0 the Claim is exactly Theorem 1.3. Assume 𝑘 ≥ 1 and that the Claim is true with 𝑘 replaced by 𝑘 − 1. 

Given functions 𝑙1, … , 𝑙𝑘 and sets 𝐿𝑘+1, … , 𝐿2𝜖 take 

𝐾 = 𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘−1, 𝑁1+𝜖

∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖), 𝐿𝑘+1, … , 𝐿2𝜖). 

Using the commutativity of 𝐼1+𝜖, 

𝑉̃−(1+𝜖)(𝑙𝑘 , 𝐾)=
2 + 3𝜖

1 + 2𝜖
𝐼1+𝜖(𝑙1, … , 𝑙𝑘−1, 𝑁1+𝜖

∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖), 𝐿𝑘+1, … , 𝐿2𝜖 , 𝑙𝑘)

=
2 + 3𝜖

1 + 2𝜖
𝐼1+𝜖(𝑙1, … , 𝑙𝑘−1, 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖 , 𝑁1+𝜖

∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖))

= 𝑉̃−(1+𝜖)(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖), 𝑁1+𝜖

∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖))

= vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖))

 

then by (13) 

vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖)) ≥ 𝑚1+2𝜖,1+𝜖,𝜆‖𝑙𝑘‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑙𝑘‖𝜆
−
(1+𝜖)𝜆′

1+2𝜖 vol(𝐾)−
1+𝜖

1+2𝜖 

Notice that the definition of 𝐾 involves only 𝑘 − 1 functions. Then by the induction hypothesis we have 
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vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖)) ≥ 𝑚1+2𝜖,1+𝜖,𝜆‖𝑙𝑘‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑙𝑘‖𝜆
−
(1+𝜖)𝜆′

1+2𝜖

× (𝑎1+2𝜖,1+𝜖∏ 

𝑘−1

𝑖=1

 𝑚
1+2𝜖,1+𝜖,𝜆

−
1+2𝜖

1+𝜖 ‖𝑙𝑖‖1
−
(1+2𝜖)+(1+𝜖)𝜆′

1+𝜖 ‖𝑙𝑖‖𝜆

(1+𝜖)𝜆′

1+𝜖 vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖))

−
2+3𝜖

1+𝜖

× ∏  

2𝜖

𝑗=𝑘+1

 vol(𝐿𝑗)
−
2+3𝜖

1+𝜖 )

−
1+𝜖

1+2𝜖

= 𝑚1+2𝜖,1+𝜖,𝜆‖𝑙𝑘‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑙𝑘‖𝜆
−
(1+𝜖)𝜆′

1+2𝜖

× (𝑎1+2𝜖,1+𝜖∏ 

𝑘−1

𝑖=1

 𝑚
1+2𝜖,1+𝜖,𝜆

−
1+2𝜖

1+𝜖 ‖𝑙𝑖‖1
−
(1+2𝜖)+(1+𝜖)𝜆′

1+𝜖 ‖𝑙𝑖‖𝜆
𝜆′ ∏  

2𝜖

𝑗=𝑘+1

 vol(𝐿𝑗)
−
2+3𝜖

1+𝜖 )

−
1+𝜖

1+2𝜖

× vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖))

2+3𝜖

1+2𝜖

 

that proves the Claim. 

The equality case follows from the equality case of the induction hypothesis (the equality case of the Claim with 

𝑘 − 1 functions), and the equality case of (13). 

We complete the proof of Corollary 1.6 by proving the equivalence between random and isoperimetric 

inequalities in the functional setting. 

Proof of Corollary 1.6 (see [49]). By the dual mixed volume inequality and Theorem 1.5, 

𝐼1+𝜖(𝑙1, … , 𝑙1+2𝜖)=
1 + 2𝜖

2 + 3𝜖
𝑉̃−(1+𝜖)(𝑙1+2𝜖, 𝑁1+𝜖

∘ (𝑙1, … , 𝑙2𝜖))

≥
1 + 2𝜖

2 + 3𝜖
𝑚1+2𝜖,1+𝜖,𝜆‖𝑙1+2𝜖‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑙1+2𝜖‖𝜆
−
(1+𝜖)𝜆′

1+2𝜖 vol(𝑁1+𝜖
∘ (𝑙1, … , 𝑙2𝜖))

−
1+𝜖

1+2𝜖

≥ 𝐵1+2𝜖,1+𝜖,𝜆‖𝑙1+2𝜖‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑙1+2𝜖‖𝜆
−
(1+𝜖)𝜆′

1+2𝜖 ∏ 

2𝜖

𝑖=1

  ‖𝑙𝑖‖1

(1+2𝜖)+(1+𝜖)𝜆′

1+2𝜖 ‖𝑙𝑖‖𝜆
−
(1+𝜖)𝜆′

1+2𝜖

 

where 𝐵1+2𝜖,1+𝜖,𝜆 =
1+2𝜖

2+3𝜖
𝑚1+2𝜖,1+𝜖,𝜆𝐴1+2𝜖,1+𝜖,𝜆

−
1+𝜖

1+2𝜖 . 

 

IV. The dual random simplex inequality 

Here we prove Theorems 1.8 and 1.9. Let 𝐿 be a convex body with smooth boundary and positive 

Gauss curvature, then it has a well defined (1 + 𝜖)-curvature function (𝑓𝑗)1+𝜖,𝐿 defined as the density of the 

(1 + 𝜖)-surface area measure with respect to the Lebesgue measure in the sphere, this is 

𝑑𝑆1+𝜖,𝐿 = (𝑓𝑗)1+𝜖,𝐿(𝜉𝑗)𝑑𝜉𝑗  

For 𝐿 as before, we consider the star body 𝐿1+𝜖
∗  given by the radial function 𝑟(𝐿1+𝜖

∗ , 𝜉𝑗) = (𝑓𝑗)1+𝜖,𝐿(𝜉𝑗)
1

2+3𝜖 and 

its volume given by 

vol(𝐿1+𝜖
∗ ) =

1

1 + 2𝜖
∫  
𝑆2𝜖
 ∑

𝑗

(𝑓𝑗)1+𝜖,𝐿(𝜉𝑗)
1+2𝜖

2+3𝜖 =
1

1 + 2𝜖
Ω1+𝜖(𝐿) (15) 

Now we prove Theorem 1.8. 

Proof of Theorem 1.8 (see [49]). By definition of 𝐼1+𝜖 and 𝐿1+𝜖
∗ , 

𝐼1+𝜖(𝐿1, ⋯ , 𝐿1+2𝜖) = ∫  
𝑆2𝜖
 ⋯∫  

𝑆2𝜖
 ∑

𝑗

𝐷1+2𝜖((𝜉𝑗)1, … , (𝜉𝑗)1+2𝜖)
1+𝜖
𝑑𝑆1+𝜖,𝐿1((𝜉𝑗)1)…𝑑𝑆1+𝜖,𝐿1+2𝜖((𝜉𝑗)1+2𝜖) 

= ∫  
𝑆2𝜖
 ⋯∫  

𝑆2𝜖
 ∑

𝑗

𝐷1+2𝜖((𝜉𝑗)1, … , (𝜉𝑗)1+2𝜖)
1+𝜖

∏  

1+2𝜖

𝑖=1

  (𝑓𝑗)1+𝜖,𝐿𝑖((𝜉𝑗)𝑖)𝑑(𝜉𝑗)1…𝑑(𝜉𝑗)1+2𝜖 

= ∫  
𝑆2𝜖
 ⋯∫  

𝑆2𝜖
 ∑

𝑗

𝐷1+2𝜖((𝜉𝑗)1, … , (𝜉𝑗)1+2𝜖)
1+𝜖

∏  

1+2𝜖

𝑖=1

  𝑟(𝐿𝑖)1+𝜖∗ ((𝜉𝑗)𝑖)
2+3𝜖

𝑑(𝜉𝑗)1…𝑑(𝜉𝑗)1+2𝜖 
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= (2 + 3𝜖)1+2𝜖∫  
(𝐿1)1+𝜖

∗
 ⋯∫  

(𝐿1+2𝜖)1+𝜖
∗
 𝐷1+2𝜖(𝑥1, … , 𝑥1+2𝜖)

1+𝜖𝑑𝑥1…𝑑𝑥1+2𝜖 

= (2 + 3𝜖)1+2𝜖𝐼1+𝜖((𝐿1)1+𝜖
∗ , ⋯ , (𝐿1+2𝜖)1+𝜖

∗ )                                               (16) 

The sets (𝐿𝑖)1+𝜖
∗  are not necessarily convex, but Corollary 1.6 applied to indicator functions with 𝜆 = ∞ implies 

that Theorem 1.1 remains valid for measurable sets (notice that 𝑚1+2𝜖,1+𝜖,∞ = 1 ). By this inequality and 

identity (15) we get 

𝐼1+𝜖(𝐿1, ⋯ , 𝐿1+2𝜖) ≥ (2 + 3𝜖)
1+2𝜖𝑏1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

vol((𝐿𝑖)1+𝜖
∗ )

2+3𝜖

1+2𝜖 = (2 + 3𝜖)1+2𝜖
𝑏1+2𝜖,1+𝜖
𝑛2+3𝜖

∏  

1+2𝜖

𝑖=1

Ω1+𝜖(𝐿𝑖)
2+3𝜖

1+2𝜖 

The proof of Theorem 1.9 requires a simple lemma: 

Lemma 4.1 (see [49]). Let 𝑔𝑗: (0,∞) → [0,∞) be a continuous non-negative function with compact support and 

𝜖 ≥ 0, 𝜆 ∈ (
1+2𝜖

2+3𝜖
, 1) ∪ (1, +∞], 𝜆′ =

𝜆

𝜆−1
 then 

∑

𝑗

(∫  
∞

0

 𝑔𝑗(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

≥ 𝐿1+2𝜖,1+𝜖,𝜆∑

𝑗

(∫  
∞

0

 𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡)

−
1+𝜖

(1+2𝜖)+(1+𝜖)

1

𝜆−1

(∫  
∞

0

 𝑔𝑗(𝑡)𝑑𝑡)

(1+2𝜖)+(1+𝜖)𝜆′

2+3𝜖

(17) 

where 

𝐿1+2𝜖,1+𝜖,𝜆 =

{
 
 
 
 

 
 
 
 

(1 − 𝜆) (
1 + 𝜖

2 + 3𝜖
)

1+𝜖

(𝜆−1)(2+3𝜖)

(𝜆 −
1 + 2𝜖

2 + 3𝜖
)

(1+2𝜖)−𝜆(2+3𝜖)

(𝜆−1)(2+3𝜖)

(
Γ(

1

1−𝜆
)

Γ (
3+4𝜖

1+𝜖
) Γ (

𝜆

1−𝜆
−

1+2𝜖

1+𝜖
)
)

1+𝜖

2+3𝜖

 if 𝜆 < 1

(𝜆 − 1) (
1 + 𝜖

2 + 3𝜖
)

1+𝜖

(𝜆−1)(2+3𝜖)

(𝜆 −
1 + 2𝜖

2 + 3𝜖
)

(1+2𝜖)−𝜆(2+3𝜖)

(𝜆−1)(2+3𝜖)

(
Γ (

1+2𝜖

1+𝜖
+

1

𝜆−1
+ 2)

Γ (
𝜆

𝜆−1
) Γ (

3+4𝜖

1+𝜖
)
)

1+𝜖

2+3𝜖

 if 𝜆 > 1

 

and equality holds if and only if 𝑔𝑗(𝑡) = 𝑎𝑝𝜆(𝑡/1 + 𝜖) for some 𝑎, 𝜖 ≥ 0 and 

𝑝𝜆(𝑡) =

{
 
 

 
 (𝑡𝜆−1 − 1)

+

1+2𝜖

1+𝜖  if 𝜆 < 1

(1 − 𝑡𝜆−1)
+

1+2𝜖

1+𝜖  if 𝜆 > 1

𝜒[0,1](𝑡)  if 𝜆 = ∞

 

For 𝜆 = ∞ we interpret inequality (17) as 

∑

𝑗

(∫  
∞

0

 𝑔𝑗(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

≥∑

𝑗

(S𝑔𝑗)
−
1+𝜖

2+3𝜖∫  
∞

0

𝑔𝑗(𝑡)𝑑𝑡 

where S𝑔𝑗 is the minimum 𝑎 > 0 such that 𝑔𝑗(𝑡) = 0 for all 𝑡 > 𝑎. 

Proof. For 𝜆 > 1 and 𝑡 > 0, let 𝑝𝜆(𝑡) = (1 − 𝑡
𝜆−1)

+

1+2𝜖

1+𝜖 . Then 

𝑝𝜆(𝑡/1 + 𝜖)
1+𝜖

1+2𝜖 ≥ 1 − 𝑡𝜆−1𝑟1−𝜆 

Multiplying by 𝑔𝑗(𝑡) and integrating 

∫  
∞

0

∑

𝑗

𝑔𝑗(𝑡)𝑝𝜆(𝑡/1 + 𝜖)
1+𝜖

1+2𝜖𝑑𝑡 ≥∑

𝑗

∫  
∞

0

𝑔𝑗(𝑡)𝑑𝑡 − 𝑟
1−𝜆∫  

∞

0

𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡 

By Hölder, 

∫  
∞

0

∑

𝑗

 𝑔𝑗(𝑡)𝑑𝑡≤ ∫  
∞

0

∑

𝑗

 𝑔𝑗(𝑡)𝑝𝜆(𝑡/1 + 𝜖)
1+𝜖

1+2𝜖𝑑𝑡 + 𝑟1−𝜆∫  
∞

0

 ∑

𝑗

𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡

≤∑

𝑗

(∫  
∞

0

 𝑔𝑗(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

(∫  
∞

0

 𝑝𝜆(𝑡/1 + 𝜖)
2+3𝜖

1+2𝜖𝑑𝑡)

1+𝜖

2+3𝜖

+ 𝑟1−𝜆∫  
∞

0

∑

𝑗

 𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡

≤∑

𝑗

(∫  
∞

0

 𝑔𝑗(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

(∫  
∞

0

 𝑝𝜆(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+𝜖

2+3𝜖

𝑟
1+𝜖

2+3𝜖 + 𝑟1−𝜆∫  
∞

0

∑

𝑗

 𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡.
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Minimizing the right-hand side for 𝜖 ≥ 0, we obtain the result for 𝜆 > 1. For the case 𝜆 ∈ (
1+2𝜖

2+3𝜖
, 1), we define 

𝑞𝜆(𝑡) = (𝑡
𝜆−1 − 1)

+

1+2𝜖

1+𝜖 . Then, 𝑞𝜆(𝑡)
1+𝜖

1+2𝜖 ≥ 𝑡𝜆−1 − 1 and it follows that 

∫  
∞

0

∑

𝑗

𝑔𝑗(𝑡)𝑞𝜆(𝑡/1 + 𝜖)
1+𝜖

1+2𝜖𝑑𝑡 ≥ 𝑟1−𝜆∫  
∞

0

∑

𝑗

𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡 − ∫  

∞

0

∑

𝑗

𝑔𝑗(𝑡)𝑑𝑡 

By Hölder 

∫  
∞

0

 ∑

𝑗

𝑔𝑗(𝑡)𝑡
𝜆−1𝑑𝑡≤ 𝑟𝜆−1∫  

∞

0

 ∑

𝑗

𝑔𝑗(𝑡)𝑑𝑡 + 𝑟
𝜆−1 (∫  

∞

0

 𝑔𝑗(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

(∫  
∞

0

 𝑞𝜆(𝑡/1 + 𝜖)
2+3𝜖

1+2𝜖𝑑𝑡)

1+𝜖

2+3𝜖

≤ 𝑟𝜆−1∑

𝑗

∫  
∞

0

 𝑔𝑗(𝑡)𝑑𝑡 + 𝑟
𝜆−

1+2𝜖

2+3𝜖 (∫  
∞

0

 𝑔𝑗(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

(∫  
∞

0

 𝑞𝜆(𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+𝜖

2+3𝜖

 

and again we conclude minimizing with respect to 𝜖 ≥ 0. The case 𝜆 = ∞ is just an application of Hölder 

inequality. 

Proof of Theorem 1.9 (see [49]). By hypothesis, every level dense set of each function 𝑙𝑖 is a 𝐶2-smooth 

convex body with positive Gauss curvature. For such a function 𝑙 = 𝑙𝑖, the relation (10) implies that the surface 

area measure of 𝑙 is absolutely continuous with respect to the invariant measure on 𝑆2𝜖. We also have a well 

defined (1 + 𝜖)-curvature function (𝑓𝑗)1+𝜖,𝑙 such that 𝑑𝑆1+𝜖,𝑙 = (𝑓𝑗)1+𝜖,𝑙(𝜉𝑗)𝑑𝜉𝑗 . We define the star body (𝑙)1+𝜖
∗  

similarly, by 

𝑟((𝑙)1+𝜖
∗ , 𝜉𝑗)

2+3𝜖
= (𝑓𝑗)1+𝜖,𝑙(𝜉𝑗) 

As in (16) we compute 

𝐼1+𝜖(𝑙1, ⋯ , 𝑙1+2𝜖) = 𝐼1+𝜖((𝑙1)1+𝜖
∗ , … , (𝑙1+2𝜖)1+𝜖

∗ ) ≥ 𝑏1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

 vol((𝑙𝑖)1+𝜖
∗ )

2+3𝜖

1+2𝜖. (18) 

Fix 𝑙 = 𝑙𝑖 for 𝑖 = 1,… 1 + 2𝜖. Consider the function 𝑛𝑙: ℝ1+2𝜖 → 𝑆2𝜖 given by 𝑛𝑙(𝑥) =
∇𝑙(𝑥)

|∇𝑙(𝑥)|2
. By Sard's 

Lemma applied to 𝑛𝑙, for almost every 𝜉𝑗, the set 

𝑃(𝜉𝑗) = {𝑥 ∈ ℝ
1+2𝜖/∇𝑙(𝑥) ≠ 0 and 𝑛𝑙(𝑥) = 𝜉𝑗} 

is a 1 -dimensional submanifold of the open dense subset of ℝ1+2𝜖 where ∇𝑙 ≠ 0. By the definition of (𝑓𝑗)1+𝜖,𝑙 

we have for any (1 + 𝜖)-homogeneous function 𝜙 on ℝ1+2𝜖, 

∫  
𝑆2𝜖
 ∑

𝑗

𝜙(𝜉𝑗)𝑑𝑆1+𝜖,𝑙 = ∫  
ℝ1+2𝜖

 𝜙(∇𝑙(𝑥))𝑑𝑥 

= ∫  
𝑆2𝜖
 ∫  
𝑃𝑙(𝜉𝑗)

 ∑

𝑗

𝐽𝑛𝑙(𝑥)
−1𝜙(∇𝑙(𝑥))𝑑𝑥𝑑𝜉𝑗 

= ∫  
𝑆2𝜖
 ∫  
𝑃𝑙(𝜉𝑗)

 ∑

𝑗

𝐽𝑛𝑙(𝑥)
−1|∇𝑙(𝑥)|1+𝜖𝑑𝑥𝜙(𝜉𝑗)𝑑𝜉𝑗                                                        (19) 

where we used the generalized co-area formula [36] (see also [16, Theorem 3.2.22], and 𝐽𝑛𝑙 is the (generalized) 

Jacobian of the function 𝑛𝑙: ℝ1+2𝜖 → 𝑆2𝜖 given by 𝑛𝑙(𝑥) =
∇𝑙(𝑥)

|∇𝑙(𝑥)|2
. The Jacobian of a transformation at a point 

𝑥0 can be computed by the formula (see [36, Lemma 1.2]) 

𝐽 =
𝐷2𝜖 (𝐴 ⋅ (𝑢𝑗)1, … , 𝐴 ⋅ (𝑢𝑗)2𝜖) |(𝑢𝑗)1+2𝜖|

𝐷1+2𝜖 ((𝑢𝑗)1, … , (𝑢𝑗)2𝜖 , (𝑢𝑗)1+2𝜖)
 

where 𝐴 is the differential of 𝑛𝑙 at 𝑥0, (𝑢𝑗)1+2𝜖 is a vector generating the kernel of 𝐴 and (𝑢𝑗)1, … , (𝑢𝑗)2𝜖 is any 

basis of a complementary subspace to ker(𝐴). Now, taking (𝑢𝑗)1, … , (𝑢𝑗)2𝜖 to be an orthonormal basis of the 

orthogonal space to 𝜉𝑗, and (𝑢𝑗)1+2𝜖 unitary, we obtain 𝐽 = |𝜅/ ⟨𝜉𝑗 , (𝑢𝑗)1+2𝜖⟩| where 𝜅 is the Gauss curvature of 

the level set of 𝑙 at 𝑥0. Observe that (𝑢𝑗)1+2𝜖 is the unit tangent vector of the curve 𝑃𝑙(𝜉𝑗) at 𝑥0. From (19) we 

obtain 
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(𝑓𝑗)1+𝜖,𝑙(𝜉𝑗) = ∫  
𝑃𝑙(𝜉𝑗)

 ∑

𝑗

𝜅(𝑥)−1|∇𝑙(𝑥)|1+𝜖|𝜉𝑗
𝑇|𝑑ℋ1(𝑥) (20) 

where 𝜉𝑗
𝑇 is the orthogonal projection of 𝜉𝑗 to the tangent space of the curve 𝑃𝑙(𝜉𝑗) at 𝑥. 

Since 𝑙 has convex level sets with positive Gauss curvature, each 𝑃(𝜉𝑗) can be parametrized by a curve 

𝛾𝜉: (0, ‖𝑙‖∞) → ℝ satisfying 𝑙 (𝛾𝜉𝑗(𝑡)) = 𝑡. We compute 

(𝑓𝑗)1+𝜖,𝑙(𝜉𝑗)= ∫  
‖𝑙‖∞

0

 ∑

𝑗

𝜅 (𝛾𝜉𝑗(𝑡))
−1

|∇𝑙 (𝛾𝜉𝑗(𝑡))|
1+𝜖

|⟨𝜉𝑗 , 𝛾𝜉𝑗
′ (𝑡)⟩| 𝑑𝑡

= ∫  
‖𝑙‖∞

0

∑

𝑗

 𝜅 (𝛾𝜉𝑗(𝑡))
−1

|∇𝑙 (𝛾𝜉𝑗(𝑡))|
𝜖

|⟨∇𝑙 (𝛾𝜉𝑗(𝑡)) , 𝛾𝜉𝑗
′ (𝑡)⟩| 𝑑𝑡

= ∫  
‖𝑙‖∞

0

 ∑

𝑗

𝜅 (𝛾𝜉𝑗(𝑡))
−1

|∇𝑙 (𝛾𝜉𝑗(𝑡))|
𝜖

𝑑𝑡

 

By formula (20), applying the parametrization given by 𝛾𝜉𝑗 , the Minkowski integral inequality and the definition 

of the surface area measure we have 

vol(𝑙1+𝜖
∗ )= ∫  

𝑆2𝜖
∑

𝑗

 (∫  
‖𝑙‖∞

0

 𝜅 (𝛾𝜉𝑗(𝑡))
−1

|∇𝑙 (𝛾𝜉𝑗(𝑡))|
𝜖

𝑑𝑡)

1+2𝜖

2+3𝜖

𝑑𝜉𝑗

≥ (∫  
‖𝑙‖∞

0

∑

𝑗

 (∫  
𝑆2𝜖

 𝜅 (𝛾𝜉𝑗(𝑡))
−
1+2𝜖

2+3𝜖
|∇𝑙 (𝛾𝜉𝑗(𝑡))|

(𝜖)(1+2𝜖)

2+3𝜖
𝑑𝜉𝑗)

2+3𝜖

1+2𝜖

𝑑𝑡)

1+2𝜖

2+3𝜖

= (∫  
‖𝑙‖∞

0

 (∫  
𝜕𝑁𝑙,𝑡

 𝜅(𝑥)
1+𝜖

2+3𝜖|∇𝑙(𝑥)|
(𝜖)(1+2𝜖)

2+3𝜖 𝑑𝑆𝑁𝑙,𝑡(𝑥))

2+3𝜖

1+2𝜖

𝑑𝑡)

1+2𝜖

2+3𝜖

 

By formula (14) we have 

vol(𝑙1+𝜖
∗ ) = (∫  

‖𝑙‖∞

0

 (∫  
𝜕𝑁𝑙,𝑡

  |det(𝐾𝑙(𝑥))|
1+𝜖

2+3𝜖|∇𝑙(𝑥)|−1𝑑𝑆𝑁𝑙,𝑡(𝑥))

2+3𝜖

1+2𝜖

𝑑𝑡)

1+2𝜖

2+3𝜖

 

Let us define 

Ω1+𝜖(𝑙, 𝑡) = ∫  
𝜕𝑁𝑙,𝑡

|det(𝐾𝑙(𝑥))|
1+𝜖

2+3𝜖|∇𝑙(𝑥)|−1𝑑𝑆𝑁𝑙,𝑡(𝑥) 

then a simple computation shows that 

Ω1+𝜖(𝑙
𝛼 , 𝑡𝛼) = Ω1+𝜖(𝑙, 𝑡)(𝛼𝑡

𝛼−1)(𝜖)
1+2𝜖

2+3𝜖 

and taking 𝜆 = 1 + (𝛼 − 1)
2(1+𝜖)2

2+3𝜖
 and 𝑔𝑗(𝑡) = Ω1+𝜖(𝑙, 𝑡) in Lemma 4.1, 
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vol(𝑙1+𝜖
∗ ) ≥(∫  

∞

0

 Ω1+𝜖(𝑙, 𝑡)
2+3𝜖

1+2𝜖𝑑𝑡)

1+2𝜖

2+3𝜖

≥𝐿1+2𝜖,1+𝜖,𝜆 (∫  
∞

0

 Ω1+𝜖(𝑙, 𝑡)𝑑𝑡)

(1+2𝜖)+(1+𝜖)𝜆′

2+3𝜖

(∫  
∞

0

 Ω1+𝜖(𝑙, 𝑡)𝑡
𝜆−1𝑑𝑡)

−
1+𝜖

(2+3𝜖)(𝜆−1)

=𝛼
1+𝜖

𝜆−1𝐿1+2𝜖,1+𝜖,𝜆 (∫  
∞

0

 Ω1+𝜖(𝑙, 𝑡)𝑑𝑡)

(1+2𝜖)+(1+𝜖)𝜆′

2+3𝜖

× (∫  
∞

0

 Ω1+𝜖(𝑙, 𝑡)(𝛼𝑡
𝛼−1)(𝜖)

1+2𝜖

2+3𝜖(𝛼𝑡𝛼−1)𝑑𝑡)

−
1+𝜖

(2+3𝜖)(𝜆−1)

=𝛼
1+𝜖

𝜆−1𝐿1+2𝜖,1+𝜖,𝜆 (∫  
∞

0

 Ω1+𝜖(𝑙, 𝑡)𝑑𝑡)

1+2𝜖+𝛼′

2(1+𝜖)

(∫  
∞

0

 Ω1+𝜖(𝑙
𝛼 , 𝑠)𝑑𝑠)

−
1

2(1+𝜖)
1

𝛼−1

=𝛼
1+𝜖

𝜆−1𝐿1+2𝜖,1+𝜖,𝜆Ω1+𝜖(𝑙)
1+2𝜖+𝛼′

2(1+𝜖) Ω1+𝜖(𝑙
𝛼)
−

1

2(1+𝜖)
1

𝛼 − 1

 

and we obtain the result with 𝐵̃1+2𝜖,1+𝜖,𝛼 = 𝑏1+2𝜖,1+𝜖 (
𝛼
1+𝜖
𝜆−1

1+2𝜖
𝐿1+2𝜖,1+𝜖,𝜆)

2+3𝜖

. 

The equality case follows from the equality case of Theorem 1.1 in (18), the equality case of Lemma 4.1 for the 

function Ω1+𝜖(𝑙, 𝑡), and the formula Ω1+𝜖(𝐹𝑗(|𝑥|2), 𝐹𝑗(𝑡)) = (1 + 2𝜖)𝜔1+2𝜖𝐹j
′(𝑡)(𝜖)

1+2𝜖

2+3𝜖. 

 

V. Open problems 

Here we discuss the dual inequality (6) and its relation to the body 𝑁̃1+𝜖 and the Petty conjecture. Let us 

consider the following open problem: 

Problem 1 [49]. Let 𝐿 be a convex body and 0 ≤ 𝜖 < 2𝜖, then 

𝐼1+𝜖(𝐿1, … , 𝐿1+2𝜖) ≥ 𝑏‾1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

 vol(𝐿𝑖)
𝜖

1+2𝜖 (21) 

and equality holds if and only if 𝐿1, … , 𝐿1+2𝜖 are homothetic origin-symmetric ellipsoids. 

Now we show that the proof of Theorem 1.5 works for 𝐼1+𝜖 and 𝑁̃1+𝜖 using the mixed volume. As explained in 

the introduction, inequality (6) is equivalent to the isoperimetric inequality vol (𝑁̃1+𝜖(𝐿1, … , 𝐿2𝜖)) ≥

𝑎‾1+2𝜖,1+𝜖∏  2𝜖
𝑖=1 vol(𝐿𝑖)

𝜖

1+𝜖. The proof of this equivalence is similar. 

Lemma 5.1 (see [49]). Assume Problem 1 holds. Let 𝑙1, … , 𝑙2𝜖 be continuous non-negative functions with 

compact support, let 𝐿𝑘+1, … , 𝐿2𝜖 be convex bodies and 0 ≤ 𝜖 < 2𝜖, then 

vol (𝑁̃1+𝜖(𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖)) ≥ 𝑎‾1+2𝜖,1+𝜖∏ 

𝑘

𝑖=1

cnv1+2𝜖,1+𝜖

1+2𝜖

1+𝜖 ‖𝑙𝑖‖𝑝∗
1+2𝜖 ∏  

2𝜖

𝑗=𝑘+1

vol(𝐿𝑗)
𝜖

1+𝜖 

and equality holds if and only if 𝑙1, … , 𝑙𝑘 have the form 𝑙𝑖(𝑥) = 𝑎𝑖(𝐹𝑗)1+𝜖(𝑏𝑖|𝐴 ⋅ (𝑥 − 𝑥𝑖)|2) where 𝑥0 ∈

ℝ1+2𝜖, 𝐴 ∈ Gl1+2𝜖(ℝ), and 𝐿𝑖 = 𝑎𝑖𝐴
−1. 𝐵2 for 𝑖 ≥ 𝑘 + 1. 

Proof. Take 𝐾 = 𝑁̃1+𝜖(𝑙1, … , 𝑙𝑘−1, 𝑁̃1+𝜖(𝑙1, … , 𝑙𝑘−1, 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖), 𝐿𝑘+1, … , 𝐿2𝜖). As in the proof of Lemma 

1.5, 

𝑉1+𝜖(𝑙𝑘, 𝐾) = vol (𝑁̃1+𝜖(𝑙1, … , 𝑙𝑘, 𝐿𝑘+1, … , 𝐿2𝜖)) 

then by the functional mixed volume inequality (11) and the induction hypothesis we get 
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vol (𝑁̃1+𝜖(𝑙1, … , 𝑙𝑘, 𝐿𝑘+1, … , 𝐿2𝜖)) ≥ cnv1+2𝜖,1+𝜖vol(𝐾)
1+𝜖

1+2𝜖‖𝑙𝑘‖𝑝∗
1+𝜖

 ≥ cnv1+2𝜖,1+𝜖 (𝑎‾1+2𝜖,1+𝜖∏ 

𝑘−1

𝑖=1

  cnv1+2𝜖,1+𝜖

1+2𝜖

1+𝜖 ‖𝑙𝑖‖𝑝∗
1+2𝜖vol(𝑁1+𝜖(𝑙1, … , 𝑙𝑘 , 𝐿𝑘+1, … , 𝐿2𝜖))

𝜖

1+𝜖

 × ∏  

2𝜖

𝑗=𝑘+1

 vol(𝐿𝑗)
𝜖

1+𝜖)

1+𝜖

1+2𝜖

‖𝑙𝑘‖𝑝∗
1+𝜖

 

and that proves the lemma. The equality case follows from the equality case of the induction hypothesis (the 

equality case of Lemma 5.1 with 𝑘 − 1 functions), and the equality case of (11). 

Summarizing, Problem 1 is equivalent to the following sharp inequalities 

𝐼1+𝜖(𝑙1, … , 𝑙1+2𝜖) ≥ 𝐵‾1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

 ‖𝑙𝑖‖𝑝∗
1+𝜖 (22)

vol (𝑁̃1+𝜖(𝐿1, … , 𝐿2𝜖)) ≥ 𝑎‾1+2𝜖,1+𝜖∏ 

2𝜖

𝑖=1

 vol(𝐿𝑖)
𝜖

1+𝜖 (23)

vol (𝑁̃1+𝜖(𝑙1, … , 𝑙2𝜖)) ≥ 𝐴‾1+2𝜖,1+𝜖 ∏  

1+2𝜖

𝑖=1

  ‖𝑙𝑖‖𝑝∗
1+2𝜖 (24)

 

and equality holds if and only if 𝐿1, … , 𝐿1+2𝜖 are homothetic origin-symmetric ellipsoids and 𝑙1, … , 𝑙1+2𝜖 have 

the form 𝑙𝑖(𝑥) = 𝑎𝑖(𝐹𝑗)1+𝜖(𝑏𝑖|𝐴. (𝑥 − 𝑥𝑖)|) with 𝑥0 ∈ ℝ
1+2𝜖, 𝑎𝑖 , 𝑏𝑖 > 0, 𝐴 ∈ Gl1+2𝜖(ℝ). Here the constants 

satisfy 𝑏‾1+2𝜖,1+𝜖 = (1 + 2𝜖)𝑎‾1+2𝜖,1+𝜖

1+𝜖

1+2𝜖 , 𝐵‾1+2𝜖,1+𝜖 = (1 + 2𝜖)cnv1+2𝜖,1+𝜖𝐴‾1+2𝜖,1+𝜖
1+𝜖/1+2𝜖

, 𝐴‾1+2𝜖,1+𝜖 =

𝑎‾1+2𝜖,1+𝜖cnv1+2𝜖,1+𝜖
(2𝜖)

1+2𝜖

1+𝜖 . Inequalities (21) and (23) are equivalent, as well as inequalities (22) and (24). Also by 

Lemma 5.1, (23) implies (24), while the converse is obvious. 

As a motivation to these problems we make two remarks, first notice that a particular case of inequality (22) is a 

sharp, affine invariant, 𝐿1+𝜖 Sobolev-like inequality 

∑

𝑗

(∫  
ℝ1+2𝜖

 ⋯∫  
ℝ1+2𝜖

 𝐷1+2𝜖 (∇𝑓𝑗(𝑥1), … , ∇𝑓𝑗(𝑥1+2𝜖))
1+𝜖

𝑑𝑥1⋯𝑑𝑥1+2𝜖)

1

(1+2𝜖)(1+𝜖)

≥ 𝐵‾1+2𝜖,1+𝜖

1

(1+2𝜖)(1+𝜖)∑

𝑗

‖𝑓𝑗‖𝑝∗(25) 

Second, for 𝜖 = 0, we have 
1

(1+2𝜖)!
𝐼1(𝐿, … , 𝐿) = vol(Π𝐿), and inequality (21) for 𝐿1 = ⋯ = 𝐿1+2𝜖 = 𝐿 becomes 

Petty's conjectured inequality (7). By the Blaschke-Santaló inequality for symmetric bodies [44, (10.28)], 

inequality (7) is stronger than the Petty Projection inequality 

vol(Π∘𝐿)−
1

1+2𝜖 ≥
𝜔2𝜖
𝜔1+2𝜖

vol(𝐿)
2𝜖

1+2𝜖 (26) 

Zhang proved in [48] a functional version of (26) that results in a Sharp Affine Sobolev inequality 

(
1

1 + 2𝜖
∫  
𝑆2𝜖
 (
1

2
∫  
ℝ1+2𝜖

 ∑

𝑗

|⟨∇𝑓𝑗(𝑥), 𝜉𝑗⟩|𝑑𝑥)

−(1+2𝜖)

𝑑𝜉𝑗)

−
1

1+2𝜖

≥
𝜔2𝜖
𝜔1+2𝜖

∑

𝑗

‖𝑓𝑗‖1+2𝜖
2𝜖

(27) 

where the left-hand side is vol (Π∘𝐾𝑓𝑗)
−

1

1+2𝜖
 and 𝐾𝑓𝑗 is such that 𝑆 (𝐾𝑓𝑗 ,⋅) = 𝑆(𝑓𝑗,⋅). Again by the Blaschke-

Santaló inequality applied to Π𝐾𝑓𝑗 we obtain 

(
1

1 + 2𝜖
∫  
𝑆2𝜖
 (
1

2
∫  
ℝ1+2𝜖

 ∑

𝑗

|⟨∇𝑓𝑗(𝑥), 𝜉𝑗⟩|𝑑𝑥)

−(1+2𝜖)

𝑑𝜉𝑗)

−
1

1+2𝜖

 

≥ (
1

𝜔1+2𝜖
2 (1 + 2𝜖)!

∫  
ℝ1+2𝜖

 ⋯∫  
ℝ1+2𝜖

 ∑

𝑗

𝐷1+2𝜖 (∇𝑓𝑗(𝑥1), … , ∇𝑓𝑗(𝑥1+2𝜖)) 𝑑𝑥1⋯𝑑𝑥1+2𝜖)

1

1+2𝜖

           (28) 
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meaning that the Sobolev-like inequality (25) for 𝜖 = 0 is stronger and directly implies the affine Sobolev 

inequality of Zhang (27). One can check that the value of 𝐵‾1+2𝜖,1
1/1+2𝜖

 in (25) is consistent with inequality (27). 

Notice that any purely analytic proof of (28) must contour (or re-prove) the Blaschke-Santaló inequality. In any 

case, that doesn't seem a trivial thing to do, but it might extend to the 𝐿1+𝜖 case: 

Problem 2 [49]. 

(

 ∫  
𝑆2𝜖
 (∫  

ℝ1+2𝜖
 ∑

𝑗

|⟨∇𝑓𝑗(𝑥), 𝜉𝑗⟩|
1+𝜖𝑑𝑥)

−
1+2𝜖

1+𝜖

𝑑𝜉𝑗

)

 

−
1

1+2𝜖

≥ 𝑒1+2𝜖,1+𝜖 (∫  
ℝ1+2𝜖

 ⋯∫  
ℝ1+2𝜖

∑

𝑗

 𝐷1+2𝜖 (∇𝑓𝑗(𝑥1), … , ∇𝑓𝑗(𝑥1+2𝜖))
1+𝜖

𝑑𝑥1⋯𝑑𝑥1+2𝜖)

1

(1+2𝜖)(1+𝜖)

 

Lastly, to this moment we don't know whether Problem 1 for 𝜖 > 0 can be reduced to the particular case where 

𝐿1 = ⋯ = 𝐿1+2𝜖 = 𝐿. We believe these problems are worth to consider since they might shed some light into an 

important open problem that resisted the symmetrization approach. 
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         I ˜  1 + 𝜖  (   L 1 , … ,   L  2 + 𝜖 )  =   ∫    S  1 + 𝜖     ⋯   ∫    S  1 + 𝜖     ∑  j      D  2 + 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  2 + 𝜖 )  1 + 𝜖 d   S  1 + 𝜖 ,   L 1  (   (   𝜉  j ) 1 ) … d   S  1 + 𝜖 ,   L  2 + 𝜖  (   (   𝜉  j )  2 + 𝜖 )       I ˜  1 + 𝜖  (   l 1 , … ,   l  2 + 𝜖 )  =   ∫   ℝ  2 + 𝜖     ⋯   ∫   ℝ  2 + 𝜖       D  2 + 𝜖    ( ∇   l 1  (   x 1 ) , … , ∇   l  2 + 𝜖  (   x  2 + 𝜖 ) )  1 + 𝜖 d   x 1 ⋯ d   x  2 + 𝜖


    S  1 + 𝜖 , L


    L  1 + 𝜖


      N ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 )


      h    (     N ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 ) ,   𝜉  j )  1 + 𝜖      =   ∫    S  1 + 𝜖     …   ∫    S  1 + 𝜖       ∑  j    D  2 + 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 𝜖 ,   𝜉  j )  1 + 𝜖 d   S  1 + 𝜖 ,   L 1  (   (   𝜉  j ) 1 ) … d   S  1 + 𝜖 ,   L  1 + 𝜖  (   (   𝜉  j )  1 + 𝜖 )


    S  1 + 𝜖 , L ( L  )  − ( 2 + 𝜖 )     I ˜  1 + 𝜖 ( L , … , L )


  ( 1 + 𝜖 )


    n    x 1 , ⋯ ,   n    x  2 + 𝜖


    x  i


  L


    S  1 + 𝜖 , L /   S  1 + 𝜖 , L ( L )


      I ˜  1 + 𝜖  (   l 1 , … ,   l  2 + 𝜖 )


  𝜖 = 0


    l 1 , … ,   l  2 + 𝜖


      I ˜  1 + 𝜖


      N ˜  1 + 𝜖


  𝜖 ≥ 0


         I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) ≥     b ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖     vol    (   L  i )    𝜖  1 + 2 𝜖 # ( 6 )


    L 1 , … ,   L  1 + 2 𝜖


  𝜖 > 0


  𝜖 = 0


  𝜖 = 0


  K


  h ( Π K ,   𝜉  j ) =  1 2   ∫    S  2 𝜖     ∑  j  | ⟨   𝜉  j , 𝜂 ⟩ | d   S  K ( 𝜂 )


  vol ( Π K ) =  1  ( 1 + 2 𝜖 ) !     I ˜ 1 ( K , … , K )


  𝜖 = 0


    L 1 = ⋯ =   L  1 + 2 𝜖 = L


     vol ( L  )  − 2 𝜖 vol ( Π L ) ≥    (     𝜔  2 𝜖    𝜔  1 + 2 𝜖 )  1 + 2 𝜖   𝜔  1 + 2 𝜖 2 # ( 7 )


  L


   1  ( 1 + 2 𝜖 ) !     I ˜ 1  (   L 1 , … ,   L  1 + 2 𝜖 ) = V  ( Π   L 1 , … , Π   L  1 + 2 𝜖 ) ≥   ∏  i = 1  1 + 2 𝜖   vol    ( Π   L  i )  1 / 1 + 2 𝜖


  𝜖 = 0


    L 1 , … ,   L  1 + 2 𝜖


  𝜖 = 0


  ‖   f  j  ‖    1 + 2 𝜖  2 𝜖 ≤   C  1 + 2 𝜖   ∑  j     (   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       D  1 + 2 𝜖  ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) ) d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  1 + 2 𝜖


  𝜖 ≥ 0 ,   L 1 , … ,   L  1 + 2 𝜖


    C 2


  𝜖 ≥ 0


         I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) ≥     b ˜  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖      Ω  1 + 𝜖    (   L  i )    2 + 3 𝜖  1 + 2 𝜖 # ( 8 )


      b ˜  1 + 2 𝜖 , 1 + 𝜖 = ( 2 + 3 𝜖  )  1 + 2 𝜖     b  1 + 2 𝜖 , 1 + 𝜖    n  2 + 3 𝜖


   Ω  1 + 𝜖 ( L )


  ( 1 + 𝜖 )


  L


    L 1 , … ,   L  1 + 2 𝜖


  ( 1 + 𝜖 )


  𝜖 = 0


  𝜖 ≥ 0


  L


  ( 1 + 𝜖 )


   Ω  1 + 𝜖  (   L  i ) = 0


  𝜖 = 0


    L 1 = ⋯ =   L  1 + 2 𝜖 = L


  vol ( Π L ) ≥     𝜔  2 𝜖  1 + 2 𝜖    n  2 ( 1 + 𝜖 )   𝜔  1 + 2 𝜖  1 + 2 𝜖  Ω 1 ( L  )  2 ( 1 + 𝜖 )


    L  1 + 𝜖


  𝜖 ≥ 0 ,   l 1 , … ,   l  1 + 2 𝜖


    C 2


  𝜖 ≥ 0


    l 1 , … ,   l  1 + 2 𝜖


    C 2


  𝛼 ∈  (   1 + 2 𝜖  2 ( 1 + 𝜖 ) , 1 ) ∪ ( 1 , ∞ )


    𝛼 ′ =   𝛼  𝛼 − 1


         I ˜  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 ) ≥     B ˜  1 + 2 𝜖 , 1 + 𝜖 , 𝛼   ∏  i = 1  1 + 2 𝜖        (  Ω  1 + 𝜖    (   l  i )    1 + 2 𝜖 +   𝛼 ′  2 ( 1 + 𝜖 )  Ω  1 + 𝜖    (   l  i  𝛼 )  −  1  2 𝜖  1  𝛼 − 1 )    2 + 3 𝜖  1 + 2 𝜖 # ( 9 )


   Ω  1 + 𝜖 ( l ) =   ∫   ℝ  1 + 2 𝜖   | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 d x ,  and  K l ( x ) =  (    0  ∇ l ( x  )  T   ∇ l ( x )  H l ( x ) )


    l  i


    l  i ( x ) =   a  i   F  j    (   b  i    | A ⋅  ( x −   x  i ) | 2 ) +


    a  i ,   b  i > 0 ,   x  i ∈  ℝ  1 + 2 𝜖 , A ∈  Gl  1 + 2 𝜖 ( ℝ )


    F  j : ( 0 , T ] → [ 0 , 1 )


    F j ′ ( t ) =  {    −   t  −   2 𝜖  𝜖    ( 1 −   F  j ( t  )    2  ( 𝛼 − 1 )    ( 1 + 𝜖 ) 2  2 + 3 𝜖 )    2 + 3 𝜖  ( 1 + 𝜖 ) ( 𝜖 )   if  𝛼 > 1   −   t  −   2 𝜖  𝜖    (   F  j ( t  )    2  ( 𝛼 − 1 )    ( 1 + 𝜖 ) 2  2 + 3 𝜖 − 1 )    2 + 3 𝜖  ( 1 + 𝜖 ) ( 𝜖 )   if  𝛼 < 1


    F  j ( T ) = 0


  𝛼 = ∞


      I ˜  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 ) ≥     B ˜  1 + 2 𝜖 , 1 + 𝜖 , ∞   ∏  i = 1  1 + 2 𝜖    Ω  1 + 𝜖    (   l  i )    2 + 3 𝜖  1 + 2 𝜖    ‖   l  i ‖ ∞  −   1 + 𝜖  1 + 2 𝜖


      B ˜  1 + 2 𝜖 , 1 + 𝜖 , 𝛼


   Ω  1 + 𝜖 ( l )


  ( 1 + 𝜖 )


  𝜓


   as  𝜆 ( 𝜓 ) =   ∫   ℝ  1 + 2 𝜖   det ( H 𝜓 ( x )  )  𝜆   e  − 𝜓 ( x ) d x


    C 2


  l ( x ) =   F  j  ( ‖ x  ‖  K )


    F  j : [ 0 , ∞ ) → ℝ


    C 2


   Ω  1 + 𝜖 ( l ) =  Ω  1 + 𝜖 ( K )


    ∫ 0 ∞     t    ( 1 + 2 𝜖 ) ( 2 𝜖 )  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t = 1


   as  𝜆 ( 𝜓 )


  𝜓 ( x ) =   ‖ x  ‖  K 2 2


  𝜖 = 0


  l ( x )


   Ω 1 ( l ) =   ∫ 0 ∞    Ω 1  (  { x ∈  ℝ  1 + 2 𝜖 / l ( x ) ≥ t } ) d t


  A ∈  Gl  1 + 2 𝜖 ( ℝ )


    l  A ( x ) = l ( A . x )


  K   l  A ( x ) =  (    1  0   0    A  T ) ⋅ K l ( x ) ⋅  (    1  0   0  A )


  K ↦   F  j  ( ‖ ⋅  ‖  K )


  K


    F  j  ( ‖ ⋅  ‖  K )


    N  1 + 𝜖


  K ⊂  ℝ  1 + 2 𝜖


   ℝ  1 + 2 𝜖


   h  K


   h  K ( y ) = max { ⟨ y , z ⟩ / z ∈ K }


  K


  K


  ‖ ⋅  ‖  K


    r  K ( ⋅ )


  K


     ‖ y  ‖  K : = inf { 𝜆 > 0 : y ∈ 𝜆 K } ,   y ∈  ℝ  1 + 2 𝜖 ∖ { 0 } ,     r  K ( y ) : = max { 𝜆 > 0 : 𝜆 y ∈ K } ,   y ∈  ℝ  1 + 2 𝜖 ∖ { 0 } .


  ‖ y  ‖  K =  1    r  K ( y )


  ‖ ⋅  ‖  K


  K


  K = − K


  ‖ ⋅  ‖  K


  K


   ℝ  1 + 2 𝜖


  K ⊂  ℝ  1 + 2 𝜖


    K ∘


    K ∘ : =  { y ∈  ℝ  1 + 2 𝜖 / ⟨ y , z ⟩ ≤ 1   ∀ z ∈ K }


   h  K  − 1 =   r    K ∘


  𝜖 ≥ 0


    L  1 + 𝜖


    V  1 + 𝜖 ( K , L )


  K


  L


    V  1 + 𝜖 ( K , L ) =   1 + 𝜖  1 + 2 𝜖  lim  𝜀 → 0     vol  ( K +    ( 1 + 𝜖 ) 𝜀 ⋅    ( 1 + 𝜖 ) L ) − vol ( K )  𝜀 ,


  K  +  ( 1 + 𝜖 ) 𝜀 ⋅    ( 1 + 𝜖 ) L


   h  K  +  ( 1 + 𝜖 ) 𝜀 ⋅    ( 1 + 𝜖 ) L ( x  )  1 + 𝜖 =  h  K ( x  )  1 + 𝜖 + 𝜀  h  L ( x  )  1 + 𝜖 ,   ∀ x ∈  ℝ  1 + 2 𝜖


    S  1 + 𝜖 ( K ,


    𝕊  2 𝜖


    V  1 + 𝜖 ( K , L ) =  1  1 + 2 𝜖   ∫    𝕊  2 𝜖     ∑  j   h  L (   u  j  )  1 + 𝜖 d   S  1 + 𝜖 ( K ,   u  j )


  L


  0 ≤ 𝜖 < ∞


  K , L


   ℝ  1 + 2 𝜖


    V  1 + 𝜖 ( K , L ) ≥ vol ( K  )    𝜖  1 + 2 𝜖 vol ( L  )    1 + 𝜖  1 + 2 𝜖


  K


  L


    L  1 + 𝜖


    f  j :  ℝ  1 + 2 𝜖 → ℝ


    L  1 + 𝜖


  0 ≤ 𝜖 < ∞


    f  j :  ℝ  1 + 2 𝜖 → ℝ


    L  1 + 𝜖


    S  1 + 𝜖 (   f  j ,     u  j )


    𝕊  2 𝜖


       ∫   ℝ  1 + 2 𝜖       ∑  j  𝜙 ( − ∇   f  j ( x )  )  1 + 𝜖 d x =   ∫    𝕊  2 𝜖       ∑  j  𝜙 (   u  j  )  1 + 𝜖 d   S  1 + 𝜖 (   f  j ,   u  j ) # ( 10 )


  𝜙 :  ℝ  1 + 2 𝜖 → ℝ


  L


    (   f  j )  L ( x ) =   F  j  ( ‖ x  ‖  L )


    S  1 + 𝜖 (   f  j ,   u  j ) =


    S  1 + 𝜖 ( L ,


    F  j


    F  j :  ℝ + →  ℝ +


    ∫ 0 ∞     ∑  j    t  2 𝜖   F j ′ ( t  )  1 + 𝜖 d t = 1


    f  j


  L


    S  1 + 𝜖 (   f  j ,   u  j ) =


    S  1 + 𝜖 ( L ,


  ) , w e h a v e


    V  1 + 𝜖 ( L , K ) =  1  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖     ∑  j  h ( K , − ∇   f  j ( x )  )  1 + 𝜖 d x


    f  j


       V  1 + 𝜖 (   f  j , K )  =  1  1 + 2 𝜖   ∫    S  2 𝜖       ∑  j  h ( K ,   𝜉  j  )  1 + 𝜖 d   S  1 + 𝜖 (   f  j ,   𝜉  j )    =  1  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖     ∑  j    h ( K , − ∇   f  j ( x )  )  1 + 𝜖 d x


    L  1 + 𝜖


    f  j


  𝜖 ≥ 0 , L


    f  j


       V  1 + 𝜖 (   f  j , L ) =  1  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖       ∑  j  ‖ ∇   f  j ( x )  ‖    L ∘  1 + 𝜖 d x ≥  cnv  1 + 2 𝜖 , 1 + 𝜖   ∑  j  ‖   f  j  ‖    p ∗  1 + 𝜖 vol ( L  )  1 + 𝜖 / 1 + 2 𝜖 # ( 11 )


    f  j ( x ) = a   (   F  j )  1 + 𝜖  ( b    ‖ x −   x 0 ‖  L )


    x 0 ∈  ℝ  1 + 2 𝜖 , a , b > 0


     (   F  j )  1 + 𝜖 ( t ) =  {       ( 1 +   t    1 + 𝜖  𝜖 )  1 −   1 + 2 𝜖  1 + 𝜖  if  𝜖 > 0     𝜒  [ 0 , 1 ] ( t )  if  𝜖 = 0


  𝜖 = 0


  L =   B 2


    L  1 + 𝜖


    𝒮  1 + 2 𝜖 , 1 + 𝜖    ‖ | ∇   f  j ( x )  | 2 ‖    L  1 + 𝜖 ≥ ‖   f  j  ‖    p ∗


    𝒮  1 + 2 𝜖 , 1 + 𝜖 =    ( ( 1 + 2 𝜖 )  cnv  1 + 2 𝜖 , 1 + 𝜖   𝜔  1 + 2 𝜖    1 + 𝜖  1 + 2 𝜖 )  − 1 / 1 + 𝜖


    𝜔  1 + 2 𝜖


    𝒮  1 + 2 𝜖 , 1 + 𝜖


  K


  0 ≤ 𝜖 < 2 𝜖


     (   F  j )  1 + 𝜖 , K ( x ) = a    (   F  j )  1 + 𝜖  ( ‖ x  ‖  K )


  a


    V  1 + 𝜖  (    (   F  j )  1 + 𝜖 , K , L ) =   V  1 + 𝜖 ( K , L )


  L


     (   F  j )  1 + 𝜖 , L


   cnv  1 + 2 𝜖 , 1 + 𝜖    ‖    (   F  j )  1 + 𝜖 , K ‖    p ∗  1 + 𝜖 = vol ( K  )    𝜖  1 + 2 𝜖


  𝜖 ≥ 0


    L  1 + 𝜖


      V ˜  − ( 1 + 𝜖 ) ( K , L )


  K , L


         V ˜  − ( 1 + 𝜖 ) ( K , L ) =   2 + 3 𝜖  1 + 2 𝜖   ∫  K     ‖ x  ‖  L  1 + 𝜖 d x # ( 12 )


    L  1 + 𝜖


      V ˜  − ( 1 + 𝜖 ) ( K , L ) ≥ vol ( K  )    2 + 3 𝜖  1 + 2 𝜖 vol ( L  )  −   1 + 𝜖  1 + 2 𝜖


      V ˜  − ( 1 + 𝜖 ) (   f  j , L ) =   2 + 3 𝜖  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖     ∑  j    f  j ( x ) ‖ x  ‖  L  1 + 𝜖 d x


  K


     (   f  j )  K ( x ) =   F  j  ( ‖ x  ‖  K )


      V ˜  − ( 1 + 𝜖 ) (   f  j , L ) =     V ˜  − ( 1 + 𝜖 ) ( K , L )


  L


    F  j


  ( 2 + 3 𝜖 )   ∫ 0 ∞     ∑  j    t  1 + 3 𝜖   F  j ( t ) d t = 1


    L  1 + 𝜖


  𝜆 ∈  (   1 + 2 𝜖  2 + 3 𝜖 , 1 ) ∪ ( 1 , + ∞ ]


  L


    f  j :  ℝ  1 + 2 𝜖 → ℝ


         V ˜  − ( 1 + 𝜖 ) (   f  j , L ) ≥   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 ‖   f  j  ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖 ‖   f  j  ‖  𝜆  −   1 + 𝜖  1 + 2 𝜖   𝜆 ′ vol ( L  )  −   1 + 𝜖  1 + 2 𝜖 # ( 13 )


    m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆


    f  j ( x ) = a   G  1 + 𝜖 , 𝜆  ( b ‖ x  ‖  L )


  a , b ∈ ℝ


  K


    G  1 + 𝜖 , 𝜆 , K ( x ) = a   G  1 + 𝜖 , 𝜆  ( ‖ x  ‖  K )


  a


      V ˜  − ( 1 + 𝜖 )  (   G  1 + 𝜖 , 𝜆 , K , L ) =     V ˜  − ( 1 + 𝜖 ) ( K , L )


  L


    G  1 + 𝜖 , 𝜆 , L


    m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   G  1 + 𝜖 , 𝜆 , L ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   G  1 + 𝜖 , 𝜆 , L ‖  𝜆  −   1 + 𝜖  1 + 2 𝜖   𝜆 ′ = vol ( L  )    2 + 3 𝜖  1 + 2 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


      V ˜  − ( 1 + 𝜖 )  (   L  1 + 2 𝜖 ,   N  1 + 𝜖 ∘  (   L 1 , … ,   L  2 𝜖 ) ) =   2 + 3 𝜖  1 + 2 𝜖   I  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) .


    I  1 + 𝜖  (   G  1 + 𝜖 , 𝜆 ,   L 1 , … ,   G  1 + 𝜖 , 𝜆 ,   L  1 + 2 𝜖 ) =   I  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 )


      I ˜  1 + 𝜖  (   (   F  j )  1 + 𝜖 ,   L 1 , … ,   (   F  j )  1 + 𝜖 ,   L  1 + 2 𝜖 ) =     I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 )


  K


    L  1 + 𝜖


  K


    ∫    S  2 𝜖     ∑  j  𝜙 (   𝜉  j ) d   S  1 + 𝜖 , K (   𝜉  j ) =   ∫    S  2 𝜖     ∑  j  𝜙 (   𝜉  j )   (   f  j )  1 + 𝜖 ( K ,   𝜉  j ) d   𝜉  j


  𝜙


    (   f  j )  1 + 𝜖


    L  1 + 𝜖


  𝜖 = 0


  ( 1 + 𝜖 )


  K


      Ω  1 + 𝜖 ( K )  =   ∫    S  2 𝜖       ∑  j    (   f  j )  1 + 𝜖 ( K ,   𝜉  j  )    1 + 2 𝜖  2 + 3 𝜖 d   𝜉  j    =   ∫    S  2 𝜖       ∑  j    (   f  j )  1 + 𝜖 ( K ,   𝜉  j  )  −   1 + 𝜖  2 + 3 𝜖 d   S  1 + 𝜖 , K


  𝜖 = 0


  Ω ( K ) =   ∫  𝜕 K   𝜅 ( x  )   1  2 ( 1 + 𝜖 ) d x


   Ω  1 + 𝜖


  𝜖 = 0


  l


    C 1


    N  l , t =  { x ∈  ℝ  1 + 2 𝜖 / l ( x ) ≥ t }


  l


  x ∈ 𝜕   N  l , t


    n  l ( x ) =   ∇ l ( x )  | ∇ l ( x ) |


  ∇ l ( x ) ≠


    𝜅  𝜕   N  l , t = det  (    0    n  l ( x  )  T     n  l ( x )  | ∇ l ( x )  |  − 1 H l ( x ) )


     | det ( K l ( x ) ) | =  |   𝜅  𝜕   N  l , t | | ∇ l ( x )  |  2 ( 1 + 𝜖 ) . # ( 14 )


   Ω  1 + 𝜖 ( l )


  ( 1 + 𝜖 )


  l


  l


    C 2


  t


    N  l , t


    C 2


   Ω 1 ( l ) =   ∫ 0 ∞    Ω 1  ( 𝜕   N  l , t ) d t


  l ( x ) =   F  j  ( ‖ x  ‖  K )


    C 1


    F  j


  K


    C 2


   Ω  1 + 𝜖 ( l ) =  Ω  1 + 𝜖 ( K )   ∫ 0 ∞     ∑  j    t  ( 2 𝜖 )   1 + 2 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t


      Ω 1 ( l )  =   ∫   ℝ  1 + 2 𝜖     | det ( K l ( x ) )  |   1  2 ( 1 + 𝜖 ) d x    =   ∫ 0 ∞       ∫  𝜕   N  l , t     | det ( K l ( x ) )  |   1  2 ( 1 + 𝜖 ) | ∇ l ( x )  |  − 1 d S d t    =   ∫ 0 ∞       ∫  𝜕   N  l , t       𝜅  𝜕   N  l , t ( x  )   1  2 ( 1 + 𝜖 ) d S d t    =   ∫ 0 ∞      Ω 1  ( 𝜕   N  l , t ) d t


  l


  x


  ‖ x  ‖  K ⋅ 𝜕 K


  ‖ x  ‖  K


  ∇ ‖ x  ‖  K =  h  K    ( x / ‖ x  ‖  K )  − 1   n  x / ‖ x  ‖  K


    n  y


  K


  y


      Ω  1 + 𝜖 ( l )  =   ∫   ℝ  1 + 2 𝜖     | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 d x    =   ∫ 0 ∞       ∫  𝜕 K        ( | ∇ l ( x )  |  2 ( 1 + 𝜖 )   𝜅  t 𝜕 K ( x ) )    1 + 𝜖  2 + 3 𝜖  h  k  ( x / ‖ x  ‖  K ) d S ( x ) d t    =   ∫ 0 ∞       ∫  𝜕 K       ∑  j    t  2 𝜖    (    (   F j ′ ( t )  h  K ( y  )  − 1 )  2 ( 1 + 𝜖 )   𝜅  𝜕 K ( y )   t  − ( 2 𝜖 ) )    1 + 𝜖  2 + 3 𝜖  h  k ( y ) d S ( x ) d t    =   ∫ 0 ∞       ∫  𝜕 K       ∑  j    t  ( 2 𝜖 ) − ( 2 𝜖 )   1 + 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖   𝜅  𝜕 K ( y  )    1 + 𝜖  2 + 3 𝜖  h  K    (   n  x )  1 −   2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d S ( x ) d t    =   ∑  j   (   ∫ 0 ∞       t  ( 2 𝜖 )   1 + 2 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t )   ∫    S  2 𝜖        (   𝜅  𝜕 K (   𝜉  j )  h  K (   𝜉  j  )  − 𝜖 )  −   1 + 2 𝜖  2 + 3 𝜖 d S (   𝜉  j )    =   ∑  j   (   ∫ 0 ∞       t  ( 2 𝜖 )   1 + 2 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t )  Ω  1 + 𝜖 ( K ) .  


    l 1 , … ,   l  k


    L  k + 1 , … ,   L  1 + 2 𝜖


    I  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1


   … ,   L  1 + 2 𝜖 ) =   I  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 )


    l  i =   G  1 + 𝜖 , 𝜆 ,   L  i


  i = k + 1 , … , ( 1 + 2 𝜖 )


  𝜆


  k


    l 1 , … ,   l  k


    L  k + 1 , … ,   L  2 𝜖


  vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≤   a  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k     m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖ 1  −   ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    𝜆 ′   ∏  j = k + 1  2 𝜖   vol    (   L  j )  −   2 + 3 𝜖  1 + 𝜖


    l 1 , … ,   l  k


    l  i ( x ) =   a  i   G  1 + 𝜖 , 𝜆  (   b  i | A . x  | 2 )


    x  i ∈  ℝ  1 + 2 𝜖 , A ∈  Gl  1 + 2 𝜖 ( ℝ )


    L  i =   a  i   A  − 1 ⋅   B 2


  i ≥ k + 1


  k = 2 𝜖


    A  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 =   a  1 + 2 𝜖 , 1 + 𝜖   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −     ( 1 + 2 𝜖 ) 2  1 + 𝜖


  k = 0


  k ≥ 1


  k


  k − 1


    l 1 , … ,   l  k


    L  k + 1 , … ,   L  2 𝜖


  K =   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k − 1 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   L  k + 1 , … ,   L  2 𝜖 ) .


    I  1 + 𝜖


         V ˜  − ( 1 + 𝜖 )  (   l  k , K )  =   2 + 3 𝜖  1 + 2 𝜖   I  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   L  k + 1 , … ,   L  2 𝜖 ,   l  k )    =   2 + 3 𝜖  1 + 2 𝜖   I  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    =     V ˜  − ( 1 + 𝜖 )  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    = vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )


  vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  k ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  k ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖 vol ( K  )  −   1 + 𝜖  1 + 2 𝜖


  K


  k − 1


      vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  k ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  k ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ×  (   a  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k − 1       m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖ 1  −   ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖 vol    (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )  −   2 + 3 𝜖  1 + 𝜖       ×   ∏  j = k + 1  2 𝜖     vol    (   L  j )  −   2 + 3 𝜖  1 + 𝜖 )  −   1 + 𝜖  1 + 2 𝜖    =   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  k ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  k ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ×    (   a  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k − 1       m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖ 1  −   ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    𝜆 ′   ∏  j = k + 1  2 𝜖     vol    (   L  j )  −   2 + 3 𝜖  1 + 𝜖 )  −   1 + 𝜖  1 + 2 𝜖    × vol    (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    2 + 3 𝜖  1 + 2 𝜖


  k − 1


       I  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 )  =   1 + 2 𝜖  2 + 3 𝜖     V ˜  − ( 1 + 𝜖 )  (   l  1 + 2 𝜖 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  2 𝜖 ) )    ≥   1 + 2 𝜖  2 + 3 𝜖   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  1 + 2 𝜖 ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  1 + 2 𝜖 ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖 vol    (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  2 𝜖 ) )  −   1 + 𝜖  1 + 2 𝜖    ≥   B  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  1 + 2 𝜖 ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  1 + 2 𝜖 ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖   ∏  i = 1  2 𝜖        ‖   l  i ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  i ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖


    B  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 =   1 + 2 𝜖  2 + 3 𝜖   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆   A  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 𝜖  1 + 2 𝜖


  L


  ( 1 + 𝜖 )


    (   f  j )  1 + 𝜖 , L


  ( 1 + 𝜖 )


  d   S  1 + 𝜖 , L =   (   f  j )  1 + 𝜖 , L (   𝜉  j ) d   𝜉  j


  L


    L  1 + 𝜖 ∗


  r  (   L  1 + 𝜖 ∗ ,   𝜉  j ) =   (   f  j )  1 + 𝜖 , L (   𝜉  j  )   1  2 + 3 𝜖


     vol  (   L  1 + 𝜖 ∗ ) =  1  1 + 2 𝜖   ∫    S  2 𝜖       ∑  j    (   f  j )  1 + 𝜖 , L (   𝜉  j  )    1 + 2 𝜖  2 + 3 𝜖 =  1  1 + 2 𝜖  Ω  1 + 𝜖 ( L ) # ( 15 )


      I ˜  1 + 𝜖


    L  1 + 𝜖 ∗


      I ˜  1 + 𝜖  (   L 1 , ⋯ ,   L  1 + 2 𝜖 ) =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖 d   S  1 + 𝜖 ,   L 1  (   (   𝜉  j ) 1 ) … d   S  1 + 𝜖 ,   L  1 + 2 𝜖  (   (   𝜉  j )  1 + 2 𝜖 )


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       (   f  j )  1 + 𝜖 ,   L  i  (   (   𝜉  j )  i ) d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       (   f  j )  1 + 𝜖 ,   L  i  (   (   𝜉  j )  i ) d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       r     (   L  i )  1 + 𝜖 ∗    (   (   𝜉  j )  i )  2 + 3 𝜖 d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       r     (   L  i )  1 + 𝜖 ∗    (   (   𝜉  j )  i )  2 + 3 𝜖 d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  = ( 2 + 3 𝜖  )  1 + 2 𝜖   ∫     (   L 1 )  1 + 𝜖 ∗     ⋯   ∫     (   L  1 + 2 𝜖 )  1 + 𝜖 ∗       D  1 + 2 𝜖    (   x 1 , … ,   x  1 + 2 𝜖 )  1 + 𝜖 d   x 1 … d   x  1 + 2 𝜖


  = ( 2 + 3 𝜖  )  1 + 2 𝜖   I  1 + 𝜖  (    (   L 1 )  1 + 𝜖 ∗ , ⋯ ,    (   L  1 + 2 𝜖 )  1 + 𝜖 ∗ )                                                                                               ( 16 )


  = ( 2 + 3 𝜖  )  1 + 2 𝜖   I  1 + 𝜖  (    (   L 1 )  1 + 𝜖 ∗ , ⋯ ,    (   L  1 + 2 𝜖 )  1 + 𝜖 ∗ )                                                                                               ( 16 )


     (   L  i )  1 + 𝜖 ∗


  𝜆 = ∞


    m  1 + 2 𝜖 , 1 + 𝜖 , ∞ = 1


      I ˜  1 + 𝜖  (   L 1 , ⋯ ,   L  1 + 2 𝜖 ) ≥ ( 2 + 3 𝜖  )  1 + 2 𝜖   b  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖   vol    (    (   L  i )  1 + 𝜖 ∗ )    2 + 3 𝜖  1 + 2 𝜖 = ( 2 + 3 𝜖  )  1 + 2 𝜖     b  1 + 2 𝜖 , 1 + 𝜖    n  2 + 3 𝜖   ∏  i = 1  1 + 2 𝜖    Ω  1 + 𝜖    (   L  i )    2 + 3 𝜖  1 + 2 𝜖


    g  j : ( 0 , ∞ ) → [ 0 , ∞ )


  𝜖 ≥ 0 , 𝜆 ∈  (   1 + 2 𝜖  2 + 3 𝜖 , 1 ) ∪ ( 1 , + ∞ ] ,   𝜆 ′ =   𝜆  𝜆 − 1


       ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖 ≥   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆   ∑  j     (   ∫ 0 ∞       g  j ( t )   t  𝜆 − 1 d t )  −   1 + 𝜖  ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )  1  𝜆 − 1    (   ∫ 0 ∞       g  j ( t ) d t )    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  2 + 3 𝜖 # ( 17 )


    L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 =  {    ( 1 − 𝜆 )    (   1 + 𝜖  2 + 3 𝜖 )    1 + 𝜖  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    ( 𝜆 −   1 + 2 𝜖  2 + 3 𝜖 )    ( 1 + 2 𝜖 ) − 𝜆 ( 2 + 3 𝜖 )  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    (   Γ  (  1  1 − 𝜆 )  Γ  (   3 + 4 𝜖  1 + 𝜖 ) Γ  (   𝜆  1 − 𝜆 −   1 + 2 𝜖  1 + 𝜖 ) )    1 + 𝜖  2 + 3 𝜖    if  𝜆 < 1   ( 𝜆 − 1 )    (   1 + 𝜖  2 + 3 𝜖 )    1 + 𝜖  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    ( 𝜆 −   1 + 2 𝜖  2 + 3 𝜖 )    ( 1 + 2 𝜖 ) − 𝜆 ( 2 + 3 𝜖 )  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    (   Γ  (   1 + 2 𝜖  1 + 𝜖 +  1  𝜆 − 1 + 2 )  Γ  (   𝜆  𝜆 − 1 ) Γ  (   3 + 4 𝜖  1 + 𝜖 ) )    1 + 𝜖  2 + 3 𝜖    if  𝜆 > 1


    g  j ( t ) = a   p  𝜆 ( t / 1 + 𝜖 )


  a , 𝜖 ≥ 0


    p  𝜆 ( t ) =  {       (   t  𝜆 − 1 − 1 ) +    1 + 2 𝜖  1 + 𝜖   if  𝜆 < 1      ( 1 −   t  𝜆 − 1 ) +    1 + 2 𝜖  1 + 𝜖   if  𝜆 > 1     𝜒  [ 0 , 1 ] ( t )   if  𝜆 = ∞


  𝜆 = ∞


    ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖 ≥   ∑  j  ( S   g  j  )  −   1 + 𝜖  2 + 3 𝜖   ∫ 0 ∞     g  j ( t ) d t


  S   g  j


  a > 0


    g  j ( t ) = 0


  t > a


  𝜆 > 1


  t > 0


    p  𝜆 ( t ) =    ( 1 −   t  𝜆 − 1 ) +    1 + 2 𝜖  1 + 𝜖


    p  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 ≥ 1 −   t  𝜆 − 1   r  1 − 𝜆


    g  j ( t )


    ∫ 0 ∞     ∑  j    g  j ( t )   p  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 d t ≥   ∑  j    ∫ 0 ∞     g  j ( t ) d t −   r  1 − 𝜆   ∫ 0 ∞     g  j ( t )   t  𝜆 − 1 d t


       ∫ 0 ∞     ∑  j      g  j ( t ) d t  ≤   ∫ 0 ∞     ∑  j      g  j ( t )   p  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 d t +   r  1 − 𝜆   ∫ 0 ∞       ∑  j    g  j ( t )   t  𝜆 − 1 d t    ≤   ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       p  𝜆 ( t / 1 + 𝜖  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖 +   r  1 − 𝜆   ∫ 0 ∞     ∑  j      g  j ( t )   t  𝜆 − 1 d t    ≤   ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       p  𝜆 ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖   r    1 + 𝜖  2 + 3 𝜖 +   r  1 − 𝜆   ∫ 0 ∞     ∑  j      g  j ( t )   t  𝜆 − 1 d t .


  𝜖 ≥ 0


  𝜆 > 1


  𝜆 ∈  (   1 + 2 𝜖  2 + 3 𝜖 , 1 )


    q  𝜆 ( t ) =    (   t  𝜆 − 1 − 1 ) +    1 + 2 𝜖  1 + 𝜖


    q  𝜆 ( t  )    1 + 𝜖  1 + 2 𝜖 ≥   t  𝜆 − 1 − 1


    ∫ 0 ∞     ∑  j    g  j ( t )   q  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 d t ≥   r  1 − 𝜆   ∫ 0 ∞     ∑  j    g  j ( t )   t  𝜆 − 1 d t −   ∫ 0 ∞     ∑  j    g  j ( t ) d t


       ∫ 0 ∞       ∑  j    g  j ( t )   t  𝜆 − 1 d t  ≤   r  𝜆 − 1   ∫ 0 ∞       ∑  j    g  j ( t ) d t +   r  𝜆 − 1    (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       q  𝜆 ( t / 1 + 𝜖  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖    ≤   r  𝜆 − 1   ∑  j    ∫ 0 ∞       g  j ( t ) d t +   r  𝜆 −   1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       q  𝜆 ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖


  𝜖 ≥ 0


  𝜆 = ∞


    l  i


    C 2


  l =   l  i


  l


    S  2 𝜖


  ( 1 + 𝜖 )


    (   f  j )  1 + 𝜖 , l


  d   S  1 + 𝜖 , l =   (   f  j )  1 + 𝜖 , l (   𝜉  j ) d   𝜉  j


  ( l  )  1 + 𝜖 ∗


  r    ( ( l  )  1 + 𝜖 ∗ ,   𝜉  j )  2 + 3 𝜖 =   (   f  j )  1 + 𝜖 , l (   𝜉  j )


         I ˜  1 + 𝜖  (   l 1 , ⋯ ,   l  1 + 2 𝜖 ) =   I  1 + 𝜖  (    (   l 1 )  1 + 𝜖 ∗ , … ,    (   l  1 + 2 𝜖 )  1 + 𝜖 ∗ ) ≥   b  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖     vol    (    (   l  i )  1 + 𝜖 ∗ )    2 + 3 𝜖  1 + 2 𝜖 . # ( 18 )


  l =   l  i


  i = 1 , … 1 + 2 𝜖


    n  l :  ℝ  1 + 2 𝜖 →   S  2 𝜖


    n  l ( x ) =   ∇ l ( x )  | ∇ l ( x )  | 2


    n  l


    𝜉  j


  P (   𝜉  j ) =  { x ∈  ℝ  1 + 2 𝜖 / ∇ l ( x ) ≠ 0  and    n  l ( x ) =   𝜉  j }


   ℝ  1 + 2 𝜖


  ∇ l ≠ 0


    (   f  j )  1 + 𝜖 , l


  ( 1 + 𝜖 )


  𝜙


   ℝ  1 + 2 𝜖


    ∫    S  2 𝜖       ∑  j  𝜙 (   𝜉  j ) d   S  1 + 𝜖 , l =   ∫   ℝ  1 + 2 𝜖     𝜙 ( ∇ l ( x ) ) d x


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 𝜙 ( ∇ l ( x ) ) d x d   𝜉  j


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 𝜙 ( ∇ l ( x ) ) d x d   𝜉  j


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 | ∇ l  ( x )  |  1 + 𝜖 d x 𝜙  (   𝜉  j ) d   𝜉  j                                                                                                               ( 19 )


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 | ∇ l  ( x )  |  1 + 𝜖 d x 𝜙  (   𝜉  j ) d   𝜉  j                                                                                                               ( 19 )


    J    n  l


    n  l :  ℝ  1 + 2 𝜖 →   S  2 𝜖


    n  l ( x ) =   ∇ l ( x )  | ∇ l ( x )  | 2


    x 0


  J =     D  2 𝜖  ( A ⋅    (   u  j ) 1 , … , A ⋅    (   u  j )  2 𝜖 )  |    (   u  j )  1 + 2 𝜖 |    D  1 + 2 𝜖  (    (   u  j ) 1 , … ,    (   u  j )  2 𝜖 ,    (   u  j )  1 + 2 𝜖 )


  A


    n  l


    x 0 ,    (   u  j )  1 + 2 𝜖


  A


     (   u  j ) 1 , … ,    (   u  j )  2 𝜖


  ker ( A )


     (   u  j ) 1 , … ,    (   u  j )  2 𝜖


    𝜉  j


     (   u  j )  1 + 2 𝜖


  J =  | 𝜅 /  ⟨   𝜉  j ,    (   u  j )  1 + 2 𝜖 ⟩ |


  𝜅


  l


    x 0


     (   u  j )  1 + 2 𝜖


    P  l (   𝜉  j )


    x 0


       (   f  j )  1 + 𝜖 , l (   𝜉  j ) =   ∫    P  l (   𝜉  j )       ∑  j  𝜅 ( x  )  − 1 | ∇ l ( x )  |  1 + 𝜖  |   𝜉  j  T | d  ℋ 1 ( x ) # ( 20 )


    𝜉  j  T


    𝜉  j


    P  l (   𝜉  j )


  x


  l


  P (   𝜉  j )


    𝛾  𝜉 :  ( 0 , ‖ l  ‖ ∞ ) → ℝ


  l  (   𝛾    𝜉  j ( t ) ) = t


       (   f  j )  1 + 𝜖 , l (   𝜉  j )  =   ∫ 0  ‖ l  ‖ ∞       ∑  j  𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  1 + 𝜖  |  ⟨   𝜉  j ,   𝛾    𝜉  j ′ ( t ) ⟩ | d t    =   ∫ 0  ‖ l  ‖ ∞     ∑  j    𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  𝜖  |  ⟨ ∇ l  (   𝛾    𝜉  j ( t ) ) ,   𝛾    𝜉  j ′ ( t ) ⟩ | d t    =   ∫ 0  ‖ l  ‖ ∞       ∑  j  𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  𝜖 d t


    𝛾    𝜉  j


     vol  (   l  1 + 𝜖 ∗ )  =   ∫    S  2 𝜖     ∑  j       (   ∫ 0  ‖ l  ‖ ∞     𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖 d   𝜉  j    ≥    (   ∫ 0  ‖ l  ‖ ∞     ∑  j       (   ∫    S  2 𝜖     𝜅    (   𝛾    𝜉  j ( t ) )  −   1 + 2 𝜖  2 + 3 𝜖    | ∇ l  (   𝛾    𝜉  j ( t ) ) |    ( 𝜖 ) ( 1 + 2 𝜖 )  2 + 3 𝜖 d   𝜉  j )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    =    (   ∫ 0  ‖ l  ‖ ∞        (   ∫  𝜕   N  l , t     𝜅 ( x  )    1 + 𝜖  2 + 3 𝜖 | ∇ l ( x )  |    ( 𝜖 ) ( 1 + 2 𝜖 )  2 + 3 𝜖 d   S    N  l , t ( x ) )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖


  vol  (   l  1 + 𝜖 ∗ ) =    (   ∫ 0  ‖ l  ‖ ∞        (   ∫  𝜕   N  l , t     | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 | ∇ l ( x )  |  − 1 d   S    N  l , t ( x ) )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖


   Ω  1 + 𝜖 ( l , t ) =   ∫  𝜕   N  l , t   | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 | ∇ l ( x )  |  − 1 d   S    N  l , t ( x )


   Ω  1 + 𝜖  (   l  𝛼 ,   t  𝛼 ) =  Ω  1 + 𝜖 ( l , t )    ( 𝛼   t  𝛼 − 1 )  ( 𝜖 )   1 + 2 𝜖  2 + 3 𝜖


  𝜆 = 1 +  ( 𝛼 − 1 )   2    ( 1 + 𝜖 ) 2  2 + 3 𝜖


    g  j ( t ) =  Ω  1 + 𝜖 ( l , t )


     vol  (   l  1 + 𝜖 ∗ ) ≥     (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖   ≥    L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t ) d t )    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  2 + 3 𝜖    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t )   t  𝜆 − 1 d t )  −   1 + 𝜖  ( 2 + 3 𝜖 ) ( 𝜆 − 1 )   =    𝛼    1 + 𝜖  𝜆 − 1   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t ) d t )    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  2 + 3 𝜖    ×    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t )    ( 𝛼   t  𝛼 − 1 )  ( 𝜖 )   1 + 2 𝜖  2 + 3 𝜖  ( 𝛼   t  𝛼 − 1 ) d t )  −   1 + 𝜖  ( 2 + 3 𝜖 ) ( 𝜆 − 1 )   =    𝛼    1 + 𝜖  𝜆 − 1   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t ) d t )    1 + 2 𝜖 +   𝛼 ′  2 ( 1 + 𝜖 )    (   ∫ 0 ∞      Ω  1 + 𝜖  (   l  𝛼 , s ) d s )  −  1  2  ( 1 + 𝜖 )  1  𝛼 − 1   =    𝛼    1 + 𝜖  𝜆 − 1   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  Ω  1 + 𝜖 ( l  )    1 + 2 𝜖 +   𝛼 ′  2 ( 1 + 𝜖 )  Ω  1 + 𝜖    (   l  𝛼 )  −  1  2 ( 1 + 𝜖 )  1  𝛼 − 1


      B ˜  1 + 2 𝜖 , 1 + 𝜖 , 𝛼 =   b  1 + 2 𝜖 , 1 + 𝜖    (     𝛼    1 + 𝜖  𝜆 − 1  1 + 2 𝜖   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 )  2 + 3 𝜖


   Ω  1 + 𝜖 ( l , t )


   Ω  1 + 𝜖  (   F  j  ( | x  | 2 ) ,   F  j ( t ) ) =  ( 1 + 2 𝜖 )   𝜔  1 + 2 𝜖   F j ′ ( t  )  ( 𝜖 )   1 + 2 𝜖  2 + 3 𝜖


      N ˜  1 + 𝜖


  L


  0 ≤ 𝜖 < 2 𝜖


         I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) ≥     b ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖     vol    (   L  i )    𝜖  1 + 2 𝜖 # ( 21 )


    L 1 , … ,   L  1 + 2 𝜖


      I ˜  1 + 𝜖


      N ˜  1 + 𝜖


  vol  (     N ˜  1 + 𝜖  (   L 1 , … ,   L  2 𝜖 ) ) ≥     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  2 𝜖   vol    (   L  i )    𝜖  1 + 𝜖


    l 1 , … ,   l  2 𝜖


    L  k + 1 , … ,   L  2 𝜖


  0 ≤ 𝜖 < 2 𝜖


  vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k    cnv  1 + 2 𝜖 , 1 + 𝜖    1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖    p ∗  1 + 2 𝜖   ∏  j = k + 1  2 𝜖   vol    (   L  j )    𝜖  1 + 𝜖


    l 1 , … ,   l  k


    l  i ( x ) =   a  i   (   F  j )  1 + 𝜖  (   b  i    | A ⋅  ( x −   x  i ) | 2 )


    x 0 ∈  ℝ  1 + 2 𝜖 , A ∈  Gl  1 + 2 𝜖 ( ℝ )


    L  i =   a  i   A  − 1 .   B 2


  i ≥ k + 1


  K =     N ˜  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,     N ˜  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   L  k + 1 , … ,   L  2 𝜖 )


    V  1 + 𝜖  (   l  k , K ) = vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )


      vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥  cnv  1 + 2 𝜖 , 1 + 𝜖 vol ( K  )    1 + 𝜖  1 + 2 𝜖    ‖   l  k ‖    p ∗  1 + 𝜖      ≥  cnv  1 + 2 𝜖 , 1 + 𝜖  (     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k − 1      cnv  1 + 2 𝜖 , 1 + 𝜖    1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖    p ∗  1 + 2 𝜖 vol    (   N  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    𝜖  1 + 𝜖         ×   ∏  j = k + 1  2 𝜖     vol    (   L  j )    𝜖  1 + 𝜖 )    1 + 𝜖  1 + 2 𝜖    ‖   l  k ‖    p ∗  1 + 𝜖


  k − 1


         I ˜  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 ) ≥     B ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖        ‖   l  i ‖    p ∗  1 + 𝜖 # ( 22 )   vol  (     N ˜  1 + 𝜖  (   L 1 , … ,   L  2 𝜖 ) ) ≥     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  2 𝜖     vol    (   L  i )    𝜖  1 + 𝜖 # ( 23 )   vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  2 𝜖 ) ) ≥     A ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖        ‖   l  i ‖    p ∗  1 + 2 𝜖 # ( 24 )


    L 1 , … ,   L  1 + 2 𝜖


    l 1 , … ,   l  1 + 2 𝜖


    l  i ( x ) =   a  i   (   F  j )  1 + 𝜖  (   b  i  | A .  ( x −   x  i ) | )


    x 0 ∈  ℝ  1 + 2 𝜖 ,   a  i ,   b  i > 0


  A ∈  Gl  1 + 2 𝜖 ( ℝ )


      b ‾  1 + 2 𝜖 , 1 + 𝜖 = ( 1 + 2 𝜖 )     a ‾  1 + 2 𝜖 , 1 + 𝜖    1 + 𝜖  1 + 2 𝜖 ,     B ‾  1 + 2 𝜖 , 1 + 𝜖 = ( 1 + 2 𝜖 )  cnv  1 + 2 𝜖 , 1 + 𝜖     A ‾  1 + 2 𝜖 , 1 + 𝜖  1 + 𝜖 / 1 + 2 𝜖 ,     A ‾  1 + 2 𝜖 , 1 + 𝜖 =     a ‾  1 + 2 𝜖 , 1 + 𝜖  cnv  1 + 2 𝜖 , 1 + 𝜖  ( 2 𝜖 )   1 + 2 𝜖  1 + 𝜖


    L  1 + 𝜖


       ∑  j     (   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       D  1 + 2 𝜖    ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) )  1 + 𝜖 d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  ( 1 + 2 𝜖 ) ( 1 + 𝜖 ) ≥     B ‾  1 + 2 𝜖 , 1 + 𝜖   1  ( 1 + 2 𝜖 ) ( 1 + 𝜖 )   ∑  j  ‖   f  j  ‖    p ∗ # ( 25 )


  𝜖 = 0


   1  ( 1 + 2 𝜖 ) !     I ˜ 1 ( L , … , L ) = vol ( Π L )


    L 1 = ⋯ =   L  1 + 2 𝜖 = L


     vol    (  Π ∘ L )  −  1  1 + 2 𝜖 ≥     𝜔  2 𝜖    𝜔  1 + 2 𝜖 vol ( L  )    2 𝜖  1 + 2 𝜖 # ( 26 )


        (  1  1 + 2 𝜖   ∫    S  2 𝜖        (  1 2   ∫   ℝ  1 + 2 𝜖       ∑  j  | ⟨ ∇   f  j ( x ) ,   𝜉  j ⟩ | d x )  − ( 1 + 2 𝜖 ) d   𝜉  j )  −  1  1 + 2 𝜖 ≥     𝜔  2 𝜖    𝜔  1 + 2 𝜖   ∑  j  ‖   f  j  ‖    1 + 2 𝜖  2 𝜖 # ( 27 )


  vol    (  Π ∘   K    f  j )  −  1  1 + 2 𝜖


    K    f  j


  S  (   K    f  j , ⋅ ) = S (   f  j , ⋅ )


  Π   K    f  j


     (  1  1 + 2 𝜖   ∫    S  2 𝜖        (  1 2   ∫   ℝ  1 + 2 𝜖       ∑  j  | ⟨ ∇   f  j ( x ) ,   𝜉  j ⟩ | d x )  − ( 1 + 2 𝜖 ) d   𝜉  j )  −  1  1 + 2 𝜖


  ≥    (  1    𝜔  1 + 2 𝜖 2  ( 1 + 2 𝜖 ) !   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       ∑  j    D  1 + 2 𝜖  ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) ) d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  1 + 2 𝜖                       ( 28 )


  ≥    (  1    𝜔  1 + 2 𝜖 2  ( 1 + 2 𝜖 ) !   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       ∑  j    D  1 + 2 𝜖  ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) ) d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  1 + 2 𝜖                       ( 28 )


  𝜖 = 0


      B ‾  1 + 2 𝜖 , 1  1 / 1 + 2 𝜖


    L  1 + 𝜖


         (   ∫    S  2 𝜖        (   ∫   ℝ  1 + 2 𝜖       ∑  j  | ⟨ ∇   f  j ( x ) ,   𝜉  j ⟩  |  1 + 𝜖 d x )  −   1 + 2 𝜖  1 + 𝜖 d   𝜉  j )  −  1  1 + 2 𝜖    ≥   e  1 + 2 𝜖 , 1 + 𝜖    (   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖     ∑  j      D  1 + 2 𝜖    ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) )  1 + 𝜖 d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  ( 1 + 2 𝜖 ) ( 1 + 𝜖 )


  𝜖 > 0


    L 1 = ⋯ =   L  1 + 2 𝜖 = L
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