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Abstract
The symmetric group .5, is one of the fundamental structures in finite group the-

ory, and its conjugacy classes are characterized by the cycle types of permutations.
The class equation of S;, can therefore be obtained from the integer partitions of n,
where each partition corresponds to a unique conjugacy class. In this work, a com-
putational approach is developed using Python to generate the conjugacy classes of
the symmetric group S, for an arbitrary positive integer n. The proposed algorithm
generates all integer partitions of n, determines the corresponding cycle types, cal-
culates the centralizer order, and computes the size of each conjugacy class using
the formula

!
Al = 77—

where mn; denotes the number of cycles of length i. The individual class sizes are
then summed to obtain the complete class equation. The computational results are
automatically verified by confirming that the sum of the sizes of all conjugacy classes
is equal to the order of the symmetric group, n!. The number of conjugacy classes is
also verified to be equal to the partition number p(n). The proposed Python-based
framework provides a systematic computational method for exploring conjugacy
classes and class equations of symmetric groups and can be extended to investigate
their combinatorial and computational properties for increasing values of n.
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I. INTRODUCTION

Group theory is an important branch of abstract mathematics that studies algebraic
structures known as groups. Among finite groups, the symmetric group S, plays a fun-
damental role because it consists of all permutations of n objects and has order [1, 2, 3|

|Sn| = nl.
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The study of conjugacy classes is important in understanding the internal structure
of a finite group. Two elements a, b of a group G are said to be conjugate if there exists
an element g € G such that |1, 2, 3|

b= gag'.

Conjugacy is an equivalence relation on a group and therefore partitions the group
into disjoint conjugacy classes.

For the symmetric group S, conjugacy classes are completely determined by the
cycle structure of permutations.|9, 4, 6] Consequently, the conjugacy classes of S, are in
one-to-one correspondence with the integer partitions of n.

If

n=my+2ms+---+ nmy,

then the corresponding cycle type can be written as

oMLy
The size of the conjugacy class corresponding to this cycle type is

n!
IT, imim!
Therefore, the class equation of 5, can be obtained by adding the sizes of all conjugacy
classes.
The purpose of this work is to develop a Python-based computational framework for
generating these conjugacy classes and verifying the resulting class equation for arbitrary

|Cy| =

positive mtegers .

2  Objectives
The main objectives of this work are:

1. To study the conjugacy classes of the symmetric group S,.

2. To generate all integer partitions of n computationally.

3. To associate each partition of n with a cycle type of S,,.

4. To calculate the centralizer order corresponding to each cycle type.

5. To calculate the size of every conjugacy class.

6. To construct the complete class equation of S,,.

7. To verify computationally that the sum of all class sizes is equal to n!.

8. To verify that the number of conjugacy classes is equal to the partition number
pn).

9. To provide a reusable Python algorithm for arbitrary values of n.
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3 Mathematical Preliminaries

3.1 Symmetric Group

The symmetric group on n symbols, denoted by S, is the group of all permutations of
the set [, 2, 3]

The order of S, is

For example,

1S, = 3! = 6,

and

1S4 = 4! = 24.

3.2 Conjugacy

Let G be a group and let a,b € G. The elements a and b are conjugate if there exists
g € G such that[1, 2, 3]

b= gag~".

The conjugacy class of a is

Clg(a) = {gag ' : g € G}.
The conjugacy classes form a partition of the group G.[1, 3]
3.3 Cycle Type

Every permutation can be expressed as a product of disjoint cycles.[1, 2, 4] The lengths
of these cycles determine the cycle type of the permutation.[4, 9, 6]
For example,

(123)(45)(6)
has cycle type

321.

In general, a cycle type can be represented as
1migms .

where

3.3 Cycle Type

Every permutation can be expressed as a product of disjoint cycles. |1, 2, 4] The lengths
of these cycles determine the cycle type of the permutation.[4, 9, 6]
For example,
(123)(45)(6)
has cycle type

321.
In general, a cycle type can be represented as
1migms L e
where

T

E BT = TL.

i=1
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4 Integer Partitions and Conjugacy Classes
A partition of a positive integer n is a representation of n as a sum of positive integers,

where the order of the summands is irrelevant.[19, 18]
For example, the partitions of 4 are

4, 3+1, 242, 2+141, 1+1+1+1.

Thus,

p(4) =5.
The number of conjugacy classes of S, is exactly p(n).[4, 9, 6]
Therefore,

k(Sy) =p(n)|,

where k(S,,) denotes the number of conjugacy classes of S,.

5 Conjugacy Class Size

Let a permutation in S,, have cycle type[4, 9]

A=1"2m2 ..M

The order of the centralizer of the permutation is [4, 9]

mn

) = Him‘mil .

i=1

The order of the centralizer of the permutation is [4, 9]

ki’

zZy = Him‘mJ .

i=1

Hence the size of the corresponding conjugacy class is

|5l
O\ = 5+
R ey
Therefore, [4, 9, 6]
|
O] = ——

| I im’mil
i=1

This formula is used in the Python implementation to calculate the size of each con-
jugacy class.

6 Class Equation of 9,

If the conjugacy classes of S, are [1, 3]

C'l; CQ: R C}‘J{‘J‘L},
then
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S,=C,uC,U---U .“p(n)
and the classes are pairwise disjoint.
Consequently, |1, 3]
[Sn| = |C1| + |Ca| + - -+ + [Cpm)]-
Since
‘Sﬂ.‘ = nI!

the class equation is [4, 9]

\ n!
nt = E - |
AFn H 'im‘m?!
i=1

Thus,

> |G =nl|.

Abn

This identity is used as the main computational verification in the proposed algorithm.

7 Proposed Computational Method
The proposed method consists of the following steps.

1. Input a positive integer n.

2. Generate all integer partitions of n.

[N

. Interpret each partition as a cycle type of S,.

.

. Count the multiplicity m, of each cycle length 1.
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Sn == C’l U C-'Q U---u "p(ﬂ}

and the classes are pairwise disjoint.
Consequently, [1, 3]

1Sul = [C1| + |G| + - - - + | Cpm) |-

Since

|Sy| = n!,

the class equation is [4, 9]

n!
| = E -
7! o .
AFn I I 'im‘i'?l.?!

i=1

Thus,

|G =n!|

Abn

This identity is used as the main computational verification in the proposed algorithm.

7 Proposed Computational Method
The proposed method consists of the following steps.
1. Input a positive integer n.

2. Generate all integer partitions of n.

[N

. Interpret each partition as a cycle type of S,,.

4. Count the multiplicity m; of each cvcle length i.

5. Calculate the centralizer order

Zy = | I iMmy!.
13

6. Calculate the conjugacy class size

7. Store all class sizes.

8. Calculate

DI
X
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9. Compare this sum with n!.

10. Verify that

Cy| =nl.

>

A

8 Algorithm

Algorithm for Class Equation of S,
Step 1: Read n.
Step 2: Generate all partitions of n.
Step 3: For every partition A:

(a) Determine the multiplicities m;.

(b) Calculate
z = Him"mi!.

(¢) Calculate
n!

i
(©)

5}
Step 4: Add all conjugacy class sizes.
Step 5: Display the class equation.

Step 6: Verify whether the sum is equal to nl.

9 Python Implementation

The following Python program implements the proposed computational method.

1

z | from math import factorial

a|from collections import Counter

4

5

6 |# Generate all integer partitions of n
7|def partitions(n, max_part=None):

B

] if n == 0:

10 yield [1

11 return

12

13 if max_part is None:

14 max_part = n

15

16 for first in range (min(max_part, n), 0, -1):
17
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for rest in partitiems(m - first, first):
yield [first] + rest
# Calculate centralizer order
def centralizer_order(partition):
counts = Counter (partitiom)
z=1
for k¥, m in counts.items():
z #= (k #»x m) * factorial(m)
Taturn z
# Calculate conjugacy class size
def class_size{(n, partitiocm):
z = centralizer_order (partition)
return factorial(m) // z
# Convert partition imnte cycle type notation
def cycle_type{partition):
counts = Counter (partitiomn)
result = []
for k in sorted{counts.keys(), reverse=True):
m = counts [k]
if m == 1:

result.append (str(k))

result.append (f"{k}~{m}")
return " ".join{result)
# Generate class equatiom of S_n
def class_eguation_So(mn}:
if o < 1:
print("Please enter a positive integer.")

return
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T8 group_order = factorial(m)

78 partition_list = list(partitioms(m})
@

=0 class_sizes = []

a1

82 print("=" % B0}

a3

a4 print (f"CLASS EQUATION OF THE SYMMETRIC GROUP 5_{n}")
as

58 print("=" * 80)

ar

88 print (f"\nOrder of S5_{n} = {n}! = {group_order}")
a9

a0 print ("\nConjugacy Classes")

pal

92 print("-" * 80)

a3

EN print(

EH fo{'No.:<g}"

96 fo{'Partition’:<20}"

a7 f"{'Cycle Type'':<20}"

as fo"{’Centralizer *:<15}"

a9 f*{’Class Size':<1B5}"

100 b]

10

102 print("-" * 80)

102

14 for i, partition im enumerate(partitiom_list, 1):
105

108 z = centralizer_order(partition)
T

108 size = class_size(n, partition)
109

110 class_sizes.append(size)

111

112 print(

113 frl{i:=<g}"

114 f"{str{partition}:<20}"

115 f*"{cycle_type(partition):<20}"
118 fr{z:<15}"

ur f"{gize:<1E}"

118 )

119

120 print(”"-" % B0}

m

122 number_of_classes = lenf{class_sizes)
122

124 total = sum{class_sizes)

125

124 print(

1277 f"\nNumber of conjugacy classes = "
128 f*{number_of_classes}"

129 b]

130

131 print(

132 f"Partition number p({m}) = "

133 f*{number_of_classes}"
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134
138
136

138
130
14D
141
142
143
laa
1B
146
lav
148
140
150
151
152
153
154
158
156
157
158

158

188

)
print(

f"\nSum of class sizes = {total}"
)
print(

f"0rder of S5_{n} = {group_order}"
)

# Construct class equation
equation = " + ", join(
map (str, class_sizes)
3
print ("\nCLASS EQUATION"}
print ("-" * 80}
print(
f"{group_order} = {eguationl}"
3

print ("\nVerificaticn")

print ("-" * 80}

print(
f"{equation} = {total} = {group_ocrder}"
3
if total == group_order:
print(
"“nClass equation verified successfully."”
)
elsea:
print(
""nVerification failed."
)

# Main program
n = int(
input ("Enter n for S_m: ")

)

class_eguation_Sn(mn)

10 Computational Results

The proposed algorithm can be used for arbitrary positive integers 7.

DOI: 10.35629/0743-12082439 www.questjournals.org

33 | Page



A Computational Approach to the Class Equation of the Symmetric Group S, Using ..

10.1 Example: S;

The partitions of 3 are

3, 241, 14141

The corresponding conjugacy class sizes are

2, 3, 1.
Therefore,
and

1+3+2=6=23.

The number of conjugacy classes is
p(3) =3.
10.2 Example: S,
The partitions of 4 are

4, 341, 242, 24141, 1414141

The corresponding conjugacy class sizes are

6, 8 3, 6 I

Hence the class equation is

[24=1+6+3+8+6]

Therefore,

1464+34+84+6=24=4.

The number of conjugacy classes is
pld) =5.

10.3 Example: S;

The partitions of 5 are

5 441, 342, 34141, 24241, 2414141, 141414141

The corresponding class sizes are

24, 30, 20, 20, 15, 10, 1L
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Thus,

[120=1+10+15+20+20+30+24]

Hence,

1+104154+ 204204 30+ 24 =120 = 5.

The number of conjugacy classes is

pla)=T.

11 Summary of Computational Results
The results for the first few symmetric groups are shown below.

Table 1: Number of conjugacy classes and class equations

n |S.] p(n) Class Equation

1 1 1 1=1

2 2 2 2=141

3 6 3 6=1+3+2

4 24 5 24=14+6+34+8+6

5 120 7 120=14+104+15+204+ 20+ 30+ 24
6 720 11 720 = sum of 11 class sizes

The computational results demonstrate that

Z |Ca] = n!

Abn

for the tested values of n.

12 Verification of the Class Equation
The main computational verification is based on the identity [1, 3]

Sp=CUCU - U Cpim.

where the conjugacy classes are pairwise disjoint.
Taking cardinalities gives [1, 3|

pin)
[Sal = 1G5
i=1

Since

1S,] = nl,
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we obtain

p{n)

n!l= Z |5}
=1

The Python program independently caleulates every class size and then computes
their sum. Equality between the computed sum and n! provides a direct computational
verification of the class equation.

13 Discussion

The computational approach provides a systematic way of constructing the class equation
of Sy. The use of integer partitions avoids the direct enumeration of all n! permutations.
This is particularly useful because the number of permutations grows factorially with n,
whereas the number of conjugacy classes is equal to the partition number p(n).

For example,

S| = 10! = 3,628, 800,

whereas

p(10) = 42.

Thus, instead of explicitly generating millions of permutations, the proposed method

works with only 42 cycle types.
This demonstrates the usefulness of the partition-based approach for computational
investigations of symmetric groups.

14 Computational Considerations

A direct computational approach that generates all permutations of 5, requires consid-
eration of

n!

objects.
In contrast, the proposed method generates integer partitions of n, and the number

of these partitions is

p(n).

The asymptotic behavior of the partition function is approximately [20]

(n) 1 2n
n)~ ——exp | T\ —
P 4n3 P 3

Thus, the partition-based approach provides a substantial reduction compared with
direct permutation enumeration for many values of n.
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15 Advantages of the Proposed Method

The main advantages are:
1. It works for arbitrary positive integers n.
2. Tt does not require direct enumeration of all n! permutations.
3. It uses the well-established relationship between partitions and conjugacy classes.
4. It automatically calculates centralizer orders.
5. It automatically calculates conjugacy class sizes.

6. It generates the complete class equation.

=1

It verifies the class equation computationally,

8. It can be used as an educational tool for computational group theory.

16 Limitations

Although the proposed approach is computationally more efficient than direct enumer-
ation of all permutations, the partition function p(n) also grows rapidly as n increases.
Consequently, very large values of n may require additional optimization.

The present implementation focuses on the class equation and does not explicitly
construct every permutation or every conjugacy class as a list of permutations.

15 Advantages of the Proposed Method

The main advantages are:
1. It works for arbitrary positive integers n.
2, It does not require direct enumeration of all n! permutations,
3. It uses the well-established relationship between partitions and conjugacy classes.
4. It automatically caleulates centralizer orders.
5. It automatically caleulates conjugacy class sizes.

6. It generates the complete class equation.

=1

It verifies the class equation computationally.

8. It can be used as an educational tool for computational group theory.

16 Limitations

Although the proposed approach is computationally more efficient than direct enumer-
ation of all permutations, the partition function p(n) also grows rapidly as n increases,
Consequently, very large values of n may require additional optimization.

The present implementation foruses on the class equation and does not explicitly
construct every permutation or every conjugacy class as a list of permutations.
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17 Future Work

The proposed computational framework can be extended in several directions.
1. Development of optimized algorithms for very large n.
2. Graphical visualization of conjugacy class sizes.

3. Comparison between direct permutation enumeration and partition-based compu-
tation.

4. Computational study of conjugacy classes of alternating groups A,.
5. Extension to other finite groups.

6. Investigation of computational complexity as a function of n.

=1

. Development of an interactive Python-based educational tool.

8. Investigation of relationships between partition functions, conjugacy classes, and
representation theory.

18 Conclusion

In this work, a Python-based computational approach for generating and verifying the
class equation of the symmetric group S, has been presented. The method uses the
fundamental correspondence between integer partitions of n and conjugacy classes of
Sp. For each partition, the corresponding centralizer order and conjugacy class size are
calculated using

n
z = H !
i=1

and

n!
zx

The class equation is then obtained by summing all conjugacy class sizes:

Z'CH =n!|

Abn

The computational verification confirms that the sum of all conjugacy class sizes
equals the order of the symmetric group. Furthermore, the number of conjugacy classes
is verified to be equal to the partition number p(n).

The proposed implementation provides a simple and systematic framework for com-
putational exploration of conjugacy classes and class equations and offers a useful connec-
tion between abstract group theory, integer partitions, and computer-based mathematical
computation.
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