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1. INTRODUCTION

In 1965, Zadeh[Z5] introduced fuzzy set theory for the first time. He put forth this theory
to deal with the idea of partial truth, in which truth values fall somewhere hetween heing
entirely true and being entirely untrue. In situations when traditional binary logic was un-
able to effectively handle ambiguous or imprecise information, this method proved especiallv

helpful. In 1986, Atanassov[Z] introduced the theory of intuitionistic fuzzy sets (IFS). By
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including both a degree of membership and a degree of non-membership, this theory expands
upon the IFS theory. Cuong and Kreinovich[5] invented the picture fuzzy set (PFS), a FS
and IFS extension that considers the components’ positive, negative, and neutral member-
ship degrees. Cuong[3] (2014) suggested PFSs measurement of distance and looked at a few
PFSs properties. Cuong and Haild] (2015) defined the main operations for fuzzy inference
processes in picture fuzzy systems and investigated the effects of the basic fuzzy logic opera-
tors—mnegations, conjunctions, and disjunctions on PFSs. In order to establish picture fuzzy
normed spaces, Pinaki Majumdar[12] and others expanded the concept of fuzzy normed
spaces to picture fuzzy sets. Jenifer et al. [10] expanded the concept of picture fuzzy noremd
spaces with Fibobacci [deal convergence. The idea of difference sequence spaces was first
put forth by Kizmaz[I4] as follows: Z{A) = {f = (fy) : (Afy) e Z} for Z = £, e, 0p.
Kostryko et al.[15], [16] introduced the concept of ideal convergence (I-convergence) in
2000 by using ideals to generalize statistical convergence. In accordance with the concept of
density with positive natural numbers, Fast[8] and Steinhaus[24] independently established
statistical convergence in 1951. Phu20], [21] defines rough convergence as a natural develop-
ment of ordinary convergence in normed spaces of constrained dimensions. In this concept
Phu, introduces a "roughness degree” (often denoted as r) that allows for a certain degree of
error or “roughness” in the convergence process. Das, Savas, and Ghosal|6] were the first to
define the idea of rough ideal statistical(31 — st) convergence of a series. This generalization
was first presented in 2011 by means of ideals in normed spaces. According to a study on
rough ideal statistical(RI — st) convergence, Das et al. provided a definition of this term in
normed spaces. Rough ideal statistical("RI — st) convergence was defined in normed spaces in
2011. according to a different work on the subject. Rl — st convergence utilizing generalized
difference operator in IFNS was presented by Manpeer Kaur et al. Rough Ideal statistical
convergence in neutrosophic normed spaces and Wijsman Ideal statistical convergence in

neutrosophic metric spaces have been extensively studied in the literature [9],[11].
The notions of R — st convergence and RI — st convergence for generalized difference se-

quences in the context of picture fuzzy normed spaces have been introduced in this paper.

For generalized difference sequences, we investigated the topological and algebraic charac-

teristics of rough ideal statistical limit points.

2. PRELIMINARIES

The fundamental definitions of PFNS, st, and 93 — st convergence in PFNS are reviewed

in this section.

Definition 2.1. [10] Picture Fuzzy Normed Space (PFNS) is the name given to the seven
tuple f.%,,ﬁ-, ., +,Q, @) if a vector space X # ¢ and + is a continuous t-norm, ¢ and &
are continuous t-conorms, and ji, 7, and @ are FSs on = 0, > ) that meet the following

conditions:
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For each f,y = X and t,n=0:
)AL+ Pt + @ft) = 1
i) filf, t)
iii) ji(f, t) = 1 if and only if { = 0,
iv) jilef,t) = i (f T) if ¢ # 0,
V) i) = ilnon) < Alf+ oot +n),
vi) ilf,.) 1 (0,+) — [0, 1] is continuous,
vii) llm jilf,.t) =1 and hm,ufft =0,
vii ) vfft

(i

(

(

(

(

(

(vi

(vi

(ix) #(f,t) = 0 if and only if 2 = 0,
(x) Ulef.t) = y(f T) if ¢ # 0,

(xi) 7(f, ) 0i(y,n) = P(f+ n,t + n),

(i) 2(f,.) : (0, +5) — [0, 1] is continuous,
(xdii) llm 7(f,t) = 0 and hmvfft

(xiv) wff t)

(xv) @(f.t) = 0if and only if f = 0

(xvi) @lef, t) = (ff %) ifec#0,

(xvil) @(f, t) @ @(n,n) = &(f+n,t+n),

(xvidi) @(f,.) : (0,42 ) — [0,1] is continuous,

(xix) tl}l_n; @(f,t) = 0 and ll{%ﬁ(fft) =

Definition 2.2. [10] Let (X, ji,9,&,+ 0,®) be a PFNS. A sequence f — {f,} in fis said to
be st - convergent to £ = X with respect to norm (i, &, &) if for every € = 0 and t= (0,1)
lim l|{|:r =n:jlf, - Lie) = 1—torv(f, — Lie) = tj,wl(f, — Lie) =t} =0 or

difp =n:plf,— el =1—torv(f, — Lie) = t},wif, — Lie) = t}) = 0.

It is denoted by i, i £ or stuse — limij, = £
pvin

Definition 2.3. Let (X, /i,7,@.«,0.®) be a PFNS. A sequence { — {f,} in X is said to be
R — st - convergent to £ = X with respect to norm (ji, 7, ) for some non-negative number
vif for every € = 0 and t = (0,1)

hm —|{P =nifilf, -Lie+te) = 1—tordff, - Livte) =0, —Lirt+e) =t =0 or
6[{p sncfilfy - Livte) = 1—toruff, — Liv+€ = twlf, - Lret+e =t =0

It is denoted by f, - Lor R stz — nliP} f, = £. Let stz — L-IM’[: indicates

the the set of all !} — st limit points of the sequence { = {f,}.

Definition 2.4. ([I0]). Let (X, i, #, &, ¢, ®) be a PENS. A sequence { = {f,.} in X is said
to be I — st convergent to p = X with respect to norm (ji, #, @) if for every € = O and t = (0,1):

{n:if{m<n:ilf, —pe) = 1—torulf, —pe = talf, —pe =t =of el

Lostig o
i

It is denoted by f,,

Definition 2.5. Let (X 1,0, w,+, O, @) be a PENS. Consider A™f = (A™f,) be a generalized
difference sequence in ¥ where m = N, is said to be A™ — st - convergent to £ = X with
respect to norm (ji, &, @) if for every € = 0 and t = (0,1):

lim l|{|:r =n :,L”;-I_'é."‘f,J — L) = 1—torv(A™, — Li¢) = L wA™], — £€) = t}| ~ O or

Sl {p =mn: i(A™f, — < 1—tor(A™f, — =t w(A™ f,, Le)=t)) = 0.

It is denoted by ﬂ’“fp M 8 or St oo — lim A’"fp =
posan
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3. Mamn RESULTS

In this section, we introduce the notions of 9\ — st Convergence and RI — st Convergence

for generalized difference sequences in PFNS. For a generalized difference sequence, we then
examined some results for ‘Rl — st limit points. The article assumes that I is an admissible

ideal and that [A™f) = A™ lfp — A™ l{p_l, where m = N is the generalized difference

sequence.

Definition 3.1. Let [.i‘,ﬂ,, vow, = Q,®) be a PENS, and A™f = (A™f,) be a generalized
difference sequence in ;{ where me N is a R — A™ — st - convergent to £ & X with respect
to norm (fi, 7. w) for some non-negative number. For each ¢ = (0 and t= (0, 1), ¢ if:

r}il"r} %Hp = fi(A™, - Liv+e) = I—tor (AT, —Liv+e) = Lw[A™, —Liv+e) =t} =0
or

di{p=n:fglA™, —Liv+te) = 1 —torp(A™, —Liv+e) =t w&“"{p Lirte =t} =0

R st

The symbol for it is A™f, * £ or R—st;ze — lm A =
Pt
Consider st ; 5 — LI Uim[ indicates the collection of all R — st limit points of [A™f,).

Remark 3.2. The R — A™st convergent is equal to the A™st convergent for the generalized

difference sequence (A™f, ) in a PENS if v = 0.

[A™f,)'s R — st-limit might not be unique in PFNS. Thus, take into consideration the collec-
R—at 5 5 )
tion of R — st limits of (A™f,) as stz 5.5~ LIMjmp = [2 T AT, i, 2]. Take note that
P

o o A . Amp TUESE oy
Anf A, e X AT, 5 2}_
LIM?

[A™f,) is R-convergent if LIME2% o 5 where LIM 554 [

Regarding unbounded sequences, LIM %% — 5 while stz o)

Amf, 0 =, meaning

amy,

the sequence may be R — st convergent.

Example 3.3. The generalized difference sequence(A™f,) can be R — st - convergent but
not R - convergent, as demonstrated by this example.
Consider f.%, -| ) be a normed space. Define the following for every q = 0 and the generalized

difference sequence A™f = (A™f,) £ X

AT, AT,

ji(A™f,,q) = - +—Mandwa fp

Then (X, ji, i?, &, «, O, ®) is a PFNS.

: (—1)», p#n?,
Examine a sequence (A™{,)m-n such that A™f, = )
p. p=mn"
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Consequently, A™f, = (-1,2,3,1,5,6,7,8,—1,...), and obviously for each ¢ > 0 and t =
(0,1),

1
lim EHP =n: AT, —Liv+e) < I-tor (AT, — Liv+€) = LA™, —Liv+e€) = t)| = 0.
el

2, t< 1,

Furthermore, st ;; 5 — LIM ;mfp :

[1—r,v— 1], otherwise.

Additionally, LT ’LI;‘;;P‘" = p, for every = 0, because (A™f,) is an unbounded sequence.

Definition 3.4. Let (X, i, #,&,+, O, ®) be a PFNS. The generalized difference sequence
A™] = [A™],), is said to be I — A™-stc to £ = X with respect to norm (ji, #,&) if for every

€= 0andts (0,1):

ne N : §|{p =n: il A™f, — L) = 1 — tor
DA™, — L) = LA™, —Lie) =t} =0

The symbol for it is A™f, g L Letl—st;;qz — LIM A, indicates the collection of

all I — st limits of the generalized difference sequence [A™f,).
The analysis of RI — st convergent for (A™f,) in PFNS is the next focus of our attention.

Definition 3.5. Let (X, fi. 0@, #, G, @) be a PFNS, A™ = (A™,), is said to be BRI — A™-st
convergent to £ £ X with respect to norm (fi, 7, w) for some non-negative mumber v if for

every € = 0 and t = (0, 1)

ne N : $|{p =n:fp(A™, - Liv+e) =1 tor
A, - Liv+e) 2Lw(AT, —Civ+e =t} =0

RI-s8t 5 = o

)

It is indicated by A™f, —" £ Let I —styisz — LIM},.; indicates the the collection
B

of all RI — st limits of (&"‘fpj,

Example 3.6. Let [.’u{, -| ) be anormed space. For every q = 0 and for A™{ = [A™f,) = %._ de-

fine ji A™f,, q) - # 7(A™f,.q) -
P

1 e B(A0) = . Then (X.1,7,.,+,0,€)

qat|A
is a PFNS. If we consider I; = {2 = Nwithd(2) = 0} where §(2) indicates the natural

density of set 21, then, define [Amfp}m = N such that
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p. peA
(_Ipr p €Ql

Then I — st LIM & e<l,
hen 1 — st — LIM:,.. -
’ . [1—v,e—1], otherwise.

Therefore I — st55 — L1 Mir\"‘ﬂ, £ B,

Definition 3.7. A sequence [A"“fp,'l in PFNS [5&,&1‘_ vy, s, O, @) 18 I — A™ — st bounded if
for e = 0.t= (0,1), 3 § = 0 such that

1
{n eN:=|{p=n:a(A";J) = 1—tor#(A™;J) = t}| = wA™;J) = t}| = 6} e 1.

For the generalized difference sequence, we got to the following conclusions. (A™f,] in PFNS

based on the definitions given above.

Theorem 3.8, Let [i._ﬁ-, 7., =, O, ®) be a PENS with (jz,7,@). A sequence (A™f,) in { is
[ — A™ — st-bounded iff T —st; 55 — L”'f,:\m{ # o for some ¢ = 0.
P

Proof. (Necessary Component) Let (A™f,) be a sequence which is I — A™ — st-bounded
in a PFNS [.‘u:c’,;.”x-,ﬂ._"",-e‘T ¢.®). Then, for everv € = 0,t= (0, 1) and some v > 0, 33 = 0 such
that

{neN:L{p=<n:aA™;:J) <1 tord(A™,;J) = L, O(A™,;;J) = t}| = 6} € L.

Due to the admissibility of I, © = & F is a non-empty set, where

F={neN: ﬂ{l’ <0 jiA™: ) = 1—t or PA™:Y) = LA™, ]) = t}| = 6}.

Choose p = D, then

l|{]:: =n: A 3) =1 -1t or P(A™,;3) = LW(A™,;T) =t <4
n
>%|{p < n: (AT 3) > 1 —tand 7 A", J) < LO(A™;J) <t} =1 -4 (3.8.1)

Let k = {p = n: GA™f;J) = 1 — tand [A™f,; J) = {, wA™f,: J) = t}. Also,
A e+ 3) = min{f(0,v), @g(A™f, 3) ) = min{ 1, G(A™,:3)} = 1—t,
f-'(i\.mfp;t + J) = max{ (0, r,‘u,ﬁ[i\."‘fwﬁ,‘n} : 1nax{l],_;r‘ff[&"‘fh;:],‘n} <,

W(A™, v+ J) = max{jl0,v),0(A™,, J)} = max{0,0(A™,;J)} < t.
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Therefore, & © {p < n: g(A™;v+ J) = 1 — tand D(A™f;; v+ J) < t, (AT ;v + J) < t}.
Using (3.8.1)), we get

1-d= 2 < %Hp = nc A+ J3) = 1 —tand DA™ v+ J) < LA e+ J) < .
Thus,

%Hp =n: lA™ue+3) = 1-tor PIA™ e+ ]) = LA™ e+d) =t < 1-(1-9) < 4.
Following that, for ne N,

%|{p =nifilfir+d) = 1-torv(fie+J) 2t r+J) =2t zdc Fell

Hence O = I — st 500 — L-vaélm[. Therefore, | — st ;55 — L-I_-l:félm[ # 0.

(Sufficient component)

Let I — stjusm — LIM';,an + g, for some v = ().

Then, d some £ € X such that £ 1 — st ;54 — LI M»_r\.m[‘,'

For every ¢ = 0 and t= (0, 1), we have

HE;‘VI%HP =n:i(A™, - Lr+e = 1—tor

M
=~

(AT, —Livt+e€ = tLw(A™, —Liv+e) =t =4

As a result, all A™{,’s have been contained in a ball with center £ in PFNS.
Therefore, (A™f,) is [ — A™-st bounded in a PFNS. Following that, we will establish that
the algebraic characterization is equally true for RI — st convergent for generalized difference

sequence A™f, in PFNS. O

Example 3.9. Let [.%, -/} be a normed space. For every g = 0 and for A™f = (A™f,) = i‘
define

A% sAmf,.q) - aqu_

. \ d - \
MA™ fp ) = — 7 VA" [, @) = —— @l
B P q+ ﬁmfp

g+ |Amf|

Then (X, ji. 0. &.+, . ®) is a PFNS.

Define the difference of sequence {f,}: A™f, = f,.1 — [,

T
=, ifpis a perfect square
Let f,—  » "PEAP .
0, otherwise
If neither p or p+1is aspace, A™f, = 0. If p = n?, then A™ f,2 = f2, 1 — fro = 0— L = — L.

Ifp+1-=n? then A™f, = 5 —0- -4,
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All such non-zero differences tend to 0 as n — .
Let I be an ideal on N containing all density-zero sets. Given roughness radius r = 0, we

say A™ f, rough ideal statistical converges to 0 if

P p(A™f,—0.q) = 1 —torv(A™f, —0.q) = t,wlA™f, — 0,q) = t}.

For large g, say g — 1, we compute:

when A™f, - +_$:

I ﬁ -~ nzfy
Therefore,
prplA"f,—0.q) = 1 —torv(A™f, —0.q) = t,w(A™f, - 0,q) = t}.

Thus all violations form a density zero set, hence are in the ideal I. Therefore, A™ f, is

rough-ideal statistically convergent to 0.

Theorem 3.10. In a PFNS [i‘,,ﬂ,i?,[f:,_-a,{h,@j, let [A™f,) and [A™f,) be two generalized
difference sequences. The following outcomes are true if ¢ 18 a non-negative number and [ is
an admissible ideal and :

R 8hg o) RI-8Y 4 o )
—5

(i) if A™f, " —="" £ and a R, then aA™], al,

RI-8t; 5 5 i RI-8t; 5 5 RI-st 5 5 i

(ii) if A™f, 5" ¢, and A™f, 5" €y then (A™, + A™f) 5 (€, + £,).

Proof. (1) We don’t have anything to prove if o = 0. Let's assume that o # 0. As

Rt i s i

A™f, " —5"7 £, with t = 0 and ¢ = 0 as stated,

ne N:ifp<n:ji(A™, - Lic+e) =1 tor
D(Amfh —Lit+e) = t._:;‘;{&"‘fp —Liete)=tf=4d

There is a non-empty set © = & F as [ is admissible. Next, select m = D,

l|{p < n: (AT, —Lirt+e =1 tord(A™, — Liv+€) = LW(A™, - Liv+€) =t} <&
n
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:%Hp =nc AT, - vt e = 1—torv (AT, — Liv+€) <L WA, - Livt+e) =t} =1-4

1
. |k|=1-46 (3.10.1)
T

where & = {pe N i(A™f,—Livte) = 1-t, (AT, — Civt+e) < tandw(A™f,—Livte) < t.
It is enough for showing that for every t = 0 and ¢ = 0:

] me N :jilaA™, —afjv+e) =1t

" { ﬁ[ai\"‘fp —afit+e) < tandﬂ&{cr:ﬁmfp —af;t+¢€ <t }

Let ¢ = s, then il A™f, — £;v+¢) > 1 —tand 9(A™f, — L;e+ €) < LA™, — Liv+¢€) = L

So

?

+
filod, —aliv +€) ﬁ(&mﬂ,—ﬂt E)

" el

= min {,&I_’L\'“fp —S.v+€), 1 (U,TTF —(t+ ffl)}

= min{ (AT, — L. v+ €)1}

alA™, — £, v+€) = 1—tand

v(of, — al;t + ¢ i‘f(é.mfp— £ £ E)

" af

max{:?[;j'“fp —L.v+€), 0 ([]_. t|+|f —(t+ E]) }
x

< max| ﬂ{ﬂmfp — L.v+¢),0}

DA™, —Lv+e) <t

blof, —afiv+€ = (Amﬂ, - L%)

max{-.:,-m'"f,, —Lre)d (0% e+ er.)}
= max{w(A™, — £,v+¢€),0}

WA™, - L,v+e <t

me N glaA™, —aliv+e) =1,
Hence k —

v(aA™, — aliv+e) < tand & adA™f, — aliv +e) < t

Using (|3.10.1)), we have
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1-6< 8 < | p=n:pladA™, —aliv+e =1t ‘

1
n

VaA™, —aliv+e) < tando(aA™, —alivt+e) < t ‘
Therefore,

psn:jplad™, —aliv+e <1t

= 1—-(1-4)=4.

1
n

PaA™f, — aliv+e) = tandw(aA™f, — aliv+€) = 1 |

|
Then

{ nEN:%Hp = n:fiadA™, —alit+e€) = 1 —tor 3
i;r - - ?

(@A™, — alit+ €) = &A™, —alit+€) =t} = &
ey
which shows that aA™, SEga o I

(11) We can demonstrate the part{ii) in a similar way. Therefore, we are leaving out its

proof. O

Example 3.11. Let (X, |-|) be a normed space and A™z; denote the m-th generalized
difference operator. Let (X, ji,,&,+, 0. ®) be a PFNS and let the sequences {apt and |y}
in PFNS be such that

Argy I L, Ay T L,

i i . .
Choose, x5 — Tl and 1y — TIE Generalized first-order difference:
Azp = Ty — T, AUp = Y1 — Une

As k — ., both Az — 0 and Ay — 0. Within PFNS (g, v, w), we can show that

Azy RI_ST 0, Ay RI_ST

Infact, each sequence is BRI — 5T convergent to (. By the algebraic properties:
(1) Sum: Az, + yp) = Az + Ay,
Hence by linearity, Alzy + yx) RI_sT L.+ L,=0+0=10.

(ii) Sealar multiplication: For any scalar a = R,

Aloveg) — alayg Al o) RI_T al, = 0.

These follow the theorems establishing closure under addition and scalar multiplication of

RI — ST limit points in such spaces.
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Theorem 3.12. Let (i,ﬂ,fﬁ[ﬁ, +,{,®] be a PFNS. The set I — st — L-I_-"l,f_;lm[
b

generalized difference sequence (A™,) is closed in [i, A, s, O, ®).

Proof. Suppose I — st ;) — LI .-'l'fi‘\‘mf = g, then the outcome is clear as follows:
P

I —stjipe — LIM,

Amj AN be either a singleton or empty set.

Let I — st(n50) — LIMjm; + 0, for some ¢ = 0.
b

Let A™f = (A™f,) be a convergent sequence in (.i“?ﬂ, Uow, =, $,®) with respect to (i, 7.&).

which converges to f, € f.

For € > 0 and te (0,1) then 3 mg € N such that ji (A™f, —fp:5) = 1 -t 7 (A™f, —fpi5) <t

and & (A™f, —fp;5) < tforall p = my.

First, let’s take A™f, <1 stppe — LI Mi\.mi with my = myg such that
b

|
91—{]:51\":&

Since 1 is admissible so § = &' 2 is a non-empty set. Consider n = §, then

1 p<nji(A™, — A™, e+ 5) < 1 tor s

(AT - ATie 4 5) 2 L@ (AT, - AT e 5) 2t |

1 psmn:j(A™, - A, e+ 5) =14 "-~1_§

T e (AT, - AT, v+ 5) < tand@ (A, — AT, v+ ) < t |
=A™, - AT e+ 2] =11,

Put B, — P ji (A™, fons 5)

U(A™, — A", v+ 5) <t andw (A™f, - A™ v+ 5) < t
Following this, for j £ B, j = myg. we have
AA™] — foiv +€) = 1nin{£s (A" — A" v+ 5) i (AT T, — fg;%)} =1t
PIA™]: —fgiv+ €) = max {# (A™f, — A™f, s+ 5) .7 (A™f,,, —f:5)} <t and
WA™; — fpit+€) = max {& (A™; — A", ;v + 5) @ (A™,, —f:5)} < t.
As a result,
jeipe NoglA™, —fuiv+e) = 1 -t P(A™, —fpiv+ € = tand @A™, — fo;v +€) = .

Hence

p=mn:ji(A™, - A™, e+ %)< 1 tor |‘.5
(AT, — A™f, v+ £) = 6@ (AT, — AT, v+ £) =t ‘ o

B, {pe N:alA™, —fprt+e) =1 - 4L0(A™, — e+ e) < tand G(A™f, —fpiv +€) < t},

which shows

1§ L‘ p=n: AT, —fprt+e =14, |

n

DA™, —fpiv+ €) < tand WA™], —fpiv+€) < ¢ |

Hence L‘ p=n:fglA™, —fpr+e = 1—tor

= 1—(1-4) =24
‘ DA™, —fgir+€) = L@, — v+ e =t

eN:Llp=n:iaAN™] —fur+te =1-—t
Next, " wltp <1z HAT], ~ore o) o cAel
DA™, — fpiv+€) = LA™, —furte) =t =48

which implies that f; € I — stz 55 — LIM}

Am in I’iﬁ"f;*‘i’.: #y 0: ®).
=

The convexity of the set T —st; ;- — LI M’i‘w{ is proved in the upcoming result.
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Theorem 3.13. For some non-negative number t the collection I — st ; ;o — LIM} . of

amf,

generalized difference sequence A™f, in PFNS[%,&-,?,&L‘, #, (), ®) 1s a convex set.

Proof. Consider gy, 02 € 1 — st o) — LIMymg .
]

To prove convexity, we must demonstrate (1 — A)g, + Ags € I — st — LIM?T,

Am{ for any real

number A = (0, 1.

Since gy, gz € I — stz 50, — J[J.-'k«fz\mf , then there is a p = N for all € = 0 and t = (0,1) such
o P

that
pe N |A™, - o575 ) =1 tor
%A, | ( b 201 )\_) and
i (A™, — i 715 ) = 6o (AT, — i gty) =
pe N :ji(A™, — pa5E) = 1 tor
A

U(A™, — 02 55) = Lw (A™f, — 02155 = t
For 6 > 0, we have {ne N : f[{p<n:pe Ay oA} =5} e L.
Now take 0 < 4, < 1 such that 0 < 1 — 4, < 4.
Let A= {neN:ilfp<n:pcsAuW|}=d}cl
Nowforné¢ 2, 2{p<n:pe Wouil} <16, 2[{p=n:pé W]} = 1—(1—6;) = by
This gives that {p < n:m & 2Agw Ay} # b

Consider my = (2p w2y )¢ = 207 ~ A{. Then

HA™ —[(1— Ny + Adalit+ €)

il (1— AJA™ L — o)+ MA™,,, — D2)it+ €
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= min {7 (1= ) (A" — 8005 ) i (MA™,, — ;) |
min {,L”t— (&mfm — 01; %) Yz (ﬂtmfmo — 02} %) }

= 1—tand

DA™y — [(1— A8y + Ada]s e + €)
D[(1 = M {A™fpy — 01) + MA™, — a)it + €]

= max {f—' (fl — WA, — 1) t; E) Ny (Mﬂmfmo - 52}':%)}
max {ﬁ (:ﬁ."‘fm - {n;ﬁ) U (L“.’"fm — p2: t;\f) }

< t
WA, — (1= A)dy + Ada]iv+€)

= @1 = AYA™ — 1) + ALA™, — Go)it + €]

< max {6 (1= @)(A™, = 815 ) 0 (A", — 82 =) |

A Ame .. THE o Ame o TTE
man.\{u, (i“. T 91172[1_}‘;]),“(& fg — 023 2/\)}

<t

This implies that 25 ~ 2 = B, where
B pe N:alA™,, —[(1—A)g + Adgs]iv +€) <1 tor

DA™ — [(1 = A)gy + Adagls e+ €) = LA™, — [(1 = Ajgy + Ada|;t+€) = ¢
So for n# A,

Gi=lipsnipéWu}<ifpsn:ipeB} or Lpsn:peB)<1-8 <4
Hence A° = {ne N: %lp <n:peB| <} Since A° = F(I), then
{neN:Lp<n:peB| <d}eFI), whichgives {n:Lp<n:peB|=4}cl

It follows that I — st ;:0 — LT Mém(‘, is convex. O
Theorem 3.14. Let generalized difference sequence (A™f,) in PFNS(X, ji, ,@,+,{, ®) be

RI—A™-st convergent to p e X with respect to the norm (i, &, w) for some © = 0 if there exists

asequence A™p = (A™p, ) in X such that I—st; 50— LIMpm,, = pinfand for every t = (0,1)
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have g(A™, — A"y, v+€) = 1 — L, P(A™f, — A"y, e+ €) < tand WA™f, — A™pje+€) < ¢,
for allpe N.

Proof. Since A™n = [A™y,) be a generalized difference sequence in .i‘, which is T — A™-st
convergent to p ¢ X and

ALA™, — A™ppie+ €] = 1 — tand PIA™f, — A", e+ €) < t, w(A™, — A™piv+ ) < tfor
all pe N and t= (0, 1).

Then by definition, for any £,4 = 0 and t= (0, 1) the set

o { neN:tip<n:ilAm™y, —pe) =1—tor }

PA™, — pre) = DA™y, — pie) = 4] =5
Define 2y = {pe N : glA™y, —pie) = 1 — torv(A™y, — pre) = Lw(A™y, — pre) = t},

e L.

Az = {pe N:alA™, — A™npyiv) = 1 — tor r(A™f, — A™ppit) = tO(A™f, — A™nyir) = t}.
For § > 0, we have {ne N: L|{p<n:pe A uAg|} = 6} e L.
Select 0 = 8 = 1 so that 0 = 1 — 8, = 4 and let
A={n:ifpsn:peA vWl|} =4}l
Now for n ¢ 2, %Hp zn:pe A s} <14, %Hp zn:peWusl} 21-(1-68&) = a;.
That means {p = n:p¢ A v AW} # 0.
Let p = (2 u Ag)® = AT ~ 2AS.
Then a(A™f, — p;e+ €) = min{i A™f, — A™n,;v), jg( A"y, — pr€)} = 1 — t and
P(A™, — piv+ €) < max{p(A™f, — A"y ), F(A™y, — pr€)} < tand
Wl A™, — piv+ €] = max{w(A™f, — AMpy; ), w(A™y, — pre)f <t
which gives 2 » 5 « B¢, where
B = {pe N:alA™, —pr+e) < 1 —tord(A™, — piv+e) = LA™, — pir+€) = t}.
Hence, for n¢ 2,6, < L[{p<n:p2 A u A} < L|{p< n:p¢ B}
or £|{p zn:peB <1-4 <4
Thus A° < {n:<|p<n:peB| <5}
Since 2A° = F(I), So, {n: L|p < n:peB| < 4} = F(I), which gives
n:llp<n:peB|=dfecl

Sty i

Therefore, A™f, " %% pin PENS(f, /1, 7,3). O
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Theorem 3.15. Let generalized difference sequence [A™f,) be in PF‘NS{.‘;’, f00, O, @).
Then there does not exist two elements .72 € I — st — LI M;mf for v = 0 and t= (0.1) such

that iy —2;be) < 1 —tand &(n — 52;be) = tand ©(m — no;br) = tfor b = 2.

Proof. Assume that, if poosible .12 = 1 — st — LI ME\.M[ such that
gy —masbe) = 1 — 4, (1 — i br) = t and w(y — moibr) = t, forb = 2. (3.15.1)

Asmy,mpel —ston — Lfﬂ—f&mf then for every € = 0 and t= (0,1). Define,

%, pe N:ji(A™, —nit+35) =1—tor

UA™M, —mie+ 5) = O (A™, —nuie+ 5) =t

o, pe N:f(A™, —mir+ %) < 1—tor
V(A™, —murt 5) =t O (AT, —muv+ §) =t

Then L{p<n:pe A W< L{psn:peAi}|+ L{p<sn:pe Al

According to the I-convergence property, we thus have

I- nlm} %Hp =n:pe A A}

< I—w}il'l} E|{p < n:pe A} +I_flil-r,1r %Hp =n:peUaf|=0.

Thus {n:f{{p<n:pec A} =4}l foral 4= 0.

Now choose 0 = §; = 1/2 = 1 such that 0 = 1 — 8; = 4.

Let k ={n:i{psn:peWA v} =6}l

Now for n ¢ K,

fpsnipe oA} <1-6 =12 L{p<n:pe A uW}|=1—(1-6) = 1/2

This implies {p = n:p¢ 2 o Az} # g. Then, for p = AT ~ A5, we have

film —mi2e+€) =min{ji (A™, —ma:e+ 5) 1 (A™, —mie+ 5)} =1,

Ul — s 2v 4 €) < max {# (A™, —me e+ §) 0 (A™, —npur+ §)} < tand

Ol — 2+ €) < max{@(A™, — 1 ie+ §) & (AT, — e+ 5) <t

Henee,

il —m2v+e) =1—1t, B —n2v+e) = tand&(n — ne; 2e + €) = t. (3.15.2)

Then from ((3.15.2)), we have fi(m —n2;br) = 1—4, 0(g — oy be) < t and w(m — e be) < t
for b = 2, which is in opposition to (3.15.1]).
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Consequently, two elements do not exist such that

flm —masbr) =1 —4, Uim—mobr) =t and Ol —me;br) = tfor b > 2. O

4, CONCLUSION

In this study, we introduced the notion of RI — st convergence for difference sequences in
PFNS, which extends the current theories on sequence convergence in PFNS. We have ex-
amined new concepts of M - convergence and RI— st-convergence, with a particular emphasis
on how difference sequences behave in PFNS. Furthermore, we have thoroughly examined
the features and characteristics of a mathematical concept that represents the RI — st limit

set of the difference sequence and is denoted as I — st,; 55 — LI Mélmf . In the context of
;]

RI — st- convergence in PFNS, our analysis of these characteristics has provided important

light on the characteristics and behavior related to the 1 — st limit established.
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