Quest Journals

Journal of Research in Applied Mathematics
Volume 7 ~ Issue 11 (2021) pp: 23-28

ISSN(Online) : 2394-0743 ISSN (Print): 2394-0735
WWW.questjournals.org

Research Paper

Ideal Elements in Ordered Semigroups

Marapureddy Murali Krishna Rao®, Rajendra kumar kona®
'Dept. of Mathematics, Sankethika Institute of Tech. and Management, Visakhapatnam- 530 041, A.P., India.
*Dept. of Mathematics, GIS, GITAM (Deemed to be University), Visakhapatnam- 530 045, A.P., India.
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I.  Introduction

Semigroup, as the basic algebraic structure was used in the areas of theoret- ical computer science as
well as in the solutions of graph theory. The notion of ideals was introduced by Dedekind for the theory of
algebraic numbers, which was generalized by Noether for associative rings. The notion of a one sided ideal of
any algebraic structure is a generalization of an ideal. The no- tion of the bi-ideal in semigroups is a special case
of (m,n) ideals. In 1952, the concept of bi-ideals for semigroup was introduced by Lazos and Szasz[3, 4]. The
quasi ideals are generalization of left ideals and right ideals whereas the bi-ideals are generalization of quasi
ideals. Steinfeld[10] rst introduced the notion of quasi ideals for semigroups and then for rings. Rao[6, 7, 8, 9]
introduced bi-quasi-interior ideals bi-quasi-ideals and bi-interior ideals in semigroups.

1. Preliminaries

In this section. we will recall some of the definitions. which are necessary for
this paper.

Definition 2.1. A semigroup M is called an ordered semigroup if it admits
a compatible relation < . i.e. < is a partial ordering on M satisfies the

following conditions. If a < b and ¢ < d then
(i) ac < bd
(ii) ea < db, for all a,b,e,d € M
Definition 2.2. A non-empty subset A of an ordered semigroup M is called:
(i) a subsemigroup of M, if AA C A,
(ii}) a quasi ideal of M, if A is a subsemigroup of M and AM M MA C A,
(iii) a bi-ideal of M, if A is a subsemigroup of M and AM A C A,
(iv) an interior ideal of M, if A is a subsemigroup of M and M AM C A,

(v) a left (right) ideal of M, if A is a subsemigroup of M and M A C
A(AM C A),

(vi) an ideal, if AM C A and M A C A,

(vil) a bi-quasi-interior ideal of M . if A is a subsemigroup of M and AM AM A <
A,
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(viii) a bi-interior ideal of M, if A is a subsemigroup of M and M AM N
AMAC A,

(ix) a left (right) bi-quasi ideal of M, if A is a subsemigroup of M and
MANAMACA (AMNAMA C A),

(x) a bi-quasi ideal of M, if A is a subsemigroup of M, M AN AMA C
A and AMMNAMA C A,

(xi) a left (right ) quasi-interior ideal of M. if A is a subsemigroup of M
and MAMAC A (AMAM C A).

(xii) a quasi-interior ideal of M, if A is a subsemigroup of M and M AMA C
A and AMAM C A.

I11.  Ideal elements in ordered semigroups
In this section, we introduce the notion of ideal elements, interior ideal
elements, bi-ideal elements, quasi interior ideal elements and weak interior
ideal elements of ordered semigroups. We study the properties and relations
of ideal elements.

Definition 3.1. An element a of an ordered semigroup M is called a sub-
semigroup element if aa < a.

Definition 3.2. An element a of an ordered semigroup M is called a
left(right) ideal element of M, if xa < a(ax < a), for all = € M.

Definition 3.3. An element of an ordered semigroup M is called an ideal
element of M, if it is both a left ideal element and a right ideal element of

M.

Definition 3.4. Let M be an ordered semigroup. An element a of M is
said to be bi-ideal element of M if aa < a, ara < a, for all + € M.

Definition 3.5. An element a of an ordered semigroup M is called a quasi
ideal element of M, if aa < a, there exist elements =,y M, such that
ra = ay < a.

Definition 3.6. Let M be an ordered semigroup. An element a of M is said
to be guasi interior ideal element of M if aa < a, aray < a and zaya < a,
for all =,y € M .
Definition 3.7. A bi-ideal element b is said to be minimal if for every
bi-ideal element a of ordered semigroup M, a < b=-a=010.

Definition 3.8. Let M be an ordered semigroup. An element a of M is
said to be interior ideal element if aa < a, ray < a, for all =,y € M.

Definition 3.9. An element a of an ordered semigroup M is called a
left (right) weak interior ideal of M if aa < a, raa < a(aar < a), for all
re M.

Definition 3.10. An element of an ordered semigroup M is called a weak
interior ideal element if aa < a, aar < a and xaa < a, for all € M.

Definition 3.11. An element a of an ordered semigroup M is called a
regular if there exist elements © € M, such that a < axa.

In the following theorem, we mention some important properties of ideal
elements and we omit the proofs since proofs are straight forward.

Theorem 3.12. Let M be an ordered semigroup. Then the following hold.
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(1) If a is an ideal element of an ordered semigroup M, then a is an
interior ideal element of M..

(2) If a is a left ideal element of an ordered semigroup M, then a is a quasi
ideal element of M.

(3) If a is an ideal element of an ordered semigroup M, then a is a bi-
ideal element of M.

(4) If a is a mazimal element of M then a is an ideal element of M.

(5) If a is a minimal element of an ordered semigroup M, then a is a not
an ideal element of M.

(6) Every left ideal element of an ordered semigroup M is a left quasi
interior element of M.

(7) If a is an ideal element of an ordered semigroupM , then a is a left
weak interior ideal element of M.

(8) If a is a bi-ideal element of an ordered semigroup M ,then a is an
interior ideal element of M.

Theorem 3.13. If a is an ideal element of an ordered semigroup M, then
a 15 an wnterior ideal element of M..

Proof. Suppose a is an ideal element of the semigroup M.

Then axr < a and ya < a, for all x,y € M.

That implies ray < xa < a.

Hence a is an interior ideal element of M. O

Theorem 3.14. If a is an interior ideal element and idempotent element
of ordered semigroup M, then a is an ideal element of M.

Proof. Suppose a is an interior ideal element and a is an idempotent element
of the ordered semigroup M.

Then xay < a, for all =,y € M.

That implies xaa < a and hence xa < a, for all x € M.

Similarly we can prove that ar < a.

Hence a is an ideal element of M. O

Theorem 3.15. Every interior ideal element of an ordered semigroup M is
a quast interior tdeal element.

Proof. Suppose a is an interior ideal element of M.

Then xay < a, for =,y € M.

That implies aray < a and raya < a.

Hence every interior ideal element is a quasi interior ideal element. O
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Theorem 3.16. If a is a quast intertor ideal element of a reqular ordered
semigroup M then a is an ideal element of M.

Proof. Suppose a is a quasi interior ideal element of M.

Then axay < a, raya < a, for all z,y € M and a < aba, for some b € M.
Suppose x € M.

Then ar < abaxr < a and xa < raba < a.

Hence a is an ideal element of M. 0

Theorem 3.17. Let M be a ordered reqular semigroup and a be an element
of M. Then a is an interior ideal element if and only if a is an ideal element

of M.

Proof. Assume that a be an interior ideal element of M.

Then ray < a, for all =,y € M.

We have that a < ara, for some = € M.

Then ax < arar < a, by the definition of interior ideal element of M.
Similarly we can prove that ra < a.

Hence a is an ideal element of M. Conversely, assume that a is an ideal
element of M. Suppose y.z € M.

Then yaz < az < a. Hence a is an interior ideal element of the ordered
semigroup M. M

Theorem 3.18. Let M be an ordered reqular semigroup. If a is a bi-ideal
element of M and a commutes with every element of M then a is an ideal
element.

Proof. Let M be an ordered semigroup, a be a bi-ideal element of M and a
commutes with every element of M.

Then a < axa, for some = € M.

That implies a < ara < a.

Therefore ara = a.

Suppose y € M.

Then ay = aray = arya < a, for all y € M.

Hence a is an ideal element of M. (]

Theorem 3.19. If a and b are minimal left ideal elements of an ordered
semigroup M, then ab is a minimal left ideal element of ordered semigroup

M.

Proof. Suppose a and b are minimal left ideals of the ordered semigroup M.
Then ra < a and b < b, for all = € M.

That implies xab < ab, for all € M.

Therefore ab is the left ideal element of M.

Suppose ¢ is any left ideal element of M and ¢ < ab.

Then e <ab<a
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Therefore ab = c.
Hence ab is the minimal left ideal of the ordered semigroup M. O

Theorem 3.20. Let M be an ordered semigroup. If a is a weak interior ideal
element and idempotent element of M then a is an interior ideal element of
M.

Proof. Let a be an interior ideal and idempotent element of M.

Then aa = a.

Suppose x,y € M

Now ray = raaaay < aa = a. [

Theorem 3.21. Let M be a simple ordered semigroup. Then every element
of M is an ideal element of M.

Proof. Let  ={a | ar <aand ra <a, forallz € M} and a,b € I.

Now abz = a(br) < ab and z(ab) = (za)b < ab.

Therefore ab € I. Hence [ is a subsemigroup of M.

Suppose a € M, be 1.

Then (ab)x = a(bxr) < ab and x(ab) = (xa)b < ba = ab.

Suppose that r € M, ae I, € and = < a,

Then yr < ya < a and xy < ay < a. Hence = € 1.

Therefore I is an ideal of the ordered semigroup. Hence I = M. O

Corollary 3.22. Let M be a left (right) simple ordered semigroup. Then
every element of M is a left (right) ideal element of M.

Theorem 3.23. Ifa is an ideal element of an ordered semigroup M then a
is a left weak interior ideal element of M.

Proof. Suppose a is an ideal element of M.

Then ar < a and ra < a, for all z € M.

That implies xaa < aa < a and ax < a.

Therefore aar < aa < a.

Hence ideal element of M is a weak interior ideal element of M. O

Corollary 3.24. Let a be an interior ideal element of an ordered semigroup
M. Then a is a weak interior ideal element of M.

V. Conclusion:

In this paper, we studied the structures of some ordered semigroups with
the generalization of ideal elements. The ideal elements play an important
and necessary role in studying the structure of ordered semigroups. Inte-
rior ideal elements, quasi ideal elements, bi-ideal elements and weak interior
ideal elements of ordered semigroups were studied. We characterized the
ordered semigroups, regular ordered semigroups and simple ordered semi-
groups using ideal elements.
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