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Abstract

Given L a convex body, the L, ,.-Busemann Random Simplex Inequality is closely related to the centroid body
Lyel for € =0 and 1, and only in these cases it can be proved using the L,.. -Busemann-Petty centroid
inequality. J. Haddad [49] define a convex body Ny ..L and prove an isoperimetric inequality for (N1,cL)° that
is equivalent to the L, .-Busemann Random Simplex Inequality. As applications, we give and show on his way a
simple proof of a general functional version of the Busemann Random Simplex Inequality and study a dual
theory related to Petty's conjectured inequality. We prove dual versions of the Ly, .-Busemann Random Simplex
Inequality for densely sets and functions by means of the (1 + €)-affine surface area measure, and we prove
that the Petty conjecture is equivalent to an L,-Sharp Affine Sobolevtype inequality that is stronger than (and
directly implies) the Sobolev-Zhang inequality.
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I.  Introduction
ForL € R?*€ be a convex body (a compact convex densely set with non-empty interior) with the origin
as interior point. In 1953 [7]showed that if (2 + €) points are chosen
randomly inside L with uniform probability, then the expected volume of the simplex formed by the convex hull
of these dense points and the origin attains its minimum among all convex dense sets of the same volume, when
L is an ellipsoid. So, if we denote
Day (V1) oo, Vaye) = |det(vy, ..., Va4

then D, (Vy, ..., V34¢) is the volume of the parallelepiped spanned by the vectors vy, ..., V5... We have
1

szﬂ(vl, s Vaye) = vol(co(0, vy, ..., v24¢)) and the result can be stated as

f J Dare(y, s Xaue)dy -+ diyye = byyevol(L)* )
L L

where b,,. is a sharp constant, and equality holds if and only if L is an origin-symmetric ellipsoid. This is
known as the Busemann Random Simplex Inequality.
A convex body may be characterized by its support function hy, defined as

hx(y) = max{(y, z):z € K}.
It describes the (signed) distance of supporting hyperplanes of K to the origin. Closely related to inequality (1),
the centroid body of L is defined as the unique convex body I’} L having as support function
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1
(1L 6) = —— o [ g 0ldn
( ! ]) Coreavol(L) J,
where the constant ¢ ; is such that if B, is the unit euclidean ball, I} B,, . = B, ..
It is not difficult to show (see [44], formulas 10.69 and 5.82) that

2+e

Core) 2 i
VoL = 6217 ol [ o | Dauer v tas I - @

and inequality (1) is equivalent to the well known Busemann-Petty centroid inequality
vol(T[;L) = vol(L)
where equality holds if and only if L is an origin-symmetric ellipsoid.

Several generalizations and extensions of inequality (1) have been studied. [19]proved that the expected value,
as well as the higher order moments of the volume of the convex hull of (3 + €)dense points inside K is
minimized when K is an ellipsoid. Then in [20] extended the result to the case where the number of points k is
allowed to be greater than or equal to (3 + €). [41,42] extended the result to measurable sets, and were the
volume is composed with an increasing function. [24] proved it replacing the volume by the Quermassintegrals.
The reverse inequality, with triangles asequality cases (in the planar case) was studied by [9,11] and [43], see
also [45, Chapter 8]. [15] showed functional inequalities for any number of points k > 1, and [39] showed a
general condition allowing to apply Steiner symmetrization to many isoperimetric inequalities in stochastic
form. The latter work builds on rearrangement inequalities of [6], [13] and [2].

A general version of inequality (1) where the k bodies in the multiple integral are allowed to be different, and
the volume of the parallelepiped is raised to the power € > 0, was proved in [5]. We state here a particular case.

Theorem 1.1 [49]. Let L4, ..., L, be convex bodies and € > 0, define

Lipe(Ly, oy Loge) = J f Dyie(xy, ...,x2+€)1+edx1 o dXpge
Ly Laye
then we have

2+e€
3+2¢

Liye(Ly, ) Lave) = bayerte 1_[ vol(L;)z+e (3)
i=1
where b, ¢ 1+ 18 such that equality holds if and only if Ly, ..., L. are homothetic originsymmetric ellipsoids.
See [45, Theorem 8.6.1] for the explicit value of by 1.

[34] defined the L;,. Centroid body I;,.L and [31] proved an L;,. version of the Busemann-Petty centroid

inequality
vol([y L) = vol(L) 4
where equality holds if and only if L is an origin-symmetric ellipsoid. The body I}, .L is defined by the support
function
1+e 1
h(T. L’f. =—fz |(f',X>|1+de
( tre J) C2+al+eV01(L) L 7 /

where Cy4¢14¢ 1S such that I} B, = B,,.. Inequality (4) was proved in [31] for star bodies by Steiner
symmetrization, and in [10] using shadow systems. It was also extended to measures in [37, Proposition 4.3],
(see also [23]). In general, it doesn't seem to exist any direct relation, as in identity (2), between inequalities (3)
and (4), except for € = 0 and € = 1. This observation was first made in [18] (see also [11, p. 4]). Identity (2)
does not require L to be a convex body. Moreover, if ¢ is any finite non-negative Borel measure not supported
in a proper subspace, then the support function

1+e 1 1+e
h(F1+€ﬂ, Ej) a C2+e,1+eﬂ(R2+e) f]mz+e Z |(fj' X))

defines a convex body, and if we denote

Liye(py, o Haye) = f J Dyre(q, s Xppe) Ay, oo, Al
R2t€ R2t+€

then pu(R?*€)=C+OL (4, ..., 1) is the (1 + €)-moment of the volume of a parallelepiped spanned by (2 + €)
random vectors distributed with probability #(R?*€)~1u. For the special case in which y is a discrete measure
supported in finitely many points {y, ..., ¥in}, the set I} .u is homothetic to a (1 + €)-sum of segments
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D1+e [—V;, yi] (see Section 2). It is proven in [18] that identity (2) can fail to hold for € # 0,1, but there are
uniform bounds between the quantities vol(Iy ) and I, (4, ..., 1), when suitably normalized (see [18,
Theorem 0.2]). However, since these comparisons are not sharp, it cannot be used to obtain the sharp L,,.-
Busemann-Petty centroid inequality from the sharp L;,.-Busemann Random Simplex Inequality, or vice versa.
A different route is taken in [38, Corollary 5.2], where a general form of Groemer's inequality [20] (as in (3) but
where the number of points chosen at random is any k > 2 + € ) is used. The wide applicability of [38, Theorem
1.1] allows the operator D, . to be replaced by, for instance,

D1+e,k(x1r ey X)) = vol (@ [_xi,xi]>
1+€

In this way, one recovers the L;,.-Busemann-Petty centroid inequality by taking k — oo and using the law of
large numbers to show that ¢, (@1, [—x;, x;]) approximates [, p, where ¢, is a normalization constant. This
connection between stochastic and isoperimetric inequalities extends to functionals other than the volume, such
as intrinsic volumes and radial measures applied to the polar body, see [39, Section 5] and the applications
therein.

We study (see [49]) a convex body Ny ,.(Lq, ..., L14+¢) containing information of the L;,.-Busemann Random
Simplex Inequality, playing the role of the centroid body for all € = 0. We obtain an isoperimetric inequality
that is equivalent to the L;,.-Busemann Random Simplex Inequality. The inequalitics we obtain are already
known to be true in some particular cases, but the method linking the isoperimetric inequality and the stochastic
process is new and very simple. The second objective is to study a dualization of Theorem 1.1 that is suggested
by the proof of Theorem 1.5 below.

We start with the definition (see [49]).

Definition 1.2. Let € = 0, L, ..., L;,. be convex bodies and € = 0, we define Ny ,.(Lq, ..., L14¢) as the convex
body defined by the support function

1+e
h(N1+E(L11---,L1+€),Ej) :f -..f
Lq L

It is straightforward to check that h(N1+€(L1, v Lize), € j) is a convex and 1 homogeneous function of ¢;, and

1+e
z D2+e(x1: s X1t f;) dxy - dXyye
j

1+€

that h(N1+€(L1,...,L1+€),€j)=0 only for &; =0, thusdefining a unique convex body. Actually
Niye(Lqy, oo Liye) is a (1 + €)-zonoid (see [44, Section 10.14]), since the integrand equals |(x1 X oo X

Xiter Ej)|1+€. We write Ny, L = Ny (L, ...,L). The polar of a convex body K is the convex body defined by
K° ={x € R**¢/h(K,x) < 1}
We shall prove the following

Theorem 1.3 (see [49]). Lete > 0, L4, ..., L1, be convex bodies and € > 0, then

1+e
3+2€

VOl(Nie (L o L)) < Gapenre | | vol(L) roe, )
2+€ =

32¢ b2+€‘1+€)_m and N7, (L4, ..., L1;,) stands for the polar body of Ny, (Lq, ..., L14¢).

where @114 = (2_+e
The inequality is invariant under volume-preserving linear transformations. Also, equality holds in (5) if and
only if L4, ..., L14, are homothetic origin-symmetric ellipsoids. Moreover, Theorem 1.3 is equivalent to Theorem
1.1, and the only tool we use to prove this equivalence is the dual mixed volume inequality. Let us define for
two convex bodies K, L, the dual mixed volume as
V_a+e(K,L) = ’

2

+2
€ f hyo () € dx
+e Ji

y 34+2¢ _1+e .
The dual mixed volume inequality states that V_¢1,¢) (K, L) = vol(K)z+evol(L) 2+e. Then it suffices to note

that

24+€ ..

Live(Ly, oy Lage) = mv—(ue) (L2+e' Niye(Ly, e, L1+e))

If we know Theorem 1.3 to be true we obtain
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2+¢€ 3+2€ . _lte
Liye(Ly, i) Loy )= mVOI(L2+e) Zte VOI(N1+5(L1: e L1+e)) 2re

1+e€
3+2€

3+2€
2 b2+51+6V01(L2+6)E:E-I_I vol(L;)2+e
i=1
Conversely, if we know Theorem 1.1 to be true, we can compute

VOI(N7ye (L, s Lise))= Verog (Nis e Ly oos Lis s Ni e Ly o Ly 1))

3+ 2e .
= 2—_|_€I1+6(L1‘ worLive Nipe(Ly, oo, L1+e))
3+ 2¢ st2e 120 342
2 2—+Eb2+e,1+eV01(N1+e(Lp e L1+e)) 2he 1_[ vol(L;)z+e,
i=1

and obtain Theorem 1.3.
The definition of Nj,.(Lq,..,Li4c) fits perfectly to prove a functional version of inequality (3). Let
li, ..., et R?*€ = R be continuous non-negative functions with compact support, and we define

Liye(ly, o laye) = J f Li(xy) o e (as ) Dae (X, oy X e) 1 FEdX o dXp e
R2t€ R2t€

Notice that we recover the previous definition of I, . if we take the functions [; to be indicator functions of
convex bodies. We define accordingly the set Ny, (ly, ..., li1¢)-

Definition 1.4 [49]. Let [, ..., l;,. be continuous non-negative functions with compact support and € > 0, we
define Ny, .(ly, ..., li+¢) as the convex body defined by the support function

1+
h(Npse(lys oo lise) &)
1+
=f f Z l1(x1)"'l1+e(x1+e)D2+e(x1»---»x1+e»fj) del'"dx1+6
]R2+E R2+E ]

The subject of functional inequalities with geometric counterpart attracted great interest in recent years (see for
example [17,8,22]), specially affine invariant functional inequalities, that often imply an euclidean version. For
this reason we propose to study several extensions of our results to the functional setting.
We define the function
A+ s**)YA D, 21<1
Grrea(s) =1 = Is|™OY4Y, a>1
Xi-1,11(5), A=+

Here t, = max{t, 0} and y[_1,1j denotes the characteristic function of the set [—1,1].
Theorem 1.5 (see [49]). Let € = 0,14, ..., [ 4 be continuous non-negative functions with compact support, € >

2+€
Z, 1) U (1, +0o]. Then,

0, and take any 4 € (

1+e 2+e+(1+6)2’

VOl(Nie (o)) < Agvenrea | | I, 5 M0l
i=1
A
A-1’
Li(x) = a;Gy1e2(Ib;A. x]) with x, € R®*€,q;,b; > 0 and A € Gly,(R). The explicit value of Ayycq14e iS
computed in the proof of the Theorem.
The equivalence between Theorems 1.1 and 1.3 remains valid in the functional setting and we obtain

Corollary 1.6 (see [49]). Lete > 0,4, ..., l,, . be continuous non-negative functions with compact support, € >
0, and take any A € (%, 1) U (1, +o]. Then,

where ' = Ajie1+ez 1s a sharp constant and equality holds if and only if the functions [; have the form

2+e 2+e+(1+6)A’ (1+e)A’
Lvelli o loe) 2 Borennea | | Mll, 2 Il 7+
i=1

and equality holds if and only if the functions [; are extremal functions of Theorem 1.5. The explicit value of
Bjie1+e 1s computed in the proof of the Corollary.

The case A = oo of Corollary 1.6 appears already in [39] application number 10, Section 5, and in [15, Corollary
4.2], and in both papers it follows from a general theorem about rearrangements in integral inequalities of the
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type discussed above, see [38, Theorems 3.10 and 1.1]. The methods presented in [38] and further developed in
[39] reduce integral inequalities to radial functions for a large class of operators, D, . being a particular case.
Moreover, Corollary 1.6 can be proved directly from Pfiefer's extension of the Random Simplex inequality to
compact sets [42], by splitting the integral into (non convex) level sets. Our proof via Theorem 1.5 passes
directly from convex dense sets (Theorem 1.1) to functions, and the symmetrization procedure employed in [42]
is somehow hidden in the definition of N; ..

The equivalences between the Theorems 1.1, 1.3, 1.5 and Corollary 1.6 remain valid when D, . is replaced by
any positive function being homogeneous of degree 1 and subadditive in each variable, and any number of
variables. We consider for k < 2 + €, D, (v4, ..., V) defined as the k-dimensional volume of the parallelepiped
spanned by the vectors vy, ..., ;. We observe that [15, Corollary 4.2] also proves Theorem 1.1 for k <2 + €
points. Then the same equivalence between Theorem 1.1 and Corollary 1.6 applies in this case, and we recover a

general version of [15, Corollary 4.2] for A € (%, 1) U (1, +o0].

The proof of Theorem 1.5 uses a moment inequality (Lemma 2.1) proved in [32] (this is a dual mixed volume
inequality for functions), and an induction argument. Given the simplicity of the proofs of Theorem 1.5 and
Corollary 1.6, we propose to study a dual random process and an associated convex dense set Ny o(Ly, ..., L11¢).
The motivation is the following: since all the tools involved in the proofs of Theorem 1.5 and Corollary 1.6 have
dual versions (the dual mixed volume and the dual mixed volume inequality), we can also prove an equivalence
between a volume inequality for the set N;,.(Li,..,L;;.) and an inequality for a dual functional
I4e(Ly, ..., Ly, ) by means of the mixed volume and the mixed volume inequality. This way we arrive to what
we believe should be the correct dualization of I; . (Lq, ..., La4e)-

Definition 1.7 [49]. Lete > 0, L4, ..., L, be convex bodies and [, ..., [, be continuous nonnegative functions
with compact support, define

I~1+e(L1' v Lope)= f J § D2+e((fj)1x ---:(Ej)2+e
Ssi+e sl+e
j

)1+€

111, (1) Attty ((€24e)

~ 1+e
Liye(ly, o boye)= f f D2+€(Vll(x1), e Vl2+e(x2+e)) dxy -+ dXpye
R2t+€ R2t+€
where Sy, denotes the L, surface area measure (see Section 2). Define the convex body Ny ¢(Ly, ..., L14e)
by the support function

h(N1+€(L1’ ey L1+€)’ f]’)1+e
=f f D D@ e ) ASiren, (1) - dSiren (Eree)
Sl+5 51+E -

J

The quantity SHG,L(L)_(“E)INHG(L, ...,L) represents the (1 + €)-moment of the volume of a random
parallelepiped generated by the normal vectors n, , -+, Ny, at points x; chosen randomly in the surface of L,
with probability measure S; 1 /S; e, (L). The definition of I4¢(ly, ..., lz4) is based on the definition of the
surface area measure of a function (see Section 2), and for € = 0 can be interpreted in the weak sense if
ly, ..., 1, are indicator functions of convex bodies.
The inequalities that should hold with respect to I, ;. and N, in order to dualize the proof of Theorem 1.5 are
summarized in Section 5 but they are open problems. We mention the following: for € > 0 we ask if the
inequality

1+2€ .

1~1+e(L1’ wrLyyae) = 51+25,1+e 1_[ vol(L;)1+ze (6)

i=1
holds, where the sharp constant is such that equality holds in (6) if and only if L4, ..., L;4,. are homothetic
origin-symmetric ellipsoids for € > 0 and homothetic ellipsoids for € = 0. Again, the case € = 0 is special. The
projection body of a convex body K is defined by the support function

1
hKE) =5 [ D g mds )
S2€
J

1
(1+2€)!
L is Petty's conjectured inequality, one of the major open problems in Convex Geometry. This is that

and it is easy to see that vol(IIK) = I, (K, ...,K). Then inequality (6) with € = 0 and L; = =+ = Ly 5, =
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Woe 1+2¢
vol(L)™%¢vol(IIL) = <—> w?, ;. (7N
W1+2¢

where equality holds if and only if L is an origin-symmetric ellipsoid. Also, as a consequence of the
Aleksandrov-Fenchel inequality (see [26, (1.7)] or [44, (7.64)] for the proof), we have

1+2€
Ly, Lyyne) = V(ILy, oo, MLy 4p0) = n vol(T1L;)Y/1+2€

i=1
so (7) is also equivalent to (6) with € = 0 and arbitrary convex bodies Ly, ..., L1 5. See [44, Section 10.9] for an
overview about recent developments and main difficulties around this conjecture. [28] showed a similar
minimization problem involving 2 convex bodies, that is equivalent to the Petty conjecture. Some other

(1 + 2¢)!

"multiple entry" functionals were studied by Campi and Gronchi using shadow systems, see for example
Theorems 4.5 and 4.6 in [12].

In Section 5 we shall prove that (6) for € = 0 (and thus the Petty conjecture) implies the sharp, affine invariant
Sobolev-like inequality

1
1+2€
||f1||% < C1+2ez <f o f s Dy yze (ij(xﬂ; ---;ij(x1+25)) dxy - dx1+25>
€ - R1+2€ R1+2€
j

that is stronger than (and directly implies) the sharp affine Sobolev inequality proved by [48].
In Section 4 we prove a weaker result that is consequence of Corollary 1.6.
Theorem 1.8 (see [49]). Lete = 0, L, ..., L1, be convex bodies with C2-smooth boundary and positive Gauss

curvature, and € = 0, then

1+2€
2+3€

i1+e(L11 L L1+2€) = Bl+2€,1+e -Ql+e(Li)m (8)
i=1

where by 4o 14e = (2 + 3€)112€ % and Q.. (L) denotes the (1 + €)-affine surface area of L and equality
holds if and only if Ly, ..., L1, are homothetic origin-symmetric ellipsoids.
The concept of (1 + €)-affine surface area measure (see Section 2 for the definition) was introduced in [4,25]
for € = 0 and extended to € = 0 in [30], and has attracted increasing attention in the last decades. It offers a way
to measure the boundary of L that, unlike the usual surface area measure, is invariant under volume-preserving
linear transformations. It appears in a wide range of applications, notably in approximation of convex sets by
polytopes [3]. See [44, Section 10.5] for more general definitions, and to [35,46] and for more background and
applications of the (1 + €)-affine surface area.
Theorem 1.8 is weaker than inequality (6) and it falls short for polytopes since Q,.(L;) = 0 in that case. We
believe Theorem 1.8 can be improved in this regard. Notice that for e = 0 and L; = --- = L;,,. = L we recover

Petty's affine projection inequality

1+2€
2e

n2(1+e) 1 +2¢
This inequality was established by [40] and extended to the L., case in [47]. It is closely related to both the
Petty projection and the Busemann-Petty centroid inequality. See [27] and [32] for interesting discussions about
the relations between the three, see also [44, Notes for Section 10.9].

Finally, a functional version of Theorem 1.8 reads as follows.

Theorem 1.9 (see [49]). Let € = 0,1y, ..., ;1. be non-zero, C? smooth, non-negative functions with compact

support and € > 0. Assume additionally that I, ..., l; 4, have C? convex level dense sets with positive Gauss

vol(TIL) > Q, (L)20+e)

curvature. Let a € (%, 1) U(l,0)and a’ = ﬁ the conjugate Sobolev exponent, then
1+2€ , 2+3€
" " 1+2e+a 11 1+2€
Liye(ly, v lipae) = Bitzentea 1_[ <Q1+e(li) 2(1+€) Q1+e(lz€1) e"“1> 9
i=1
where
e 0 Vl(x)T)
Q = K € K =
1+¢(0) lem |det(K1(x))|z+3edx, and K1(x) (Vl(x) HI(x)
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and with equality if each function [; has the form [;(x) = a;Fj(b;|A - (x — x;)|;)+where a;,b; > 0,x; €
R'*2€, 4 € Gl;1,.(R) and F;: (0,T] - [0,1) is a solution of the following ODE

2+3€

_2€ 2@-D+e2\[A+6)(e)
—t e <1 — F}(t) 243€ ) ifa>1
Fj’(t) = 2+3€
_2€ 2(a—1)(1+€)? a+eE
—t e <P}(t) 243€ — 1) ifa<1
with F;(T) = 0. For @ = o we obtain
) ) 1+2€ r3e _%
Lie(lyy onsligne) 2 Bit2e1+€0 1_[ Qe (L) 1+2e|| 1] %€
i=1

The explicit value of By ;¢ 1 1¢ 4 is computed in the proof of the Theorem.

The quantity Q,,.() at the right-hand side can be interpreted as a functional version of the (1 + €)-affine
surface area measure, although other definitions can be found in the literature that are slightly different. For
example, in formula (26) of [8], it is defined for a smooth convex function v,

as; () = fRst det(Hy (x)) e ¥®dx

For C? functions of the form I(x) = Fi(|Ix]lx) with Fj:[0,00) > R a C 2 smooth (not necessarily decreasing)

(1+26)(2€) 2(1+¢)

function with compact support, we have Q,,.(l) = Q;,.(K) provided that fooo t z+3e |Fj'(t)| 243e dt =1,

2
We remark that in Theorem 3 of [8], a similar relation for as; (1) is proved only for Y(x) = @ For the case

€ = 0 and any [(x) with convex level dense sets, our definition also satisfies

[oe]

mm:fnﬁmkmwmzmm
0

We show these two facts in Section 2, Lemma 2.5.
IfA € Gl 45 (R) and [, (x) = I(A. x) then
1 0

Kl = (5 o)K@ (5 9)
so both sides of inequality (9) are invariant under volume preserving affine transformations.
We might find strange that inequality (9) is translation-invariant, but (8) is not. The reason for this is that in the
correspondence between sets and functions K = F;(|| - ||x), the translation of the set K does not necessarily
reflect in a translation of the function F; (]| - |[x).
We present some background in convex geometry to be used throughout. We define the dense set N;,. and
prove Theorem 1.5 and Corollary 1.6. We study the dual Busemann Random Simplex Inequality and prove
Theorems 1.8 and 1.9. Finally we discuss the conjectured inequality (6), and its relation to the Petty conjecture.

II.  Notation and preliminaries

We devoted to basic definitions and notations within the convex geometry. See [44].

]R1+26

We recall that a convex body K © R1*2€ is a convex compact subset of with nonempty interior.

The support function hy is defined as

hg(y) = max{(y, z)/z € K}
and uniquely characterizes K. If K contains the origin in the interior, then we also have the gauge || - ||x and

radial r¢ () functions of K defined respectively as
I¥llg: = inf{A > 0:y € 2K}, y € RI+2€ \ {0},
1%(¥): = max{1 > 0: 1y € K},y € R1*2€\ {0}.

Clearly, ||¥|lx = %y) We also recall that || - || is actually a norm when the convex body K is centrally

(

symmetric, i.e. K = —K, and the unit ball with respect to || - || is just K. On the other hand, a general norm on

R*2€ is uniquely determined by its unit ball, which is a centrally symmetric convex body.

]R1+2€

For a convex body K © containing the origin in its interior we define the polar body, denoted by K°, by

K°:={y € R'"2¢/(y,z) < 1Vz € K}
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Evidently, hg! = 7y-.
For € = 0, the L, .-mixed volume V; (K, L) of convex bodies K and L is defined by
1+e€ vol(K +  (4e)€- (1+€)L) —vol(K)

Vivel, 1) = 75 lim e

where K+(146)€ (14¢)L is the convex body defined by:
hK+(1+€)s' (1+€)L(x)1+6 — hK(x)1+e + ShL(X)1+€, Vx € ]R1+25

It is known (see [29]) that there exists a unique finite positive Borel measure S; .. (K,. on $2¢ such that

1
1+ ZELZE Z ()™ A4 (o)
J

Vie(K, L) =

for each convex body L.
If 0 < e < o0 and K, L are convex bodies in R'*2¢ containing the origin as interior point, we can find also in
[29] that
Vy,e(K, L) = vol(K)Tszevol (L)
with equality if and only if K and L are dilates of each other.
The L'*€ surface area measure of a function f;: R1*2€¢ — R with L*€ weak derivative is given by the lemma(see

[49]):
Lemma 2.1 (Lemma 4.1 of [33]). Given 0 < € < oo and a function f;: R"*2¢ — R with L'*¢ weak derivative,

there exists a unique finite Borel measure Sy, (f}, uj)on§26 such that
[ sevporca=] Y ¢ st (10)
R1t+2€ ] §2€ ]

for every non-negative continuous function ¢: R'*2¢ — R homogeneous of degree 1.
Conversely, for a convex body L the function (f;),(x) = F;(||x||,) satisfies S;4¢(fj, u;) =. Sy4¢(L,.)ifF; is any

J Z tZGFjI(t)1+edt =1
0 7

(see [33, Formula (4.13) ]). In view of identity (10), for any f; and L such that S; .. (fj, u;) =. S14¢(L,.), wehave

1
Vi (LK) = Z h(K, —Vf (x))"*<d
R e I (O AR
J

function F;: R, — R, satisfying

This allows us to define the functional mixed volume. For f; a continuous non-negative function with compact

support we define
1

1+ 2¢
-1 J z h(K, —Vf; (x)) € dx
1+ 2€ Jgi+ze > J

The L;,,. Sharp Sobolev inequality for general norms was proved in [1][Corollary 3.2] by taking the "convex"
decreasing rearrangement of f;. It was re-proved later by [14] using an elegant mass-transportation method.

Ve 0= g )LD MRS )
26 L=
J

From the point of view of mixed volumes, it extends the mixed volume inequality to the functional setting. If
€ =0,L is a centrally symmetric convex body and f; is a continuous non-negative function with compact

support, we have

1
Vie(fj L) = fm § IIVJ?(x)IIFedeCnV1+ze,1+sE lIfllpFevol(L)!He/1+2e (1)
R € &~
J

1+ 2¢

j
where equality holds if and only if f;(x) = a(Fj)14¢(bllx — x|l,) with x, € R™*?¢,a,b > 0 and
e\ 1T
(F]')H.E(t): (1+t 5) . ife>0
Xjoa)(t) ife =0
For € = 0 the equality is understood in the weak sense. For L = B, we recover the euclidean L,,.-Sobolev
inequality
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Sl+2€,1+e|| |Vf}(X) |2 ||L1+e = ”f; ”p*

1+€
1+2€
1+2€

-1/1+€
with constant 8y 45¢14¢ = <(1 + 2€)CnVy i pe14e@ ) where w; ;¢ is the volume of the unit euclidean

ball. See [21, equation (5)] for the precise value of §;42¢ 1 4e-
Definition 2.2 [49]. For a convex body K and 0 <e < 2¢ we define the function (F})

(x) =

1+€,K
a(F})1+€(||x||K) where a is defined by the requirement that

Viee (F),, k) = Vare (K, L)
for every convex body L.
Inserting (F})HeL in (11) and using the equality case, we have

(Fj)1+€,K
For € > 0, the L, .-dual mixed volume 17_(1+€) (K, L) of two bodies K, L is defined by

2+36f Lreg 12
e, IHlireax (12)

1+e €
CNVi42¢,1+€ | . = Vol(K)1+ze
P

V_+e(K, L) =
and the L, .-dual mixed volume inequality states that

" 243¢ _ite
V_c14+e)(K, L) = vol(K)1+2evol(L) 1+2¢
Definition (12) extends easily to functions (see [32, equation (2.6)]) as
2+ 3e

"_ ~,L -_ Z : 1+e€
Vool = Tge |0 HOOIIEd
j
For a convex body K, the function (fj)K(x) = Fi(llx|lx) satisfies V_(1+E)(fj,L) = 17_(1+6)(K, L) for every

convex body L, provided that the function F; satisfies
@+ 3e)f z £ (D dt = 1

0 n

j

The next functional inequality is an extension to functions of the L, .-dual mixed volume inequality(see [49]).

Lemma 2.3 ([32, Lemma 4.1]). Let 1 € (%

interior. Then, for any non-zero non-negative continuous function f;: R1*2¢ - R with compact support,

, 1) U (1, +o0] and L be a convex body with the origin in its

(1426)+(1+e)A’ 1+€ 14e
Voiare (i L) 2 Misacasenllfill, 2 NIfjll, M2 vol(L) T1+2e (13)
See [32, Lemma 4.1] for the explicit value of the sharp constant m, ., 14¢2. Moreover, equality holds if and
only if f;j(x) = aGy4¢a(bllx||,) for constants a,b € R.
Definition 2.4 [49]. For a convex body K we define the function Gk (%) = aGiyca(||x|lx) where a is

defined by the requirement that V_; 1¢)(Give a0, L) = V_(14¢)(K, L) for every convex body L.
Inserting Gy 4¢ 25, in (11) and using the equality case, we obtain

a+26)+a+e)r’ _1te 243€
m1+25,1+e,/1||Gl+e,)L,L”1 tHze ||Gl+e,/1,L||Al+ZE = vol(L)1+2e

It is easy to see how the L, .-dual mixed volume relates to the L, Random Simplex Inequality, as
. . 2+ 3e
V—(1+e)(L1+25' Nive(Ly, oo, Lze)) = mlue(lq' wor Lygae)-
We also have 11+<—:(Gl+e,)l,L1' ""G1+E,A,L1+26) = Ili4e(Ly, ) L1yze) and I~1+E((Fj)1+E,L1' -"'(Fj)1+s,L1+2€) =
il+€(L1' R L1+ZE)'
For a convex body K with smooth boundary and strictly positive Gauss curvature, the L, . surface area measure

of K is absolutely continuous with respect to the invariant measure of the sphere and
[ o@dsuentn=] Y sk
526 & s2€ &
j j

for every measurable function ¢, where (fj)q4¢ is called the Ly, curvature function. For € = 0 this is the
inverse of the Gauss curvature. The (1 + €)-affine surface area of K is defined by
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Ve (K)= f Z (F s (K, € )or5edE,
326 -
J

1+€
= [ D Uty e
S2€ &=
J

For € = 0 we obtain the affine surface area measure

1

QK) = f K(x)2(+adx
oK

Q4. 1s a centro-affine invariant (invariant under volume preserving linear transformations), but not translation

invariant unless € = 0.
Forl be a C* function and we denote the sub-level sets N;, = {x € R'*?¢/I(x) > t}. The Gauss curvature of the

level set of | at a regular point of the surface x € dN;, can be computed taking the differential of the function

n'(x) = Izigil (provided VI(x) # 0) restricted to the subspace orthogonal to the gradient. One obtains the well-

known formula
nt(x)7T
om = det <nl(x) VLGx) |(-1)Hl(x)>

so we have

|det(KL(x))| = [ran,, |I71(x) >+ (14)
The next Lemma justifies that we call Q,,.(1) the (1 + €)-affine surface area of [.
Lemma 2.5 (see [49]). Let [ be a C? function with compact support such that for a.e. t the level set N, is a C?-
smooth convex body with positive Gauss curvature, then

O f ; Q, (0N, )dt
0

Assume additionally that [(x) = F;(||x||¢) for a C 1 function F;, and K is a C 2_smooth convex body with

positive Gauss curvature, then
2(1+6)?

_ * QeS| 2+3€
Qe = 0ure(K) (PO ()] o dt
0 &~
J

Proof. For the first part, use the co-area formula and identity (14) to obtain
1

QD)= J |det(K1(x))|ZG+odx
R1+2€

R 1
= f f |det(K1(x)) 20+ |VI(x)|~1dSdt
0 6Nl,t
*® _1
= J J Kon,, (X)20+edSdt
0 0Nyt

= f Q, (0N, )dt
0

For the second part notice that the level set of [ at x is ||x||x - K. Integrating in the level sets of ||x||x and using
that V||x||x = hg(x/|1x]lx) ™ Ny, Where n,, is the normal vector of K at y,
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1+e
Qe (D= J- |det(Kl(x))|2+3edx
R1t2€
1+e

:f L (lVl(x)|2(1+6)Kt61((x))2+3ehk(x/”x”K)dS(X)dt

1+€

-[f KZ 2 (R Ohe )™ o)™ <26))““hk(;v>d5(x>dt

2(1+¢€)?
:J- J- Z t(Ze) (26)2+35|F (t)| 2+3€ KBK(Y)Z"'?’EhK(Tlx) 2+3E dS(x)dt
oK 7

2(1+€)2 1426
=y (f (PO (0] 7 dt) | Gt ) =eascs)
j 0 SZE

2(1+€)2

= Z <J:O 2+3e|F (t)| zt3e dt) Q4 (K).
J

III.  Functional random simplex inequality
Given functions [, ...l and convex bodies Lyyq, .., Li42e, We write Lipc(ly, oo, by Ligts voor Ligze) =
Lipe(ly, s lipoe) where l; = Gyyepy, for i =k + 1, ..., (1 + 2€). This quantity is independent of 4.
Proof of Theorem 1.5 (see [49]). We prove by induction in k, the following
Claim. Let [, ..., [, be continuous non-negative functions with compact support, and let L 4, ..., L, be convex
bodies, then

1+2€ (1+26)+(1+e)2’ , 2¢€ 243€
o - T 1ve A -
VO(N3 e (L sl Lo s L)) < usmenve | | iy ipeallilly 7 Ml | ] vol(zy) ™o
i=1 j=k+1

and equality holds if and only if I, ..., have the form l;(x) = a;G;4c,(b;|A.x|;) where x; € R™2€, 4 €
Gly42¢(R), and L; = ;A" - B, for i >k + 1. Taking k = 2¢ we obtain the Theorem with Ajijc14e1 =

_a+2e?
a1+2€:1+€m1+21§16+e,/1'
For k = 0 the Claim is exactly Theorem 1.3. Assume k = 1 and that the Claim is true with k replaced by k — 1.
Given functions [y, ..., [ and sets Ly, ..., L, take
K =Niye(ly, oo et Nige (b oo Lo Licy 1y o Lae), Litas o Lae).
Using the commutativity of I,

N 2+ 3¢
V_i14+6) (L, K)= 1T 2¢

2 + 3e .
1 T 2¢ 11+e(l1:-- vle—1 U et s Loey Ny e (L ooy Uiy Ly, ""LZE))

- V—(1+€) (N1°+e(ll' e lk! Lk+1t L LZE): N1°+E(l1, e lk' Lk+1' HER) LZE))
= VOl(Nlo+E(l1, ey lk' Lk+1' ey LZE))

11+€(lli T lk—l' Nf+6(l1' R lk'Lk+1! R LZE)' Lk+1' ""LZE' lk)

then by (13)

(1+26)+(1+e)A’ a+ea’ Lye
VOI(NT e (L) vy lios Lict 1 s L2)) = Muzenwenlllclly 42 MGl *+2€ vol(K) ivze

Notice that the definition of K involves only k — 1 functions. Then by the induction hypothesis we have
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(1+26)+(1+e)2’ (1+e)A’
VO](Nlo+e(lll-"'lk'Lk+1'-"vL2€)) 2ml+25,1+e,,1”lk”1 rze ||lk||,1 rze
_1+2€ (1+26)+(1+e)A’ a+ea’ 243€
x(ame,m]_[ moEe WGl e Gl VOI(NGeClyy o i Ly o L)) P
B _1te
2€ 243e | €
x 1—[ vol(L;) 7+
j=k¥1
(14+26)+(1+€)A’ a+e)2’
=Mypzearenlllill, 7% ”lk”A rze
1+e
142€ _(1+20+a+e)1’ 2¢€ 243€ The
x amme]_[m1:;:1+”||zi||1 S [ vel(e) e
j=k¥1

2+3€
X VOI(Nyy(ly, ooy Ly Ligy 1, oer Le) ) 12€
that proves the Claim.
The equality case follows from the equality case of the induction hypothesis (the equality case of the Claim with
k — 1 functions), and the equality case of (13).

We complete the proof of Corollary 1.6 by proving the equivalence between random and isoperimetric
inequalities in the functional setting.

Proof of Corollary 1.6 (see [49]). By the dual mixed volume inequality and Theorem 1.5,

14 2€
11+e(llﬁ ey ll+2€) 2+ 3¢ V (1+e)(ll+2€' N1+e(lli ey lZe))

1+ 2¢ (1+26)+(1+e)A’ _(a+er’ _1te
2 2—m1+25,1+e,a||l1+25”1 rze ||l1+25||,1 rze VOI(Nf+e(l1: "'JIZE)) Hze
+ 3¢
(1+26)+(1+e)A’ a+e)A! 2€ (1+26)+(1+e)A’ a+er
= Brizervenlllivzell; "¢ lllgzell, 7€ Lally, 2 MG, e

i=1

1t+e
1t2e 1+2¢

where By iz 1462 = Sr3e TH+2e, 1+e/1141+26 1+e”

IV.  The dual random simplex inequality
Here we prove Theorems 1.8 and 1.9. Let L be a convex body with smooth boundary and positive
Gauss curvature, then it has a well defined (1 + €)-curvature function (f;);.¢, defined as the density of the
(1 + €)-surface area measure with respect to the Lebesgue measure in the sphere, this is

dSiter = (fr+er(§)dS;
1
For L as before, we consider the star body L3, given by the radial function r(L’iJre, 3 ]-) = (fj)1+e1(§j)7+3¢ and
its volume given by

1+2€

1 1
vol(Li4e) = mfz E (F1+er(§j)2r3e = m91+e(l‘) (15)
§2€ &~
J

Now we prove Theorem 1.8.
Proof of Theorem 1.8 (see [49]). By definition of I, . and L},

Fire(ly ) Liyad) = f f > Dirael(Es - Errze)  @Sraen, (€1) - AStrenyyc(E1rze)
S2€ S2€ b
J

ol Y D WS (G I e 1_[ e (ED)AED: - AE 1z
J i=1

= LZE Lzz Drae(ED1r s Eraze) H ra (G A D e dED e
J i=1
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=2+ 35)“26] f Diyae(X1y s X1426) EdX o dXy a0
(

L)ive L1+26)1+e

=2 +36)"™* L (LD)ive s Lisze)ive) (16)
The sets (L;)] ¢ are not necessarily convex, but Corollary 1.6 applied to indicator functions with A = oo implies
that Theorem 1.1 remains valid for measurable sets (notice that M ¢14e0 = 1 ). By this inequality and
identity (15) we get

1+2€ 1+2€
2+3€ b1
n

o . 2+3e€ 2e,1 2+43€

Live(Ly, vy Ligpe) = (2 + 36)1+26b1+2€,1+e l_[ vol((Ly)ise)i2e = (2 + 36)“26% 1_[ Qe (Ly)reee
i=1 i=1

The proof of Theorem 1.9 requires a simple lemma:

Lemma 4.1 (see [49]). Let g;: (0,0) — [0, ) be a continuous non-negative function with compact support and

€20,2€(125,1) U (1,+0], ' == then
1+2€ 1+€ 1 (14+26)+(1+€)A’
© 2+3€ 243€ o0 a1 T(+2e)+(1+e)A-1 o 2+3€
o[ sorEa) T 2 by, ([ g [ g (17)
- 0 n 0 0
J J
where
1+€
1+€ (1+2€)-A(2+3¢€) 1 2+3€
1-n ( 1+e )(1—1)(2+3e) < 1+ 26) G-1)2+39 r (ﬁ)
- \2 436 2+3€ 3tae) (A _ 1+2e
r(E)r(G-1)
_Jifik1
Liyzensenr = 9 1+e
1+€ (1426)—A(2+3€) 1+2 1 2+3€
1y (LS (L ey e G tm*2)\"
- 2436 243 A\ p (34
rE)rE)

ifA>1
and equality holds if'and only if g;(t) = ap,(t/1 + €) for some a,€ = 0 and

1+2€

(tP1—1)*¢  ifa<1

+
PO = (g gy ifas1
+ .
X10,11(0) ifl=o0

For A = oo we interpret inequality (17) as
1+2€

o 2436 \2+3¢ BEL b
7 0 J ’

where Sg; is the minimum a > 0 such that g;(t) = 0 forall t > a.
1+2€

Proof. For A > 1and t > 0, let p,(¢) = (1 — t’l'l)j?. Then

1+€
pa(t/1 + €)irze > 1 — tA- 112
Multiplying by g;(t) and integrating

fo z 9;®pa(t/1+ e)%dt > Z fo g,-(tf)dt—fl”lf0 gt 1dt
j 7

By Holder,
@ *® 1+e ©
[ Y gas [ Y gomereamart [ Y g
0 : 0 > 0 -
J ] J

1+2€ 1+€
(oo}

2+43€ 2+3€ © 2+3€ 2+3€ <)
<) < gj(t)—1+zedt) <j Pa(t/1+€)_1+“dt> w0 goca
- 0 0 0 n
J j

1+2€

® 2+3¢€ 2+3€ *® 2+3€ 21:355 1+€ ©
<) <f gi(t)“”dt) j pa(Dreedt | ramac 7172 j > g
/ 0 0 0 -
J

J
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Minimizing the right-hand side for € > 0, we obtain the result for A > 1. For the case 1 € (ﬁ, 1), we define

1+2€

e 1+€
qa(t) = (t*7" = 1) <. Then, g, (t)1+2¢ = t*~* — 1 and it follows that

[% souen+aFazra [ goeta-[ ) g
J J J

By Hélder
1+2€ 1te
. @ *® 2+3€ 2+3€ 0 243¢ 43¢
f z g;(Ot*tde< rl_lf Z g;j(®dt +r* (f gj(t)mdt> (f q(t/1+ e)ﬁdt)
o 5 0o 5 0 0
1+2€ 1+€

. J_1tze ([ 2436 \2#3¢ [ [® 243e \23€
<rit Z f g;(®)dt + 1" 2+3e gj(t)rezedt g, (t)Tvzedt
J

and again we conclude minimizing with respect to € = 0. The case A = oo is just an application of Holder
inequality.

Proof of Theorem 1.9 (see [49]). By hypothesis, every level dense set of each function I; is a C?-smooth
convex body with positive Gauss curvature. For such a function ! = [;, the relation (10) implies that the surface
area measure of [ is absolutely continuous with respect to the invariant measure on S2¢. We also have a well
defined (1 + €)-curvature function (fj);4¢, such that dS;..; = (fj)14+¢,:(§;)d<;. We define the star body (1)

similarly, by

. 2+3€
r((Dive ) = v
As in (16) we compute
1+2€
. 243¢
Fvelli bz = he@iver o (iszdind) 2 buzease | | vol(@ise. (18)
i=1
Fix [ =1[; for i =1,..1+ 2¢. Consider the function n': R'*2€ - §2€ given by n'(x) = |vvzl((xx))| . By Sard's
2

Lemma applied to n!, for almost every & j» the set

P(¢)) = {x € R1*2¢/Vi(x) # 0 and n'(x) = §;}
is a 1 -dimensional submanifold of the open dense subset of R1*2€ where VI # 0. By the definition of F1+er
we have for any (1 + €)-homogeneous function ¢ on R*2€,

LZEZ P(&;)dS 1) = fRHZE ¢d(VI(x))dx

B fs fp z(f;)Z Ju () p(VI(x))dxde;

—[ D sawrmrdx(s)ds; (19)
s2€ I 5
where we used the generalized co-area formula [36] (see also [16, Theorem 3.2.22], and ] : is the (generalized)
VI(x)

Jacobian of the function n': R1*2€ — §2€ given by n!(x) = The Jacobian of a transformation at a point

IViEOl2”
X, can be computed by the formula (see [36, Lemma 1.2])

= Dae (A ' (uf)1’ oA (uf)ZE) |(uf)1+25
Ditae ((uf)l’ B (uf)ze’ (uj)1+25)

where 4 is the differential of n' at x,, (uj)1+2€ is a vector generating the kernel of A and (uf)1’ - (uj)ZE is any

basis of a complementary subspace to ker(4). Now, taking (uf)1’ s (uj)zE to be an orthonormal basis of the

orthogonal space to ¢;, and (uf)1+25 unitary, we obtain | = |K / <f s (uf)1+25>| where k is the Gauss curvature of

the level set of [ at x,. Observe that (uf)1+2e is the unit tangent vector of the curve P;(§;) at x,. From (19) we

obtain
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Frvea§p) = Z kG LGOI |36, (0 (20)

P( j)
where EJ-T is the orthogonal projection of ¢; to the tangent space of the curve P;(¢;) at x.

Since [ has convex level sets with positive Gauss curvature, each P(¢;) can be parametrized by a curve

Ye: (0, [IUllo) = Rsatistying [ (¢, (t) ) = t. We compute

FrresE= f”l“w Z k(vg,®) |vz (y;j(t))|1+e
- | e Z (v, ) [ (re, )| {92 (v, ) v, (0)) e
f“l”oo Z y{ (t) |V[ (yfj(t))r it

By formula (20), applying the arametrlzatlon iven by yz., the Minkowski integral inequality and the definition
y pplymg the p g Y Ve g q y

(57 )] at

of the surface area measure we have

volti, )= | Z ([ (1, ©) [ (1, 0)
w 142 ©ar20  \1iae
folll” Z <JS2€ y (ij(t)) 2¥3¢ |y (ij(t))| 2+3€ dfj) dt

1+2€
2+3¢€ 2+3€

||l||oo 1+e (e)(1+2€) 1+2€
f f Kk(x)2+3¢|VI(x)| z+3e dSy,,(x) dt
0 6Nl,t ’

1+2€

€ 2+3€
dt) dé;

1+2€
2+3€

v

By formula (14) we have

14+2€
2+3€ 2+3€

||l||oo 1+€ 1+2€
vollliz) = | [ < | |det(1<l(x))|z+3e|v1(x)|‘1d5~“(x)) dt
0 ONp; ’

Let us define

1+€
Qpe(Lt) = f |det (K1(x)) [5+5|VI(x)| " dSy,, (x)
ONy¢

then a simple computation shows that
1+2€
Qe t%) = Qe t)(at“_l)(e)uz.e

2
and taking A =1 + (@ — 1) % and g;(t) = Q14e(lt) in Lemma 4.1,
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1+2€

© 2+3€ 2+3€
vol(l}0) z( e t)mdt)
0

(1+26)+(1+e)A’ _ 1+e
© 2+3€ © 11 (2+3€)(A-1)
>Lasserren| [ Ourell o)t [ ancwora
0 0
(14+26)+(1+€)A’

1+e B 2+3€
=a2-1L147¢ 146 f Qe t)dt
0

1+€

) (6)1+ZE “(2+39(A-1)
X f QL) (at* 1) zrze(at* 1) dt
0

1+2¢+a’ 101
1+e © 2(14€) © 2(0+0)a-1
=a2-1L11¢ 1162 f Q4e(l t)dt f Q4 (1%, 5)ds
0 0
1te 1+2eta’ 1
=aA-1L1 451160146 (D) 2079 Qg4 (1%) 20+9 1
2+3e€

1+€
. B ar-1
and we obtain the result with By ¢ 14e0 = D142e1+4e (ﬁ L1+26,1+M)

The equality case follows from the equality case of Theorem 1.1 in (18), the equality case of Lemma 4.1 for the

1+2€
function Q,,.(l, t), and the formula Q1+6(P}(|x|z). Fj(t)) = (14 26) w426 F (t)(f)m.

V.  Open problems
Here we discuss the dual inequality (6) and its relation to the body N,,. and the Petty conjecture. Let us
consider the following open problem:

Problem 1 [49]. Let L be a convex body and 0 < € < 2¢, then
1+2€

il+e(L11 ---'L1+2€) = El+2£,1+e 1_[ VO](Li)m (21)
i=1
and equality holds if and only if Ly, ..., L1,,, are homothetic origin-symmetric ellipsoids.
Now we show that the proof of Theorem 1.5 works for I, . and N, using the mixed volume. As explained in

the introduction, inequality (6) is equivalent to the isoperimetric inequality vol (NHE(Ll,...,LZE)) >

€
A142e14¢ 1251 vol(L;)1+e. The proof of this equivalence is similar.
Lemma 5.1 (see [49]). Assume Problem 1 holds. Let [y, ...,1,. be continuous non-negative functions with
compact support, let Ly 4, ..., L, be convex bodies and 0 < € < 2¢, then
k 2€
1+2€

€
vol (N1+€(ll, ey lk, Lk+1’ ey LZG)) > dl+2€,1+€ 1_[ Cnvll:zeg’1+6“li”;71—26 1_[ VO](L]_)1+€

i=1 j=k¥1
and equality holds if and only if [;,...,[;, have the form [;(x) = a;(F;)14+e(b;|A - (x — x;)[5) where x, €
R*2€, 4 € Gl;45.(R),and L; = a;A™1. B, fori > k + 1.
Proof. Take K = 1\71+E(ll, cr bt Ny e (L, ooy Le— 1, Ly Ligsns oo s L), Licsts ---’LZe)- As in the proof of Lemma
1.5,

Virellio K) = vol (e (ly, sl Ligas, o Lae) )
then by the functional mixed volume inequality (11) and the induction hypothesis we get

DOI: 10.35629/0743-12064563 wWww.questjournals.org 60 | Page



Applications and Overview on Convex Body to Both Busemann Random Simplex Inequality ..

. e
VOl (Nyse(ly, sl Ly oo L2e) ) = V3 14 evOl (R To2e | L 117

k=1 1+2€

€
=5 1+€ 1+2€ 1+e
2 CNVy42¢1+4€ <a1+26,1+6 | | Cnv1+25‘1+5”li”p* VO](N1+e(l1' wor iy Ly 1, --"LZE)) €
i=1
1+€
2€ 1+2€

x 1—[ vol(L) 7 | IlLlIbee

j=k+1

and that proves the lemma. The equality case follows from the equality case of the induction hypothesis (the
equality case of Lemma 5.1 with k — 1 functions), and the equality case of (11).

Summarizing, Problem 1 is equivalent to the following sharp inequalities
1+2€

Fvelly oo biaad) 2 Buazenve | | ML 22)
i=1
2€
VOl (Wyye(Lys s 12)) = rpease | | volL)™e 23)
=
;+2€
vl (e (s 120)) = Arszease | | Il 24)
i=1
and equality holds if and only if L4, ..., L1, are homothetic origin-symmetric ellipsoids and 4, ..., l; 15 have
the form I;(x) = a;(F)1+e(bilA. (x — x)|) with x, € R'*?¢,a;,b; > 0, A € Gly42.(R). Here the constants

1+€
i h = F1+2€ ] — il+e/1+2e 5 _
satISfy b1+26,1+6 - (1 + 26)a1+2€‘1+e, Bl+26,1+6 - (1 + ZE)CHV1+26,1+EA1+25,1+5 'A1+26,1+E -

1+2€

(14261+6CNV, +62 elff .- Inequalities (21) and (23) are equivalent, as well as inequalities (22) and (24). Also by

Lemma 5.1, (23) implies (24), while the converse is obvious.
As a motivation to these problems we make two remarks, first notice that a particular case of inequality (22) is a
sharp, affine invariant, L,,. Sobolev-like inequality

1
1

1+e€ (1+2€)(1+€) _m
Z f f Dii2e (ij(xﬂ, ey ij(x1+25)) dxy -+ dXy42¢ = B1+ze,1+e Z “fjllp*(zs)
7 R1+2€ R1+2€ :
Second, for € = 0, we have ﬁl} (L, ...,L) = vol(IIL), and inequality (21) for L; = -+ = L;,,. = L becomes
Petty's conjectured inequality (7). By the Blaschke-Santalé inequality for symmetric bodies [44, (10.28)],
inequality (7) is stronger than the Petty Projection inequality

_; wZE i
vol(IT°L) t+ze > vol(L)1+ze (26)
W142¢
Zhang proved in [48] a functional version of (26) that results in a Sharp Affine Sobolev inequality
—(1+2¢) _ﬁ
— [ (5[..> wwseaend ag | == g @7)
1+ 2€ Js2e 2R1+2ej JED S jIax J _w1+26j j%

1
where the left-hand side is vol (H"Kfj) 1*2¢ and Kfj is such that S (Kfj,-) = S(fj,"). Again by the Blaschke-
Santal6 inequality applied to l'[Kfj we obtain

1
—(1+2¢) T1+2e

1 1
mLZe EJR1+25 Z |<v]‘}(X), f])ldx df}

1
1+2€

Z Dy y2e (ij(xﬂ; y ij (x1+25)) dxy -+ dXy4oe (28)
R1t2€ R1+2€ >

1
wie (1 + 26)!
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meaning that the Sobolev-like inequality (25) for € = 0 is stronger and directly implies the affine Sobolev

inequality of Zhang (27). One can check that the value of B; ﬁ:zle in (25) is consistent with inequality (27).

Notice that any purely analytic proof of (28) must contour (or re-prove) the Blaschke-Santalé inequality. In any
case, that doesn't seem a trivial thing to do, but it might extend to the L, . case:
Problem 2 [49].

1

\LZE fR1+ZeZ V£ (x), §5) Hedx E df]>

1
(1+2€)(1+€)

+€
2 €142¢14€ J- J- Z Dy 42e ij(x1) ij(x1+26)> dxy - dXqip¢
]R1+2€ R1+2€

Lastly, to this moment we don't know Whether Problem 1 for € > 0 can be reduced to the particular case where
Ly =+ =Ly, = L. We believe these problems are worth to consider since they might shed some light into an
important open problem that resisted the symmetrization approach.
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  ≥   3 + 2 𝜖  2 + 𝜖   b  2 + 𝜖 , 1 + 𝜖 vol    (   N  1 + 𝜖 ∘  (   L 1 , … ,   L  1 + 𝜖 ) )    3 + 2 𝜖  2 + 𝜖   ∏  i = 1  1 + 𝜖   vol    (   L  i )    3 + 2 𝜖  2 + 𝜖 ,


  ≥   3 + 2 𝜖  2 + 𝜖   b  2 + 𝜖 , 1 + 𝜖 vol    (   N  1 + 𝜖 ∘  (   L 1 , … ,   L  1 + 𝜖 ) )    3 + 2 𝜖  2 + 𝜖   ∏  i = 1  1 + 𝜖   vol    (   L  i )    3 + 2 𝜖  2 + 𝜖 ,


    N  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 )


    l 1 , … ,   l  1 + 𝜖 :  ℝ  2 + 𝜖 → ℝ


    I  1 + 𝜖  (   l 1 , … ,   l  2 + 𝜖 ) =   ∫   ℝ  2 + 𝜖   ⋯   ∫   ℝ  2 + 𝜖     l 1  (   x 1 ) ⋯   l  2 + 𝜖  (   x  2 + 𝜖 )   D  2 + 𝜖    (   x 1 , … ,   x  2 + 𝜖 )  1 + 𝜖 d   x 1 ⋯ d   x  2 + 𝜖


    I  1 + 𝜖


    l  i


    N  1 + 𝜖  (   l 1 , … ,   l  1 + 𝜖 )


    l 1 , … ,   l  1 + 𝜖


  𝜖 ≥ 0


    N  1 + 𝜖  (   l 1 , … ,   l  1 + 𝜖 )


      h    (   N  1 + 𝜖  (   l 1 , … ,   l  1 + 𝜖 ) ,   𝜉  j )  1 + 𝜖      =   ∫   ℝ  2 + 𝜖     ⋯   ∫   ℝ  2 + 𝜖       ∑  j    l 1  (   x 1 ) ⋯   l  1 + 𝜖  (   x  1 + 𝜖 )   D  2 + 𝜖    (   x 1 , … ,   x  1 + 𝜖 ,   𝜉  j )  1 + 𝜖 d   x 1 ⋯ d   x  1 + 𝜖


    G  1 + 𝜖 , 𝜆 ( s ) =  {       ( 1 + | s  |  1 + 𝜖 )  1 / ( 𝜆 − 1 ) ,  𝜆 < 1      ( 1 − | s  |  1 + 𝜖 ) +  1 / ( 𝜆 − 1 ) ,  𝜆 > 1     𝜒  [ − 1 , 1 ] ( s ) ,  𝜆 = + ∞


    t + = max { t , 0 }


    𝜒  [ − 1 , 1 ]


  [ − 1 , 1 ]


  𝜖 ≥ 0 ,   l 1 , … ,   l  1 + 𝜖


  𝜖 ≥ 0


  𝜆 ∈  (   2 + 𝜖  3 + 2 𝜖 , 1 ) ∪ ( 1 , + ∞ ]


  vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  1 + 𝜖 ) ) ≤   A  2 + 𝜖 , 1 + 𝜖 , 𝜆   ∏  i = 1  1 + 𝜖      ‖   l  i ‖ 1  −   2 + 𝜖 + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    𝜆 ′


    𝜆 ′ =   𝜆  𝜆 − 1 ,   A  2 + 𝜖 , 1 + 𝜖 , 𝜆


    l  i


    l  i ( x ) =   a  i   G  1 + 𝜖 , 𝜆  (  |   b  i A . x | )


    x 0 ∈  ℝ  2 + 𝜖 ,   a  i ,   b  i > 0


  A ∈  Gl  2 + 𝜖 ( ℝ )


    A  2 + 𝜖 , 1 + 𝜖 , 𝜆


  𝜖 ≥ 0 ,   l 1 , … ,   l  2 + 𝜖


  𝜖 ≥ 0


  𝜆 ∈  (   2 + 𝜖  3 + 2 𝜖 , 1 ) ∪ ( 1 , + ∞ ]


    I  1 + 𝜖  (   l 1 , … ,   l  2 + 𝜖 ) ≥   B  2 + 𝜖 , 1 + 𝜖 , 𝜆   ∏  i = 1  2 + 𝜖      ‖   l  i ‖ 1    2 + 𝜖 + ( 1 + 𝜖 )   𝜆 ′  2 + 𝜖    ‖   l  i ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  2 + 𝜖


    l  i


    B  2 + 𝜖 , 1 + 𝜖 , 𝜆


  𝜆 = ∞


    D  2 + 𝜖


    N  1 + 𝜖


    D  2 + 𝜖


  k ≤ 2 + 𝜖


    D  k  (   v 1 , … ,   v  k )


  k


    v 1 , … ,   v  k


  k ≤ 2 + 𝜖


  𝜆 ∈  (   2 + 𝜖  3 + 2 𝜖 , 1 ) ∪ ( 1 , + ∞ ]


      N ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 )


      N ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 )


      I ˜  1 + 𝜖  (   L 1 , … ,   L  2 + 𝜖 )


    I  1 + 𝜖  (   L 1 , … ,   L  2 + 𝜖 )


  𝜖 ≥ 0 ,   L 1 , … ,   L  2 + 𝜖


    l 1 , … ,   l  2 + 𝜖


         I ˜  1 + 𝜖  (   L 1 , … ,   L  2 + 𝜖 )  =   ∫    S  1 + 𝜖     ⋯   ∫    S  1 + 𝜖     ∑  j      D  2 + 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  2 + 𝜖 )  1 + 𝜖 d   S  1 + 𝜖 ,   L 1  (   (   𝜉  j ) 1 ) … d   S  1 + 𝜖 ,   L  2 + 𝜖  (   (   𝜉  j )  2 + 𝜖 )       I ˜  1 + 𝜖  (   l 1 , … ,   l  2 + 𝜖 )  =   ∫   ℝ  2 + 𝜖     ⋯   ∫   ℝ  2 + 𝜖       D  2 + 𝜖    ( ∇   l 1  (   x 1 ) , … , ∇   l  2 + 𝜖  (   x  2 + 𝜖 ) )  1 + 𝜖 d   x 1 ⋯ d   x  2 + 𝜖


    S  1 + 𝜖 , L


    L  1 + 𝜖


      N ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 )


      h    (     N ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 𝜖 ) ,   𝜉  j )  1 + 𝜖      =   ∫    S  1 + 𝜖     …   ∫    S  1 + 𝜖       ∑  j    D  2 + 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 𝜖 ,   𝜉  j )  1 + 𝜖 d   S  1 + 𝜖 ,   L 1  (   (   𝜉  j ) 1 ) … d   S  1 + 𝜖 ,   L  1 + 𝜖  (   (   𝜉  j )  1 + 𝜖 )


    S  1 + 𝜖 , L ( L  )  − ( 2 + 𝜖 )     I ˜  1 + 𝜖 ( L , … , L )


  ( 1 + 𝜖 )


    n    x 1 , ⋯ ,   n    x  2 + 𝜖


    x  i


  L


    S  1 + 𝜖 , L /   S  1 + 𝜖 , L ( L )


      I ˜  1 + 𝜖  (   l 1 , … ,   l  2 + 𝜖 )


  𝜖 = 0


    l 1 , … ,   l  2 + 𝜖


      I ˜  1 + 𝜖


      N ˜  1 + 𝜖


  𝜖 ≥ 0


         I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) ≥     b ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖     vol    (   L  i )    𝜖  1 + 2 𝜖 # ( 6 )


    L 1 , … ,   L  1 + 2 𝜖


  𝜖 > 0


  𝜖 = 0


  𝜖 = 0


  K


  h ( Π K ,   𝜉  j ) =  1 2   ∫    S  2 𝜖     ∑  j  | ⟨   𝜉  j , 𝜂 ⟩ | d   S  K ( 𝜂 )


  vol ( Π K ) =  1  ( 1 + 2 𝜖 ) !     I ˜ 1 ( K , … , K )


  𝜖 = 0


    L 1 = ⋯ =   L  1 + 2 𝜖 = L


     vol ( L  )  − 2 𝜖 vol ( Π L ) ≥    (     𝜔  2 𝜖    𝜔  1 + 2 𝜖 )  1 + 2 𝜖   𝜔  1 + 2 𝜖 2 # ( 7 )


  L


   1  ( 1 + 2 𝜖 ) !     I ˜ 1  (   L 1 , … ,   L  1 + 2 𝜖 ) = V  ( Π   L 1 , … , Π   L  1 + 2 𝜖 ) ≥   ∏  i = 1  1 + 2 𝜖   vol    ( Π   L  i )  1 / 1 + 2 𝜖


  𝜖 = 0


    L 1 , … ,   L  1 + 2 𝜖


  𝜖 = 0


  ‖   f  j  ‖    1 + 2 𝜖  2 𝜖 ≤   C  1 + 2 𝜖   ∑  j     (   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       D  1 + 2 𝜖  ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) ) d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  1 + 2 𝜖


  𝜖 ≥ 0 ,   L 1 , … ,   L  1 + 2 𝜖


    C 2


  𝜖 ≥ 0


         I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) ≥     b ˜  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖      Ω  1 + 𝜖    (   L  i )    2 + 3 𝜖  1 + 2 𝜖 # ( 8 )


      b ˜  1 + 2 𝜖 , 1 + 𝜖 = ( 2 + 3 𝜖  )  1 + 2 𝜖     b  1 + 2 𝜖 , 1 + 𝜖    n  2 + 3 𝜖


   Ω  1 + 𝜖 ( L )


  ( 1 + 𝜖 )


  L


    L 1 , … ,   L  1 + 2 𝜖


  ( 1 + 𝜖 )


  𝜖 = 0


  𝜖 ≥ 0


  L


  ( 1 + 𝜖 )


   Ω  1 + 𝜖  (   L  i ) = 0


  𝜖 = 0


    L 1 = ⋯ =   L  1 + 2 𝜖 = L


  vol ( Π L ) ≥     𝜔  2 𝜖  1 + 2 𝜖    n  2 ( 1 + 𝜖 )   𝜔  1 + 2 𝜖  1 + 2 𝜖  Ω 1 ( L  )  2 ( 1 + 𝜖 )


    L  1 + 𝜖


  𝜖 ≥ 0 ,   l 1 , … ,   l  1 + 2 𝜖


    C 2


  𝜖 ≥ 0


    l 1 , … ,   l  1 + 2 𝜖


    C 2


  𝛼 ∈  (   1 + 2 𝜖  2 ( 1 + 𝜖 ) , 1 ) ∪ ( 1 , ∞ )


    𝛼 ′ =   𝛼  𝛼 − 1


         I ˜  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 ) ≥     B ˜  1 + 2 𝜖 , 1 + 𝜖 , 𝛼   ∏  i = 1  1 + 2 𝜖        (  Ω  1 + 𝜖    (   l  i )    1 + 2 𝜖 +   𝛼 ′  2 ( 1 + 𝜖 )  Ω  1 + 𝜖    (   l  i  𝛼 )  −  1  2 𝜖  1  𝛼 − 1 )    2 + 3 𝜖  1 + 2 𝜖 # ( 9 )


   Ω  1 + 𝜖 ( l ) =   ∫   ℝ  1 + 2 𝜖   | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 d x ,  and  K l ( x ) =  (    0  ∇ l ( x  )  T   ∇ l ( x )  H l ( x ) )


    l  i


    l  i ( x ) =   a  i   F  j    (   b  i    | A ⋅  ( x −   x  i ) | 2 ) +


    a  i ,   b  i > 0 ,   x  i ∈  ℝ  1 + 2 𝜖 , A ∈  Gl  1 + 2 𝜖 ( ℝ )


    F  j : ( 0 , T ] → [ 0 , 1 )


    F j ′ ( t ) =  {    −   t  −   2 𝜖  𝜖    ( 1 −   F  j ( t  )    2  ( 𝛼 − 1 )    ( 1 + 𝜖 ) 2  2 + 3 𝜖 )    2 + 3 𝜖  ( 1 + 𝜖 ) ( 𝜖 )   if  𝛼 > 1   −   t  −   2 𝜖  𝜖    (   F  j ( t  )    2  ( 𝛼 − 1 )    ( 1 + 𝜖 ) 2  2 + 3 𝜖 − 1 )    2 + 3 𝜖  ( 1 + 𝜖 ) ( 𝜖 )   if  𝛼 < 1


    F  j ( T ) = 0


  𝛼 = ∞


      I ˜  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 ) ≥     B ˜  1 + 2 𝜖 , 1 + 𝜖 , ∞   ∏  i = 1  1 + 2 𝜖    Ω  1 + 𝜖    (   l  i )    2 + 3 𝜖  1 + 2 𝜖    ‖   l  i ‖ ∞  −   1 + 𝜖  1 + 2 𝜖


      B ˜  1 + 2 𝜖 , 1 + 𝜖 , 𝛼


   Ω  1 + 𝜖 ( l )


  ( 1 + 𝜖 )


  𝜓


   as  𝜆 ( 𝜓 ) =   ∫   ℝ  1 + 2 𝜖   det ( H 𝜓 ( x )  )  𝜆   e  − 𝜓 ( x ) d x


    C 2


  l ( x ) =   F  j  ( ‖ x  ‖  K )


    F  j : [ 0 , ∞ ) → ℝ


    C 2


   Ω  1 + 𝜖 ( l ) =  Ω  1 + 𝜖 ( K )


    ∫ 0 ∞     t    ( 1 + 2 𝜖 ) ( 2 𝜖 )  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t = 1


   as  𝜆 ( 𝜓 )


  𝜓 ( x ) =   ‖ x  ‖  K 2 2


  𝜖 = 0


  l ( x )


   Ω 1 ( l ) =   ∫ 0 ∞    Ω 1  (  { x ∈  ℝ  1 + 2 𝜖 / l ( x ) ≥ t } ) d t


  A ∈  Gl  1 + 2 𝜖 ( ℝ )


    l  A ( x ) = l ( A . x )


  K   l  A ( x ) =  (    1  0   0    A  T ) ⋅ K l ( x ) ⋅  (    1  0   0  A )


  K ↦   F  j  ( ‖ ⋅  ‖  K )


  K


    F  j  ( ‖ ⋅  ‖  K )


    N  1 + 𝜖


  K ⊂  ℝ  1 + 2 𝜖


   ℝ  1 + 2 𝜖


   h  K


   h  K ( y ) = max { ⟨ y , z ⟩ / z ∈ K }


  K


  K


  ‖ ⋅  ‖  K


    r  K ( ⋅ )


  K


     ‖ y  ‖  K : = inf { 𝜆 > 0 : y ∈ 𝜆 K } ,   y ∈  ℝ  1 + 2 𝜖 ∖ { 0 } ,     r  K ( y ) : = max { 𝜆 > 0 : 𝜆 y ∈ K } ,   y ∈  ℝ  1 + 2 𝜖 ∖ { 0 } .


  ‖ y  ‖  K =  1    r  K ( y )


  ‖ ⋅  ‖  K


  K


  K = − K


  ‖ ⋅  ‖  K


  K


   ℝ  1 + 2 𝜖


  K ⊂  ℝ  1 + 2 𝜖


    K ∘


    K ∘ : =  { y ∈  ℝ  1 + 2 𝜖 / ⟨ y , z ⟩ ≤ 1   ∀ z ∈ K }


   h  K  − 1 =   r    K ∘


  𝜖 ≥ 0


    L  1 + 𝜖


    V  1 + 𝜖 ( K , L )


  K


  L


    V  1 + 𝜖 ( K , L ) =   1 + 𝜖  1 + 2 𝜖  lim  𝜀 → 0     vol  ( K +    ( 1 + 𝜖 ) 𝜀 ⋅    ( 1 + 𝜖 ) L ) − vol ( K )  𝜀 ,


  K  +  ( 1 + 𝜖 ) 𝜀 ⋅    ( 1 + 𝜖 ) L


   h  K  +  ( 1 + 𝜖 ) 𝜀 ⋅    ( 1 + 𝜖 ) L ( x  )  1 + 𝜖 =  h  K ( x  )  1 + 𝜖 + 𝜀  h  L ( x  )  1 + 𝜖 ,   ∀ x ∈  ℝ  1 + 2 𝜖


    S  1 + 𝜖 ( K ,


    𝕊  2 𝜖


    V  1 + 𝜖 ( K , L ) =  1  1 + 2 𝜖   ∫    𝕊  2 𝜖     ∑  j   h  L (   u  j  )  1 + 𝜖 d   S  1 + 𝜖 ( K ,   u  j )


  L


  0 ≤ 𝜖 < ∞


  K , L


   ℝ  1 + 2 𝜖


    V  1 + 𝜖 ( K , L ) ≥ vol ( K  )    𝜖  1 + 2 𝜖 vol ( L  )    1 + 𝜖  1 + 2 𝜖


  K


  L


    L  1 + 𝜖


    f  j :  ℝ  1 + 2 𝜖 → ℝ


    L  1 + 𝜖


  0 ≤ 𝜖 < ∞


    f  j :  ℝ  1 + 2 𝜖 → ℝ


    L  1 + 𝜖


    S  1 + 𝜖 (   f  j ,     u  j )


    𝕊  2 𝜖


       ∫   ℝ  1 + 2 𝜖       ∑  j  𝜙 ( − ∇   f  j ( x )  )  1 + 𝜖 d x =   ∫    𝕊  2 𝜖       ∑  j  𝜙 (   u  j  )  1 + 𝜖 d   S  1 + 𝜖 (   f  j ,   u  j ) # ( 10 )


  𝜙 :  ℝ  1 + 2 𝜖 → ℝ


  L


    (   f  j )  L ( x ) =   F  j  ( ‖ x  ‖  L )


    S  1 + 𝜖 (   f  j ,   u  j ) =


    S  1 + 𝜖 ( L ,


    F  j


    F  j :  ℝ + →  ℝ +


    ∫ 0 ∞     ∑  j    t  2 𝜖   F j ′ ( t  )  1 + 𝜖 d t = 1


    f  j


  L


    S  1 + 𝜖 (   f  j ,   u  j ) =


    S  1 + 𝜖 ( L ,


  ) , w e h a v e


    V  1 + 𝜖 ( L , K ) =  1  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖     ∑  j  h ( K , − ∇   f  j ( x )  )  1 + 𝜖 d x


    f  j


       V  1 + 𝜖 (   f  j , K )  =  1  1 + 2 𝜖   ∫    S  2 𝜖       ∑  j  h ( K ,   𝜉  j  )  1 + 𝜖 d   S  1 + 𝜖 (   f  j ,   𝜉  j )    =  1  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖     ∑  j    h ( K , − ∇   f  j ( x )  )  1 + 𝜖 d x


    L  1 + 𝜖


    f  j


  𝜖 ≥ 0 , L


    f  j


       V  1 + 𝜖 (   f  j , L ) =  1  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖       ∑  j  ‖ ∇   f  j ( x )  ‖    L ∘  1 + 𝜖 d x ≥  cnv  1 + 2 𝜖 , 1 + 𝜖   ∑  j  ‖   f  j  ‖    p ∗  1 + 𝜖 vol ( L  )  1 + 𝜖 / 1 + 2 𝜖 # ( 11 )


    f  j ( x ) = a   (   F  j )  1 + 𝜖  ( b    ‖ x −   x 0 ‖  L )


    x 0 ∈  ℝ  1 + 2 𝜖 , a , b > 0


     (   F  j )  1 + 𝜖 ( t ) =  {       ( 1 +   t    1 + 𝜖  𝜖 )  1 −   1 + 2 𝜖  1 + 𝜖  if  𝜖 > 0     𝜒  [ 0 , 1 ] ( t )  if  𝜖 = 0


  𝜖 = 0


  L =   B 2


    L  1 + 𝜖


    𝒮  1 + 2 𝜖 , 1 + 𝜖    ‖ | ∇   f  j ( x )  | 2 ‖    L  1 + 𝜖 ≥ ‖   f  j  ‖    p ∗


    𝒮  1 + 2 𝜖 , 1 + 𝜖 =    ( ( 1 + 2 𝜖 )  cnv  1 + 2 𝜖 , 1 + 𝜖   𝜔  1 + 2 𝜖    1 + 𝜖  1 + 2 𝜖 )  − 1 / 1 + 𝜖


    𝜔  1 + 2 𝜖


    𝒮  1 + 2 𝜖 , 1 + 𝜖


  K


  0 ≤ 𝜖 < 2 𝜖


     (   F  j )  1 + 𝜖 , K ( x ) = a    (   F  j )  1 + 𝜖  ( ‖ x  ‖  K )


  a


    V  1 + 𝜖  (    (   F  j )  1 + 𝜖 , K , L ) =   V  1 + 𝜖 ( K , L )


  L


     (   F  j )  1 + 𝜖 , L


   cnv  1 + 2 𝜖 , 1 + 𝜖    ‖    (   F  j )  1 + 𝜖 , K ‖    p ∗  1 + 𝜖 = vol ( K  )    𝜖  1 + 2 𝜖


  𝜖 ≥ 0


    L  1 + 𝜖


      V ˜  − ( 1 + 𝜖 ) ( K , L )


  K , L


         V ˜  − ( 1 + 𝜖 ) ( K , L ) =   2 + 3 𝜖  1 + 2 𝜖   ∫  K     ‖ x  ‖  L  1 + 𝜖 d x # ( 12 )


    L  1 + 𝜖


      V ˜  − ( 1 + 𝜖 ) ( K , L ) ≥ vol ( K  )    2 + 3 𝜖  1 + 2 𝜖 vol ( L  )  −   1 + 𝜖  1 + 2 𝜖


      V ˜  − ( 1 + 𝜖 ) (   f  j , L ) =   2 + 3 𝜖  1 + 2 𝜖   ∫   ℝ  1 + 2 𝜖     ∑  j    f  j ( x ) ‖ x  ‖  L  1 + 𝜖 d x


  K


     (   f  j )  K ( x ) =   F  j  ( ‖ x  ‖  K )


      V ˜  − ( 1 + 𝜖 ) (   f  j , L ) =     V ˜  − ( 1 + 𝜖 ) ( K , L )


  L


    F  j


  ( 2 + 3 𝜖 )   ∫ 0 ∞     ∑  j    t  1 + 3 𝜖   F  j ( t ) d t = 1


    L  1 + 𝜖


  𝜆 ∈  (   1 + 2 𝜖  2 + 3 𝜖 , 1 ) ∪ ( 1 , + ∞ ]


  L


    f  j :  ℝ  1 + 2 𝜖 → ℝ


         V ˜  − ( 1 + 𝜖 ) (   f  j , L ) ≥   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 ‖   f  j  ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖 ‖   f  j  ‖  𝜆  −   1 + 𝜖  1 + 2 𝜖   𝜆 ′ vol ( L  )  −   1 + 𝜖  1 + 2 𝜖 # ( 13 )


    m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆


    f  j ( x ) = a   G  1 + 𝜖 , 𝜆  ( b ‖ x  ‖  L )


  a , b ∈ ℝ


  K


    G  1 + 𝜖 , 𝜆 , K ( x ) = a   G  1 + 𝜖 , 𝜆  ( ‖ x  ‖  K )


  a


      V ˜  − ( 1 + 𝜖 )  (   G  1 + 𝜖 , 𝜆 , K , L ) =     V ˜  − ( 1 + 𝜖 ) ( K , L )


  L


    G  1 + 𝜖 , 𝜆 , L


    m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   G  1 + 𝜖 , 𝜆 , L ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   G  1 + 𝜖 , 𝜆 , L ‖  𝜆  −   1 + 𝜖  1 + 2 𝜖   𝜆 ′ = vol ( L  )    2 + 3 𝜖  1 + 2 𝜖


    L  1 + 𝜖


    L  1 + 𝜖


      V ˜  − ( 1 + 𝜖 )  (   L  1 + 2 𝜖 ,   N  1 + 𝜖 ∘  (   L 1 , … ,   L  2 𝜖 ) ) =   2 + 3 𝜖  1 + 2 𝜖   I  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) .


    I  1 + 𝜖  (   G  1 + 𝜖 , 𝜆 ,   L 1 , … ,   G  1 + 𝜖 , 𝜆 ,   L  1 + 2 𝜖 ) =   I  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 )


      I ˜  1 + 𝜖  (   (   F  j )  1 + 𝜖 ,   L 1 , … ,   (   F  j )  1 + 𝜖 ,   L  1 + 2 𝜖 ) =     I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 )


  K


    L  1 + 𝜖


  K


    ∫    S  2 𝜖     ∑  j  𝜙 (   𝜉  j ) d   S  1 + 𝜖 , K (   𝜉  j ) =   ∫    S  2 𝜖     ∑  j  𝜙 (   𝜉  j )   (   f  j )  1 + 𝜖 ( K ,   𝜉  j ) d   𝜉  j


  𝜙


    (   f  j )  1 + 𝜖


    L  1 + 𝜖


  𝜖 = 0


  ( 1 + 𝜖 )


  K


      Ω  1 + 𝜖 ( K )  =   ∫    S  2 𝜖       ∑  j    (   f  j )  1 + 𝜖 ( K ,   𝜉  j  )    1 + 2 𝜖  2 + 3 𝜖 d   𝜉  j    =   ∫    S  2 𝜖       ∑  j    (   f  j )  1 + 𝜖 ( K ,   𝜉  j  )  −   1 + 𝜖  2 + 3 𝜖 d   S  1 + 𝜖 , K


  𝜖 = 0


  Ω ( K ) =   ∫  𝜕 K   𝜅 ( x  )   1  2 ( 1 + 𝜖 ) d x


   Ω  1 + 𝜖


  𝜖 = 0


  l


    C 1


    N  l , t =  { x ∈  ℝ  1 + 2 𝜖 / l ( x ) ≥ t }


  l


  x ∈ 𝜕   N  l , t


    n  l ( x ) =   ∇ l ( x )  | ∇ l ( x ) |


  ∇ l ( x ) ≠


    𝜅  𝜕   N  l , t = det  (    0    n  l ( x  )  T     n  l ( x )  | ∇ l ( x )  |  − 1 H l ( x ) )


     | det ( K l ( x ) ) | =  |   𝜅  𝜕   N  l , t | | ∇ l ( x )  |  2 ( 1 + 𝜖 ) . # ( 14 )


   Ω  1 + 𝜖 ( l )


  ( 1 + 𝜖 )


  l


  l


    C 2


  t


    N  l , t


    C 2


   Ω 1 ( l ) =   ∫ 0 ∞    Ω 1  ( 𝜕   N  l , t ) d t


  l ( x ) =   F  j  ( ‖ x  ‖  K )


    C 1


    F  j


  K


    C 2


   Ω  1 + 𝜖 ( l ) =  Ω  1 + 𝜖 ( K )   ∫ 0 ∞     ∑  j    t  ( 2 𝜖 )   1 + 2 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t


      Ω 1 ( l )  =   ∫   ℝ  1 + 2 𝜖     | det ( K l ( x ) )  |   1  2 ( 1 + 𝜖 ) d x    =   ∫ 0 ∞       ∫  𝜕   N  l , t     | det ( K l ( x ) )  |   1  2 ( 1 + 𝜖 ) | ∇ l ( x )  |  − 1 d S d t    =   ∫ 0 ∞       ∫  𝜕   N  l , t       𝜅  𝜕   N  l , t ( x  )   1  2 ( 1 + 𝜖 ) d S d t    =   ∫ 0 ∞      Ω 1  ( 𝜕   N  l , t ) d t


  l


  x


  ‖ x  ‖  K ⋅ 𝜕 K


  ‖ x  ‖  K


  ∇ ‖ x  ‖  K =  h  K    ( x / ‖ x  ‖  K )  − 1   n  x / ‖ x  ‖  K


    n  y


  K


  y


      Ω  1 + 𝜖 ( l )  =   ∫   ℝ  1 + 2 𝜖     | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 d x    =   ∫ 0 ∞       ∫  𝜕 K        ( | ∇ l ( x )  |  2 ( 1 + 𝜖 )   𝜅  t 𝜕 K ( x ) )    1 + 𝜖  2 + 3 𝜖  h  k  ( x / ‖ x  ‖  K ) d S ( x ) d t    =   ∫ 0 ∞       ∫  𝜕 K       ∑  j    t  2 𝜖    (    (   F j ′ ( t )  h  K ( y  )  − 1 )  2 ( 1 + 𝜖 )   𝜅  𝜕 K ( y )   t  − ( 2 𝜖 ) )    1 + 𝜖  2 + 3 𝜖  h  k ( y ) d S ( x ) d t    =   ∫ 0 ∞       ∫  𝜕 K       ∑  j    t  ( 2 𝜖 ) − ( 2 𝜖 )   1 + 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖   𝜅  𝜕 K ( y  )    1 + 𝜖  2 + 3 𝜖  h  K    (   n  x )  1 −   2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d S ( x ) d t    =   ∑  j   (   ∫ 0 ∞       t  ( 2 𝜖 )   1 + 2 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t )   ∫    S  2 𝜖        (   𝜅  𝜕 K (   𝜉  j )  h  K (   𝜉  j  )  − 𝜖 )  −   1 + 2 𝜖  2 + 3 𝜖 d S (   𝜉  j )    =   ∑  j   (   ∫ 0 ∞       t  ( 2 𝜖 )   1 + 2 𝜖  2 + 3 𝜖    |   F j ′ ( t ) |    2    ( 1 + 𝜖 ) 2  2 + 3 𝜖 d t )  Ω  1 + 𝜖 ( K ) .  


    l 1 , … ,   l  k


    L  k + 1 , … ,   L  1 + 2 𝜖


    I  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1


   … ,   L  1 + 2 𝜖 ) =   I  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 )


    l  i =   G  1 + 𝜖 , 𝜆 ,   L  i


  i = k + 1 , … , ( 1 + 2 𝜖 )


  𝜆


  k


    l 1 , … ,   l  k


    L  k + 1 , … ,   L  2 𝜖


  vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≤   a  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k     m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖ 1  −   ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    𝜆 ′   ∏  j = k + 1  2 𝜖   vol    (   L  j )  −   2 + 3 𝜖  1 + 𝜖


    l 1 , … ,   l  k


    l  i ( x ) =   a  i   G  1 + 𝜖 , 𝜆  (   b  i | A . x  | 2 )


    x  i ∈  ℝ  1 + 2 𝜖 , A ∈  Gl  1 + 2 𝜖 ( ℝ )


    L  i =   a  i   A  − 1 ⋅   B 2


  i ≥ k + 1


  k = 2 𝜖


    A  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 =   a  1 + 2 𝜖 , 1 + 𝜖   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −     ( 1 + 2 𝜖 ) 2  1 + 𝜖


  k = 0


  k ≥ 1


  k


  k − 1


    l 1 , … ,   l  k


    L  k + 1 , … ,   L  2 𝜖


  K =   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k − 1 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   L  k + 1 , … ,   L  2 𝜖 ) .


    I  1 + 𝜖


         V ˜  − ( 1 + 𝜖 )  (   l  k , K )  =   2 + 3 𝜖  1 + 2 𝜖   I  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   L  k + 1 , … ,   L  2 𝜖 ,   l  k )    =   2 + 3 𝜖  1 + 2 𝜖   I  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    =     V ˜  − ( 1 + 𝜖 )  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    = vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )


  vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  k ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  k ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖 vol ( K  )  −   1 + 𝜖  1 + 2 𝜖


  K


  k − 1


      vol  (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  k ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  k ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ×  (   a  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k − 1       m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖ 1  −   ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖 vol    (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )  −   2 + 3 𝜖  1 + 𝜖       ×   ∏  j = k + 1  2 𝜖     vol    (   L  j )  −   2 + 3 𝜖  1 + 𝜖 )  −   1 + 𝜖  1 + 2 𝜖    =   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  k ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  k ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ×    (   a  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k − 1       m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖ 1  −   ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 𝜖    ‖   l  i ‖  𝜆    𝜆 ′   ∏  j = k + 1  2 𝜖     vol    (   L  j )  −   2 + 3 𝜖  1 + 𝜖 )  −   1 + 𝜖  1 + 2 𝜖    × vol    (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    2 + 3 𝜖  1 + 2 𝜖


  k − 1


       I  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 )  =   1 + 2 𝜖  2 + 3 𝜖     V ˜  − ( 1 + 𝜖 )  (   l  1 + 2 𝜖 ,   N  1 + 𝜖 ∘  (   l 1 , … ,   l  2 𝜖 ) )    ≥   1 + 2 𝜖  2 + 3 𝜖   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  1 + 2 𝜖 ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  1 + 2 𝜖 ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖 vol    (   N  1 + 𝜖 ∘  (   l 1 , … ,   l  2 𝜖 ) )  −   1 + 𝜖  1 + 2 𝜖    ≥   B  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    ‖   l  1 + 2 𝜖 ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  1 + 2 𝜖 ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖   ∏  i = 1  2 𝜖        ‖   l  i ‖ 1    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖    ‖   l  i ‖  𝜆  −   ( 1 + 𝜖 )   𝜆 ′  1 + 2 𝜖


    B  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 =   1 + 2 𝜖  2 + 3 𝜖   m  1 + 2 𝜖 , 1 + 𝜖 , 𝜆   A  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  −   1 + 𝜖  1 + 2 𝜖


  L


  ( 1 + 𝜖 )


    (   f  j )  1 + 𝜖 , L


  ( 1 + 𝜖 )


  d   S  1 + 𝜖 , L =   (   f  j )  1 + 𝜖 , L (   𝜉  j ) d   𝜉  j


  L


    L  1 + 𝜖 ∗


  r  (   L  1 + 𝜖 ∗ ,   𝜉  j ) =   (   f  j )  1 + 𝜖 , L (   𝜉  j  )   1  2 + 3 𝜖


     vol  (   L  1 + 𝜖 ∗ ) =  1  1 + 2 𝜖   ∫    S  2 𝜖       ∑  j    (   f  j )  1 + 𝜖 , L (   𝜉  j  )    1 + 2 𝜖  2 + 3 𝜖 =  1  1 + 2 𝜖  Ω  1 + 𝜖 ( L ) # ( 15 )


      I ˜  1 + 𝜖


    L  1 + 𝜖 ∗


      I ˜  1 + 𝜖  (   L 1 , ⋯ ,   L  1 + 2 𝜖 ) =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖 d   S  1 + 𝜖 ,   L 1  (   (   𝜉  j ) 1 ) … d   S  1 + 𝜖 ,   L  1 + 2 𝜖  (   (   𝜉  j )  1 + 2 𝜖 )


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       (   f  j )  1 + 𝜖 ,   L  i  (   (   𝜉  j )  i ) d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       (   f  j )  1 + 𝜖 ,   L  i  (   (   𝜉  j )  i ) d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       r     (   L  i )  1 + 𝜖 ∗    (   (   𝜉  j )  i )  2 + 3 𝜖 d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  =   ∫    S  2 𝜖     ⋯   ∫    S  2 𝜖       ∑  j    D  1 + 2 𝜖    (   (   𝜉  j ) 1 , … ,   (   𝜉  j )  1 + 2 𝜖 )  1 + 𝜖   ∏  i = 1  1 + 2 𝜖       r     (   L  i )  1 + 𝜖 ∗    (   (   𝜉  j )  i )  2 + 3 𝜖 d   (   𝜉  j ) 1 … d   (   𝜉  j )  1 + 2 𝜖


  = ( 2 + 3 𝜖  )  1 + 2 𝜖   ∫     (   L 1 )  1 + 𝜖 ∗     ⋯   ∫     (   L  1 + 2 𝜖 )  1 + 𝜖 ∗       D  1 + 2 𝜖    (   x 1 , … ,   x  1 + 2 𝜖 )  1 + 𝜖 d   x 1 … d   x  1 + 2 𝜖


  = ( 2 + 3 𝜖  )  1 + 2 𝜖   I  1 + 𝜖  (    (   L 1 )  1 + 𝜖 ∗ , ⋯ ,    (   L  1 + 2 𝜖 )  1 + 𝜖 ∗ )                                                                                               ( 16 )


  = ( 2 + 3 𝜖  )  1 + 2 𝜖   I  1 + 𝜖  (    (   L 1 )  1 + 𝜖 ∗ , ⋯ ,    (   L  1 + 2 𝜖 )  1 + 𝜖 ∗ )                                                                                               ( 16 )


     (   L  i )  1 + 𝜖 ∗


  𝜆 = ∞


    m  1 + 2 𝜖 , 1 + 𝜖 , ∞ = 1


      I ˜  1 + 𝜖  (   L 1 , ⋯ ,   L  1 + 2 𝜖 ) ≥ ( 2 + 3 𝜖  )  1 + 2 𝜖   b  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖   vol    (    (   L  i )  1 + 𝜖 ∗ )    2 + 3 𝜖  1 + 2 𝜖 = ( 2 + 3 𝜖  )  1 + 2 𝜖     b  1 + 2 𝜖 , 1 + 𝜖    n  2 + 3 𝜖   ∏  i = 1  1 + 2 𝜖    Ω  1 + 𝜖    (   L  i )    2 + 3 𝜖  1 + 2 𝜖


    g  j : ( 0 , ∞ ) → [ 0 , ∞ )


  𝜖 ≥ 0 , 𝜆 ∈  (   1 + 2 𝜖  2 + 3 𝜖 , 1 ) ∪ ( 1 , + ∞ ] ,   𝜆 ′ =   𝜆  𝜆 − 1


       ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖 ≥   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆   ∑  j     (   ∫ 0 ∞       g  j ( t )   t  𝜆 − 1 d t )  −   1 + 𝜖  ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )  1  𝜆 − 1    (   ∫ 0 ∞       g  j ( t ) d t )    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  2 + 3 𝜖 # ( 17 )


    L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 =  {    ( 1 − 𝜆 )    (   1 + 𝜖  2 + 3 𝜖 )    1 + 𝜖  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    ( 𝜆 −   1 + 2 𝜖  2 + 3 𝜖 )    ( 1 + 2 𝜖 ) − 𝜆 ( 2 + 3 𝜖 )  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    (   Γ  (  1  1 − 𝜆 )  Γ  (   3 + 4 𝜖  1 + 𝜖 ) Γ  (   𝜆  1 − 𝜆 −   1 + 2 𝜖  1 + 𝜖 ) )    1 + 𝜖  2 + 3 𝜖    if  𝜆 < 1   ( 𝜆 − 1 )    (   1 + 𝜖  2 + 3 𝜖 )    1 + 𝜖  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    ( 𝜆 −   1 + 2 𝜖  2 + 3 𝜖 )    ( 1 + 2 𝜖 ) − 𝜆 ( 2 + 3 𝜖 )  ( 𝜆 − 1 ) ( 2 + 3 𝜖 )    (   Γ  (   1 + 2 𝜖  1 + 𝜖 +  1  𝜆 − 1 + 2 )  Γ  (   𝜆  𝜆 − 1 ) Γ  (   3 + 4 𝜖  1 + 𝜖 ) )    1 + 𝜖  2 + 3 𝜖    if  𝜆 > 1


    g  j ( t ) = a   p  𝜆 ( t / 1 + 𝜖 )


  a , 𝜖 ≥ 0


    p  𝜆 ( t ) =  {       (   t  𝜆 − 1 − 1 ) +    1 + 2 𝜖  1 + 𝜖   if  𝜆 < 1      ( 1 −   t  𝜆 − 1 ) +    1 + 2 𝜖  1 + 𝜖   if  𝜆 > 1     𝜒  [ 0 , 1 ] ( t )   if  𝜆 = ∞


  𝜆 = ∞


    ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖 ≥   ∑  j  ( S   g  j  )  −   1 + 𝜖  2 + 3 𝜖   ∫ 0 ∞     g  j ( t ) d t


  S   g  j


  a > 0


    g  j ( t ) = 0


  t > a


  𝜆 > 1


  t > 0


    p  𝜆 ( t ) =    ( 1 −   t  𝜆 − 1 ) +    1 + 2 𝜖  1 + 𝜖


    p  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 ≥ 1 −   t  𝜆 − 1   r  1 − 𝜆


    g  j ( t )


    ∫ 0 ∞     ∑  j    g  j ( t )   p  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 d t ≥   ∑  j    ∫ 0 ∞     g  j ( t ) d t −   r  1 − 𝜆   ∫ 0 ∞     g  j ( t )   t  𝜆 − 1 d t


       ∫ 0 ∞     ∑  j      g  j ( t ) d t  ≤   ∫ 0 ∞     ∑  j      g  j ( t )   p  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 d t +   r  1 − 𝜆   ∫ 0 ∞       ∑  j    g  j ( t )   t  𝜆 − 1 d t    ≤   ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       p  𝜆 ( t / 1 + 𝜖  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖 +   r  1 − 𝜆   ∫ 0 ∞     ∑  j      g  j ( t )   t  𝜆 − 1 d t    ≤   ∑  j     (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       p  𝜆 ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖   r    1 + 𝜖  2 + 3 𝜖 +   r  1 − 𝜆   ∫ 0 ∞     ∑  j      g  j ( t )   t  𝜆 − 1 d t .


  𝜖 ≥ 0


  𝜆 > 1


  𝜆 ∈  (   1 + 2 𝜖  2 + 3 𝜖 , 1 )


    q  𝜆 ( t ) =    (   t  𝜆 − 1 − 1 ) +    1 + 2 𝜖  1 + 𝜖


    q  𝜆 ( t  )    1 + 𝜖  1 + 2 𝜖 ≥   t  𝜆 − 1 − 1


    ∫ 0 ∞     ∑  j    g  j ( t )   q  𝜆 ( t / 1 + 𝜖  )    1 + 𝜖  1 + 2 𝜖 d t ≥   r  1 − 𝜆   ∫ 0 ∞     ∑  j    g  j ( t )   t  𝜆 − 1 d t −   ∫ 0 ∞     ∑  j    g  j ( t ) d t


       ∫ 0 ∞       ∑  j    g  j ( t )   t  𝜆 − 1 d t  ≤   r  𝜆 − 1   ∫ 0 ∞       ∑  j    g  j ( t ) d t +   r  𝜆 − 1    (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       q  𝜆 ( t / 1 + 𝜖  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖    ≤   r  𝜆 − 1   ∑  j    ∫ 0 ∞       g  j ( t ) d t +   r  𝜆 −   1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       g  j ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    (   ∫ 0 ∞       q  𝜆 ( t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 𝜖  2 + 3 𝜖


  𝜖 ≥ 0


  𝜆 = ∞


    l  i


    C 2


  l =   l  i


  l


    S  2 𝜖


  ( 1 + 𝜖 )


    (   f  j )  1 + 𝜖 , l


  d   S  1 + 𝜖 , l =   (   f  j )  1 + 𝜖 , l (   𝜉  j ) d   𝜉  j


  ( l  )  1 + 𝜖 ∗


  r    ( ( l  )  1 + 𝜖 ∗ ,   𝜉  j )  2 + 3 𝜖 =   (   f  j )  1 + 𝜖 , l (   𝜉  j )


         I ˜  1 + 𝜖  (   l 1 , ⋯ ,   l  1 + 2 𝜖 ) =   I  1 + 𝜖  (    (   l 1 )  1 + 𝜖 ∗ , … ,    (   l  1 + 2 𝜖 )  1 + 𝜖 ∗ ) ≥   b  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖     vol    (    (   l  i )  1 + 𝜖 ∗ )    2 + 3 𝜖  1 + 2 𝜖 . # ( 18 )


  l =   l  i


  i = 1 , … 1 + 2 𝜖


    n  l :  ℝ  1 + 2 𝜖 →   S  2 𝜖


    n  l ( x ) =   ∇ l ( x )  | ∇ l ( x )  | 2


    n  l


    𝜉  j


  P (   𝜉  j ) =  { x ∈  ℝ  1 + 2 𝜖 / ∇ l ( x ) ≠ 0  and    n  l ( x ) =   𝜉  j }


   ℝ  1 + 2 𝜖


  ∇ l ≠ 0


    (   f  j )  1 + 𝜖 , l


  ( 1 + 𝜖 )


  𝜙


   ℝ  1 + 2 𝜖


    ∫    S  2 𝜖       ∑  j  𝜙 (   𝜉  j ) d   S  1 + 𝜖 , l =   ∫   ℝ  1 + 2 𝜖     𝜙 ( ∇ l ( x ) ) d x


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 𝜙 ( ∇ l ( x ) ) d x d   𝜉  j


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 𝜙 ( ∇ l ( x ) ) d x d   𝜉  j


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 | ∇ l  ( x )  |  1 + 𝜖 d x 𝜙  (   𝜉  j ) d   𝜉  j                                                                                                               ( 19 )


  =   ∫    S  2 𝜖       ∫    P  l (   𝜉  j )       ∑  j    J    n  l ( x  )  − 1 | ∇ l  ( x )  |  1 + 𝜖 d x 𝜙  (   𝜉  j ) d   𝜉  j                                                                                                               ( 19 )


    J    n  l


    n  l :  ℝ  1 + 2 𝜖 →   S  2 𝜖


    n  l ( x ) =   ∇ l ( x )  | ∇ l ( x )  | 2


    x 0


  J =     D  2 𝜖  ( A ⋅    (   u  j ) 1 , … , A ⋅    (   u  j )  2 𝜖 )  |    (   u  j )  1 + 2 𝜖 |    D  1 + 2 𝜖  (    (   u  j ) 1 , … ,    (   u  j )  2 𝜖 ,    (   u  j )  1 + 2 𝜖 )


  A


    n  l


    x 0 ,    (   u  j )  1 + 2 𝜖


  A


     (   u  j ) 1 , … ,    (   u  j )  2 𝜖


  ker ( A )


     (   u  j ) 1 , … ,    (   u  j )  2 𝜖


    𝜉  j


     (   u  j )  1 + 2 𝜖


  J =  | 𝜅 /  ⟨   𝜉  j ,    (   u  j )  1 + 2 𝜖 ⟩ |


  𝜅


  l


    x 0


     (   u  j )  1 + 2 𝜖


    P  l (   𝜉  j )


    x 0


       (   f  j )  1 + 𝜖 , l (   𝜉  j ) =   ∫    P  l (   𝜉  j )       ∑  j  𝜅 ( x  )  − 1 | ∇ l ( x )  |  1 + 𝜖  |   𝜉  j  T | d  ℋ 1 ( x ) # ( 20 )


    𝜉  j  T


    𝜉  j


    P  l (   𝜉  j )


  x


  l


  P (   𝜉  j )


    𝛾  𝜉 :  ( 0 , ‖ l  ‖ ∞ ) → ℝ


  l  (   𝛾    𝜉  j ( t ) ) = t


       (   f  j )  1 + 𝜖 , l (   𝜉  j )  =   ∫ 0  ‖ l  ‖ ∞       ∑  j  𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  1 + 𝜖  |  ⟨   𝜉  j ,   𝛾    𝜉  j ′ ( t ) ⟩ | d t    =   ∫ 0  ‖ l  ‖ ∞     ∑  j    𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  𝜖  |  ⟨ ∇ l  (   𝛾    𝜉  j ( t ) ) ,   𝛾    𝜉  j ′ ( t ) ⟩ | d t    =   ∫ 0  ‖ l  ‖ ∞       ∑  j  𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  𝜖 d t


    𝛾    𝜉  j


     vol  (   l  1 + 𝜖 ∗ )  =   ∫    S  2 𝜖     ∑  j       (   ∫ 0  ‖ l  ‖ ∞     𝜅    (   𝛾    𝜉  j ( t ) )  − 1    | ∇ l  (   𝛾    𝜉  j ( t ) ) |  𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖 d   𝜉  j    ≥    (   ∫ 0  ‖ l  ‖ ∞     ∑  j       (   ∫    S  2 𝜖     𝜅    (   𝛾    𝜉  j ( t ) )  −   1 + 2 𝜖  2 + 3 𝜖    | ∇ l  (   𝛾    𝜉  j ( t ) ) |    ( 𝜖 ) ( 1 + 2 𝜖 )  2 + 3 𝜖 d   𝜉  j )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖    =    (   ∫ 0  ‖ l  ‖ ∞        (   ∫  𝜕   N  l , t     𝜅 ( x  )    1 + 𝜖  2 + 3 𝜖 | ∇ l ( x )  |    ( 𝜖 ) ( 1 + 2 𝜖 )  2 + 3 𝜖 d   S    N  l , t ( x ) )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖


  vol  (   l  1 + 𝜖 ∗ ) =    (   ∫ 0  ‖ l  ‖ ∞        (   ∫  𝜕   N  l , t     | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 | ∇ l ( x )  |  − 1 d   S    N  l , t ( x ) )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖


   Ω  1 + 𝜖 ( l , t ) =   ∫  𝜕   N  l , t   | det ( K l ( x ) )  |    1 + 𝜖  2 + 3 𝜖 | ∇ l ( x )  |  − 1 d   S    N  l , t ( x )


   Ω  1 + 𝜖  (   l  𝛼 ,   t  𝛼 ) =  Ω  1 + 𝜖 ( l , t )    ( 𝛼   t  𝛼 − 1 )  ( 𝜖 )   1 + 2 𝜖  2 + 3 𝜖


  𝜆 = 1 +  ( 𝛼 − 1 )   2    ( 1 + 𝜖 ) 2  2 + 3 𝜖


    g  j ( t ) =  Ω  1 + 𝜖 ( l , t )


     vol  (   l  1 + 𝜖 ∗ ) ≥     (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t  )    2 + 3 𝜖  1 + 2 𝜖 d t )    1 + 2 𝜖  2 + 3 𝜖   ≥    L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t ) d t )    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  2 + 3 𝜖    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t )   t  𝜆 − 1 d t )  −   1 + 𝜖  ( 2 + 3 𝜖 ) ( 𝜆 − 1 )   =    𝛼    1 + 𝜖  𝜆 − 1   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t ) d t )    ( 1 + 2 𝜖 ) + ( 1 + 𝜖 )   𝜆 ′  2 + 3 𝜖    ×    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t )    ( 𝛼   t  𝛼 − 1 )  ( 𝜖 )   1 + 2 𝜖  2 + 3 𝜖  ( 𝛼   t  𝛼 − 1 ) d t )  −   1 + 𝜖  ( 2 + 3 𝜖 ) ( 𝜆 − 1 )   =    𝛼    1 + 𝜖  𝜆 − 1   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆    (   ∫ 0 ∞      Ω  1 + 𝜖 ( l , t ) d t )    1 + 2 𝜖 +   𝛼 ′  2 ( 1 + 𝜖 )    (   ∫ 0 ∞      Ω  1 + 𝜖  (   l  𝛼 , s ) d s )  −  1  2  ( 1 + 𝜖 )  1  𝛼 − 1   =    𝛼    1 + 𝜖  𝜆 − 1   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆  Ω  1 + 𝜖 ( l  )    1 + 2 𝜖 +   𝛼 ′  2 ( 1 + 𝜖 )  Ω  1 + 𝜖    (   l  𝛼 )  −  1  2 ( 1 + 𝜖 )  1  𝛼 − 1


      B ˜  1 + 2 𝜖 , 1 + 𝜖 , 𝛼 =   b  1 + 2 𝜖 , 1 + 𝜖    (     𝛼    1 + 𝜖  𝜆 − 1  1 + 2 𝜖   L  1 + 2 𝜖 , 1 + 𝜖 , 𝜆 )  2 + 3 𝜖


   Ω  1 + 𝜖 ( l , t )


   Ω  1 + 𝜖  (   F  j  ( | x  | 2 ) ,   F  j ( t ) ) =  ( 1 + 2 𝜖 )   𝜔  1 + 2 𝜖   F j ′ ( t  )  ( 𝜖 )   1 + 2 𝜖  2 + 3 𝜖


      N ˜  1 + 𝜖


  L


  0 ≤ 𝜖 < 2 𝜖


         I ˜  1 + 𝜖  (   L 1 , … ,   L  1 + 2 𝜖 ) ≥     b ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖     vol    (   L  i )    𝜖  1 + 2 𝜖 # ( 21 )


    L 1 , … ,   L  1 + 2 𝜖


      I ˜  1 + 𝜖


      N ˜  1 + 𝜖


  vol  (     N ˜  1 + 𝜖  (   L 1 , … ,   L  2 𝜖 ) ) ≥     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  2 𝜖   vol    (   L  i )    𝜖  1 + 𝜖


    l 1 , … ,   l  2 𝜖


    L  k + 1 , … ,   L  2 𝜖


  0 ≤ 𝜖 < 2 𝜖


  vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k    cnv  1 + 2 𝜖 , 1 + 𝜖    1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖    p ∗  1 + 2 𝜖   ∏  j = k + 1  2 𝜖   vol    (   L  j )    𝜖  1 + 𝜖


    l 1 , … ,   l  k


    l  i ( x ) =   a  i   (   F  j )  1 + 𝜖  (   b  i    | A ⋅  ( x −   x  i ) | 2 )


    x 0 ∈  ℝ  1 + 2 𝜖 , A ∈  Gl  1 + 2 𝜖 ( ℝ )


    L  i =   a  i   A  − 1 .   B 2


  i ≥ k + 1


  K =     N ˜  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,     N ˜  1 + 𝜖  (   l 1 , … ,   l  k − 1 ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ,   L  k + 1 , … ,   L  2 𝜖 )


    V  1 + 𝜖  (   l  k , K ) = vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )


      vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) ) ≥  cnv  1 + 2 𝜖 , 1 + 𝜖 vol ( K  )    1 + 𝜖  1 + 2 𝜖    ‖   l  k ‖    p ∗  1 + 𝜖      ≥  cnv  1 + 2 𝜖 , 1 + 𝜖  (     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  k − 1      cnv  1 + 2 𝜖 , 1 + 𝜖    1 + 2 𝜖  1 + 𝜖    ‖   l  i ‖    p ∗  1 + 2 𝜖 vol    (   N  1 + 𝜖  (   l 1 , … ,   l  k ,   L  k + 1 , … ,   L  2 𝜖 ) )    𝜖  1 + 𝜖         ×   ∏  j = k + 1  2 𝜖     vol    (   L  j )    𝜖  1 + 𝜖 )    1 + 𝜖  1 + 2 𝜖    ‖   l  k ‖    p ∗  1 + 𝜖


  k − 1


         I ˜  1 + 𝜖  (   l 1 , … ,   l  1 + 2 𝜖 ) ≥     B ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖        ‖   l  i ‖    p ∗  1 + 𝜖 # ( 22 )   vol  (     N ˜  1 + 𝜖  (   L 1 , … ,   L  2 𝜖 ) ) ≥     a ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  2 𝜖     vol    (   L  i )    𝜖  1 + 𝜖 # ( 23 )   vol  (     N ˜  1 + 𝜖  (   l 1 , … ,   l  2 𝜖 ) ) ≥     A ‾  1 + 2 𝜖 , 1 + 𝜖   ∏  i = 1  1 + 2 𝜖        ‖   l  i ‖    p ∗  1 + 2 𝜖 # ( 24 )


    L 1 , … ,   L  1 + 2 𝜖


    l 1 , … ,   l  1 + 2 𝜖


    l  i ( x ) =   a  i   (   F  j )  1 + 𝜖  (   b  i  | A .  ( x −   x  i ) | )


    x 0 ∈  ℝ  1 + 2 𝜖 ,   a  i ,   b  i > 0


  A ∈  Gl  1 + 2 𝜖 ( ℝ )


      b ‾  1 + 2 𝜖 , 1 + 𝜖 = ( 1 + 2 𝜖 )     a ‾  1 + 2 𝜖 , 1 + 𝜖    1 + 𝜖  1 + 2 𝜖 ,     B ‾  1 + 2 𝜖 , 1 + 𝜖 = ( 1 + 2 𝜖 )  cnv  1 + 2 𝜖 , 1 + 𝜖     A ‾  1 + 2 𝜖 , 1 + 𝜖  1 + 𝜖 / 1 + 2 𝜖 ,     A ‾  1 + 2 𝜖 , 1 + 𝜖 =     a ‾  1 + 2 𝜖 , 1 + 𝜖  cnv  1 + 2 𝜖 , 1 + 𝜖  ( 2 𝜖 )   1 + 2 𝜖  1 + 𝜖


    L  1 + 𝜖


       ∑  j     (   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       D  1 + 2 𝜖    ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) )  1 + 𝜖 d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  ( 1 + 2 𝜖 ) ( 1 + 𝜖 ) ≥     B ‾  1 + 2 𝜖 , 1 + 𝜖   1  ( 1 + 2 𝜖 ) ( 1 + 𝜖 )   ∑  j  ‖   f  j  ‖    p ∗ # ( 25 )


  𝜖 = 0


   1  ( 1 + 2 𝜖 ) !     I ˜ 1 ( L , … , L ) = vol ( Π L )


    L 1 = ⋯ =   L  1 + 2 𝜖 = L


     vol    (  Π ∘ L )  −  1  1 + 2 𝜖 ≥     𝜔  2 𝜖    𝜔  1 + 2 𝜖 vol ( L  )    2 𝜖  1 + 2 𝜖 # ( 26 )


        (  1  1 + 2 𝜖   ∫    S  2 𝜖        (  1 2   ∫   ℝ  1 + 2 𝜖       ∑  j  | ⟨ ∇   f  j ( x ) ,   𝜉  j ⟩ | d x )  − ( 1 + 2 𝜖 ) d   𝜉  j )  −  1  1 + 2 𝜖 ≥     𝜔  2 𝜖    𝜔  1 + 2 𝜖   ∑  j  ‖   f  j  ‖    1 + 2 𝜖  2 𝜖 # ( 27 )


  vol    (  Π ∘   K    f  j )  −  1  1 + 2 𝜖


    K    f  j


  S  (   K    f  j , ⋅ ) = S (   f  j , ⋅ )


  Π   K    f  j


     (  1  1 + 2 𝜖   ∫    S  2 𝜖        (  1 2   ∫   ℝ  1 + 2 𝜖       ∑  j  | ⟨ ∇   f  j ( x ) ,   𝜉  j ⟩ | d x )  − ( 1 + 2 𝜖 ) d   𝜉  j )  −  1  1 + 2 𝜖


  ≥    (  1    𝜔  1 + 2 𝜖 2  ( 1 + 2 𝜖 ) !   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       ∑  j    D  1 + 2 𝜖  ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) ) d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  1 + 2 𝜖                       ( 28 )


  ≥    (  1    𝜔  1 + 2 𝜖 2  ( 1 + 2 𝜖 ) !   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖       ∑  j    D  1 + 2 𝜖  ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) ) d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  1 + 2 𝜖                       ( 28 )


  𝜖 = 0


      B ‾  1 + 2 𝜖 , 1  1 / 1 + 2 𝜖


    L  1 + 𝜖


         (   ∫    S  2 𝜖        (   ∫   ℝ  1 + 2 𝜖       ∑  j  | ⟨ ∇   f  j ( x ) ,   𝜉  j ⟩  |  1 + 𝜖 d x )  −   1 + 2 𝜖  1 + 𝜖 d   𝜉  j )  −  1  1 + 2 𝜖    ≥   e  1 + 2 𝜖 , 1 + 𝜖    (   ∫   ℝ  1 + 2 𝜖     ⋯   ∫   ℝ  1 + 2 𝜖     ∑  j      D  1 + 2 𝜖    ( ∇   f  j  (   x 1 ) , … , ∇   f  j  (   x  1 + 2 𝜖 ) )  1 + 𝜖 d   x 1 ⋯ d   x  1 + 2 𝜖 )   1  ( 1 + 2 𝜖 ) ( 1 + 𝜖 )


  𝜖 > 0


    L 1 = ⋯ =   L  1 + 2 𝜖 = L
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