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ABSTRACT

This paper deals with the Bayesian estimation of a function of the unknown parameter 8 of the Geometric
Distribution .Bayes estimates of function of the unknown parameter of the distribution have been derived and
these estimates have been used further to estimate central moments up-to order four and reliability of the
distribution. The estimation has been performed by taking two different forms of the prior distribution and three
different types of loss functions.On the part of loss functions, the Squared Error Loss Function (SELF) and two
different forms of Weighted Squared Error Loss Function (WSELF) namely, Minimum Expected Loss (MELO)
Function andExponentially Weighted Minimum Expected Loss (EWMELQO) Function have been
considered.Estimates have also been obtained under a censored sampling scheme.
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l. INTRODUCTION

A discrete random variable X is said to have Geometric distribution ,if its probability mass function is given by
()_{ 0(1—-0)%ifx=0,12,...;0<0<1 )
Po'X) =10, Otherwise.
Inthis case,
n=EX)=07(1-8) (2
o2 =V(X) =072(1-0)(3)
h=E{(X- WP =072(1-0)+203(1-0)7° (4
n=E{(X-W}*=072(1-0)+907*(1-6)* (5
R(t,8) = P(X = t), is given by,
R(t,0)=(1-06) (6)

The failure rate denoted by, h(t, 0), is given by,

h(t,8) = g(eT(g)) )

This is the only discrete distribution which satisfies the ‘Lack of Memory’ property and has constant
failure rate as mentioned in Johnson and Kotz(1969). These properties are satisfied by the exponential
distribution in the continuous case. As mentioned in Bhattacharya and Kumar (1988) and also in Bhattacharya
and Tyagi(1990),the Geometric distribution is useful in situations where life-times of items are measured in
discrete cycles. If the random variable X denotes the number of cycles completed by an item before it breaks
down (breaking is similar to failure), X has the probability mass function given by (1).

Roy and Mitra (1957) studied a class of discrete distributions known as the Power Series Distribution
(PSD).Gupta (1974) considered a more general class of discrete distributions known as the Modified Power
Series Distribution (MPSD)and derived moments of this distribution. This class contains the class of Power
Series Distribution. Both MPSD and PSD contain the Geometric distribution as particular cases.Gupta (1977),
has obtained MVUE of ¢(6) = 6",r > 1.Bhattacharya and Kumar (1988) and also Bhattacharya and
Tyagi(1990) obtained Bayes estimates of the mean p = 6~1(1 — 0) and the reliability R(t, 0) = (1 — 8)* of the
Geometric distribution. Bhattacharya and Kumar (1988) used the Beta distribution ,which is the Natural
Conjugate Bayesian Density (NCBD), as the prior distribution for the unknown parameter 6,while Bhattacharya
and Tyagi(1990) used Generalized Beta density introduced by Holla(1968).Bayes estimates derived in these
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two works as mentioned were for complete sample as well as for a censored sampling scheme. On the part of the
loss function, the Squared Error Loss Function (SELF) was used.This loss function suffers from the drawback of
being unbounded and it gives equal weights to overestimation as well underestimation. WenboYu and
JinyunXie (2016) derived Bayesian estimates of the unknown parameter of Geometric distribution .They used
the symbol the symbol 1 — R for the parameter 6 and erroneously termed R as the reliability of the distribution.
They used precautionary loss function and two prior distributions, one a quasi-prior and the other the Beta
distribution, the Natural Conjugate Bayesian Density. They derived Bayes estimates based on the complete
sampleand also based on the record value. In recent works,Singh (2021) obtained Bayes Estimator of ¢(8) =
0", r € (—oo,00),for the MPSD and again Bayes Estimator of {s(8) = 6"(1 — 0)5,r,s € (—oo0, ), for some
particular cases of the MPSD..

In the present work the Bayesian Estimation has been performed for central moments up-to order four
and reliability of the Geometric distribution, by taking the Beta distribution, the Natural Conjugate Bayesian
Density as well as the Generalized Beta density introduced by Holla(1968).Bayesian Estimation under a
Censored Sampling Scheme as given in Bhattacharya and Kumar (1988) andalso in Bhattacharya and Tyagi
(1990) have also been considered. Although expressions for central moments of any order can be evaluated, yet,
we have restricted up-to order four as central moments of order four are sufficient to describe all characteristics
of a distribution.

On the part of loss function, we have considered the Following:
(i) Squared Error Loss Function(SELF): In this case,
w(b,8) = (6 —98)? (8)
This loss function is symmetric but is unbounded.
(if) Minimum Expected Loss (MELO)Function: In this case
w(0,8) =072(0 — §)2 9)
This loss function is asymmetric but is bounded.This form of loss function was used by Tummala and Sathe
(1978) and by Zellner (1979)
(iii) Exponentially Weighted Minimum Expected Loss (EWMELQ) Function. In this case
w(6,8) = 0727290 - 8)?,a> 0 (10)

This form of loss function is also asymmetric and bounded. This form of loss function was used for the
first time by Singh, the author (1997),in his work for D.Phil.SELFand two forms of WSELF were used by
Singh,the author,(1999) in the study of reliability of a multicomponent systemand (2010) in Bayesian
Estimation of the mean and distribution function of Maxwell’s distribution.Recently, the author again used these
loss functions in Bayesian estimation for the MPSD (2021) and for estimating Loss and Risk Functions of a
continuous distribution (2021).

1. NOTATIONS AND RESULTS USED:
Let X;.X;,X3,...Xy be a random sample of size N from the p.m.f given by (1).
Then,

Ty=XL. X (11)
We shall use the following result as given by Abramowitz and Stegun (1964):
r = fom u*~le~Udu (12)
r(x)b™* = fom u*~te Pudu (13)
F(b—a)fr"((ab))l\’l(a‘b‘z) — fol w1 — u)b—a—le—zudu(14)
Where, M(a, b, z) is the Confluent Hypergeometric Function and has a series representation given by,

M(ab,2) = SiLo e (15)

Where,(a), = 1 amd
@n =Ilil,(@a+i-1)  (16)
For observed value ty = XN, x; of the statistic Ty = X\, X;, the likelinood function, denoted by L(8), is given
by,
L(B) = k(1 —6)NeN (17)

Where, k is function of x,,x,,X5,...xyand does not contain 6.
Let (0) be the prior probability density function of 6,then the posterior posterior probability density function
of 6 ,denoted by 1t(6 /ty),is given by,

L(8)1(0)

(6 /ty) = TLOn@® (18)

Under the Squared Error Loss Function (SELF), L({(8),d) = ({(8) — d)?,the Bayes Estimate of {s(8),denoted
by g is given by,
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e = J, WOm(® /tx)d0  (19)
Similarly,under the Weighted Squared Error Loss Function (WSELF), L(y(8),d) = W(8)(W(8) — d)?,
where, W(B)is a function of 8,the Bayes Estimate of ys(8),denoted by {5, is given by,

fo W@y (8)m(e /ty)de

bw = J3 W(e)m(8 /ty)de (20)
We have taken two different forms of W(6),as given below:
(i). W(8) = 872.The Bayes Estimate of {1(8),denoted by (s, is known as the Minimum Expected Loss
(MELO) Estimate and is given by,

—~ fo “2y(8)m(e /ty)de
Un = J30=2m(8 /ty)do (1)
This loss function was used by Tummala and Sathe (1978) for estimating reliability of certain life time
distributions and by Zellner (1979) for estimating functions of parameters in econometric models.
(ii). W(B) = 872e729 The Bayes Estimate of {1(0),denoted by (g, is known as the Exponentially Minimum
Expected Loss EW(MELO) Estimate and is given by,
f e 2¢=a0y;(0)1(0 /ty)do

e = Lo-2e-20m(6 /ty)d0 (22).

Now, we shall obtain Bayes Estimate of q;(e) =0"(1—-0)5, 1,5 € (—00,0)

I11.  BAYESIAN ESTIMATION
Since, in this case,0 < 6 < 1,we have taken two different prior distributions, namely,m, (6) and 1, (8) as given
below:

T S 0,g>0,0<6 <1
m,(8) = { Bpay P74 ’ (23)
0, Otherwise.
And,
e~POgP-1(1_g)a-1 |
—_— if 1,b>
m,(0) = {B(p.q)M(p,p+q,—b) ifp>0,4>0,0<6<1,b20 (24)
0, Otherwise.
Where,
r'(p)r(q)
B(p,q) = —= (25)

r'(p+q)
,(0) is known the Generalized Beta Density and was introduced by Holla (1968). This prior probability
density function was also used by Bhattacharya (1968).
The posterior p. d .f. of 8, corresponding to the prior 1, (0), denoted by m, (6 /ty),is given by,

(1_e)tN+q—leN+p—1
T (0 /ty) = { B(N+p,tn+q)
0, Otherwise.
Similarly, posterior p. d .f. of 8, corresponding to the prior 1, (6), denoted by 1, (8 /ty),is given by
(0 /ty)
e—be (1 _ e)tN+q—1eN+p—1

,ifp>0,g>0,0<0<1 (26)

_ K ,ifp>0,g>0,0<0<1,b =0 (27)
0, Otherwise.

Where,

K=B(N+p,ty +q9M(p+N,ty +N+p+q,—b) (28)

Under the SELF and corresponding to the posterior distribution given by (26),Bayes Estimate of ¢(8) =
87 (1 — 0)%,denoted by s, is given by,
B(N+p+r,ty+q+s)
Uip = v 29
Forr = —1ands = 1,{, reduces to the estimate of 6= (1 — 8),the mean of the distribution as given by
Bhattacharya and Kumar (1988)
Similarly, under the WSELF, when W(8) = =2 and corresponding to the posterior distribution given by
(26),the MELO Estimate of y(8) = 8" (1 — 0),denoted by (i, ,is given by,
B(N+p+r—-2,tn+q+s) 30)

P = B(N+p,ty+q) (
Under the WSELF, when W(8) = 872e~2® and corresponding to the posterior distribution given by (26),the
EWMELO Estimate of y(8) = 8"(1 — 6)%,denoted by {5, is given by,

lIJ _ B(N+p+r—-2,ty+q+s)M; (31)
BT B(N+pin+)My
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Where,
M; =M(N+p —2,p+q+ ty+N—2,-a) (32)
M, =M(p+N+r—2,p+q+ ty+N+r+s—2,-a) (33)

On the other hand,under the SELF and corresponding to the posterior distribution given by (27),Bayes Estimate
of Y(8) = 67 (1 — 0)%,denoted by s, ,is given by,

B(N+p+r,tny+p+q+s)M,

Vop = B(N+p,ty+q)M3 (34)
Where,
M;=M(N+p,p+q+ ty+N—-Db) (35)
M,=M(p+N+rp+q+ ty+N+r+s,-b) (36)

Forr = —1 and s = 1,{,5 reduces to the estimate of 6~ (1 — 8),the mean of the distribution as given by
Bhattacharya and Tyagi (1990) .Moreover, for r = —1 ,s = 1and b = 0, s, reduces to the estimate of
071(1 — 0),as given by Bhattacharya and Kumar (1988)

Similarly, under the WSELF, when W(8) =672 and corresponding to the posterior distribution given by
(27),the MELO Estimate of y1(8) = 87(1 — 0)3,denoted by {,, is given by,

B(p+N+r-2,tN++q+s)Mg

Wou = B(N+p,tN+q)Ms (37)
Where,
Ms=M(pP+N-2,p+q+ ty+N—-2,-b) (38)
Mg=MpP+N+r—-2,p+q+ ty+N+r+s—2,-b) (39)

Finally,under the WSELF, when W(8) = 8-2e72% and corresponding to the posterior distribution given by
(27),theEWMELO Estimate of y(8) = 8"(1 — 0)%,denoted by {5, is given by,

B(p+N+r—-2,ty++q+s)Mg

bzp = B(N+p,ty+qM; (40)
Where,
M,=M(p+N-2,p+q+ ty+N—-2,—(a+Db)) (41)
Mg=MpP+N+r—-2,p+q+ty+N+r+s—2,—(a+Db)) (42)

Remark (1):For s = 0 ,we get Bayes estimator of ¢(0) = 6",r € (—o0, ) while ,for r= 0 ,we get Bayes
estimator of (1 —6)%,s € (—o0, )

Bayes estimators of central moments up-to order four and reliability of the distribution, under three loss
functions and two prior and corresponding posterior distributions are shown in the following tables:

TABLE;3.1
Characteristic Loss Function— SELF
Prior!
n ,(0) B(N+p—1,ty+q+1)
B(N+p,ty+q)
02 i, (0) BIN+p—2,ty+q+1)
B(N+p,ty+q)
M3 nl(e) B(N+p—2,tN+q+1)+2B(N+p—3,tN+q+2)
B(N+p,tn+q) B(N+p,tn+q)
™ ,(0) BIN+p—-2ty+q+1) 9B(N+p—4ty+q+2)
B(N+pty+q) B(N+p,ty+q)
R(t, 0) ,(8) B(N+pty+q+1t)
B(N+p,ty +q)
TABLE;3.2
Characteristic Loss Function— MELO
Prior!
u m;(0) B(N+p—-3ty+q+1)
B(N+p ty+q)
02 m;(0) BIN+p—4,ty+q+1)
B(N+p ty+q)
Ug m,(0) B(N+p—-4ty+q+1) 2B(mN+p-51ty+q+2)
B(N+p,ty +9) B(N+p,ty +9)
My ,(0) B(N+p—4ty+q+1) 9B(N+p-—6,ty +q+2)
B(N+p,ty +9) B(N+p ty +9)
R(t, 8) m,(0) BIN+p—-2,ty+q+1t)
B(N+p,ty+9)
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TABLE;3.3
Characteristic Loss Function— EWMELO
Priorl
n ,(0) B(N+p—-3,ty+q+1)M(p+N-3,p+q+ ty+N—-2,-a)
B(N+pty+QMpPp+N-2,p+q+ ty+N—-2,-a
o? 1, (0) BIN+p—4ty+q+1)M(pP+N—-4p+q+ ty+N—3,-a)
BIN+pty +QM(p+N-2,p+q+ ty+N—2,-a)
H3 1(0)
BIN+p—4ty+q+1DM(pP+N—-4p+q+ ty+N-3,-a)
B(N+pty+qMpP+N-2,p+q+ ty+N—-2,—-a)
2B(N+p—-5ty+q+2)Mp+N—-5p+q+ ty+N—-3,-a)
B(N+p,ty+qQM(p+N-2,p+q+ ty+N—-2,-a)
My ,(8) BIN+p—-4ty+q+1)M(P+N—-4p+q+ ty+N-—3,—-a)
B(IN+pty+qMpP+N-2,p+q+ ty+N—-2,—-a)
IB(N+p—6,txy+q+2)M(p+N—-6,p+q+ ty +N—4,-3)
B(N+p,ty+qQM(p+N-2,p+q+ ty+N—-2,-a)
R(t, 6) m,(8) BIN+p—2,ty+q+OM(pP+N—-2,p+q+ ty +N+t—2,—a)
BIN+p,ty +OM(p+N—-2,p+q+ ty+N—-2,—-a)
TABLE;3.4
Characteristic | Loss Function— SELF
Priorl
u m,(0) B(N+p—-1,ty+q+1)M(p+N—-1,p+q+ ty+ N,—b)
B(N+p,ty+9M(p+Np+qg+ ty+N-b
o? ,(8) BN+p-2ty+q+ DMpP+N-2,p+q+ ty + N-1,-b)
B(N+p,ty +@M(P+Np+g+ ty+N,—b)
H3 T,(6)
BIN+p—-2ty+q+1)M(P+N-2,p+q+ ty+N—-1,-b)
B(N+p,tN+q)M(p+N—2p+q+tN+N —b)
2BIN+p—-3,ty+q+2)Mp+N—-3,p+q+ ty+N—-1,-Db)
B(N+pty+gM(p+N,p+qg+ ty+N,—b)
Mg m,(8) BIN+p—-2ty+q+1)M(p+N—-2,p+q+ ty+N—-1,-b)
B(N+p,tN+q)M(p+Np+q+tN+N —b)
I9B(N+p—4,ty+q+2)M(p+N—-4,p+q+ ty+N—-2,-b)
B(N+pty+MpP+Np+q+ ty+N,—b)
R(t,6) T, (0) B(N+pty+q+t)M(p+N,p+q+ ty + N+t —b)
BIN+p,ty+@MpP+Np+qg+ ty+N,—b)
TABLE;3.5
Characteristic Loss Function— MELO
Priord
1 m,(0) B(N+p—-3ty+q+1)M(p+N-3,p+q+ ty+N—-2,-b)
BIN+ptn +QM(P+N—-2p+q+ ty+N—=2-Db)
o2 ,(0) B(N+p—4ty+q+1DM(p+N—-4p+q+ ty+N—3,-b)
BI(N+ptyn+M(p+N—-2,p+q+ ty+N—2,-b)
M3 ,(8)
BIN+p—4ty+q+1)M(p+N—-4p+q+ ty+N—-3,-b)
B(N+p,ty+g@M(pP+N—-2,p+q+ ty + N—2,-b)
2BIN+p—-51ty+q+2)M(p+N-5p+q+ ty+N—-3,-Db)
B(N+p,ty +q@M(p+N-2,p+q+ ty+N—2,-b)
[Th m,(0) BIN+p—4ty+q+1)M(Pp+N—-4p+q+ ty+N—-3,-b)
B(N+pty +qQM(p+N—-2,p+q+ ty+N—2,-b)
I9B(N+p—-6ty+q+2)M(p+N—-6,p+q+ ty +N—4,-b)
B(N+p,ty +q@M(p+N—-2,p+q+ ty+N—2,-b)
R(t,0) m,(0) B(N+p—-2,ty+q+t)M(p+N—-2,p+q+ ty+N+t—2,-b)
BIN+ptn+M(pPp+N-2,p+q+ ty+N—-2,-b)
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ABLE;3.6
Characteristic Loss Function— EWMELO
Priorl
[ m,(0) B(N+p—-3,ty+q+1)M(p+N-3,p+q+ ty+ N—2,—(a+ b))
B(N+p,ty +@QM(p+N—-2p+q+ ty+N—2,—-(a+hb))
o2 ,(8) BIN+p—4,ty+q+1)M(pP+N—4,p+q+ ty+N—-3,—(a+Db))
B(N+p,ty+qQM{pP+N-2p+q+ ty+N—-2,—(a+Db))
H3 ,(0)
B(N+p—4ty+q+1)MpP+N—-4p+q+ ty+N-3,—(a+Db))
B(N+pty+qMpP+N—-2,p+q+ ty+N—-2,—(a+Db))
2B(N+p—5ty+q+2)Mp+N-5p+q+ ty+N—-3,—(a+b))
B(N+pty+qQMp+N-2,p+q+ ty+N—-2,—(a+b))
Hy m,(8) BIN+p—4ty+q+DM(p+N-4p+q+ ty+N-3—-(a+b))
B(N+pty+qMpP+N—-2,p+q+ ty+N—-2,—(a+Db))
IB(N+p—6,ty+q+2)M(p+N—-6,p+q+ ty+N—4,—(a+b))
B(N+p,ty +qQM(pP+N—-2,p+q+ ty+N—=2,—(a+ b))
R(t, 0) m,(0) BIN+p—2ty+q+t)M(p+N—-2,p+q+ ty+N+t—2,—(a+b))
B(N+p,ty +QOM(p+N—-2p+q+ ty+N—2,—-(a+b))

AV BAYESIAN ESTIMATION UNDER A CENSORED SAMPLING SCHEME
The likelihood function corresponding tocensored sampling scheme,as mentioned inBhattacharya and Kumar
(1988) and also in Bhattacharya andTyagi (1990),denoted byL.(8), is given by,
L.(0), = 6™(1—0)% (43)

Where, T, = 22, X; + (N—m)R and t, is an observed value of T,.N is the number of items tested, R is a
preassigned number of cycles. m is the number of items having life-times less than or equal to RX; is the
recorded life-time ofjt™ item (j=1,2... m) ,say a spring. For rest of (N — m),items, observations are greater than
R but their exact values are unknown.
Taking the prior probability density functions in (23) and (24) the corresponding posterior probability density
functions are given as follows

(1-)t++a-1gm+p-1
M0 /t,) = B(m+p,t.+q)

0, Otherwise.
Similarly, posterior p. d .f. of 8, corresponding to the prior 1, (6), denoted by m,.(0 /t,),is given by
™, (0 /t.)

e—be (1 _ e)t*+q—1 em+p—1

,ifp>0,g>0,0<0<1 (44)

_ T ,ifp>0,g>0,0<0<1,b =0 (45)
0, Otherwise.

Where,

K=B(m+p,t, + ¢Q)M(p+ m,t, + m+p + g, —b) (46)

Under the censored sampling scheme Bayes estimators of central moments up-to order four and reliability of the
distribution, under three loss functions and two prior and corresponding posterior distributions can be obtained
in expression derive earlier, by replacing N by m and tyby t, respectively.
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