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ABSTRACT: Matthews [1], in 1994 introduced the partial metric spaces with the new distance on a nonempty
set X, as a part of the study of denotational semantics of dataflow networks. He proved Banach Contraction
Theorem [2] in these spaces and also given some applications of Banach contraction principle in program
verification. In the study of partial metric space many authors have proved different fixed point theorems in
partial metric space using a variety of contractive conditions. The purpose of this paper is to present some fixed
point results in partial metric space with a new contractive condition.
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l. INTRODUCTION

The technique in fixed point theory of non-linear analysis has great importance in the development of
pure and applied sciences like mathematics, engineering, and computer sciences. Some fields of the
mathematical sciences are geometry, integral transforms, differential equations, functional analysis, and
topology. One of the fundamental results provided by this theory is the well-known Banach Contraction
Theorem (BCT) given by Banach [2] in 1922. In the last few decades, the BCT has been studied in different
domains and also generalized on many generalizations of metric spaces with a variety of contractive mappings
like Kannan mapping [3], Cyclic mapping [4], Admissible mappings[5] and quasi contraction mapping [6] in
these different generalizations of metrics spaces some of them are Cone metric spaces[7], Partial metric spaces
[1], G metric space[8], Quasi metric spaces[9], Dislocated metric spaces[10], Dislocated quasi metric space[11],
b- metric spaces[12], Dislocated quasi b-metric[13] and many more. For further study of generalizations of BCT
in these one can refer to [14-20].

In the study of domain theory, as a part of the study of denotational semantics of dataflow networks;
Matthews [1] in 1994 introduced the partial metric space. It has supplied notion of distance in semantics
domain. In his study of the denotational semantics of programming languages he constructed a topological
model for a programming language, defined as a system of logic, and revealed that the Banach contraction
principle can be applied in program verification in Computer Science in the context of partial metric spaces.

After this, many researchers studied fixed point theorems in partial metric spaces. For more details, the
reader can refer to [21-25].

I1. MATERIAL AND METHODS

In this paper, we use the letters F.. E"and X to denote the set of real numbers, the set of nonnegative
real numbers and the set of natural numbers respectively. First we discuss some definitions and properties of
partial metric spaces.

Definition 2.1 [1] Let X be a non-empty set and p :X=X—FE" be such that the following conditions
are satisfied for all x, v,z ¢ X

i x=y=pxx)=pv.v)=px v):
i, plx =) < plx, v
i, plx,v) = ply. x);

iv. plx,v)= plx.z)+plz.v)-plz. 2)

*Corresponding Author: Ashish Nawghare 22 | Page
Department of Mathematics, Bhusawal Arts, Science and P. O. Nahata Commerce College Bhusawal, India.



Some results on fixed point in partial metric spaces

Then p is called a partial metric on X and the pair (X, p} is called a partial metric space.

Remarks 2.1
From definition, in partial metric spaces
1. Ifp(x, y) = 0 then x =y (from conditions (i) and (ii)); But if X =y then p(X, y) may not be 0.
2. The function d, -:X =X —FR~ defined as d; (x.v)=2pix, v)-plx,x) - plv,v) satisfies the
condition of an usual metric on X.
3. Each partial metric p on X generates a T; topology t, on X, whose base is a family of open p-
balls {By(x,€):xeX, € =0} where By (. €)= {ve X - plx, v) £ pl.x) ~<} forall x ¢ Xande > 0.

Definition 2.2 [1] Let (XL, p) be a partial metric space a sequence {x, } in the partial metric space (X, p}
converges to the limit «c if and only if p(x, =} = lim plx, =, ).

Definition 2.3 [1] Let (. p) be a partial metric space a sequence {x, } in the partial metric space (X. p}
is called a Cauchy sequence if p(x, =) =th51_1__p|jxi: x, ) exists and is finite.

Definition 2.4 [1] A partial metric space *Z, p.! is called complete if every Cauchy sequence {x,} in X
converges with respect to 7, to a point x X such that plx, =) = tligg__plﬁxi: Xy ).

Lemma 2.1 [1] Let (X p) be a partial metric space. A sequence {x,} is a Cauchy sequence in the
partial metric space (X, p} if and only if it is a Cauchy Sequence in the Metric Space (. d, ).

Lemma 2.2 [1] A partial metric space (. p) is complete if and only if the metric space (. d; is
complete. Moreover, lim p(x,x,}=0 ifandonlyif plx, x} = lim plx. %)= lim p(xg, x,).

Banach [2] given Banach Fixed Point Theorem on complete metric spaces as follows:

Theorem 2.1 [2] If (%, d} is a complete metric space and T : X — X is a mapping such that,

d(Tx, Tv) =adlx,+) For all x,v£X and some C0=z<1 then T has a unique fixed point ==X,
Moreover, the Picard sequence of iterates {T"x}., n =N converges, for everyx € X, to = .

BCT has been generalized by number of authors we record here some of these well-known Theorems.

Theorem 2.2 Boyd-Wang [14] Let X be complete metric space, and T:X — X . Assume that, there
exists a right-continuous function ¢ - [0, =} — [0, =} such that¢(x) < r if >0,

and d(Tx, Tv) =¢ (d{x.v)) for all = ve X then T has a unique fixed point =;= X and
{T" =} —=, foreachx e X,

Theorem 2.3 Caristi [15] Let X be a Complete Metric Space, and let T : XX — X. Assume that there
exists a lower semi continuous function w : X — [[},==] such that,

dlx, Tx)= wix) - w(T(x)) forall ==X then T has a fixed point in X.

Kannan [3] has obtained the extension of the Banach fixed point theorem known as Kannan fixed point
theorem.

Theorem 2.4 Kannan [3] If (%.d} is a complete metric space and T :X — X is a mapping such that,

diT=Tv) = %{d[:-:: Tuy=div, Tvitfor all = v&X and some 0=u <<1then T has a unique fixed
point = € X.

Moreover, The Picard’s Sequence of iterates {T" x} converges, forevery =X tox X

The contraction mapping used in this theorem is known as Kannan mapping or Kannan contraction.

Theorem 2.5 Cirié [6] Let T-M — M be a mapping of a metric space (M, d) into itself such that,
diT=Tv) = qmax{dix, v); d(x, Tx); d(v, Tv); dix, Tv); d(v, Tx)} for some g<landall = v =Ml then T hasa
unique fixed point in ML,

The contraction mapping used in this theorem is known as quasi-contraction mapping.

In this paper fixed point results in Partial metric spaces are studied. To develop these results we take

motivation from R. Krishnakumar and Damodharan [16]. The results obtained for the cone metric spaces are
proved for partial metric spaces.
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I11. RESULTS

Theorem 3.1 Let (X, p) be a complete partial metric space. Suppose that the self-mapping T : & — X satisfies

the condition:

o plw, T +plv, Tv)

p(Tx, Tv) = | PR R TR
"-_I:"v"‘:: T:‘-:,' —p'{\': T‘.l @

L PG )

M e ome

for all x;w X, where k= 1, then T has a unique fixed point in X and {T"x 1. converges to a fixed point, for
allx" £ X.

Proof Let =; =X be arbitrary point in X. We define a sequence {x. } in X by denoting

x:=Tx;:x:=Tx:=T:x;:...: K =T, =T x,.

Consider, g1, %) = p(Tx, Tx, )

<
-1
=
plrg, e+l . >:=.
We take, i =( ; T
00 pleg, menpdvplE, . =g 4R

We have,d(i,.. %) = Fopl®g. %2R B, I:":::‘::-_.:: Mp2 ' SRy ---Pplx.xg)
Here, We can observe that, the sequence {5, } is the non-increasing sequence, with positive terms.
Therefore, ff-..F,<f] and also " — 0 as n—=.
It follows that, Lm(F F, ,...F;)=0.
Thus,

We get that, lim p(x,...x,0 = 0.
Now, forallm,ne™ andm=n
Since PlEg 1. %ge 1) Z0=plig. xd Eplag. xp ) plag 1. 50,
We have,
p':;\c:t:x:._ )= P':x:t:x:r_-I )=+ P':x:t-I » Xpe2 J+..+ P(Xge. %)
I:"i:‘::t::':::l = ':ﬁﬂ-_.: ﬁﬂ-_.: |3' p'::‘:I ::":3:I - ':ljﬂ-_.: ﬁ;—r_.g ---ﬁ::'].:":“':: ::':J:I T '|3- ﬁ:.: ﬁ ' I:":KI :xJ:I
plg ) 2 FT oy mg) + BT pley o)+ o+ BT pley o) + B pl; o)
plxg. %) S(BT T + 7 B plx xy).
Take n—== we get, plx, %) — 0
Thus,

{x,} is Cauchy sequence of real numbers in partial metric space (%, p.

Since, (3L, p) is complete partial metric space, {x;} must converge to some point x <X, therefore, x,—x" as
n—oo,

.

— | pix Xy T p{xge1.% )
n) P ¥y g+

2% Tx") +pla nee) Y ¢ ) ¢ “y
ol LA T N

Wplx®, Tx") + plag, 2.4+q)
plTx". x") 0 asn—=

Therefore, p(Tx",x")=0 = Tx'==x

Uniqueness,

Suppose that %, and v, are two fixed points of T.

- . i _f plug Tag)
Consider, plxg. vy ) =p(Txg, Ty, ) = ':__ ———
Thus, Pl v )20 =plg. v )=0=x =y

Hence, T has unique fixed point %"
To prove,
Consider,
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p(T°x", :-:"::'=pl::T:': (Tx*). :-:"‘:I =pl::Tr"::-:": :-:"x] =pl::Tr": '::T:-:"::'::-:"~:|=...=p'::Tx":x"::'=D

Thus,

p'T"-. % '—D:'T"-. =x"

Proving that, T*x" converges to a fixed point, for all =" & X.

Corollary 3.1: Let (X, p) be a complete partial metric space. Suppose that the self-mapping T : X — X satisfies

the condition: )
( plx. Tx) +ply. Ty)

plTx, Tv): |p|::-::j\'j|

I.fx

\plx, Tx) +ply, Tv) = 1)
for all =, v £ X, then T has a unique fixed point in X and {T"x },_. Converges to a fixed point, for all =" & 3.
Proof The proof of the corollary immediately follows from the proof of the above theorem 3.1 by puttlng k=1.
Theorem 3.2 Let (X, p) be a complete partial metric space. Suppose that the self-mapping T : X—X satisfies

the condition:

(T Tvl < |'. p':‘. T"*I | ; .
p X, 1- = I:I':;'\C: Tx:l_pli_?‘_: T‘.:I _]:{_.' I:'L?'-:?-,l
for all =, v « X where k1, then T has a unique fixed point in X and {T"x" }__, Converges to a fixed point, for all
x eX
Proof Let =; = X be an arbitrary (fix) point in X.
We define a sequence {x,} in X by denotlng %, =Txg, %;=Tx;=T %y, ... , Ky} =Tx,=T"x,.
| il x, ._.Txi_._ " ;'_}:i_._}::- )
Consider,p(z:1 X2) =PI Txy ) = I'-. plaaTxd+p(x Tx_ )+ | PRy %) = I' Do (3, 204 | PlFa g
We take, &, = 'a e )
o Pl X agd+plae g, Xpl+k

We have,
d'&'::—I 2 Mg = ﬁ:p|::'::: Xy 1) = ﬁ:ﬁ:.:pﬁ"::{: :‘::-Z:I = ':ﬁ: ﬁ:.: ﬁ ) p(x1. %)
Here, We can observe that, {[5 } is the non-increasing sequence, with positive terms.
Therefore, f,F,...f,<F7 and also f] —0 asn—=
It follows that,
lim, .. ':ﬁ:-_ |3:-_.: |3 =0,
Thus,

We get that, lim, .. p(z,.; 5x,0=0

Now, for aII muneNandm>=n
Since, 'LxI_::xI_: )20 = plxg, %) £plxg. % i —pn 1= Xn)
We have )

Pz, %) Zpl ‘hn Ep '—P 1 "\.-L.:,:" o+l %)

ple, %) <plxg, 5 ) 1:8p ) F o T PlEge Xp)

I:'\:‘::r_: Hy = 'ﬁ:r_.: Ia:-r_.: ---ﬁ:e'].:'v“':: - % )=+ 'ﬁ;—r_.: ﬁﬂ-_.g ---ﬁ::‘p'&':I 2 :':3:| T T '|3,. ﬁ:.: |3 ,:'I:"&':I -5 )

plag, %, ) AT pley, x) = BT pley ) =+ B plxy x) = Blp (. )
pleg, %, ) (BT +pT BT D plx;. )

Take n—= we get, p iy, x,) — 0

Thus,

We have {x,} is a Cauchy sequence of real numbers in partial metric space (£, p).

Since (. p) is complete partial metric space, {x,} must converge to some point =" £ X, therefore, x, — x" as

n—ic

plxg, Tag) .
¥

(x Xy )+ plxge.%x )
— ) b6 %) < B

p'::Tx": x"::' Ep'::T:c": Tx:._::' ~piTe,,.x 1% l:. —

pla", T=x"}+plx

Lx.)

|:- iy

- II, PlEg. x4 q) ] | )
= # o "L Mgl T '\..- X
Wl T} +plog x ) + Pl Pl !
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Therefore,
p(Tx", x°) = 0=2Tx"=x"
Uniqueness,
Suppose that x; and v, are two fixed points of T .

Consider, plxo.v,) =p(Txo, Ty ) S\ =
Thus, Py ) S0 =plxg.v)=0=x =y
Hence, T has unique fixed point ="
To prove (ii)
Consider, _ _ _
P'::T:?‘:"= ?'Z"::'=P'LT:-' '::T?-:"::': x| =pILT:"x":x" | =pILT:':'::T:-:"::': x| =.. =p'::T:-:"::-:"::'=D

Thus, p(T*x".x")=0=T%"=x"
Proving that, T*x" converges to a fixed point, for all =™ « X,

Corollary 3.2 Let (X, p) be a complete partial metric space. Suppose that the self-mapping T-X—X satisfies the

following conditions: )

zT T . |'.- p':": T‘.'_,l '|

(Tx, Twl = | — — - (3, V)
B P T —ply. T = 1P

-

For all x, v € X, then T has a unique fixed point in X and {T"x"}__, converges to a fixed point, for all =" & X,
Proof The proof of the corollary immediately follows from the proof of the above theorem 3.3 by putting k=1.

1V. CONCLUSION
In BCT [2], The contraction constant = such that ' =« < 1 is fixed for any pair of points X, y in

Metric Space. Matthews [1] proved BCT in Partial Metric Spaces. R. Krishnakumar and Damodharan in [16]
proved the results in Theorem 3.1, Corollary3.2, Theorem 3.3 and Corollary 3.4 in Normal cone metric space in
which the contraction constant may change for different pair of points. In this paper we have considered same
varying contraction constant in Partial Metric Space and proved the existence and uniqueness of fixed point
theorems.
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