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Abstract. In the present work we have established some new transformations and summations of basic
hypergeometric series by making the use of WP-Bailey pairs. Using multiple g-integrals and a determinant
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case of elliptic hypergeometric series.
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l. Introduction

Forlgl < 1,(a;q9), = 1 —a)(1—aq) ..........(1 —aq™ —1) n=12..
@@ =1 @9 = ﬂ(l—aq )

I Do

(@ Dn = Cagn; @),

where a is real or complex.
A Basic Hypergeometric Series is defined as

rgs(ay, ay,a;s....a, ;olgl,bz, bs...... bs;q,z)
— Z (al; q)n (azi q)n (ar ) q)n [(_1)n q@ ]1+s—r Zn
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For 0 <|q| < 1, the series converges absolutely for all z ifr <s and for |z| < 1 ifr = s+1. This series also
converges absolutely if |g| > 1 and |z| < |b1b2...bs |/|a;8;...ar |.

In 1944, Bailey [1] introduced a very useful and simple identity known as Bailey’s lemma. The Bailey’s lemma
states that, if

n

pn = E A Un—rUntr
§ 8 Uy —nUnsr

then under the suitable convergence condltlons and |f change in the order of summations is allowed

Zanyn=z Bnbn

n= n=
where a ,0, ,U; and vy are functions of r such that B, and y, exist. The proof of the lemma is trivial.
Takingu, =

and in (1.1), we have

1 b =t
(@:a)r T (ag@)r

- Z s
= (4 Dn—r(aG; Dnsr

The pair of sequence (oy,f3n) that satisfies (1.4) is called a Bailey pair relative to the parameter a.
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The Bailey lemma has been a simple and effective tool in proving Rogers-Ramanujan type of identities and also
a verity of transformations of basic hypergeometric series [2]. Slater [3, 4] used Bailey’s lemma and gave the
long list of 130 identities of Roger-Ramanujan type. After Slater the Bailey lemma have been extensively used
to prove Rogers-Ramanujan type of identities and its generalizations [5-8]. Very recently, Warnaar [9] has
written a very elegant survey of Bailey lemma. Andrews et al [10-13] exploited very effective the mechanism of
Bailey’s transform in the form of Bailey pair and Bailey chain. In particular, WP-Bailey pair (an,Bn) [14]
satisfying

PN OLT) I CT)M

YL@ on-rggntr

For k =0 in (1.5), we get the standard Bailey pair (1.4). The relation (1.5) follows by setting u,, =
Klaa)y = EDr 5, (1.1). The same substitutions in (1.2), gives

(@a)r T (aga)r o
(5 Q)an (k/a; @) (kq2n ;q),
- @39 (@ 9)r(ag2n+159), T
In the present paper, we have established a number of transformations and summations of basic hypergeometric

series by making use of (1.5) and (1.6). Some interesting special cases have also been deduced.
We define a WP-Bailey Unit Bailey pair as
a (a'q\/a' —q\/a,a/k; q)n
" (q!\/a'_ \/a' kq' q)n
_1,n=0,
bn = 0,n > 0.

(ka9

CR
_1,n=0,

~0on > 0.

n

(k/a)n

The trivial WP-Bailey pair is defined as
n

aTL
A WP-Bailey pair due to Singh [15] is
_(@qVa—-qVayza®q/kyzqn
~ (¢.Va,—Va,aq/y,aq9/zkyz/a; q)n
5 = (ky/a,kz/a, k,aq/yz;q),
n

. _ ~ (q.aq/y,aq/z,kyz/a;q),
In our analysis we shall also require the following known results,

: , _(ag.qVa/bqV a/c,aq/bc; q).,
*s(e.—qVabei—Vaoa/hag/ciq.qV ajhc) = (ag/b,aq/c,qV a,qV a/bc; )o

1—21 +A/b(1—1/a)(A2 /b2 ,qA% [ab; q).,
(1 -2+ 4/b) (qA? /b, A* Jab?;q)es

an

(k/a)"

3¢,(a,Aq,b; ,qA* /b;q,A* Jab*) =

A2 Jab?| < 1.

(=q¢; @)»(aq,aq?/b?;q* o
2¢61(a,b;aq/b;q,—q/b) =
P biaasbia=a/b) (=a/b,aq/b; Q)

. . _ (a/b* 1/bq; @),
4¢3(a!q\/a: —q \/a!b! \/a,—\/a,aq/b, q,l/b2 Q) - (aq/b, 1/b2 q; q)oo )
8¢7(a, qVa, —qVa,V(a/b), —V(a/b),V(aq/b), — V(aq
oy _ (aq, b’ g; @)
/b), b;Va, —Va,qV(ab), —qV(ab), V(abq), —V(abq), aq/b; q; bq) = e dbg D>’

Ibq| < 1.

Il.  Result and Discussion
If (a,,, B,) is @ WP-Bailey pair, then under suitable convergence conditions, the following relations are true
[oe]

(—qVk,c;q), N
;(_‘/qk'kq/cc:Z)n (c(\l/qk) bn =

(kq,aq/ k,qV k/c,aq/c; q)o i (kK Q2n  (—qVkqVkc;q), ( aq )"a
n=0

(aq/cVk,aq,kq/c,qV k; q)oo £t (kq; @)zn (—V k,aq/V k,aq/c;q), \cVk
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i(qn+1\/ak;q)n<£>n B
n=0 (qn\/aki qQn k? b =
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L (Vk, =V k,—kqV (1/2), kqV (1/a), kV (/@) —kV (q/a); ), \a/ ™~
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(kq / a.k?q / & Qoo &t (Vh, = VI, kg /(1 / @), —ka[(1/ @), k(g / @), =k [(a / a); q),,
(k? q/a,k* g™V /a; q), (k_q)
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Proof 2.1. Substituting a = kq?" ,b = k/a and ¢ = cq™ in (1.10), we have
4¢3(kq® ,—q" 'V k, k/a,cq™; —q ™V k,aq?™*t  kq™*t /c;q,aq/cV k)
_ _(kq,aq/V'k,qV k/c,aq/¢; ) (a0; @)on(ka/c,q V ks D)
(aq/cV k,aq,kq/c,qV k; @)oo (kq; Q)20 (aq/V k,aq/c; q)n

. _ (c—qVkpr ( aq \". .
Putting 6, = P T — (—C\/k) in (1.6) and making the use of (2.6), we get

RN 1) C Vk,—qVk ¢;q)n(kq,aq/ v k,qV k/c,aq/¢; @) ( aq. )
Y kG Qo (=Y koaq/V k,aq/c; Q)n(aq, aq/cV k kq/c,qV k; ) \cVk
Substituting §,, and y,, as above in (1.3), we get (2.1).

Proof 2.2 Settinga = k/a,b = kq*" and 1 = q 2™V ak in (1.11), we get

(a/k,a*q/k; @) (aq; @)2n

3¢p2(k/a, >V ak, kq?" ;¢ ak,aq®™*1;q,a% [k?) =

pei/aa i TS ) = G ag (@ 4/l D
x(l—qZ"\/ak + Va/(Vk —a*/?q*))

(1—-g»Vak)1+ Va/Vk)

a?/k?| < 1.

n+1 ) 2
Choosing 6T = @1V @k)ia)r (a_

-
@7 @) kz) in (1.6) and substituting in (2.7), we have
_ (=g Vak+Va/(Vk=a¥2 ™)  (a/ka*q/k; q)e(k kg™, g™V (ak); @)n (a)

n (1—q*"V(ak))(1 +Va/Vk) (aq, a?/k? @)oo (q™V (ak), a2q/k, a>q™*1 /k; )y, \K?
using &, and ¥, in (1.3), we obtain (2.2).

Applications

By using (1.7) in (2.1) and takingn — oo, we get

8¢p7(k,qVk,—qVk,c,a,qVa,—qVaa/k; kg, —Vkaq/VkVa—Vakqaq/c;qqVk/c)

_ (qVkkq/c,aq,aq/cV k; Q)

(kq,aq/ N k,qVk/c,aq/c; o

Again by making the use of (1.9) in (2.1) and takingn — oo, we obtain

1099(k, —qV k,c,qV k,a,qV a,—qV a,v,2z,a* q/kyz; kq,— k,aq/N k,aq/c,N a,— a,aq/y,aq
/z,kyz/a; q,q \/k/c)

aq/cV k,aq,kq/c, k; q)o

= (5{(:2(];/\/ k}‘; \/qk//c,qa;//c;z))oo 6¢:(—q Vik,c, ky/a,kz/a, k,aq/yz; — Vk, kq/c,aq/y,aq/z kyz
/a;q, aq/C\/k).

On using (1.8) in (2.2) and takingn — oo, we get

*Corresponding Author: Dr.Brijesh Pratap Singh 21| Page



Certain Transformations and Summations of Basic Hypergeometric Series

a/k,a® q/k; q@)ee (1 — Vak +Va/(Vk — a3/?
261(k, k/a; ag; g, a? Ji?) = L@ 6 Der ( /( )
(aq,a® /k? ;q)es (1 — vV ak)(1 +Va/Vk)
By making the use of (1.7) in (2.3) and then takingn — oo, we obtain

7¢6(a, q\/a, —q\/a, a/k,k, q\/k,—q\/k; \/a, —\/a, kq, az/k,\/k, —\/k; q,a/kq) = % .

In (2.3) using (1.9) and then taking — oo, we get the following transformation
9¢8(k,q\/k, —q Vk, a,q Va, —q \/a,y,z,a 2 q/kyz; a? /k,\/k,— Vikva—-vVa, aq/y,aq/z, kyz/a;q,a
/kaq)
_(aq,a® /k? 4; @)
(@ /k,a/kq; @)
Again in (2.4) making the use of (1.7) and taking n — oo, we obtain the following summation
12¢11(k, q Vk, —q Vk,\ a,— Va,Vaq,— Vaq, k*q/a,a,qVa,—qVa,a/k;Vk, —Vk kqV1/a,—kqV1/a, kVq

(kq/a, k* q/a; Q) o
a,—kVq/a,Na, —Va kq,aq, kq; g; k*q/a?) = )
/ q/ q,aq,kq; q; k*q/a*) ka, K24/ 1 0)

645(qV k, —qVk, ky/a, kz/a, k,aq/yz; Nk, —Vk,aq/y, aq/z kyz/a; q, a?k*q).

Now use (1.9) in (2.4) and taking n — oo ,we have
14¢13(k, q Vk, —q Vk,V a,— Va,Vaq,— Vaq, k*q/a,a,qVa,—qVa,y,2z,a2q/kyz; Vk,—V k, kqV 1
. Ja,—kqV1/a,kNq/a,—kq/a, aq,kq,Na,—Va,aq/y,aq/z kyz/a; q; k?q/a?)
= ((IZZ’/CZqu/Zéa;’ 2)): 10¢9(qV k,—qV k,V a,—V a,V aq,—V aq, ky/a, kz/a, k, aq
/vz; \/k,—\/k,kqxfl/a, —kqx/l/a,k\/q/a,—k \/q/a, aq/y,aq/z kyz/a;q; kq/a).
By using (1.7) in (2.5), we have
i (kkq™,a,qV a,—qV a,a/k; q)n o) = (—aq/k, aq; q)o,
4 (qV a,~V a,kq; 9)n(kq, a? q% /k; g2 )on K (=@ D (kq,a? q* /k; 4 Yoo
and again in (2.5) using (1.9), we get
4¢3(ky/a,kz/a,k,aq/yz; aq/y,aq/z kyz/a; q,—aq/k)

[oe]
_ (=g q@)o(kq,a2q 2/k;q Z)OOZ (k,kq™ ,a,qVa,—qVa,y,z,a2q/kyz; q),, (="
(—aq/k, aq; q)o £ (kq,a2q?/k; 4*)an(a,Va,— Va,aq/y, aq /2, kyz/a; @)y
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