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I.  INTRODUCTION

Fractal was found to be useful in science and engineering [2-4] after Mandelbrot [1] wrote his
pioneering work. Recently, new definitions of the local fractional derivative and local fractional integral were
applied to describe the non-differentiable problems that occur in fractal engineering [5-8]. Furthermore, many
applications of fractal in growth phenomena, turbulence, chaotic systems and other fields have been found
[9-12]. Based on Jumarie’s fractional calculus [13-14], the local fractional calculus was modified [15]. The
fundamental properties of local fractional calculus of one-variable were discussed [16-17].

In this paper, the local fractional calculus of fractional trigonometric functions is studied. It is a
generalization of traditional calculus of trigonometric functions. The concept of fractional analytic function
plays an important role in this article. We use a new multiplication of fractional analytic functions and some
properties such as product rule, quotient rule, chain rule to get several formulas involving fractional
trigonometric functions. In Section 2, we introduce the definitions of local fractional derivative and local
fractional integral. Also, the definition of fractional analytic function is provided. In Section 3, several formulas
of fractional trigonometric functions are proposed. In Section 4, we give some examples to illustrate these
formulas.

Il.  PRELIMINARIES

In the following, some fractional functions and properties are introduced.
Definition 2.1 ([18]): Suppose that 0 < @ < 1, and x is a real variable. The a-fractional exponential function,

cosine function and sine function are defined as follows:
xka

Ea(x®) = X0 tary @

o (_1)k 2ka
cos,(x*) = X2, r(2k;+1)’ @)
and
) e (~Dkx @R+ D
sing (x%) = Xio T(k+Da+1)’ ®)
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Definition 2.2 ([19]): Let x,x, and a, be real numbers, x, € (a,b), and 0 <a < 1. If the function

faila,b] = R can be expressed as a a-fractional power series, that is, f,(x%*) = X% Om( —xo)™ on

some open interval (x, —r,x, + 1), then we say that f,(x%) is a-fractional analytic at x,, where r is the
radius of convergence about x,. If f,:[a, b] > R is continuous on closed interval [a, b] and is a-fractional
analytic at every point in open interval (a, b), then we say that f,, isan a-fractional analytic function on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.3 ([18]): Let 0 < @ < 1, f,(x*) and g,(x%) be two a-fractional analytic functions at x = x,,

fax®) = Zico oy (0 — 20)™, 4)
bn
ga(x ) = n= 01"(na+1)( _xo)mx (5)
Then we define
fa(x*) & go(x¥)
= Yin=o l"(n(x+1) (= x)" @ X om( — x)"™*
. n
orems (Zieo (1) nombm ) G = x)™. (6)

Definition 2.4: Let (fa(x“))®n = £,(x") ® - ® f,(x%) is the n times product of the a-fractional analytic
function f,(x%). If g,(x%) is also an a-fractional analytic function such that f,(x*) ® g,(x*) =1, then
9. (x%) is called the & reciprocal of £,(x%), and is denoted by [ £, (x*)]®~1.

Definition 2.5 : If 0 <a <1, then the a-fractional tangent, cotangent, secant, and cosecant functions are
defined as:

tan, (x%) = sin, (x*) ® [cos, (x¥)]® 1, (7
cot,(x%) = cos, (x*) @ [sin, (x*)]® 1, (8)
secy (x®) = [cos, (x*)]® 71, )
csc, (x®) = [sing (x¥)]® 1. (10)
Proposition 2.6 (fractional Euler’s formula): Let 0 < @ < 1, then
E,(ix%) = cos,(x%) + ising (x*). (11)

Proposition 2.7 (fractional DeMoivre’s formula): If 0 < a <1, and n is a positive integer, then

[cos, (x%) + ising, (x*)]®" = cos, (nx%) + isin, (nx%). (12)

Theorem 2.8: [sing, (x%¥)]®? + [cos, (x*)]®? =1, (13)
1+ [tan, (x%)]®? = [sec, (x%)]®?, (14)
1+ [cot, (x*)]®? = [csc, (x)]®2. (15)

Proof By fractional Euler’s formula, we have E,(ix%) = cos,(x%) + isin,(x%) and E,(—ix%) =
c0s, (x*) — isin, (x*). Therefore,

1=E,(ix*)QE,(—ix%) = [sin, (x*)]®? + [cos, (x%)]®2.
Moreover,

1 + [tan, (x%)]®?
= [cos, (x¥)]®~2([sin, (x*)]®? + [cos, (x*)]®?)
= [cos, (x¥)]® 2

= [sec, (x)]®2.
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And
1 + [cot, (x%)]®?

= [sing (x)]® 2 ([sing (xM)]®? + [cos, (x1)]®?)

= [sing (x®)]®~?

= [escq (x)]®2.
Q.e.d.
Theorem 2.9: If 0 < ¢ < 1, then
sing(x* + y*) = sin, (x*) ® cos,(y*) + cos,(x*)  sin, (y*). (16)
€05, (x* + y*) = cos, (x*) @ cos, (y*) — sin, (x*)  sin,(y*). a7)

Proof cos,(x® + y*) + isin, (x* + y*)
= E,(i(x* +y9))
= E,(ix")QE, (iy”)
= [cos, (x%) + ising, (x*)]®[cos, (¥y*) + isin, (y*)]
= [cos,(x*) ® €05, (y©) — sing (x*) @ sing (y*)] + [sing (x*) @ cos, (y*) + cos, (x%) & sing (y©)]

Thus, the desired results hold. Q.e.d.
Theorem 2.10: Let 0 < @ < 1, then
€05, (2x%) = [c0s,(x¥)]®? — [sin, (x*)]®? = 2[cos, (x*)]®? — 1 = 1 — 2[sin, (x*)]®2. (18)
And
sing (2x%) = 2sin, (x*) ® cos, (x%). 19)
Proof By fractional DeMoivre’s formula, we have
[cos, (x%) + isin, (x*)]®% = cos, (2x%) + isin, (2x%). (20)
It follows that
[[cos, (x¥)]®2 — [sin, (x¥)]®?] + i[2sin,(x*) @ cos, (x%)] = cos, (2x%) + isin, (2x%). (21)
Therefore, we obtain the desired results. Q.ed.

Theorem 2.11: If 0 < a < 1, then

sing (x*) ® cos, (y*) = % [sing(x* + y*) + sin, (x* — y*)], (22)
€05, (x%) ® cos,(y*) = %[cosa(x“ + y%) + cos, (x* — y*)], (23)
5ing(x%) @ sing (y®) = =3 [c0s, (x* + y*) — cos, (x* = y»)]. (24)

Proof %[sina(x“ +y%) + sing (x* — y9)]
1

= 5 [sing (x) @ cosy () + €055 (x*) @ sing (y) + sing (x) @ cose (y*) = co5y (x*) @ sing (y©l
= sin, (x*) ® cos, (y%).

On the other hand,

1
3 [cos, (x* + y*) + cos, (x* — y¥)]

= % [cos, (x*) @ cos,(y*) — sing (x*) Q sin,(y*) + cos,(x*) Q cos, (y¥) + sin,(x%) ® sin, (y*)]
= c0s,(x%) ® cos, (y%).

And

1
—3 [cosy, (x* + y*) — cos, (x* — y*)]
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= — 2 c05, (x) ® 05, () — sing (x7) ® sin, (y) — c05, (x7) ® 05, (y) — 5ing (x7) ® sin (Y]

= sin, (x*) ® sin, (y%).
Q.e.d.

Definition 2.12([19]): Let 0 <a <1, (-1)* =-1, w:[a,b] - R and x, € (a,b). u is called local

a-fractional differentiable at x, if lim % exists. And the a-fractional derivative of u(x) atx, is
X-Xo —Xo

denoted by
@ (x) =2 (x.) = . lim 2&¥=%&0)
u(xo) = 725 (ro) = Ta +1) - lim =750, (25)
where T'( )is the gamma function. If u is local a-fractional differentiable at any point in open interval
(a,b), then we say that u is a local a-fractional differentiable function on (a, b). In addition, the n-th order

local a-fractional derivative (u(®)(u(@)-- (u@)(x) of u(x), is denoted by u™®(x) or A" ), where

(axa)n
n is a positive integer, and we define u©@ (x) = u(x).

Proposition 2.13: Let 0<a <1,(—1)*=-1, and r be a real number, If u,v:[a,b] > R are local
a-fractional differentiable at x € (a, b), then

U+ )P = u@x) + v@®X). (26)
(=)@ x) =u®(x) —v@ ). 27)
rw) @ (x) = ru'@ (x). (28)

Proposition 2.14 (product rule of fractional analytic functions for local fractional derivative): Let 0 < a <
1,(-D)*=—-1.If f,(x%) and g,(x%*) are a-fractional analytic functions, then

(£:®9)@P(x) = £, P x)® gy (x®) + f,(x)® g, @ (x%). (29)
Proof (£, ®9)@ (x%)

(fa®9a) (x+8x)F)— (o ®ga) (xF)
Ax*

Fa((+A0)D o (xD) (Getd

|l @ (x + A0 + £, (x) @ L&

Ja((x+8x)*) = fo (x%)
Ax*

=T(a+1)- Al:icglo

X)) =ga(x%)
Ax®

=T(a+ 1) lim

Ax—0

Ja((x+Ax)F)—gq(x%)
Ax®

— . i i a a q
=T+ 1) [jim, BLim, 9a((x + 200 + o IB i,

= £, 2 (x)®ga(xD) + f,(x)® g @ (x).
Q.e.d.

Corollary 2.15: If 0 < a < 1,(—1)* = —1, nis a positive integer, and f,,(x%) is an a-fractional analytic
function, then

([ xD)]BH@ (x9) = n[f, (x)]® VR, (x®). (30)

Proposition 2.16 (Leibniz rule of fractional analytic functions for local fractional derivative): If 0 < a <
1,(-1)% = -1, and f,(x%), g,(x%) are a-fractional analytic functions, then

(®9)™ %) = Ty (1) f "0 )@ g (x). (31)

Proposition 2.17 (quotient rule of fractional analytic functions for local fractional derivative): If 0 < a <
1,(-1)% = -1, and f,(x%), g,(x%) are a-fractional analytic functions, then

(£:®9.2 V@) = [£,2(x)®g,(x*) = f (x)®ge @ (x9)]|®go® 2 (x). (32)

Proof (fa®ga®_1)(a) (x*)

) ®-1 Ax)®)— ®—1\(ra
=T(a+1)- lim (a®9a2 7 )(Ce+ x)i (a®9a° 1))
Ax—0 Ax
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Fa((x+Ax) ) ®gq (x*) — fa (xR ga((x+Ax) D] ®[ga (x+A1) M) @ g e (x )] ® 2
Ax®

= e+,

G20 —£, 6] @ g0 (D) - fa (x D BIga (x+83)N) = g (x D] @[ g (r+AX) ) @ g (x D] B
=T(a+1) -Ahm
X

-0 Ax®

= F(Ol + 1) . Alalglo ([[W] ®ga(xa) _ fa(xtx)®w] ®[ga((x + Ax)a)®ga(xa)]®—1)

Ax® Ax@®

= [£. P (x)®g,(x%) — £, (x)® gy @ (x*)|®go® 2(x%).
Q.e.d.

Remark 2.18: The followings are local fractional differentials of fractional analytic functions. Let f, and g,
be a-fractional analytic functions, then

dfy = fdxe, (33)
d(fa + 9o) = dfe + dga, (34)
d(fa — 9o) = dfe — dYa, (35)
d(pfa) = pdfa, (36)
where p is a constant. And
d(fa®9a) = Afa®Fa + o ®dYa, (37)
d(fe®9.°") = [dfe®Fo — [a®dgal®g® . (38)

Theorem 2.19 (chain rule of fractional analytic functions for local fractional derivative): Suppose that
0<a<1,(-1)*=-1. Let F(2) =25 0a,z" and g,(x*)be an «a-fractional analytic function. If

Foa(goa(x®) =22 a, (ga(x“))@m and Fgo(g9.(x) = X%, na, (ga(x“))®(n_1) exist, then
[Foa(gax®)] ) = Fpo(92669) ® [g2GI@ ). (39)
Proof By Corollary 2.15, we obtain
[Fae(9x)] )

Fea(ga((x+8x)%)-Fga(galx®)
Ax*

=T(a+1)- Al}icr_r}0

T2 0 an (9o (G+80)%) "2 (g4 (x0) "
Ax“®

=T(a+1) -Alyicr_r}0

- . (e +809)E" (g (x0)®"
=Ta+1)-3%,a, Al;rglo(g“ = )Axa (5a<7)

=32 10, (9.c)) %" @ [9a (xN)] @ (x)

= Fga(9a(xM) ® [g2(x]@ (x).
Q.ed.
The followings are the local «-fractional derivatives of six elementary «-fractional trigonometric
functions.

Proposition 2.20: Suppose that 0 < @ < 1. Then

[sing (x)]@(x) = cose (x*), (40)

[c05, (x)]@ (x) = —sing (x), (41)

[tan, (x)]@ (x) = [secy (x*)]%?, (42)
[cot, (x)]@ (x) = —[esc, (x*)]®2, (43)
[sec, (x)]® (x) = sec, (x*) @ tan, (x*), (44)

*Corresponding Author:  Abdalftah Elbori 63 | Page



Formulas Involving Some Fractional Trigonometric Functions Based on Local Fractional Calculus

[esc, (x)] @ (x) = —csc, (x%) @ cot, (x%). (45)

Remark 2.21: The local fractional differentials of fractional trigonometric functions are
dsing (x%) = cos, (x*)dx*, (46)
dcos,(x*) = —sin, (x*)dx*, (47)
dtan,(x*) = [sec, (x*)]®%dx*, (48)
dcot, (x*) = —[csc, (x*)]®?dx*, (49)
dsec, (x*) = sec,(x*) ® tan,(x*)dx*, (50)
descy, (x*) = —csc, (x*) @ coty (x*)dx. (51)

Definition 2.22 ([19]): Let 0 < @ < 1, and u:[a, b] - R. If

limyn0 2k=1 w(Ei) (e — 241" (52)

exists, then we say that u is a a-fractional Riemann integrable function on [a, b]. Where the partitions of the
interval [a,b] are [xy_y, %], k=1,--,n, and xo=a,x, =b, & € [xp_1, %], Axp = X} — Xp_1 »
lAll = maxy_; ... ,{Ax, }. The limit is denoted by
. b
limyj)j50 Deq u(&y) (g — xp-1)% = fa u(x) dx*, (53)
which is called the a-fractional Riemann integral (or local a-fractional integral) of u on [a, b].
Theorem 2.23 (fundamental theorem of fractional analytic functions for local fractional calculus): Let
O<a<1 (-1)%=-1. If f,:[a,b] > R and F,:[a,b] » R are a-fractional analytic functions satisfies
F,“(x%) = f,(x%) forall x € (a,b), then
b
S, fux®) dx® = T(a + 1)(F,(b*) — F,(a%)). (54)
In the following, we introduce the indefinite a-fractional integrals involving some « -fractional
trigonometric functions.

Proposition 2.24: If 0 < a < 1, then

[ sing (x®) dx® = —T'(a + 1)cos, (x%) + C, (55)

J €05, (x) dx® = I'(a + 1)sing (x) + C, (56)
J[secy(x®)]®? dx® = T'(a + 1)tany (x%) + C, (57)
Jlesca (x9)]82 dx® = —T'(a + 1)cot, (x%) + C, (58)

[ sec,(x%) @ tany (x®) dx® = (@ + 1)secy (x%) + C, (59)
J e56, (x%) ® coty (x*) dx® = —T'(a + 1)csc, (x%) + C. (60)

1. MAIN RESULTS

At first, we find indefinite fractional integrals involving some fractional trigonometric functions.
Theorem 3.1: If 0 < @« <1, p,q arereal numbersand p + q # 0,p —q # 0. Then

[ sing(px®) @ cos, (qx) dx® = =L L-cos, ((p + ¥ + - cos, (- x|+ ¢ (61)

J €05, (px) ® cos, (qx®) dx® = "2 Lsin, (0 + ) +sin, (@ = x| +C. (6)

J sing (px) @ sing (gx) dx* = =L [Lsin, ( + Px) — L sing (0 — x| + ¢ (63)
Proof [ sing(px*) ® cos,(qx*) dx“

= = [[sing((p + )x®) + sing((p — )x*)] dx”

Ta+) [ 1 1
= -2 [E cose((p + @)x) +-= cose ((p = q)X“)] +C.
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[ cos, (px®) ® cos,(qx*) dx®
= = [[cose ((p + @)x%) + cos, ((p — 0)x)] dx”

_ T(a+1)

[ﬁ sing((p + @)x“) + ﬁsina((p - q)x“)] +C.
[ sing(px®) @ sin, (qx*) dx*
= — = J[cosa((p + 9)x%) — cos,((p — )x)] dx“

I(a+1)

= [ﬁ sing((p +@)x") = ~=sing((p ~ x| +C.

Q.e.d.

Theorem 3.2: Let0 < a <1, m,n be positive integers. Suppose that the indefinite a-fractional integral
[[sing, (x®)]1®™ ® [cos, (x%)]®™ dx® exists.
Case 1. If m is odd, then
[[sin, (x®)]®™ & [cos, (x¥)]®" dx* = — [[1 — [cos, (x“)]®2]®( ) ® [cos, (x*)]®" dcos,(x%). (64)
Case 2. If n is odd, then
[[sing (x)]®™ @ [cos,(x¥)]®" dx® = [[sing (x*)]8™ @ [1 — [sin, (x0)]®2]8(7) dsin, (x2). (65)
Case 3. If m,n are even, then
Jsing (x)]®™ @ [cos, (xM)]®" dx* = [[1 — [cos, (x“)]®2]®( ) ® [cosq (x*)]®™ dx©. (66)
Proof Case 1. If m isoddand n iseven, we have
Jsing (x®)]®™ @ [cos, (x*)]®™ dx*
= — [[sin, (x®)]®™ D @ [cos, (x*)]®" dcos, (x*)
=—[[1- [cosa(x“)]m]@( %) ® [cos, (x*)]®" dcos, (x*).
Case 2. If m iseven and n is odd, then
JIsing (x)]®™ @ [cos, (x¥)]®™ dx“
= [[sing (xM)]®™ ® [cos, (x)]®TD dsing (x*)
= [[sing ()] @ [1 — [sing (x9)]®21%(7) dsing (x).
Case 3 is obvious. Q.ed.

Theorem 3.3: If 0 < @ < 1, and m,n are positive integers. Suppose that the a-fractional indefinite integral
[[sec,(x®)]®™[tan, (x%)]®" dx* exists.
Case 1. If m,n are odd, then

[lseca (x)]®™ [tang (x)]®" dx® = [[sec,(x)]®MD@[[secy (x9)]®2 — 11%0F) dsec, (x*).  (67)
Case 2. If m iseven, then
[Isecy (x)]®™ [tan, (x)]®" dx® = [[1 + [tan, x)]®?1°(F ) [tan, (x)]®" dtan, (x9).  (68)
Case 3. If n iseven, then
[[seca (x®)]®™ [tany (x)]®" dx® = [[sec, (x)]®™ [[sece(x)]® — 112G dxe. (69)
Proof Case 1. If m,n are odd, we obtain
[Isecq (x9)]®™ [tan, (x©)]®" dx®

= [[sec, (x)]®D[tan, (x*)]®™~ dsec, (x)
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= [Isec, )M D@[[sec, ()18 — 10T dsec, (x).
Case 2. If m is even, we have
J[sec, (x®)]®™[tan, (x*)]®" dx“
= [[sec,(x™)]®™ D [tan, (x*)]®" dtan, (x*)
= [[1 + [tan, (x“)]®2]®( )[tana(x“)]@‘ dtan,(x%).
Case 3 is obvious. Q.e.d.

Theorem 3.4: Let 0<a <1, m,n be positive integers. Assume that the « -fractional indefinite
integral [[csc, (x®)]®™ ® [cot, (x*)]®" dx* exists.
Case 1. If m,n are odd, then

Jlesca (x)]®™ ® [cot, (x)]®" dx® = — [[esc, (x)]BMD @ [[esc, (x)]®% — 1125 )dCSCa(x“) (70)

Case 2. If m iseven, then

[lesc, (x)]®™ @ [cot, (x)]®" dx® = — [[1 + [cot, (x*)]21205) @ [cot, (x®)]®" deot, (x%). (T1)
Case 3. If n iseven, then

[lese, (x)]®™ @ [cot, (x)]®" dx® = [[cscy(x®)]®™ @ [[escy(x)]®2 —112F dxe.  (72)
Proof Case 1. If m,n are odd, we have

Jlesca (x)]®™ @ [coty (x)]®™ dx®
= — [[esc, (x®)]®Mm=D & [cot, (x*)]®™D dcsc, (x*)
= — [lesc, 8D @ [[ese, ()19 — 11207 desc, (e,
Case 2. If m iseven, then
Jlesca (x)]®™ ® [coty (x4)]®™ dx®
= — [lesca (x®)]®M=2) @ [cot, (x*)]®™ dcot, (x%)

= — [[1 + [cot, (x)12218(7) @ [cot, (x)]®" dcot,, (x®).
Case 3 is obvious. Q.ed.

IV. EXAMPLES

Example 4.1: By product rule and chain rule, we obtain the following local a-fractional derivative
([sing (x®)]®® ® [cos, (x)]®5)@
= ([sing (x)]®*) @ @ [cos4 (xM)]®® + [sing (x1)]®* @ ([cos, (x*)]®*)@
= (3[51'n,,((x"‘)]°3’2 & cos, (x“)) ® [c0s (x®)]®° + [sing (x¥)]®% & (—5[cos, (x¥)]®* ® sing (x*))
= 3[sing (x*)]®* @ [cos, (x*)]®® — 5[sing (x*)]®* ® [cos, (x*)]®*. (73)
Example 4.2: Using quotient rule yields the local a-fractional derivative

(tan, (x*) ® [sing (x%*) + sec, (x%) + 2]® 1)@
= ([sec,(x)]®2 ® [sin, (x%) + sec, (x%) + 2] — tan,(x*) ® [cos,(x%) + sec,(x%) ® tan, (x*)]) ®
[sing (x®) + sec, (x%) + 2]® 2, (74)

Example 4.3: [ cos,(2x%) ® cos, (7x*) dx“

= lf[cosa(%co‘) + cos, (5x%)] dx®

I‘(a+1)

15 ma(9x“) +- sma(Sx"‘)] +C
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=T(a+1) [11—8 sing (9x*) + ll—osina(Sx“)] +C. (75)

Example 4.4: The indefinite a-fractional integral

Jsing (x®)]1®5 @ [cos, (x*)]®* dx*
= — [([cos,(x®)]®* — 2[cos,(x*)]®? + 1) @ [cos, (x*)]®* dcos, (x*)

= — [ ([cosa(x*)]®® — 2[cos4 (x*)]®° + [cos, (x*)]®*) dcos, (x*)

=—T(a+1) G [cos, (x*)]®° — % [cos, (x*)]®7 + § [cosa(x“)]®5) +C. (76)

Example 4.5:  [[sec, (x®)]®3[tan, (x*)]®7 dx*

= [[sec,(x®)]®2®[[sec, (x¥)]®? — 1]%3 dsec, (x*)

= [([sec, (x*)]®® — 3[sec, (x*)]®° + 3[sec, (x¥)]®* — [sec, (x*)]®?) dsec, (x*)

= T(a + 1) (2 [sec(x)]®° = 2 [cos, (x®)]®7 + 2 [sec, (x*)]®% — 2[sec, (x)]®*) + €. (77)

Example 4.6: Jlesc, (x9)]®* ® [coty (x¥)]®° dx®

= — [[1+ [cot,(x*)]®?] ® [cot, (x*)]®° dcot, (x%)
— J([cot, (x®)]®** + [cot, (x¥)]®) dcot, (x*)

= —I(a +1) (& [cot, (x)]®? + L [cot, (x)]®Y) + C. (78)

V. CONCLUSION
From the above discussion, we know that the fractional analytic function plays an important role in this

paper. The local fractional calculus involving fractional trigonometric functions is the subject of this article. We
obtain some local fractional differential and integral formulas involving fractional trigonometric functions by
using a new multiplication and some important properties of fractional analytic functions. These formulas help
us to understand the importance of fractional analytic functions in local fractional calculus. In the future, we will
extend the methods used in this article to study the engineering mathematics and applied science problems based
on local fractional calculus.
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